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Abstract

This thesis investigates the applicability of bilevel formulations for coupled aerostructural
design optimization of aircraft wings. Bilevel optimization formulations separate an
optimization problem into a system-level and lower-level optimization problem, allowing
the lower-level problems to be solved independently of each other, while or the commonly
used monolithic formulations, interdisciplinary gradient exchange is required , which is
prohibited by existing disciplinary organizational structures. Thus, these formulations
have recently become of particular interest for the aerospace industry. To expand the
understanding of bilevel formulations, this thesis adapts an existing monolithic optimization
process to enable the utilization of bilevel processes. The implementation is carried out
in the novel optimization framework GEMSEO to facilitate the reusability of processes
across different formulation types. The efficacy of the adapted process is evaluated
through a comparative analysis with the results obtained from a multidisciplinary feasible
formulation. This analysis is performed by testing the adapted process for a wing profile on
the simple transonic wing and the DLR-F25 test cases. The findings indicate that bilevel
formulations of various types can attain mission fuel burn reductions comparable to those
of the multidisciplinary feasible formulation, at approximately 2.5% and 4%, respectively.
Despite the similarity in the objective function, the optimized designs exhibit slightly
different design characteristics, with the bilevel optimized design tending to be more
aerodynamically optimal. To assess the robustness of the bilevel formulations, a starting
point variation of the simple transonic wing is performed. Certain bilevel formulations
show a dependence on the starting point. However, the use of an implicit wing root
bending moment target successfully mitigates this tendency. The results demonstrate the
viability of bilevel formulations for coupled aerostructural optimization, enabling industry
to implement multidisciplinary optimization while respecting organizational constraints
for a distributed aircraft design process.
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1 Introduction

The aviation industry is at a critical juncture in its evolution, driven by two competing
forces: the increasing demand for air travel and the ambitious goal of achieving net carbon
neutrality by 2050 at the latest, as agreed by all ICAO member states [1]. To meet these
challenges, significant efforts are being made to replace fossil fuels with alternative energy
sources such as sustainable aviation fuel (SAF) and hydrogen, as exemplified by Airbus’s
ZEROe project. However, the widespread application of these technologies faces significant
economic barriers, with SAF commanding substantial price premiums over conventional
jet fuel [2] and liquid hydrogen requiring costly cryogenic storage infrastructure. Thus,
significant improvements in aircraft efficiency are a key enabler for the economic deployment
of any future fuel. the In response to this challenge, the Ultra Performance Wing (UPWing)
project was launched in 2023 by a joint European consortium with the ambitious goal
of reducing the total fuel consumption of a short-to-medium range aircraft by at least
30% compared to a state-of-the-art aircraft. A key innovation is the increased aspect ratio
(AR) of 15.6 for the reference DLR-F25 configuration, significantly higher than the AR of
about 9 found in the comparable Airbus A320 aircraft.

This increase in AR amplifies the interactions of aerodynamic and structural design. As
wing span increases and chord length decreases to achieve higher aspect ratios, the elastic
twisting of the wing increases, tightly coupling the aerodynamic and structural disciplines,
resulting in a complex, multidisciplinary design task. Consequently, the project developed
advanced multidisciplinary design optimization (MDO) methods to determine the optimal
balance between improved aerodynamic performance and structural mass.

MDO methods have been a research topic since the late 1970s [3], with aircraft wings being
among the first optimization subjects [3–5]. Within the industry, Airbus Defence and
Space has developed the LARGANGE structural evaluation and optimization tool, which
tightly integrates the load calculation and structural sizing process under consideration of
external design requirements [6, 7]. Previous research has predominantly used monolithic
MDO formulations, in particular the Multidisciplinary-Feasible (MDF) approach [8–10]. A
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CHAPTER 1. INTRODUCTION

major reason for the focus on this class of algorithms is the fast convergence compared to
distributed algorithms [11]. Despite extensive research and promising results, the aerospace
industry has yet to fully integrate high-fidelity MDO methods into its design processes.

As pointed out by Spieck et al. [12], the challenges in adopting MDO are not purely
technical, but include sociological aspects such as integration into existing, discipline-
separated organizational structures. Monolithic architectures require a strong integration
of the individual disciplines, especially for computing the sensitivities required for gradient-
based optimization, which is most efficient for large-scale optimization problems [8].
Because of this organizational mismatch, recent research has re-focused on distributed
architectures, despite their longer convergence times [11]. Bilevel formulations have
emerged as particularly promising for both research and industrial applications [13, 14], as
they preserve disciplinary decomposition and eliminate the need for coupled gradients by
optimizing disciplines separately.

To advance research in these promising distributed algorithms, this thesis aims to perform
aerostructural optimizations of industry-relevant test cases, including the HARW DLR-F25
configuration. The research makes use of state-of-the-art methods and tools used by Airbus
and DLR, including the TAU CFD solver, the LAGRANGE structural solver and the
multidisciplinary coupling framework FlowSimulator. The optimization process developed
in this thesis is implemented in the novel GEMSEO MDO framework [15] to improve the
automation and reusability of the processes.

This thesis is structured as follows: Chapter 2 presents the theoretical foundations
of the applied methods, including fundamental concepts of aircraft aerodynamics and
aeroelasticity, along with brief explanations of numerical methods and multidisciplinary
optimization algorithms. In Chapter 3, the assembly of the MDO processes from the
different disciplinary tools is shown. The benchmark test cases to compare the different
bilevel processes are presented in Chapter 4. The results of the studies are presented in
Chapter 6 and discussed in Chapter 7. These results are discussed under the research
question whether novel bilevel formulations enable the use of MDO in the aerospace
industry in Chapter 7. Further improvements to the processes are proposed in Chapter 8.

4



2 Fundamentals of Aerodynamic Analysis and
Multidisciplinary Optimization

This chapter establishes the theory behind a multidisciplinary aerodynamic and structural
optimization of high aspect-ratio wings. First, the main concepts of aircraft aerodynamics
relevant for this optimization qualitatively are introduced (Section 2.1). The numerical
methods used to quantify the effects of these aerodynamic phenomena are then detailed,
along with mathematical approaches for calculating the gradients of numerical simulations
(Section 2.2). Finally, the chapter presents the theory underlying the algorithms used
to formulate and solve the multidisciplinary optimization problem (Section 2.4). The
implementation details are the subject of the following chapter (Chapter 3).

2.1 Aircraft Aerodynamics

This section provides a comprehensive foundation in aircraft aerodynamics, essential for
understanding the optimization challenges and opportunities in modern aerospace design.
The discussion is progressed systematically from fundamental principles to advanced
concepts, establishing the theoretical framework that underlies our optimization study.
It begins with the fundamental mechanisms of lift generation through an analysis of
two-dimensional airfoils in Section 2.1.1, using potential flow theory. In Section 2.1.2,
the analysis is extended to three-dimensional effects by examining wings of finite length.
Here, it is highlighted, how spanwise flow and tip vortices influence lift distribution and
generate induced drag - phenomena crucial for understanding the effect of high-AR wings.
This analysis provides critical insights into the relationship between wing geometry and
aerodynamic efficiency. The discussion advances to transonic aerodynamics in Section 2.1.3,
addressing the effects of flow compressibility encountered in commercial aviation. It is
qualitatively shown, how shock wave formation and interaction with boundary layers
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impact aircraft performance at high subsonic speeds, introducing key considerations for
contemporary transport aircraft design. The final Section 2.1.4, bridges the gap between
aerodynamics and structures by analyzing static aeroelastic effects. We investigate how
wing flexibility influences aerodynamic performance and explore the opportunities presented
by aeroelastic tailoring. This section identifies crucial design parameters that enable
the optimization of both structural and aerodynamic performance. Throughout these
sections, strategic simplifications are employed to maintain focus on essential concepts
while providing relevant mathematical formulations that enhance understanding.

2.1.1 Profile Aerodynamics

The study of airfoil characteristics serves as the foundation for understanding aerodynamic
effects present on any aircraft. An airfoil represents the two-dimensional cross-sectional
geometry of a three-dimensional wing, and its properties fundamentally influence the
wing’s aerodynamic behavior. The airfoil’s geometry is defined by several key parameters
illustrated in Figure 2.1a. The mean camber line, which represents the locus of points
equidistant from the upper and lower surfaces, extends from the leading edge (the foremost
point) to the trailing edge (the aftmost point). The chord line, a straight line connecting
these points, serves as the primary reference for geometric measurements. The chord
length, denoted as c, represents the characteristic dimensional parameter of the airfoil.
The maximum perpendicular distance between the chord line and the mean camber line is
defined the airfoil’s camber, while the maximum separation between the upper and lower
surfaces constitutes the airfoil thickness (t). The mean camber line describes the middle
line between the upper and lower surface of the airfoil. It begins at the most forward
point of the airfoil, the leading edge, and ends at its rearmost point, the trailing edge.
Connecting these two points is the straight chord line. The length of the chord line is
simply refered to as the chord (c) of the airfoil, while the maximum distance between
the chord line and the mean camber line is called the camber of the airfoil. The airfoils
thickness (t) is measured as the maximum distance between the upper and lower surface.
Figure 2.1b depicts the main parameters relevant to characterize the flow around an airfoil
and the resulting forces. The free stream velocity (V∞) is the velocity of the undisturbed
flow upstream of the airfoil. The angle between the free-stream and the chord line is
refered to as the angle of attack (α). The interaction of the flow with the airfoil generates
two forces, drag (D) facing the flow direction and lift (L) perpendicular to the flow.
Depending on the reference points, these two forces induce a moment (M). The point at
which the resultant M equals zero is designated as the center of pressure. For meaningful
comparison and analysis, these aerodynamic forces and moments are typically expressed
as non-dimensional coefficients. These coefficients are derived by normalizing the forces
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camber

trailing edge

thickness tleading edge

chord line

chord c

mean camber line

(a) Airfoil nomenclature

α

V∞

center of pressure

L

D

(b) Flow nomenclature around two-dimensional
airfoil

Figure 2.1: Basic nomenclature for two-dimensional airfoils in a flowfield

and moments with respect to dynamic pressure (q)

q = 1
2ρV 2, (2.1)

and a reference area (Sref). For fixed-wing aircraft Sref is usually the planform area.
To normalize moment coefficents, a characteristic length (l) is used, for airfoils this is c.
Normalizing the forces and moment with those parameters results in the coefficents

cD = D′

qSref

, cL = L′

qSref

, cM = M ′

qSref l
. (2.2)

The generation of aerodynamic forces results from complex fluid-structure interactions,
which cause pressure forces acting normal to the surface and shear forces acting tangetial
to the surface. As the normal vectors on the airfoil surface predominantly point in the
direction of lift, the pressure forces contribute mainly to lift, while shear forces cause drag.
The generation of lift can be mathematically described through the concept of circulation
(Γ)

Γ = −
∮

C
V · ds. (2.3)

From the circulation strength, the coefficient of lift is calcuated with the Kutta-Joukowski
theorem

cL = 2Γ
V∞Sref

. (2.4)

In incompressible flow regimes, drag forces primarily result from viscous effects, manifesting
as skin friction and pressure drag due to flow separation. For three-dimensional applications,
additional considerations include induced drag from finite wing effects and wave drag in
transonic and supersonic flow regimes.
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2.1.2 Finite Wing Aerodynamics

The transition from two-dimensional airfoil theory to three-dimensional wing analysis
introduces several additional geometric parameters. A trapezoidal planform shape of a
wing is outlined in Figure 2.2a. The sweep angle (ϕ) angle defines the angle between the
wing’s leading edge and the perpendicular of the aircraft’s centerline. The wing span (b)
represents the total horizontal distance from wingtip to wingtip. The aforementioned
aspect ratio (AR), is derived from the relationship between the wing span and planform
area (S), expressed as

AR = b2/S. (2.5)

This ratio serves as a crucial indicator of wing efficiency, that becomes of importance later
in this explanation. Wing twist, another significant geometric characteristic, manifests
in two forms: geometric twist, which is inherent in the wing’s design, and aerodynamic
twist, which results from structural deformation under aerodynamic loading (how the
twist changes in in flight and its effects on the aerodynamic performance is explained
in Section 2.1.4). The twist angle represents the relative angular displacement between
wing sections measured with respect to their chord lines. The finite length of a three-

sweep angle θ

area S

span b

(a) Wing planform

twist angle

(b) Wing twist angle

Figure 2.2: Simple wing nomenclature

dimensional wing introduces a significant aerodynamic phenomenon known as induced
drag. This concept can be explained through the application of vortex filament theory
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under the simplification of inviscid and incompressible flow conditions. A vortex filament,
characterized by circulation strength velocity (V ) induces a velocity-field according to
Biot-Savart-law:

dV = − Γ
4π

dl× r
|r|3

. (2.6)

According to Helmholtz’s vortex theorem, these filaments must maintain constant
strength along their path and either extend to infinity or form closed loops, as they cannot
terminate within the fluid volume. Prandtl’s lifting line theory provides a framework
for understanding induced drag through the concept of a horseshoe vortex system. The
theory models the wing’s leading edge with a system of vortex filaments, which induce a
downward velocity component known as downwash (w). For a single horseshoe vortex, the
downwash distribution along the span is expressed as:

w(y) = − Γ
4πb

(
b/2 + y

(b/2 + y)2 + z2 + b/2− y

(b/2− y)2 + z2

)
(2.7)

This horseshoe vortex is displayed in Figure 2.3a together with the induced downwash.
To overcome the singularity of a single horseshoe at the wing tips, where y = b/2, the
theory employs infinitesimal horseshoes covering wing span increments dy like shown in
Figure 2.3b. This furthermore allows the introduction of a spanwise lift distribution as Γ
does not have to be constant over the span anymore. For an arbitrary point y0 along the
span of the wing, the velocity induced by the vortex sheet is

w(y0) = − 1
4π

∫ b/2

−b/2

Γ(y)
y0 − y

dy. (2.8)

Superpositioning this downward facing flow with V∞ changes the direction of flow, adding
an induced angle of attack (αi) to the geometric α, which is

αi(y0) = tan−1
(
−w(y0)

V∞

)
, for small αi : αi =

(
−w(y0)

V∞

)
. (2.9)

As α is now increased by αi, a part of the lift generated by the airfoil now faces against
the direction of V∞, creating the induced drag. This induced drag is simply:

CD,i = sin αi · CL, for small αi: CD,i = αi · CL (2.10)

By inserting Kutta-Joukowski theorem, the induced coefficient of drag (CD,i) can be
calculated from the circulation (Γ):

CD,i = 1
V∞S

∫ b/2

−b/2
Γ(y)αi(y) dy. (2.11)
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V∞

w(y)
Γ

Γ
Γ

horseshoe vortex

(a) Single horseshoe vortex with induced downwash [16]

V∞

dΓ

dΓ

dy

Γ0

Γ(y)

yz

x

(b) Vortex sheet with elliptical lift distribution [16]

Figure 2.3: Horseshoe vortex modelling of a straight wing
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When the lift distribution Γ(y) is elliptical, like shown in Figure 2.3b

Γ(y) = Γ0

√
1−

(2y

b

)2
(2.12)

the induced downwash velocity and thus the induced angle of attack are constant along
the wingspan

w(y) = −Γ0

2b
, αi(y) = tan−1

(
−Γ0

2b

)
. (2.13)

The unknown circulation strength Γ0 can be obtained by inserting the elliptical lift
distribution eq. (2.12) into the Kutta-Joukowski theorem eq. (2.4). From this result, αi

can also be obtained through the relation in eq. (2.15).

Γ0 = 2V∞SCL

bπ
(2.14)

αi = SCL

πb2 (2.15)

Recalling, that AR has been defined as b2

S
, thus by multiplying αi by the coefficient of lift

gives a result for CD,i eq. (2.10), which is inversely proportional to AR.

CD,i = C2
L

πAR
(2.16)

This relation is only valid for wings that have an elliptical lift distribution, but shows, that
induced drag is reduced by increasing AR. For a non-elliptical lift-distribution the span
effectiveness factor (e) measures the similarity of the actual distribution to the optimal
ellipse.

CD,i = C2
L

πeAR
. (2.17)

This factor is equal to 1 for the elliptical lift distribution and 1 > e > 0 for any other
distribution. Thus, an elliptical lift distribution is optimal in terms of induced drag, as
CD,i is minimal.

2.1.3 Pressure Drag at Transonic Airspeeds

In the previous sections, fundamental concepts of the aerodynamics of aircraft wings
were introduced. However, this introduction has so far only discussed incompressible
flows. The considered transport aircraft configurations fly close the transonic flow regime,
where effects of compressibility have a crucial effect on the generation of drag. Inside
the transonic flow regime, certain parts of the flow can exceed the local speed of sound.
The relation of the airspeed and the local speed of sound is defined as the Mach (Ma)
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number, which depends on the gas constant R, the isentropic exponent of the gas κ, and
temperature T

Ma =
√

κ ·R · T . (2.18)

When increasing the subsonic free-stream velocity of a flow around an arbitrary airfoil,
at some chordwise location on the airfoil, the local velocity exceeds Ma = 1. The
corresponding free-stream Ma number is the critical mach number (Macr) number. Further
increases in free stream velocity (V∞) results in a supersonic flow region on the airfoil,
illustrated in Figure 2.4a, causing a sudden increase in drag, after the drag-divergence
Mach (Madiv) threshold is surpassed. The drag increases up to the sound-barrier (Ma = 1),
after which it decreases again, this trend is illustrated in Figure 2.4b [16]. At the point

Ma∞ = Macr

Ma∞ > Macr

Ma∞ < Macr

Ma > 1

Ma = 1

Ma < 1

(a) Qualititive drawing of airfoil near critical
Ma number [16]

Macr
Madiv

1.0
Ma

Ma∞

cd

cd,0

Shock wave

(b) Qualititive profile drag plot for increasing
Ma number [16]

on the airfoil, at which Ma = 1 when Ma∞ = Macr, the pressure coefficient Cp is the
critical pressure coefficient Cp,crit. This coefficient can be expressed as a function of
Macr and gas properties, allowing determination of Macr through the intersection of the
Cp,crit function with the minimum pressure coefficient curve for various Ma numbers. The
airfoil’s geometry, particularly its thickness, substantially influences its compressibility
characteristics. Thicker airfoils generate stronger flow perturbations, resulting in more
negative minimum pressure coefficients compared to thinner sections. For geometrically
similar airfoils with different thickness-to-chord ratio (t/c), increased thickness correlates
with lower critical Ma numbers, leading to earlier onset of wave drag in the transonic
regime. When considering an airfoil of the same shape, except for varied t/c, the thicker
airfoil will show a more negative minimum Cp than the thinner one. As can be see from
the qualitative plot in Figure 2.5, this coincides with a lower Macr number. Thus, this
airfoil has higher wave drag at a given Ma number that is close enough to the transonic
flow regime than the thinner airfoil. However, as the drag does not increase rapidly at
Macr , but at Madiv. Thus, so called supercritical airfoils have been designed since the
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Figure 2.5: Minimum Cp and coinciding critical Ma number for airfoils of different
thicknesses [16]

1960s with the goal to weaken the magnitude of the terminating shock. Another technique
to reduce wave drag of wings is a sweep, typically backwards of the wings. By sweeping
a wing with the same profile backwards, the air does not flow parallel to the original
chord lines anymore, increasing the effective chord length of the wing. Even though the
thickness is unchanged, the effective t/c ratio is reduced. This increases the value of Ma.
To summarize this short introduction of wave drag and design choices for reducing it, key
elements important for the design of jet transport aircraft wings are the thickness and
the sweep angle of the wing, as these parameters increase the Macr number and thus the
onset of wave drag. Furthermore, the strength of the terminating shock can be reduced
by choosing an appropriate transonic wing profile to increase the drag-divergence Madiv

number.

2.1.4 Aeroelastic Coupling

The wings on modern, high aspect-ratio wing (HARW ) configurations are flexible and
deform when under aerodynamic loads. These deformations changes the flow states
and therefore the aerodynamic properties of the wings. Hence the understanding this
coupling is crucial for accurately predicting aircraft performance during cruise conditions.
The most significant deformation effect is wing twist, which increases with airspeed
and dynamic pressure. This relationship continues until reaching a critical point called
divergence, characterized by the divergence dynamic pressure qw. At this point, the
lift forces overcome the wing’s structural resistance, theoretically resulting in infinite
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twist angles. While structural failure would occur before reaching this theoretical limit,
the divergence dynamic pressure serves as a vital parameter for understanding a wing’s
aeroelastic behavior. This equation is important as it directly relates the lift distribution
of the elastic wing to the divergence pressure qw and thus its stiffness. To illustrate this
relation, Figure 2.6 shows the spanwise lift distribution of the straight wing at different
ratios of q/qw. As can be clearly seen, the higher this quotient becomes, the more the lift
is shifted outboards, creating a potentially undesireable lift distribution. This plot shows
the behaviour of an elastic wing without trim, however, during the cruise flight state, the
additional lift generated is compensated using trim to maintain a horizontal flight path.
As the increasing incidence is compensated by decreasing α, the divergence speed of the
untrimmed aircraft can be exceeded. Under these conditions, where q/qw > 1, the lift
becomes negative at the wing root. This is depicted in Figure 2.6b. As a generalized
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Figure 2.6: Spanwise lift distributions for different dynamic pressures [17]

summary, the finite stiffness of a wing influences the lift distribution of a wing, causing a
general outboard shift of the lift distribution. This may cause undesireable lift distributions
and increase the wing root bending moment. Measures that decrease this effect are to
increase the structural stiffness, reduce the wing span or increase the sweep angle of the
wing [17].
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2.1.5 Breguet Range Estimation

On of the main objectives of aircraft design is the reduction of fuel consumption. While
simulating the aircrafts power requirement over the whole flight envelope is an accurate
method for determining the fuel consumption, it is computationally expensive, so estimation
methods are of practical importance. Here, the Breguet range equation is derived. This
derivation assumes a constant velocity during the considered flight segment. Thus, the
range of an aircraft is simply velocity (V ) multiplied by time (t) of the flight segment

R = V · t. (2.19)

A second assumption is constant fuel consumption throughout the flight, characterized by
the thrust specific fuel consumption (TSFC ) for a given thrust requirement. Under this
assumption, the fuel massflow equals

dm

dt
= −TSFC · T. (2.20)

In steady, horizontal flight, mass of an aircraft m is equal to lift (L) times the gravitational
constant g and thrust force (T ) is equal to D. By simply rearranging this relation,
the thrust equals weight (W ) divided by the lift over drag ratio (LD). This formula is
substituted into eq. (2.20) and variables are seperated

LD
m · g

· dm = −TSFC · dt. (2.21)

We integrate both sides of the equation, the left side from the initial mass mi to the final
mass mf and the right hand side from 0 to t

LD
g
· ln

(
mi

mf

)
= −TSFC · t. (2.22)

Substituting t from eq. (2.19) and reformulating the equation, range (R) can be calculated

R = V · LD
TSFC · g · ln

(
mi

mf

)
. (2.23)

For optimization purposes total fuel mass (mf) burned on a specific mission is of key
interest. As mf is the difference between inital mass mi and final mass mf , the equation
can be reformulated into

mf = mi ·
(
1− e− R·TSFC·g

V ·LD

)
. (2.24)
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This relation only holds for horizontal flight. To calculate the fuel burn in flight segments,
where the flight path angle γ is non-zero, Adler et al. [10] have extended this formula by
changing the force balance

L = m · g · cos(γ) (2.25)

T = D + m · g · sin(γ). (2.26)

Following the same derivation as before, the fuel burn for the climb segment is

mf = mi ·
(

1− e− R·TSFC·g
V ( 1

LD
+γ)

)
. (2.27)

Using this relationship as a target funtion for a surrogate-based multidisciplinary optimiza-
tion of a Boeing 737 aircraft, they achieved similar results using eq. (2.27) and a single
evaluation point in cruise and climb, than with a mission-based optimization, integrating
fuel consumption over the whole flight. This allows to use mission-based optimization even
with high-fidelity methods, as the number of function evaluations is significantly reduced
compared to the full mission analysis. Considering the climb segment can be of great
importance for the total fuel burn, as for shorter missions up to 500 nm, the climb segment
is responsible for more than half of the total mission fuel consumption, as is depicted in
Figure 2.7
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Figure 2.7: Ratio of fuel burn for climb, cruise, and descent for varying mission lengths [10]
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2.2 Numerical Methods

After the introduction of the main concepts of aircraft aerodynamics relevant to coupled
aerostructural optimizations in the previous section, this section explains the method-
ology behind the numerical methods employed for the optimization. The first concept
investigateg are the Reynolds averaged Navier-Stokes (RANS) equation for computational
fluid dynamics (CFD) in Section 2.2.1, which are a high fidelity method to compute the
aerodynamic performance and loads of an aircraft. In the following Section 2.2.2, the
Finite-Element-Method for structural simulation is briefly introduced, which is relevant for
numerically evaluating structural stress and deformations. As both methods use different
types of meshes, in Section 2.2.3 a method for interpolation of forces and displacements
between different meshes is explained. When displacements are interpolated to a CFD
volume mesh, all nodes in the fluid field have to be deformed accordingly, this process
is explained in Section 2.2.4. While the RANS CFD method can produce high-fidelity
solutions for the aerodynamic performance prediction, they are computationally expensive,
especially for load evaluation processes. Thus in Section 2.2.5, the vortex-lattice method
(VLM ) is explained, which is a lower-fidelity model for calculating aerodynamic lift using
the principlies of potential theory.

In this section, exclusively the theoretical concepts behind these simulations are explained
without detailing their implementation, as this is the focus of the next Chapter 3. However,
to ensure consistency between the chapters and improve the readability, certain nomen-
clature used throughout this and the subsequent chapters is established in the following.
Both numerical processes of CFD (Section 2.2.1) and structural simulation (Section 2.2.2)
are mesh based, thus the index ∂M is defined for quantities in the aerodynamic mesh
boundary and ∂S for the coupling surface of the meshes. Furthermore, the index F is
used for quantities related to the flow, such as the flow residual RF , the index M for
quantities regarding the aerodynamic mesh such as the mesh residual RM , and the index
S for structural quanties, such as the structure residual RS.

2.2.1 Computational Fluid Dynamics (CFD)

Automated aerodynamic optimization of aircraft requires methods to compute the aerody-
namic forces and moments. Within the past research on MDO, almost all high-fidelity
compuations are executed uses RANS CFD methods. The RANS equations are a variation
of the Navier-Stokes equations, that allow a coarser mesh resolution than other CFD,
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methods, like the Direct-Numerical-Simulation or Large-Eddy-Simulations, as they resolve
turbulence effects with a turbulence model. The RANS equations average fluctuating
terms and are shown here in their incompressible form

∇ · (ρū) = 0 (2.28)
∂(ρū)

∂t
+∇ · (ρū⊗ ū + ρ⟨u′ ⊗ u′⟩) = −∇p̄ + µ(∇2ū +∇(∇ · ū)) (2.29)

Equation (2.29) consists of convective terms ϕc and viscous terms ϕv, their respective
gradients are

∇ϕc = ∇p̄ +∇ · (ρū⊗ ū + ρ⟨u′ ⊗ u′⟩) (2.30)

∇ϕv = µ(∇2ū +∇(∇ · ū)) (2.31)

With these terms and using the residual form, eq. (2.29) can be summarized as

RF = ∂yF

∂t
+∇(ϕc − ϕv). (2.32)

Equations (2.28) and (2.29) are not closed, meaning there are more unknown variables
present than equations due to the addition of the Reynolds Stress term ρu′

iu
′
j . This Reynolds

Stress term has to be solved through a turbulence model. A class of commonly used
turbulence models are the eddy turbulence models. Their basic assumption is statistical
movement of fluid particles. In a sheared flow condition, this statistical movement results
in a transfer of momentum in the direction of the velocity gradient. Thus the Reynolds
Stress is assumed as

−ρ(u′ ⊗ u′) = µT∇u , (2.33)

with the proportionality constant µT is refered to as the eddy or turbulent viscosity.
µT is received through a turbulence model like the one equation Spalart-Allmaras (SA)
turbulence model. In this model, for the turbulent kinematic viscosity νt = ρµt, the linear
representation ν̃t, which is valid outside the boundary layers of the flow, is resolved by a
transport equation, here shown in its simplest form

∂ν̃t

∂t
= cb1Sν̃t + 1

σ
[∇ · (ν̃t∇ν̃t) + cb2(∇ν̃t)2]− cw1fw

[
ν̃t

d

]2
. (2.34)

In the first term, the generation of turbulence by shear flow is modeled. The second
term describes diffusion of turbulence and the last term the destruction of turbulence
at the boundaries of the flow. The constants contained in the equation are calibrated
based on experimental results as cb1 = 0.135, cb2 = 0.622, σ = 2/3, κ = 0.41, and
cw1 = cb1/κ + (1 + cb2)/σ. From the linear representation ν̃t, the kinematic viscosity profile
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νt is obtained by a quartic relationship [18]

νt = ν̃fν1, fν1 = χ3

χ3 + c3
ν1

, χ ≡ ν̃

ν
. (2.35)

There exist multiple methods for discretizing the RANS equations onto a computational
mesh, each with distinct advantages and theoretical foundations. Within both legacy
and modern CFD codes, the Finite-Volume discretization remains predominant due to
its conservation properties. The fundamental concept of FVM works by partitioning
the computational domain into discrete control volumes and integrating the governing
equations over each volume. This approach naturally enforces mass and energy conservation
laws. For the continuity equation (eq. (2.28)), this integration yields:

∫
V
∇ · (ρū) dV = 0, (2.36)

where V represents the control volume, ρ is the fluid density, and ū is the mean velocity
vector. Using the Divergence Theorem, the volume integral can be reformulated as a
surface integral over the control volume’s boundary:

∫
V
∇ · (ρū) dV =

∫
S
(ρū) · n dS, (2.37)

where S represents the surface boundary of the control volume and n is the outward-
pointing unit normal vector to the surface. In practical implementations, each mesh cell is
treated as a control volume with a finite number of faces shared with neighboring cells.
This allows the surface integral to be discretized as a sum of fluxes across each cell face:

∫
S
(ρū) · n dS ≈

Nf∑
f=1

(ρū)f · nfAf , (2.38)

where Nf is the number of faces, Af is the face area, and the subscript f denotes evaluation
at the face [19].

The crucial step in Finite-Volume methods is the interpolation from cell-centered to face
fluxes. Various interpolation schemes exist, ranging from linear interpolation to complex
higher-order interpolation methods.

2.2.2 Structural Simulation

This section explains the linear Finite-Element method using the virtual work principle,
which is applied in many engineering disciplines for calculating static continuum problems.
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Figure 2.8: One-dimensional finite element discretization with linear shape functions [20]

We consider a general volume element subject to internal and external forces. The virtual
work δW is defined as the product of force F and an infinitesimal discplacement δv.
This displacement is sufficiently small, so that the force F remains constant during the
displacement.

This is summarized to the foundational equation of the Finite-Element method
∫

S
t(x) · δv dS +

∫
V

f(x) · δv dV =
∫

V
σ(x) · δε dV. (2.39)

To solve this equation numerically, the continuum is discretized using the Galerkin method.
A one-dimensional example, such as a rod discretized into 4 elements with 5 nodes
(vertices), including 2 boundary nodes, as illustrated in Figure 2.8 is considered. The
virtual displacement field δv is approximated using shape functions Nn(x):

δv =
∑

n

δvnNn(x) (2.40)

When substituting the strain ϵ for the tensor product of the displacement ϵ = ∇⊗ δvn,
the system of equations has full rank. This relation can be simplified for linear problems
by formulating the force vector F, which size is the product of problem dimension and
number of vertices, as the matrix product of the stiffness matrix K and the displacement
vector δv [20]

K · δv = F. (2.41)

In further sections, the residual form of this equation is used and the deformation vector
u is defined as the structural state yS for consistency

RS = K · yS − FS = 0. (2.42)
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2.2.3 Interpolation

For simulating the structural deformation of a wing, the aerodynamic forces have to be
mapped onto the structural mesh. Vice versa, to obtain the outer shape for aerodynamic
simulation, the calculated deformations of the structural mesh have to be transfered to the
CFD mesh. In general terms, the structural displacements present on the coupling surface
of the structure mesh u∂S are mapped on the aerodynamic mesh to form the coupling
surface u∂M by the coupling matrix M

u∂M = Mu∂S (2.43)

This relationship fulfills the energy conservation condition, if the structural forces f∂S are
the transposed MT multiplied by the aerodynamic forces f∂F

f∂S = MT f∂F . (2.44)

To obtain this desired interpolation matrix M, Schuster et al. [21] have presented a
method based on the moving-least-squares (MLS) method. In their approach, the coupling
matrix M is deconstructed rowwise into linear polynomials, representing an aerodynamic
surface mesh point xj

mj = p(xj)T · αj (2.45)

p(xj)T = [1, xj, yj, zj] (2.46)

The MLS optimization approach is now used to obtain the polynomical coefficients αj for
each mesh point xj by defining a quadratic error functional Jj

Jj(xF,j, XS) =
N∑

i=1
ϕ(xF,j, xS,i)(p(xS,i)T αj − uS,i)2, (2.47)

where σ is the C2 radial basis function (RBF) by Wendland

ϕ(xF,j, xS,i) = (max(0, 1− r))4(4r + 1) with r = ∥xF,j − xS,i∥2

δj

. (2.48)

Solving this optimization problem results in the polynomial factors, from which the
interpolation matrix M can be constructed. The factor δj in the RBF is called the support
radius and defines the radius around the point xj, in which Nδ mesh nodes have influence
on the deformation of the node at position xj. The authors suggest a value for 30− 100
for the number of influential nodes Nδ.
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2.2.4 Mesh Deformation

The MLS method provides a solution to transfer the deformations of the structure coupling
surface u∂S to the aerodynamic boundary ∂M . To obtain a deformed CFD mesh, the
volume mesh inside the fluid has to be deformed accordingly. Remeshing the aerodynamic
model after each geometric change is theoretically possible, but causes changes in the
discretization error, adding noise to the quantities of interest [22]. Thus, an algorithm for
deforming the existing volume mesh is favourable. A robust mesh deformation method is
proposed by Dwight [23] using an analogy from structure mechanics, where the volume
mesh is considered to be a solid body. The problem is formulated analogous to the linear
elastic static problem in Section 2.2.2, with a Dirichlet boundary condition on the surface
mesh points. In residual form, the equation is

RM = KM · yM −MS = 0, (2.49)

where KM denotes the stiffness matrix, yM the mesh state and MS the boundary points
on the aerodynamic surface mesh. This system then is solved for the given finite element
discretization. In [23], the authors show that this technique is robust even for large
displacements, such as deployment of high-lift devices.

2.2.5 Vortex-Lattice Method

While the methods explained in Section 2.2.1 allow high-fidelity computations of the
aerodynamic properties of an aircraft, they are computationally expensive. For some
applications, like calculating the aerodynamic loads, this high-fidelity is not required.
For these applications, the VLM can be applied, requiring less computational resources.
Similarly to the assumptions in Section 2.1.2, for the VLM inviscid, incompressible flow
is assumed. In Section 2.1.2, Prandtl’s lifting line theory is used to calculate the lift
of a straight wing. However, this theory can not provide an accurate load prediction for
more complex wing shapes, like swept wings or wings with a dihedral angle. Similarly
to the lifting line theory, the VLM uses horseshoe-vortices along the wing span and the
chord line, forming a lattice of horseshoe vortices on the wing. Per definition, the trailing
vortices are continued to infinity. This lattice forms N trapezoidal panels, in each panel a
control point is placed at the 3

4c location. Figure 2.9 shows this panel lattice for N = 8
panels. The induced velocity at a specific control point m by the horseshoe vortex n is
the sum of induced velocities from the bound and the trailing vortices of the horseshoe n.
The velocity V at each vortex segment is calculated by the integral of Biot-Savart law
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Γn

ΓnΓn

Figure 2.9: Panel lattice on a swept wing with N = 8 panels

(eq. (2.6))
V⃗ = Γn

4π

r1 × r2

|r1 × r2|2
[
r0 ·

(r1

r1
− r2

r2

)]
. (2.50)

For the bound vortex segment, these values are inserted for r0, r1, and r2:

r0 = (x2n − x1n)̂i + (y2n − y1n)ĵ + (z2n − z1n)k̂ (2.51)

r1 = (x− x1n)̂i + (y − y1n)ĵ + (z − z1n)k̂ (2.52)

r2 = (x− x2n)̂i + (y − y2n)ĵ + (z − z2n)k̂. (2.53)

For the trailing vortices, the formulas are shortened, as the x component approaches −∞:
To obtain the total induced velocity at the control point m, the velocities induced by all
2N vortices are summed. Using these relations, the induced velocity can be computed at
a control point b from Γ of the vortices. For solving for the circulation (Γ), the wing’s
surface is defined as a streamline of the flow. From this boundary condition, a tangency
relation using the mean camber slope (δ) and dihedral angle (ϕ) is derived

−um sin δ cos ϕ− vm cos δ sin ϕ + wm cos ϕ cos δ + V∞ sin(α− δ) cos ϕ = 0. (2.54)

By inserting the induced velocity components for each of the M control points into the
equation, the resulting system of M equations can be solved for each Γn, as N = M . The
lift distribution can be interpolated from the values for Γ and coefficient of lift (CL) and
CD,i can be evaluated using the methods from Section 2.1.2.

2.2.6 Reduced-Order-Modeling (ROM)

The previous sections all dealt with in-the-loop numerical techniques. However, certain
applications may prefer to use pre-recorded data instead. For example, reduced-order-
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models (ROM s) techniques are used in MDO processes to replace a CAD-in-the-loop
system. This section explains the mathematical background of ROM s using the proper-
orthogonal-decomposition (POD) method. How this technique is implemented within the
MDO process to replace a CAD model is detailed in Section 3.1.3.

To create a ROM , initial sample data is required. These data samples xi ∈ Rm×1 are
collected at points pj of the input space and composed into the matrix X ∈ Rm×n

X =


| | |

x1(p1) x2(p2) · · · xn((pn))
| | |

 . (2.55)

The matrix X is decomposed with the singular value decomposition (SVD) into

X = UΣVT . (2.56)

The matrix U ∈ Rm×m contains the left singular vectors of X, these vectors are the
orthonormal eigenvectors of the matrix XXT , while the matrix V contains the right
singular vectors of X, i.e. the eigenvectors of XT X. Within Σ, the singular values of X σ

are on the main diagonal. The singular values σ are the square roots of the eigenvalues of
the matrices XXT and XT X, there are as many non-zero entries as the rank l of X. Their
order on the main diagonal is sorted by their magnitude, so σ1 > σ2 > ... > σl.

Due to their sorting, the first entries of Σ are the most important for X. These most
important values σ correspond to a number of columns in U, called the POD modes
Φ ∈ Rm×r, r << n. The number of POD modes is truncated to the r most significant
modes. If the original relationship was x(p), it can be transformed into the POD coefficients
a(p) using a Galerkin projection onto the POD subspace Φ.

a(p) = x(p)T Φ. (2.57)

The data x(p) at the data point p can now be evaluated using a lower dimensional
representation

x(p) ≈
r∑

i=1
ai(p)ϕi. (2.58)
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2.3 Computational Differentiation

For optimization purposes, which are investigated in Section 2.4, computational methods
to obtain the gradients of the different disciplines are required. Computing the gradients
of large-scale problems can be costly, it is therefore of major importance to apply the
correct techniques for computing the gradients of an optimization problem. Within this
section, the methods of finite differences (Section 2.3.1) and the direct and adjoint implicit
analytic methods (Section 2.3.2) are explained. In Section 2.3.3, the adjoint method is
used to compute the gradients of a coupled aerostructural problem.

2.3.1 Finite Differences

In this section, the simplest technique for numerically computing gradients, the finite
difference method is explained. The computational effort of this technique is O(n) where
n is the number of input parameters. The idea is to pertube the function f(x) by a small
value ϵ in the direction ei. This is defined as a one-sided approximation of the derivative:

∂f

∂xi

(x) ≈ f(x + ϵei)− f(x)
ϵ

(2.59)

This approximation has an error smaller than the maximum value of the maximum second
derivative of f in the bounds of (x, x + ϵ) times ϵ/2

∂f

∂xi

(x) = f(x + ϵei)− f(x)
ϵ

≤ ||∇2f(·)|| · ϵ

2 (2.60)

By approximating the function with a polynomial of second order, the derivative can be
approximated to second order. The formula for the central derivative, where the function
is perturbed by −ϵ and ϵ is

∂f

∂xi

(x) ≈ f(x + ϵei)− f(x− ϵei)
2ϵ

(2.61)

This approximation is usually more costly to compute, as two perturbations of the function
f(x) have to be evaluated, however, the error is decreased to a term of third order:

∂f

∂xi

(x) = f(x + ϵei)− f(x− ϵei)
2ϵ

≤ ||∇3f(·)|| · ϵ2

3 . (2.62)

The selection of the step size ϵ involves a fundamental trade-off. While decreasing ϵ

reduces the truncation error shown in eq. (2.60) and eq. (2.62), it simultaneously amplifies
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the impact of floating-point arithmetic errors. The total error in the central difference
approximation, accounting for both truncation and roundoff errors, is bounded by:

∂f

∂xi

(x) = f(x + ϵei)− f(x− ϵei)
2ϵ

≤ ||∇3f(·)|| · ϵ2

3 + h

ϵ
. (2.63)

2.3.2 Direct and Adjoint Implicit Analytic Methods

While the finite-difference method explained earlier is applicable to any type of function,
whether or not it is exposed to the code, the underlying equations are often known.
Thus it is desirable to use knowledge of these equations to improve the accuracy of the
resulting gradients and to reduce the computational time required. One class of methods,
implemented in many tools related to aerodynamic analysis, are implicit analytical methods
in direct or adjoint form. For their derivation, consider a set of general objective functions
f : Rn+m → Rf , which computes a scalar objective value from the vector of design variables
x ∈ Rn and a number of states y ∈ Rm. The states y are an implicit function of the design
variables x, which can be expressed in their residual form

R(y; x) = 0. (2.64)

This relation could be, for example, the discretized RANS equations (eqs. (2.28) and (2.29))
for aerodynamic analysis. We can obtain the total derivative of the objective function
df
dx from the partial derivative of the function with respect to the design variables ∂f

∂x and
the partial derivative of the function with respect to the states ∂f

∂y multiplied by the total
derivative of the states by the design variables dy

dx .

df

dx
= ∂f

∂x
+ ∂f

∂y
dy
dx

. (2.65)

The total derivative of the states with respect to the design variables can be obtained by
applying the same partial differentiation scheme to the residual equation (eq. (2.64))

∂R
∂x

+ ∂R
∂y

dy
dx

= 0, (2.66)

and rearrange the terms so that

dy
dx

= −
(

∂R
∂y

)−1
∂R
∂x

. (2.67)
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By reinserting this relation into eq. (2.65), the total derivative df
dx becomes a function of

only partial derivative terms

df

dx
= ∂f

∂x
+ ∂f

∂y

(
∂R
∂y

)−1
∂R
∂x

. (2.68)

Assuming that this equation is directly solvable, which is unlikely due to the existence
of the inverse, a computational advantage over the finite difference method is the total
derivative requires only partial derivatives, thus avoiding the often costly recalculation
of the states y. To actually solve eq. (2.68) two methods are available, the direct or
the adjoint method. Both methods solve a system of equations to remove the inverse of
eq. (2.68), but the terms chosen are different, as illustrated in Figure 2.10.

In the direct method, the total derivative of the states is solved by rearranging eq. (2.67)
and solving the system of equations for the total derivative dy/x.

−
(

∂R
∂y

)
dy
dx

= ∂R
∂x

. (2.69)

The computational cost of this operation also scales linearly with the number of design
variables (O(n)), but probably with a lower proportional constant than for finite differences,
since state recomputation is spared. Obtaining the total derivative of the objective function
then consists only of substituting the total derivative back into eq. (2.65). This operation
is easy to compute since no solver is needed.

For the adjoint method, the adjoint state vector ȳ is defined as the transposed of the
solution of the system of equations highlighted in Figure 2.10, so that the adjoint vector
can be solved from the adjoint equation.

∂R
∂y

T

ȳ = ∂f
∂y

T

(2.70)

The computations required to solve the adjoint equations are not dependent on the
number of input variables, but depends on the number of objective functions. Thus the
computational effort scales with O(f). In many practical cases, the number of objective
functions is much smaller than the number of inputs, making the adjoint method the
preferred way to solve the analytic derivatives for aerodynamic optimization. Again, the
total derivative of the objective function only requires reinserting the adjoint state into
eq. (2.65) and calculating the result by matrix multiplication and subtraction

df
dx

= ∂f
∂x
− ȳT ∂R

∂x
. (2.71)
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df
dx =

∂f
∂x −

∂f
∂y

∂R−1

∂y
∂R
∂x

(Rf × Rn) (Rf × Rn) (Rf × Rm) (Rm × Rm) (Rm × Rn)

ȳT (Rf × Rm)

dy/dx (Rm × Rn)

Figure 2.10: Visualization of the total derivative equation (eq. (2.68)) and the differential
choice of the direct and adjoint state variables [24]
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2.3.3 Coupled Aero-Structural Adjoint

The implicit adjoint analytical method for calculating the gradients of an objective function
of interest, explained in the previous section, is so far applicable only to monodisciplinary
analyses. However, in the case of a coupled aero-structural optimization, the gradients of
interlinked processes must be computed through the coupled aero-structural adjoint. The
mathematical background of this coupling is explained based on the work of Volle [8],
without discussing further details of the implementation.

In the case of coupled aero-structure optimization, the objective functions of interest f
are typically the aerodynamic performance coefficients (e.g., Cl, Cd, Cmx) and/or the
structural mass m. The objective is modified by the design variables x and the states y,
further separated into the aerodynamic state yF , the structural state yS, and the mesh
state yM . The total derivative equation shown in eq. (2.65) is now the set of equations

df
dx

= ∂f
∂x

+


∂f

∂yF

∂f
∂yM

∂f
∂yS


T 

dyF

dx
dyM

dx
dyS

dx

 . (2.72)

Using the adjoint method to compute the derivatives is advantageous over the direct
method, if there are few objective quantities of interest but likely many design parameters.
For the coupled problem, the aerodynamic adjoint ȳF , the structure adjoint ȳS and the
mesh adjoint ȳM form a system of equations consisting of matrices and vectors.


∂RF

∂yF

∂RF

∂yM
0

0 ∂RM

∂yM

∂RM

∂yS

∂RS

∂yF

∂RS

∂yM

∂RS

∂yS


T 

ȳF

ȳS

ȳM

 = −


∂f
∂x
∂f
∂x
∂f
∂x


T

. (2.73)

Since the structural state yS has no direct effect on the aerodynamic residual RF and the
mesh residual RM is not directly influenced by the fluid state yF, these terms are 0. The
total derivative can then be calculated from the adjoint vectors as

df
dx

= ∂f
∂x

+


ȳF

ȳS

ȳM


T 

∂RF

∂x
∂RS

∂x
∂RM

∂x .

 (2.74)

The terms ∂RM

∂yS
and ∂RS

∂yF
are refered to as a cross derivatives, as the structure state only

influences the aerodynamic performance through the in-flight state. However, Volle
et al. [8] show that their availability significantly improves the outcome of simultaneous
shape optimization and structure sizing processes.
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2.4 Optimization Algorithms

In this section of the theory introduction, the theory behind optimization algorithms
is explained [25]. The relevant optimization algorithms can be divided into two main
groups, gradient-based and gradient-free optimization algorithms. Typically, when gradient
information is provided, as with the methods in the previous section, gradient-based
optimization is the more feasible approach for large-scale optimization problems. However,
in cases where gradient information is not available or too costly, the use of gradient-free
algorithms may be the only choice. We introduce both classes of algorithms with relevant
example algorithms,

We use the sequential quadratic programming (SQP) and Interior-Point (IP) methods
to illustrate the mathematical background of many gradient-based algorithms. For the
gradient-free optimization algorithms, the Constrained Optimization by Linear Approxi-
mation (COBYLA) algorithm is presented as an example.

Starting from this introduction, the optimization problem is considered general nonlinear
programming problem under equality and inequality constraints h and g, with the objective
function f(x) to be minimized

min f(x)

subject to g(x) ≤ 0,

h(x) = 0,

x ∈ Rn.

Considering only the unconstrained problem, a strict local optimum x∗ is found if the
gradient of the objective function ∇f(x∗) = 0 and the Hessian ∇2f(x∗) is positive
semidefinite. This sufficient condition only qualifies x∗ as a local optimum of f(x). If f(x)
is also convex, the local optimum is also the global optimum of the function. But when
the problem is not convex, it is often not easy to decide whether a local optimum is a
global optimum.

Streuber et al. found in [26] that the risk of multimodality (the presence of multiple
local optima) is low for aerostructure optimizations at the detailed design level. However,
for preliminary design problems with more geometric degrees of freedom, the risk of
multimodality is significantly higher.

For the determination of the optimum of a constrained problem, further considerations
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are necessary in order to include the fulfillment of the constraint in the condition. To
determine the optimality of the constrained problem, the Lagrangian function combines
the equality constraints h(x) and the Active Set (the set of inequality constraints that are
close to the constraint value) of the inequality constraints (A(x)|g = 0) with the objective
function f(x). By definition, a constraint is active if there is no distance to the boundary of
the feasible subspace. This can be expressed with the slack parameter s, so that gj +s2

j = 0.
The Lagrangian function for this kind of problem is

L = f(x) + λT
h h(x) + λT

g (g(x) + s⊙ s) (2.75)

Similar to the unconstrained case, a necessary condition for a local optimum is a stationary
point of the function. The Lagrangian function, however, requires more partial derivatives:

∇xL = ∇f + (∇h)T λh + (∇g)T λg = 0 (2.76)

∇λhL = h = 0

∇λgL = g + s⊙ s = 0

∇sL = λg ⊙ s = 0

The conditions in eq. (2.76) are called Karush-Kuhn-Tucker conditions (KKT ). The
second-order sufficient conditions are

pT∇2p > 0 ∀p : (2.77)

∇hp = 0

∇gp ≤ 0

2.4.1 Sequential quadratic programming (SQP) Method

A numerical method to solve these non-linear, constrained optimization problems is the
SQP method [25]. Its concept is part of many open-source and commercial optimization
algorithms like SLSQP [27] and NLPQL [28]. The idea behind the SQP is to model the
optimization problems as a sequence of local, quadratic optimization problems. Quadratic
problems have the desirable quality of convexity, making them easily solvable by algorithms.
We formulate a quadratic optimization problem as

min 1
2xT∇2L+ qT x (2.78)

subject to Ax + b ≤ 0,

Cx + d ≤ 0
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An iterative approach is desired to solve this problem. At every iteration of the solution, the
optimizer takes a step p, so that xk+1 = xk +p. As in the definition of the KKT conditions,
the inequality constraints are converted into equality constraints by the Working Set of
constraints as

Cw = xk + dw = 0. (2.79)

The Working Set must not be equivalent to the Active Set, as there is no necessity for
Working Set constraints to be active. We can reformulate the initial definition of the
quadratic problem from eq. (2.78) into:

min 1
2(xk + p)T∇2L+ qT (xk + p) (2.80)

subject to A(xk + p) + b ≤ 0,

Cw(xk + p) + dw = 0

As xk is the initial point of the optimization iteration, it is invariant, thus it can be
removed from the optimization formulation and the KKT solution can be calculated as
follows 

∇2L AT CT
w

A 0 0
Cw 0 0




p
λh

λg

 =


−q − (∇2L)T xk

b

d

 . (2.81)

The solution of this system returns the search direction p, however, a suitable magnitude
for this step must still be determined. This can be done by means of a Line Search using
a so-called merit function to determine the quality of an optimization step by means of its
objective function and constraint violations. Commonly used merit functions use a norm
to combine the objective function value and the constraint violations ḡ(x).

ϕ1(x, µ) = f(x) + µ∥ḡ(x)∥n. (2.82)

A step α is considered as acceptable by the merit function if it fulfills the Armijo condition:

ϕ1(xk + αkxk; µk) ≤ ϕ1(xk; µk) + ηαkDϕ1(xk; µk; pk), η ∈ (0, 1), (2.83)

with Dϕ1(xk; µk; pk) being the directional derivative of the merit function in the descent
direction pk:

Dϕ1(xk; µ; pk) = ∇fT
k pk − µ∥g(x)|1. (2.84)

Another concept for determining the next step is the Trust-Region method, that constrains
a trusted norm of the local function approximation and finds the miniumum within
this trust region. The Hessian of the Lagrangian function ∇2L is costly to compute in
most cases. Thus, approximations like the Quasi-Newton methods are commonly used in

32



CHAPTER 2. FUNDAMENTALS

numerical optimizations. The method considered most effective for these approximations is
the Broyden-Fletcher-Goldfarb-Shanno method (BFGS), which approximates the Hessian
through its inverse. Inverting the formula back to obtain the direct Hessian approximation
Bk results in:

Bk+1 = Bk −
BksksT

k Bk

sT
k Bksk

+ ykyT
k

yT
k sk

(2.85)

sk = αkpk yk = ∇xLk+1 −∇xLk (2.86)

2.4.2 Interior-Point Methods

Another class of important algorithms for large-scale nonlinear optimization are the Interior
Point methods. Like the SQP method, they can solve constraint nonlinear problems,
but have distinct advantages and disadvantages. Generally speaking, Interior Point are
considered more efficient for large-scale problems, where as SQP methods perform better
for medium-scale problems [25]. For the interior point method, slack parameters s are
used converting the inequality constraints to equality constraints and add a penalty to the
objective function.

min f(x)− µb

ns∑
j=1

ln sj (2.87)

subject to g(x) + s = 0

h(x) = 0.

The Lagrangian function for this problem is

L = f(x)− µbe
T ln(s) + h(x)T λh + (g(x) + s)T λg (2.88)

To approch the original constrained problem, the problem must be solved in a sequence,
where µb → 0. As previously done for the SQP method, the KKT conditions are defined
in a matrix form 

∇2Lk ∇hT ∇gT 0
∇h 0 0 0
∇g 0 0 I
0 0 I S−1Σ




px

pλh

pλg

ps

 = −


∇xL
h(x)

g(x) + s
λg − µS−1e

 (2.89)

The matrix S is a diagonal matrix of the slack parameters s. This matrix formulation differs
to the KKT matrix of the SQP method by the fact that its size remains constant, thus
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improving computational efficiency. However, the gradients of all constraints are required
for each iteration of the KKT system. Similarly to the SQP method, a Quasi-Newton
approximation of the Hessian of the Lagrangian can be used. The step size can also be set
with a Line-Search [24].

2.4.3 Gradient-Free Optimization Algorithm COBYLA

Using a gradient-free optimizer can be advantageous if gradient computation is not feasible.
Within this introduction, the COBYLA algorithm developed by Powell [29] is explained.
We again consider a nonlinear optimization problem subject to inequality constraints of
the known notation

min
x

f(x)

subject to g(x) < 0.

We start the optimization at the initial point x0 and define a merit function similar to the
merit function for the SQP algorithm, with the only differences, that the L∞ norm is used
and the term containing the constraints is set to 0, if none of the constraints are violated.
We note this operation using the Föppl bracket ⟨...⟩.

Φ(x) = f(x) + µ ⟨max{gi(x) : i = 1, 2, . . . , m}⟩ (2.90)

To start the optimization sequence, the optimizer needs an inital set of datapoints and
their repective function value f(x). This dataset contains exactly as many datapoints as
there are design variables xi and is called the simplex, with each datapoint refered to as a
vertex of this simplex. The optimal vertex of this initial simplex is noted as x(0). For the
generation of the next step of x, the algorithm optimizies the linearized problem for x(∗)

f(x(∗)) = f(x(0)) + mT
f (x(∗) − x(0))

g(x(∗)) = g(x(0)) + mT
g (x(∗) − x(0)).

This new point x(∗) has to lie inside a trust region that regulates the maximum step size.
Its first trust region radius is specified by the user as ρbeg, so is the target ρend which
terminates the optimization when the updates of x reach a sufficiently small step size. If
the new point lies within the trust-region, the optimizer adjusts the trust-region radius ρ

and increases the merit parameter µ. After this increase, the simplex is revised, whether
the previous x(0) is still the optimal vertex of the simplex. If the merit parameter is large
enough, the values of the original target function and constraints are computed with the
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new values for x. This process is iterated until the reductions are small enough. If the
trust-region radius is below the targeted ρend, the process is terminated. The detailed
algorithm like described with in [29] is displayed in algorithm 1. For simplication purposes,
these descriptions do not go into detail on the checking of simplex acceptability and
simplex updating procedures.
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Algorithm 1 COBYLA [29]
Require:

1: Initial point x(0)

2: Initial trust region radius ρbeg
3: Final trust region radius ρend
4: Objective function f(x)
5: Constraint functions g(x) ≥ 0
6: Optimized solution x∗

7: ρ← ρbeg
8: µ← 0
9: Create initial simplex: x(j) = x(0) + ρbegej, j = 1, . . . , n

10: Order vertices so x(0) is best point
11: while ρ > ρend do
12: Check simplex acceptability
13: if simplex is not acceptable then
14: x(∆) ← x(0) ± γρu(ℓ)

15: Update simplex with x(∆)

16: end if
17: Solve linear subproblem for x(∗):
18: min f(x(0)) + mT

f (x− x(0))
19: s.t. g(x(0)) + mT

g (x− x(0)) ≥ 0
20: ∥x− x(0)∥2 ≤ ρ
21: Calculate merit function:
22: Φ(x) = f(x) + µ ⟨max{−gi(x) : i = 1, . . . , m}⟩
23: if ∥x(∗) − x(0)∥2 < 1

2ρ or poor reduction then
24: if ρ > 3ρend then
25: ρ← ρ/2
26: else
27: ρ← ρend
28: end if
29: Update µ if needed:
30: I ← {i : g

(min)
i < 1

2g
(max)
i }

31: if I ̸= ∅ then
32: µnew ← maxj F(x(j))−minj F(x(j))

min{[g(max)
i ]+−g

(min)
i :i∈I}

33: end if
34: else
35: end if
36: end while

return x(0) or x(∗) (whichever is better)
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2.5 MDO Formulations

This section introduces different algorithms, refered to as MDO formulations, to transform
multidisciplinary optimization problems into nonlinear optimization problems, that can be
solved with optimization algorithms. In a multidisciplinary problem, the vector of design
variables x ∈ Rn can be seperated into a shared design variable vector x0 ∈ Rn0, and local
design variable vectors xi ∈ Rni, belonging to discipline i.

Disciplines in MDO are typically coupled, meaning the residual Ri of discipline i can
depend on the disciplinary outputs y ̸=i besides the shared design variables x0 and local
design variables xi

Ri(x0, xi, y ̸=i, yi) = 0 . (2.91)

One of the primary challenges of MDO is to ensure feasibility of the couplings, meaning
that for a multidisciplinary problem with p disciplines

∀i ∈ [[1, p]] yi − ϕi(x0, xi, y ̸=i) = 0 , (2.92)

where ϕi is the function calculating disciplinary output yi [30].

The objective function of the MDO problem is f : Rn0 × Rm → R, that calculates a scalar
objective value from the shared design variables x0 and the output variables y. Additionally
both equality constraint functions g : Rn0 ×Rm → Rce and inequality constraint functions
h : Rn0 × Rm → Rci may be present in the optimization.

The optimization problem can therefore be summarized as

min
x0,x

f(x0, y)

subject to g(x0, y) ≤ 0

h(x0, y) = 0

∀i ∈ [[1, p]] yi − ϕi(x0, xi, y ̸=i) = 0 . (2.93)

There exist two classes of generalized MDO formulations, monolithic formulations and
distributed formulations to solve this generalized problem. While monolithic formulations
have been extensively researched and have demonstrated their capability for different
types of coupled optimizations, new types of distributed bilevel formulations have recently
received attention from research and the aerospace industry. The main difference between
these formulations compared to monolithic formulations is that bilevel formulations hier-
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archically seperate the monolithic optimization problem. Their capability of interest is
defined by Gazaix et al. [13] as their ability to be integrated into established, disciplinary
organizational structures. Because they remain separate in disciplines, maintainability,
consistency, and collaboration can be improved.

To understand the methodology behind monolithic formulations, the MDF formulation is
introduced in Section 2.5.1.

In this thesis, three different types of bilevel algorithms, called the bilevel formulation
developed by the IRT Saint Exupery (BL-IRT ), bilevel-block-coordinate-descent (BL-
BCD), and bilevel-embedded (BL-EMB) formulations are introduced in Section 2.5.2,
Section 2.5.3, and Section 2.5.4.

2.5.1 MDF Formulation

The smallest possible formulation of the optimization problem involving multiple disciplines
is achieved through the use of a multidisciplinary analysis (MDA). For the definition of
the MDA, it is assumed there exist a continuosly defined function Ψ(x, x0) = y, so
that the coupling condition Equation (2.92) is fulfilled. The purpose of the MDA is
to resolve the coupling function, for each step of the optimizer so that the coupling
condition in Equation (2.92) is fulfilled, thereby yielding a feasible solution after each
iteration of the optimization process. Consequently, this formulation is referred to as the
Multidisciplinary-Feasible (MDF) formulation. The MDF optimization problem can be
formulated as

min
x0,x

f(x0x, Ψ(x0, x))

subject to g(x0, x, Ψ(x0, x)) ≤ 0

h(x0, x, Ψ(x0, x)) = 0 . (2.94)

From an engineering perspective, an MDA can be interpreted as the integration of multiple
disciplines into a unified, internally coupled discipline. The specific algorithm chosen
to solve the MDA governs the execution sequence of the disciplines within the MDA.
In the extended design structure matrix (XDSM ) diagram of the MDF formulation in
Figure 2.11, the MDA is solved using the Gauss-Seidel fixed-point algorithm. Other
algorithms used to solve the MDA are Newton methods, such as the Newton-Raphson
method, and quasi-Newton methods, such as the Broyden method. These methods tend to
converge faster by using gradient information. The main advantage of the MDF formulation
is its compactness, since the optimizer only has to control the design variables without
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x (0), z

x∗, f ∗0 Optimizer x x x x

y∗
1 , y

∗
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2 y1, y2

yn+1
1 Discipline 1 yn+1

1

yn+1
2 Discipline 2

f Objective

Figure 2.11: MDF formulation using Gauss-Seidel algorithm

enforcing any kind of consistency constraints. The MDA ensures inherent feasibility for
each interation step. This can also be seen as a disadvantage, since the MDA must be
reconverged for each iteration. Another major drawback is that not only disciplinary
gradients are required, but also cross-disciplinary gradients if a gradient-based optimization
process is used [31].

2.5.2 BL-IRT Formulation

The concept of each bilevel formulation is to recompose the optimization problem into
a two-level problem, where the top-level optimizer controls the shared design variables
x0, while the disciplinary design variables xi are controlled by disciplinary optimizers.
The constraints are also separated into the subset g0 of constraints that depend only
on the shared variables x0 and the disciplinary constraints gi that depend on the local
variables xi. Only the subset g0 of constraints that depend only on the shared variables
x0 is enforced by the system-level optimization. An MDF formulation from eq. (2.94) can
be reformulated into the bilevel formulation as

min
x0

f(x0, x∗(x0), Ψ(x0, x∗(x0)))

subject to g0(x0) ≤ 0

h0(x0) = 0 . (2.95)
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With the lower-level optimization as

min
x

f(x0, x, Ψ(x0, x))

subject to g(x0, x, Ψ(x0, x)) ≤ 0

h(x0, x, Ψ(x0, x)) = 0 . (2.96)

For engineering applications, the lower-level problem of the bilevel optimization is typically
decomposed into the different engineering disciplines, such as aerodynamics and structural
mechanics. Mathematically, this decomposition is expressed as a partition into p blocks
xi ∈ Rni, i = 1, ..., p. The decomposed lower-level problem is then solved by d optimizers.

The subspace optimizations run in parallel, with no data exchange within the optimizations.
For the BL-IRT formulation, two MDA loops compute the couplings before and after each
subspace optimization [30]. An XDSM representation of the BL-IRT formulation is shown
in Figure 2.12.

x (0), z

x∗0 , f
∗
0 System Optimizer x0 x0 x0 x0

MDA 1 y2 y1 y1, y2

x∗1 x∗1 x∗1 Sub-Optimizer 1 x∗1 x∗1

x∗2 x∗2 x∗2 x∗2 Sub-Optimizer 2 x∗2

y∗
1 , y

∗
2 y1, y2 MDA 2

Figure 2.12: XDSM diagram of the BL-IRT MDO formulation

A gradient-free optimizer is to be used as the system-level optimizer, since the computation
of coupled post-optimality gradients of the sub-scenarios is complex. Therefore, the set of
top-level design variables must be limited to a sufficiently small set of variables.

David states in [30] that the covergence of this algorithm is strongly influenced by the
chosen starting point of the optimization, since the coupling function is only updated
before and after the subspace optimizations. Different coupling functions Ψ(x0, xj ̸=i) can
therefore lead to a different subspace optimum x∗

i . Furthermore, the top-level optimization
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is subject to significant noise since it is not exposed to the changing local variables.
However, he claims that these effects are less important for practical applications, since no
top-level design point is visited twice, so the top-level function is only noisy, not random.
Choosing an appropriate optimizer such as COBYLA can counteract the effects of noise,
since its linear approximation is tolerant of noise.

2.5.3 BL-BCD Formulation

David [30] proposes the BL-BCD algorithm to improve the stability of the BL-IRT
formulation. While two versions of this algorithm exist, the weakly coupled version of the
algorithm is used here. In the BL-BCD, the lower-level optimization problem is solved
using a Block-Gauss-Seidel method, alternating the optimization of the disciplines until
a convergence criterion is met. An XDSM representation of this process is shown in
Figure 2.13.

x (0), z

x∗0 , f
∗
0 System Optimizer x0 x0 x0 x0

MDA 1 y1, y2 y1, y2

BCD-Loop y2 y1

x∗1 x∗1 x∗1 x1, y1 Sub-Optimizer 1 x∗1 x∗1

x∗2 x∗2 x∗2 x2, y2 x∗2 Sub-Optimizer 2 x∗2

y∗
1 , y

∗
2 y1, y2 y1, y2 MDA 2

Figure 2.13: XDSM diagram of the BL-BCD MDO formulation

The convergence of the BCD algorithm relies on two assumptions, the first-order separability
and the unique block minizer. A first-order separable problem is one in which, for each
decomposed block, the effects of other blocks on the solution are negligible. The unique
block minimizer property is satisfied if there is a unique minimizer and no local minima
for each parameterization x ̸=i = [x1:i−1, ..., xi+1:p]. In particular, a priori verification of the
first-order separability is difficult for industrial problems [30].
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For these cases, an alternative form of the BL-BCD formulation uses implicit target values
set by the system-level optimizer and enforced on the disciplinary problems to ensure
constant couplings [30]. The use of these implicit goal constraints instead of literal design
variables is intended to separate tighter couplings.

Using the supersonic business jet (SSBJ) benchmark testcase, David shows a higher
robustness of the BL-BCD algorithm compared to the BL-IRT formulation, but still not
all starting points could be converged to the expected solution, as is the case for the MDF
formulation.

2.5.4 BL-EMB Formulation

A modification of the general bilevel formulation is the formulation referred to here as
the bilevel-embedded (BL-EMB) formulation. In the literature there exist a number of
different names for this formulation, Abu-Zurayk et al. [14] called it the two-optimizer
formulation, while Chittick et al. [32] refer to it as the asymmetric suboptimization
method. The problem formulation of the BL-EMB formulation is similar to that of the
BL-IRT and BL-BCD formulations, with the top-level optimization problem defined in
eq. (2.95) and the disciplinary optimizations defined in eq. (2.96). The difference between
the bilevel formulations of the BL-EMB and the BL-IRT/BL-BCD is the division of the
set of design variables into the shared design variables x0 and the local design variables x.
For the BL-EMB formulation, the shared set of design variables x0 also contains all local
disciplinary sets except for a single discipline. An example process with two sub-disciplines
is shown in Figure 2.12.

x
(0)
0 , z

x∗0 , f
∗
0 System Optimizer x

(k)
1 x

(k)
1 x

(k)
1

y
(k)
1

Discipline 1 y
(k)
1

x∗1 x
(k)∗
2

Sub-Optimizer x
(k,i)
2

y
(k)
2 y

(k−1)
2 y

(k,i)
2

Discipline 2

Figure 2.14: XDSM diagram of the BL-EMB MDO formulation
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Changing the formulation to have only a single disciplinary sub-optimization allows the use
of a gradient-based optimizer for system-level optimization, since only the post-optimality
gradients of a single process need to be evaluated. A method for the compuation of the
gradients for the embedded disicipline is proposed by Chittick et al. in [32]. They
propose a coupled adjoint approach for the embedded structural optimization process.

Abu-Zurayk et al. used this process for an optimization of the Airbus XRF-1 configura-
tion, where they embed the structural optimization into the overall aircraft design and
aeroelastic optimization process [14]. In their case, they used a gradient based optimizer
for the top-level optimization, so post-optimality gradients of the embedded optimization
have to be computed or noise is added to the optimization. These post-optimality gradients
can be computed by applying finite differences over the optimization, but this can become
computationally expensive for optimizations with a large number of design variables.
Braun et al. [33] present a different method for obtaining the post-optimality gradients
without having to recalculate the entire optimization by using the Lagrangian multipliers
provided by a gradient-based optimization algorithm to save effort.
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3 Methodology

This chapter deals with the application of the theory described in Chapter 2 to MDO
processes. The first Section 3.1 presents the main tools that implement the numerical
theories of Section 2.2. These tools serve as building blocks for the optimization processes
explained in Section 3.2.

3.1 Tools

The MDO process used for the studies in this thesis is a combination of several open source
and proprietary tools. All tools share a common interface with the Python programming
language, which serves as the control layer of the integration. We use several open source
libraries to extend the capabilities of Python, in particular the multidisciplinary integration
framework GEMSEO, whose functionality and core concept we explain in Section 3.1.5.
Another coupling framework used is FlowSimulator (Section 3.1.4), developed and used
by DLR, ONERA and Airbus. It serves as an in-memory data exchange interface for
aerodynamic and structural analysis tools. The main tools used for this optimization study
are the CFD solver TAU (Section 3.1.1), the structural solver and optimizer LAGRANGE
(Section 3.1.2) and the CFD post-processing library Antares (Section 3.1.6).

3.1.1 TAU

For aerodynamic performance prediction we use the DLR developed TAU CFD code [34].
TAU uses the finite volume discretization with unstructured meshes. To solve the RANS
equations, a number of 1- and 2-equation turbulence models are available, of which the
SA turbulence model described in Section 2.2.1 is used. For optimization purposes, TAU
provides the ability to perform adjoint calculations.
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3.1.2 LAGRANGE

For the structural analysis and optimization components of the multidisciplinary opti-
mization process, the LAGRANGE [7] tool is used. LAGRANGE is a structural solver
tailored to the needs of the aerospace industry. It provides analytical sensitivity calculation
and integrates linear aerodynamic solvers for aerodynamic load analysis. It also includes
several optimization algorithms, such as NLPQL [28], so it can also serve as a structural
optimization framework. LAGRANGE is capable of structural sizing large problems with
many constraints and design variables by adjusting various design parameters, including
shape, thickness, and laminate structure. It can also use various stability constraints such
as stringer buckling and manufacturing constraints to constrain the optimization problem.
Optimization in LAGRANGE uses dynamic constraint callbacks so that only the gradients
of the constraints present in the optimizer’s working set need to be calculated. This can
significantly speed up the computation time, especially for very large optimization tasks
with millions of constraints.

3.1.3 CAD-ROM

Aircraft optimization processes rely on a parametric model to reflect changes in the set
of design variables onto the geometry and a method to provide the gradients of these
changes. While fully differentiated CAD kernels exist, widely used CAD tools such as
CATIA do not provide this functionality. In the process used for this work, this task is
instead performed by a CAD-ROM model developed by Merle et al. [35]. The theory
behind this model is explained in Section 2.2.6.

Each CAD-ROM model is created from a fully parametric CAD model. Based on the
given parameterization, the changes in the surface geometry must be extracted based on
the given parameter combination. In the approach of Merle et al. this is done using an
external meshing tool.

To generate the ROM from the CAD data, a DOE sequence covering the entire input
parameter space is generated using the SMARTy toolbox [36]. The resulting input
parameter combinations pj are inserted into the parametric CAD model and the POD
input matrix X is created by column-wise stacking of the resulting displacement fields. By
applying the POD algorithm, the POD basis Φ and the POD coefficients a are obtained.
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The displacement field can be extracted from the model as

yCAD(pj) =
n∑

i=0
ai(pj) · ϕi (3.1)

This relationship is only valid for input parameter combinations that are part of the
initial DOE set. An RBF interpolation is applied to the POD coefficients a to obtain a
continuous function.

3.1.4 FlowSimulator

The FlowSimulator [37] framework coordinates the exchange of data between different
solvers and methods relevant to aircraft design, such as CFD and structural solvers. Instead
of relying on file inputs and outputs from the different disciplinary tools, FlowSimulator
provides a framework to process these tool inputs and outputs in memory, allowing different
tools such as CFD solvers, mesh interpolation, and deformation methods to be coupled.
To enable parallelization on high performace computing (HPC ) clusters, FlowSimulator
uses OpenMPI parallelization to distribute data between different processes.

In our optimization toolchain, we use the coupling capabilities of FlowSimulator to exchange
data between the structural and aerodynamic analysis tools. An essential method for
this coupling is the mesh interpolation method, which interpolates parameters between
different meshes. Information is interpolated between different meshes using the MLS
method of Section 2.2.3 implemented in the FlowSimulator environment by Schuster et
al. [21].

Another important feature for the transfer of displacements calculated by LAGRANGE to
the CFD mesh is the deformation of the volume mesh. To deform the CFD mesh according
to the geometric changes, the linear-elastic deformation method explained in Section 2.2.4
is used, implemented and coupled to the FlowSimulator environment by Rempke [38].

3.1.5 GEMSEO

GEMSEO [15] is an open source Python library developed by IRT Saint Exupéry for
the automation of MDO processes. The main goal of the software is to reduce setup time
for automated optimization and analysis processes and to enable code exchange between
partners via the common interface. It is used as the top-level integration framework of the
aerostructure optimization study. This section explains the main concepts of GEMSEO
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that are relevant for performing multidisciplinary optimization studies 1.

To facilitate reconfigurability of analysis and optimization tasks, each disciplinary anal-
ysis is wrapped in a class that inherits from MDODiscipline. Each class derived from
MDODiscipline defines inputs and outputs, a _run() method for computing the outputs
from the inputs, and a _compute_jacobian() method for computing the gradients of all
output variables. Discplines can be arranged in a Scenario class.

Besides the BL-IRT formulation, the MDF and IDF formulations are available, as well as
disciplinary optimizations. Other formulations can be created by the user by combining
various objects inherited from the MDODiscipline class, such as the MDOChain or MDF
objects. A separate proprietary plugin provides a more flexible implementation of the
BL-IRT formulation and the BL-BCD, but these are not available in the open source
software package.

When a Scenario is created, GEMSEO controls the order of execution of the disci-
plines and distributes the data. Before execution, this order can be checked using the
Scenario.xdsmize() method, which automatically generates the XDSM diagram of the
MDO process using the pyXDSM library. Two types of algorithms are provided for execu-
tion, optimization and design of experiments (DOE) algorithms from various open source
packages.

After a Scenario has been run, several post-processing methods are provided to generate
plots of the evolution of, for example, objective and design variables, constraint violations,
or gradient sensitivities. Information about the execution of each problem can be stored in
Caches, allowing post-processing after execution is complete, or restarting the optimization
from a given starting point. The software package also provides several methods for
parallelizing computational tasks, based on multiprocessing and multithreading. A Slurm
job wrapper is also available for disciplines. However, at the time of writing, OpenMPI
parallelization is not yet supported.

3.1.6 Antares

Antares is a Python library developed by Cerfacs for processing CFD data [39]. It
can open different types of CFD data formats, such as Tecplot (.plt/.dat) or Paraview
(.vtu/.vtk) files and load them into memory. Antares decomposes the various CFD data
formats into their object-oriented structure, whose top-level object is the Base object. Each

1This description is based on GEMSEO v. 5.3.2. The functionality described may differ from other
versions
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base consists of different Zone objects representing different subspaces of the geometry,
such as the different boundaries or the far field. The Zone objects themselves consist of
one or more Instance objects. A Instance does not necessarily have to be a temporal
instance, the Instance can also be used to store different iterations of an optimization
process. These Instance objects then contain the CFD data, represented by Numpy arrays.
The Antares data structures can be manipulated directly by the user by implementing
Python methods, or by using the methods provided within Antares, called Treatments.
Examples of Treatments are cutting planes, computing cell normal vectors, or merging
Zone objects. In this thesis, Antares is used to plot the spanwise lift distribution, sectional
views, and pressure distributions of wings.

3.2 Process Integration

After introducing the various tools used in the optimization study, this section describes
the optimization toolchains created from these tools. It also shows how the tools are
integrated into the MDODiscipline class of GEMSEO. First, in Section 3.2.1, we explain
the LAGRANGE-based structural sizing process. In Section 3.2.2, the process setup for
aeroelastic analysis with trim capability is defined. These two processes are the main
building blocks used to generate the various MDO formulations, the evaluation of which is
the main objective of this thesis.

3.2.1 Structural Sizing Process

The structural sizing process is adapted from the work of Volle et al. [8]. It controls
the structural sizing design variables to satisfy various structural integrity constraints,
such as strength, stability, and manufacturing constraints, while minimizing the finite
element mass. Unlike the aerodynamic performance prediction process, it is itself an
optimization process using the LAGRANGE internal NLPQL optimizer. The method is
based on the low-fidelity Athena Vortex Lattice (AVL) load evaluation tool. Currently, the
low-fidelity load model is unable to update changes in the wing planform. Similar to the
aerodynamic performance prediction process, the process is trimmed for specific load cases
using Equation (3.2). After trimming, the constraints are evaluated. For optimization,
the gradients for the structural design variables are computed internally in LAGRANGE,
dynamically switching between direct and adjoint automatic derivation. Shape design
variable gradients are computed by adding the interpolated CAD-ROM gradients to the
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structural coordinates and evaluating the load model. Similar to the power gradient
calculation, the structural gradients are corrected for trimming. In addition, the ability
to compute the post-optimality gradients with respect to the shape input parameters is
added for gradient-based optimization in the embedded formulation.

3.2.2 Aerodynamic Performance Prediction

The aerodynamic performance prediction method is adapted from the work of Volle [8].
This method provides methods for gradient computation of performance parameters with
respect to all shape and structural design variables using the adjoint approach. A flowchart
of the process is shown in Figure 3.1. The inputs to the shape design variables are

Flow Solver

RF = ∂yF

∂t +∇(ϕc − ϕv)

Force
Interpolation

f∂S = MT f∂S

Structure
Solver

RS = KyS − f∂S − finert

Displacement
Interpolation

u∂M = Mu∂S

Mesh Deformation

RM = KMym −My∂S

Trimming

Trim Sensitivity
Calculation (FD)

CAD-ROM

Mesh Deformation

RM = KMym −MyCAD

Aero-Structural Coupling

Figure 3.1: Flowchart of the aerodynamic performance prediction process using CAD-ROM
geometry modeling

converted to surface mesh points by a fully differentiated CAD-ROM. The surface mesh is
deformed using the Section 3.1.4 mesh deformation method and passed to the trimming
loop. The trimming loop itself consists of two loops, the inner aero-structure loop resolves
the aero-structure coupling, while the trimming loop itself adjusts the trim variables to
achieve the desired flight state. TAU calculates the forces resulting from the flow on the
CFD mesh, which are interpolated to the CSM mesh using the interpolation method of
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Section 3.1.4. From the forces acting on the CSM mesh, LAGRANGE determines the
structural displacements on the mesh, which are interpolated back to the CFD mesh. The
CFD volume mesh is again deformed according to the displacements. Mathematically, this
is described by the following fixed-point iteration scheme for the iteration step i

f (i+1)
∂F = CFD(y(i)

M )

f (i+1)
∂S = MT · f (i+1)

∂F (y(i)
M )

y(i+1)
S = K−1 · (finert + f (i+1)

∂S )

y(i+1)
M = K−1

M ·M · y
(i+1)
S

This inner aeroelastic loop is iterated until the L2-norm of the structural state variable
changes is sufficiently small. Convergence is improved using the Aitken method [40]. For
the outer trimming loop, a gradient-based approach is used to compute the next iteration
of the trim variables δ by applying finite differences by perturbing the trim design variables.
The resulting trim Jacobian is multiplied by the residual force vector FR.

δi+1 = δi −
(

dF
dδ

)−1

FR. (3.2)

3.2.3 Aerodynamic Performance Sensitivity Calculation

The gradients of the coupled aeroelastic performance prediction process are computed
using the coupled adjoint approach of Section 2.3.3 in a two-step process as shown in
Figure 3.2. The first step of the process is to solve the coupled adjoint equations from
Equation (2.73). Then, from the mesh and structural adjoints and the derivatives of
the respective residuals, the power sensitivities are computed and trimmed. To solve
the adjoint equations of Equation (2.74), all residual derivatives must be solved by the
disciplinary flow, structural, and mesh deformation solvers. The mesh residual derivatives
∂RM/∂yM and ∂RM/∂yS are obtained from the mesh deformations according to Merle
et al. [41] as the mesh deformation stiffness matrix KM and the interpolation matrix M:

∂RM

∂yM

= KM (3.3)

∂RM

∂yS

= M. (3.4)
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The partial derivatives of the structural residuum are calculated by

∂RS

∂F
= ∂RS

∂F∂S

∂f∂S

∂f∂M

∂f∂M

∂F
= −MT ∂f∂M

∂F
(3.5)

∂RS

∂yM

= ∂RS

∂f∂S

∂f∂S

∂f∂M

∂f∂M

∂yM

= −MT ∂f∂M

∂yM

(3.6)

∂RS

∂yS

= K. (3.7)

A fixed-point iteration scheme according to Gastaldi et al. [42] is used to solve the
system of adjoint equations for the fluid adjoint state ȳF , the mesh adjoint state ȳM , and
the structural adjoint state ȳS.

∂RT
F

∂yF

ȳ(i+1)
F = −∂Cx

∂yF

+ (MT ∂f∂M

∂yF

)T ȳ(i)
S

KT
M ȳ(i+1)

M = ∂Cx

∂yM

− ∂RT
F

∂yM

ȳ(i+1)
F + (MT ∂f∂M

∂yM

)T ȳ(i)
S (3.8)

KT ȳ(i+1)
S = −MT ȳ(i+1)

M .

Following the scheme of Equation (3.8), TAU is first run in adjoint mode to obtain the flow
adjoint. Then the mesh deformation adjoint process is performed with the flow adjoint
as input. The mesh adjoint is interpolated to the structural mesh where LAGRANGE
calculates the adjoint displacements using the adjoint forces as boundary forces. The
structural displacements are again interpolated to the CFD mesh. This loop is iterated
until the L2 error convergence criterion for the structural adjoint change is reached. As in
the original mode, the Aitken method is used to accelerate the convergence.
The performance sensitivities are determined from the adjoint mesh and structure states
ȳM and ȳS

dCx

dx
= ȳS

∂RS

∂x
+ ȳM

∂RM

∂x
. (3.9)

While Volle computes the performance sensitivities for all design variables, including
the structural sizing parameters, we only need the sensitivities with respect to the shape
parameters because the structural parameters are held constant for each shape optimization
step in the bilevel formulations. The derivative of the structure residual by the structural
design variables consists of the change in the stiffness matrix K and the inertial forces
finert.

∂RS

∂x
=
(

∂K
∂x
− ∂finert

∂x

)
(3.10)

Both terms do not depend directly on the shape design variables, but on the structural
coordinates XS, which are interpolated from the CAD-ROM output coordinates XR with
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the interpolation matrix MSR, thus

∂RS

∂x
=
(

∂K
∂XS

− ∂finert

∂XS

)
MSR

∂XR

∂x
. (3.11)

The derivative of the coordinates ∂XR

∂x . The partial derivative term ∂RM

∂x describes the
change in the mesh residual due to perturbations in the shape design variables. This can
be written as

ȳM
∂RM

∂x
= ȳMMMR

XM

∂x
, (3.12)

However, for performance reasons, the mesh adjoints are interpolated to the CAD-ROM
coordinates

ȳM
∂RM

∂x
= (MT

MRȳM)∂XR

∂x
(3.13)

Since the trimming algorithm changes the trim variables, which are not exposed to any
optimizer, to keep the aircraft in a defined trim state, the gradients are corrected against
the trim variables as described by Merle et al. [41]. The trim-corrected gradient for the
flight performance output variable yaero is the total derivative of the flight performance
metric, which is a function of the design variables x and the trim variables δ. As a
secondary condition, the derivatives of the trim constraints Cx with respect to the design
variables x are equal to 0, since the trim keeps these values constant. Both equations for
a system of two vector equations, which can be solved in

dCx

dx
|CL,My=const. = ∂yaero

∂x
− ∂yaero

∂δ

(
dCx

dδ

)−1
dCx

dx
(3.14)

The derivative of the trimming constraints by the trimming design variables is computed
with the mesh adjoint multiplied by the derivative of the surface points with respect to
the trimming design variables. (

dCx

dδ

)
= yM

dXM

dδ
. (3.15)

For control surface deflections and α as δ, the surface coordinate term XM is computed
by rigid body motion.
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Figure 3.2: Flowchart of the aerodynamic performance prediction process gradient compu-
tation
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3.2.4 Software Architecture

A significant part of the work to convert the pure FlowSimulator coupled process of
Volle et al. into the GEMSEO integration environment was dedicated to parallelizing the
process and implementing the required data transfer methods. This is necessary because
FlowSimulator allows parallelization using Message Parsing Interface (MPI ), which is not
yet available in GEMSEO. Thus, a split process was developed to gain the formulation
flexibility of GEMSEO while preserving the efficient coupling and data exchange methods
of the processes of Volle et al. An overview of the architecture is given in Figure 3.3.

GEMSEO
Single-Core Process

HPC instance
MPI Multi-Core Process

In-memory data exchangeIn-memory data exchange

Optimizer

Aero-Elastic

Discipline

Structural Sizing

Discipline

Objective Discipline

G
E
M
S
E
O

Mesh Interpolation

Mesh Deformation

LAGRANGE

TAU

F
l
o
w
S
i
m
u
l
a
t
o
r

SLURM-job
submission

Python
submission

.json-file
data exchange

Figure 3.3: Software Architecture of the Integrated MDO Process

The implementation is split between a GEMSEO process running on a single process and
a process running on an HPC node. Within the GEMSEO process, the optimizer passes
design variables to the disciplines and reads their outputs to iterate to the next step. The
disciplines themselves, with the exception of the Objective Discipline, do not perform
direct computations, but submit jobs to the HPC process by passing .json files. These
files are processed on the HPC cluster and either a cycle of the aerodynamic performance
prediction process or the structural sizing process is run. The results are written to .json
files and returned to the GEMSEO instance. Each HPC instance can only process a single
job submission at a time, so the aerodynamic shape optimization and structural sizing
must be run sequentially in the bilevel processes. However, it is possible to create multiple
HPC instances to solve multiple flight conditions in a multi-point scenario.
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4 Testcases

To test the different problem formulations defined in the previous Section 3.2, we need
to provide appropriate test cases. The testcase defined within the UpWing and NextAir
projects is the DLR-F25 high aspect ratio, narrow-body jet transport aircraft. This is the
main test case on which the tests will be performed. However, since this is a large testcase
that requires long periods for aerodynamic and structural evaluation iterations, the much
smaller benchmark process proposed by the University of Michigan [43] is used for
the development of the aerostructure optimization process. Thus, we perform all studies
on both test cases to also investigate the impact of problem scale on the performance of
the embedded and bilevel formulations.

4.1 Simple Transonic Wing (University of Michigan)

Gray et al. [43] have published an open-source benchmark model for comparing high-
fidelity RANS-CFD MDO frameworks. This model is a single wing whose planform is
derived from the Boeing 717 aircraft, with the wing profile described by the RAE2822
airfoil. They provide meshes with different levels of resolution, ranging from 100,000 to
7,000,000 cells. The structural model of the wing is a wing box consisting of skin panels
and a total of 23 ribs, the material of the wing is carbon-fiber reinforced polymer (CFRP)
with a fixed ply-share. Figure 4.1a shows a top-down view of the wing planform and
the internal structure of the wing box. The supercritical RAE2822 airfoil is shown in
Figure 4.1b. In their paper, Gray et al. propose three different optimization scenarios,
a structural optimization with a fixed wing shape, a fuel burn optimization with a fixed
planform, and a fuel burn optimization of a wing with a variable planform. In this study,
only the fixed planform fuel burn optimization is performed because the load evaluation
model in LAGRANGE does not update the planform during runtime. In this case, the
set of planform design variables consists of the wing twist at 5 spanwise locations and a
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Figure 4.1: Geometry of the simple transonic wing

total of 108 airfoil parameters. The airfoil parameterization used differs from the free-
form deformation approach described in the paper. Instead of the described free-form
deformation approach, a CST curve parameterization [44] controls the outer contour of the
profile at 6 spanwise locations with 18 design parameters. For the structural optimization
a number of design variables are given for the wing box, listed in Table 4.1. The structural

Table 4.1: Structural design variables of the simple transonic wing

Description Count Bounds
Panel length 111 [0,∞) mm
Panel thickness 111 [2, 100] mm
Stiffener thickness 111 [2, 100] mm
Stiffener height 111 [2, 100] mm
Local stiffener pitch 23 [50, 500] mm
Global stiffener spacing 4 [50, 500] mm

optimization is subject to a total of 82, 767 constraints, including stability, strength, and
manufacturing constraints. Additionally, the trim constraint of a CL of 0.52 is satisfied
by adjusting the angle of attack. Table 4.2 shows the distribution between the different
groups of constraints. Two load cases are to be used for structural sizing, a push-down

Table 4.2: Structural constraints of the simple transonic wing

Constraint Count per load
case

Count total

Panel buckling 548 1,096
Stringer buckling, crip-
pling

472 944

Strength 20.166 40.332
Manufacturing 63
Total 82,767

and a pull-up maneuver, both at sea level with a reduced airspeed of Ma = 0.458 and load
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factors of −1 and 2.5 respectively. Other constraints proposed by the author relate to the
geometry of the wing, but are not considered in this study. A number of estimates are
made to obtain the total mass of the aircraft. The total mass of a single wing is estimated
from the finite element mass mF E of the wing box using a regression method by Mariens
et al. [45]

mW ing = 10.147m0.8162
F E . (4.1)

To obtain the gross landing mass (mLGM ), add the mass of the fuselage mF rame, the reserve
fuel mass mRF , and the payload mass mP L to the wing masses.

mLGM = mF rame + mRF + mP L + 2 ·mW ing. (4.2)

The values of mF rame, mRF , and mP L are listed in Table 4.3a. The mission fuel burn mF

is used as the optimization objective. It is calculated using the Breguet domain equation

mF = mLGM ·
[
exp

(
D

L
· 9.81 · TSFC ·R

V

)
− 1

]
, (4.3)

using the mission parameters from Table 4.3b. The total lift of the aircraft L is calculated
by multiplying the lift produced by each wing by 2, the total drag is the sum of the drag
of the wings and the drag of the airframe from Table 4.3b.

L = 2 · LW ing (4.4)

D = 2 ·DW ing + qCruise · Sref · CD,F rame (4.5)

For simplicity, the climb segment is not included in the optimization as described in the
publication.

The aerodynamic analysis of the baseline configuration, performed on the coarsest mesh
available, shows that the lift distribution deviates from the aerodynamic optimum. As
shown in Figure 4.2a, the distribution shows a slight outboard shift compared to the ideal
elliptical distribution.

Surface pressure analysis indicates the absence of shock waves across the wing, as shown
by both the pressure projection plot (Figure 4.3) and the sectional pressure distributions
(Figure 4.4). However, this smooth pressure field can be attributed to the limitations of
the mesh resolution, as analyses on finer meshes captured a distinct shock formation on
the upper surface of the wing. Also, due to the coarseness of the mesh, the extracted lift
distribution shows discontinuities at the wing root. Therefore, this part of the wing is not
shown in the plots of the lift distribution. The profile geometry is a RAE2822 airfoil at
all spanwise locations as shown in Figure 4.4. Consequently, the thickness-to-chord ratio
(t/c) ratio is constant along the span. In flight, the wing is slightly twisted downwards,
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Table 4.3: Objective function parameters of the simple transonic wing

(a) Mass parameters of the simple transonic wing

Parameter Description Value
mF rame Operating empty mass

(without wing)
25, 000 kg

mP L Payload mass 14, 500 kg
mRF Reserve fuel mass 2, 000 kg

(b) Mission parameters of the simple transonic wing

Parameter Description Value
CD,F rame Coefficient of drag (CD) of

airframe
0.0152

HCruise Cruise altitude 10.400 m
MaCruise Cruise Mach (Ma) number 0.78
R Nominal range 3815 km
Sref Wing area 45.5 m2

TSFC Thrust-specific fuel
consumption

1.8·10−5 kg N s−1

starting with a pitch of about 3◦ at the wing root and increasing to a value of about 4.3◦

at the wing tip, as shown in Figure 4.2b. In its initial configuration, the coefficient of
drag (CD) of the wing and the added constant fuselage drag is 0.0332 with a dimensioned
finite element mass mF E of 815 kg. This results in an estimated fuel burn for the reference
mission mF of 9500 kg.
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Figure 4.2: Spanwise characteristics of the baseline simple transonic wing
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Figure 4.3: Wing surface pressure distribution of the baseline simple transonic wing
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Figure 4.4: Section cuts of the baseline simple transonic wing
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4.2 DLR-F25

The DLR-F25 aircraft model is a model of a new generation short-to-medium range
HARW aircraft developed by DLR as part of the Virenfrei project. It is used as a sample
aircraft configuration for the UpWing and NextAir projects, which study HARW . The AR
of the wing is 15.6, which is significantly increased compared to similar state-of-the-art
aircraft.

The configuration is considered relevant for the development of novel MDO processes, as
the next generation of aircraft is expected to be a short to medium range aircraft [46].
The HARW also allows a high optimization potential for coupled aero-structural effects.
In this study, a wing-body configuration of the aircraft without a horizontal stabilizer is
used. The aerodynamic surface mesh of this configuration is depicted in Figure 4.5. For

Figure 4.5: Aerodynamic surface mesh of the DLR-F25

this case, the design variables are the wing twist, the profile parameters and the structural
sizing parameters. The profile parameters define 8 points on the camber line at 6 spanwise
positions. This parameterization is shown in Figure 4.6. The mission fuel burn calculated
with the Breguet range equation is used as the objective function of the optimization.
Unlike the simple transonic wing model, the structural model contains the full mass model
of the aircraft, so only the reserve fuel mass mRF needs to be added to the finite element
mass mF E. The required reserve fuel mass mRF consists of a fuel reserve sufficient for a
holding time of 30 min and 3% contingency fuel. In total, the reserve fuel mass is estimated
as mRF = 1, 500 kg. The objective function of this test case is the mission fuel burn mF ,
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(a) Illustration of the DLR-F25 profile
paramters’ spanwise distribution
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(b) Illustration of the DLR-F25 profile parameterization

Figure 4.6: DLR-F25 profile parameters

calculated with the reformulated Breguet range equation

mF = mF E ·
[
exp

(
D

L
· 9.81 · TSFC ·R

V

)
− 1

]
. (4.6)

All parameters included in the Breguet range equation are listed in Table 4.4b.

Table 4.4: Objective function parameters of the DLR-F25

(a) Mass parameters of the DLR-F25

Parameter Description Value
mP L Payload mass 25, 000 kg
mRF Reserve fuel mass 1, 500 kg

(b) Mission parameters of the DLR-F25

Parameter Description Value
HCruise Cruise altitude 12.192 m
MaCruise Cruise Mach (Ma) number 0.78
R Nominal range 4, 630 km
Sref Wing area 130.12 m2

TSFC Thrust-specific fuel
consumption

1.35 ·
10−5 kg N s−1

The aspect ratio (AR) of the DLR-F25 wing is significantly higher than that of the simple
transonic wing, so the lift is shifted further inboard to reduce the loads, as shown in
Figure 4.7a. There are clearly visible pressure bumps on the wing surface, shown in the
wing surface projection Figure 4.8 and the wing section cuts Figure 4.9. The thickness-to-
chord ratio (t/c) ratio of the wing is about 0.16 at the wing root and decreases to 0.11 at
the wing tip, which is shown in more detail in Figure 4.7c. The profile shape also changes
along the span, as shown in Figure 4.9. In the in-flight shape, the twist at the wing root
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is 2.9◦, increasing to 6.4◦ at the wing tip.

In its initial configuration, the DLR-F25 has a coefficient of drag (CD) of 0.0278, and a
sized finite element mass mF E of 75, 821 kg. On the reference mission, a mission fuel burn
mF of 13, 446 kg is estimated.
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Figure 4.7: Spanwise characteristics of the baseline DLR-F25
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Figure 4.8: Wing surface pressure distribution of baseline DLR-F25
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Figure 4.9: Section cuts of the baseline DLR-F25
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5 MDO Formulations

In this section, the different MDO formulations of the processes from Section 3.2 are
explained, starting with the BL-EMB formulation in Section 5.1. Section 5.2 shows
how the BL-IRT formulation is implemented with the twist design variables as system-
level design variables. In Section 5.3, the BL-IRT formulation uses a Cmx target as
a system-level design variable. The last Section 5.4 shows the implementation of the
BL-BCD formulation using a Cmx-target approach. While the MDF formulation serves
as a reference for the comparisons, the reader is referred to Volle [8] for its detailed
description. Notably, all formulations presented here retain their structure across test
cases, requiring no case-specific modifications.

5.1 BL-EMB Formulation

A XDSM representation of the entire process is shown in Figure 5.1.

x (0)

SLSQP xtwist , xprofile xtwist , xprofile

NLPQL xstructure xstructure

cstructure Structural integrity evaluation mFE

Aero-elastic performance prediction Cd ,Cl

mFuel Fuel-burn calculation

Figure 5.1: XDSM of the BL-EMB formulation

The BL-EMB uses the SLSQP optimizer to control all shape design parameters, specifically
the wing twist and profile control parameters in both test cases. First, the structural sizing
of Section 3.2.1 optimizes all structural design variables using the LAGRANGE internal
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NLPQL optimizer. The objective function of the structure sizing process is the finite
element mass mF E, which is minimized while satisfying the structural constraints. Once
the structure is sized given the current shape, the aerodynamic performance prediction
process evaluates the drag for the given configuration.

The mission fuel burn mF , obtained from Equation (4.3) for the simple transonic wing and
from Equation (4.6) for the DLR-F25, serves as the objective function of the optimization
process. Since the implementation relies on gradient-based optimization, each discipline
must provide gradient information for its output variables. The objective function in-
cludes analytical derivatives with respect to all input parameters, while the aerodynamic
performance prediction uses the adjoint method for sensitivity calculation described in
Section 3.2.3.

To determine the structural mass gradients with respect to the shape design variables, the
process uses one-sided, first-order finite differences applied to the structural sizing process.
Since any parameter variation requires a complete resizing of the structure, the finite
difference calculations are limited to the twist variables that have the most significant effect
on the mass of the structure. While the structure sizing process affects the aerodynamic
performance sensitivities, the corresponding gradients are not corrected for the structural
influence to eliminate any cross-derivative information from the formulation.

5.2 BL-IRT Formulation

This section describes the BL-IRT process using the twist variables as the system-level
design variables. The XDSM diagram of this process is shown in Figure 5.2.

x (0)

COBYLA xtwist xtwist

NLPQL xstructure xstructure

cstructure Structural integrity evaluation mFE

xprofile SLSQP xprofile

Cd ,Cl Aero-elastic performance prediction Cd ,Cl

mFuel Fuel-burn calculation

Figure 5.2: XDSM of the BL-IRT formulation

The twist variables are expected to have the strongest interdisciplinary effects, affecting
both the aerodynamic performance and the load distribution and thus the structural mass,
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and are therefore chosen as the system-level design variables. They are controlled by the
gradient-free COBYLA optimizer. After the COBYLA optimizer has defined the values of
the twist design variables xtwist for the current system-level iteration, the structural sizing
process is performed for the current twist configuration of the wing. The structural sizing
process optimizes the finite element mass mF E under the structural constraints using the
structural design parameters xstructure. The dimensioned structural design variables are
passed to the aerodynamic shape optimization process. This process uses the aerodynamic
performance prediction process to obtain the drag of the current shape configuration.
The shape design variables are controlled by the SLSQP optimizer. Since the twist
design variables xtwist are controlled by the system-level optimizer, the shape design space
consists of the profile shape parameters xprofile. The aerodynamic optimization process
is unconstrained, as trimming is handled internally by the aerodynamic performance
prediction process.

The mission fuel burn mF is the system-level objective of the optimization process and is cal-
culated using the formulas Equation (4.3) for the simple transonic wing and Equation (4.6)
for the DLR-F25.

5.3 BL-IRT Formulation with Cmx-Target Constraint

This section describes the BL-IRT process using a Cmx-target constraint as a system-level
design variable. The XDSM diagram of the process is shown in Figure 5.3

x (0)

COBYLA Cmx ,target

SLSQP xtwist , xprofile xtwist , xprofile

Cmx ,Cd ,Cl Aero-elastic performance prediction Cd ,Cl

xstructure NLPQL xstructure

cstructure Structural integrity evaluation mFE

mFuel Fuel-burn calculation

Figure 5.3: XDSM of the BL-IRT formulation with Cmx-target

When a Cmx-target has been set by the system level COBYLA optimizer, the aerodynamic
shape optimization process is started. The SLSQP optimizer controls the shape design,
which is composed of the twist design variables xtwist and the profile design variables
xprofile. This optimization minimizes drag while satisfying the Cmx target constraint,
which is imposed as an equality constraint.
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After the shape is optimized for the Cmx target, the structural sizing process minimizes
the finite element mass mF E with respect to the structural constraints. The mission fuel
burn mF is the system-level objective of the optimization process and is calculated using
the formulas Equation (4.3) for the simple transonic wing and Equation (4.6) for the
DLR-F25.

5.4 BL-BCD Formulation

This section describes the BL-BCD formulation, the XDSM diagram of the process is
shown in Figure 5.4.

x (0)

COBYLA Cmx ,target

BCD-loop mFE Cd

SLSQP xtwist , xprofile xtwist , xprofile

Cd Cmx ,Cd ,Cl Aero-elastic performance prediction Cd ,Cl

xstructure NLPQL xstructure

mFE cstructure Structural integrity evaluation mFE

mFuel Fuel-burn calculation

Figure 5.4: XDSM of the BL-BCD formulation

The BL-BCD formulation is similar to the BL-IRT approach, which uses a Cmx target as
the top-level design variable. As in the BL-IRT formulation, the Cmx target is set by the
COBYLA algorithm.

The disciplinary optimizations are identical to the disciplinary optimizations in the BL-IRT
case with Cmx-target, but instead of being run once, they are run multiple times within
the BCD loop. The BCD loop is a Gauss-Seidel fixed-point iteration. To determine the
convergence of the algorithm, the structural sizing process passes the structural mass to
the aerodynamic performance prediction, while the aerodynamic performance prediction
passes CD to the structural sizing process. If the changes in both parameters are within
the convergence bounds, the loop terminates.
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6 Results

This chapter presents the results of the different MDO formulations from Chapter 5 applied
to the simple transonic wing in Section 6.1 and DLR-F25 in Section 6.2.

After the presentation of the optimization results for both testcases, a starting point
variation study is conducted on the simple transonic wing in Section 6.3 to determine the
robustness of the optimization algorithms to perturbations of the starting point.

6.1 Simple Transonic Wing (University of Michigan)
Optimization Results

This section presents the results of the coupled aero-structural optimization of the simple
transonic wing with different bilevel formulations. In addition to the BL-EMB, BL-IRT ,
and BL-BCD formulations, an MDF optimization is conducted to create a reference to
monolithic MDO formulations.

The optimization parameters utilized for the various MDO formulations are enumerated in
Table 6.1. Every optimization is initiated with an initially sized structure, 0◦ of geometric
twist across the wingspan, and profile parameters according to the baseline RAE2822
airfoil. The baseline aerodynamic performance data is presented in Section 4.1.

The trend of all optimizations over wall clock time is plotted in Figure 6.1, displaying
the evolution of the mission fuel burn mF in Figure 6.1a, the coefficient of drag (CD) in
Figure 6.1b, and the finite element mass mF E in Figure 6.1c. While the MDF formulation
coverged in around 17 hours, the bilevel formulations required significantly more time,
with the exception of the BL-EMB formulation, which converged in around 24 hours.
The longest computation time is required by the BL-BCD formulation at 68 hours.
Especially the BL-IRT formulation without a Cmx-target constraint shows still strong
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Table 6.1: Optimization parameters for the simple transonic wing

(a) Top-level optimization parameters

Parameter MDF BL-IRT BL-IRT
Cmx-target

BL-EMB BL-BCD

Objective scaling 10−4 1 1 10−3 1
BCD conver-
gence radius

— — — — 10−6

Max. BCD itera-
tions

— — — — 4

(b) Aerodynamic optimization parameters

Parameter MDF BL-IRT BL-IRT
Cmx-target

BL-EMB BL-BCD

Max. optimiza-
tion iterations

— 25 25 25 25

Trim iterations — 5 5 5 5
Aero-structural
coupling itera-
tions

20 20 20 20 20

Aero-structural
adjoint coupling
iterations

5 5 5 5 5

Primal CFD min-
imum residual

10−5 10−5 10−5 10−5 10−5

Adjoint CFD
minimum resid-
ual

10−6 10−6 10−6 10−6 10−6

Objective conver-
gence radius

— 10−5 10−5 — 10−5

Design variable
convergence ra-
dius

— 10−5 10−5 — 10−5

Objective scaling — 102 102 — 102

(c) Structure optimization parameters

Parameter MDF BL-IRT BL-IRT
Cmx-target

BL-EMB BL-BCD

Max. iterations — 20 20 20 20
FD step size — — — 0.5 —
Objective scaling 3 3 3 3 3
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variations in the objective before the optimization is terminated due to an error in the used
version of OpenMPI. This error terminates the execution of all bilevel formulations. The
computationally most expensive BL-BCD formulation can only 7 system level iterations,
before termination. Hence, further optimization potential could be expected, if the
formulation was to converge further.

The converged mission fuel burn m∗
F , coefficient of drag CD, and finite element mass mF E

are listed in Table 6.2. The lowest mission fuel burn is achived by the BL-BCD formulation
at 9265 kg, while the highest is attained by the BL-IRT formulation at 9280 kg. With
the exception of the BL-IRT formulation, all other bilevel optimizations result in a lower
optimized mission fuel burn than the MDF optimization, despite being less converged.
A notable observation is that the structural mass optimized by the MDF formulation is
considerably lower compared to the bilevel scenarios, while the drag levels are notably
higher.

Table 6.2: Optimal values of the simple transonic wing optimization

Parameter MDF BL-IRT BL-IRT
Cmx-target

BL-BCD BL-EMB

Mission fuel
burn m∗

fuel

9273 kg 9280 kg 9272 kg 9265 kg 9269 kg

Coefficient of
drag C∗

D

3.243 · 10−2 3.239 · 10−2 3.237 · 10−2 3.237 · 10−2 3.238 · 10−2

Finite element
mass m∗

F E

828 kg 847 kg 847 kg 842 kg 843 kg

In Figure 6.2a, the optimized lift distributions from all formulations are depicted. It
is evident that all formulations shifted the lift inboards compared to the baseline lift
distribution. This outcome is to be expected, as the baseline distribution is shifted
outboards from the elliptical distribution, whereas the combined aero-structural optimum is
inboards of the elliptical distribution. While the optimized lift distributions are qualitatively
similar, differences between the different formulations can be observed. The lift distribution
optimized by both the BL-EMB and BL-BCD formulations exhibited a greater similarity to
the baseline at the root compared to the distributions derived from the other formulations
The lift distribution of the BL-IRT formulation demonstrated a high degree of similarity
to the MDF distribution across the entire span width Near the wingtip, all of the different
distribution align again, whilst significantly deviating from the baseline curve.

The in-flight twists of the wings are depicted in Figure 6.2b, with a nosedown pitch of the
wing counted in a positive direction. Notable differences exist between the formulations
in the obtained in-flight twists. While all optimizations decreased the twist at the wing
root compared to the baseline configuration, the extent of this reduction varies across all
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Figure 6.1: Optimization progress of the simple transonic wing
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formulations. Notably, the MDF formulation exhibits the most significant reduction in
twist, reaching approximately 0.8◦. At the wingtip, the twists obtained from the MDF
and BL-IRT are similar to the baseline configuration, while the BL-EMB, BL-BCD, and
BL-IRT with Cmx-target formulations increase the twist by up to 1◦.

The thickness-to-chord ratio t/c of the wing is plotted in Figure 6.2c. All formulations
reduce the thickness to chord ratio by approximately 0.025 uniformly across the wingspan.
The obtained thicknesses are similar for all optimization formulations.

In Figure 6.3, section cuts of the optimized wings are depicted. A comparison of the
obtained profiles reveals that they are similar in shape, but differ in their twist. This
observation is reflected in the chordwise pressure distribution, which is nearly identical for
all formulations at the examined spanwise locations. At all examined spanwise locations,
the negative pressure coefficient on the upper side is further decreased near the leading
edge and increased in the middle region. This equalization leads to a flatter chordwise
pressure distribution, thereby removing the slight shock bump present in the baseline
configuration at the wing root. On the lower side of the wing, an adverse effect can be
observed, as the positive pressure coefficient is increased further in the middle chord region.
The combined changes present on the upper and lower wing sides cause a shift of the lift
generation from the upper to the lower side of the wing.

In summary, the optimization scenarios effectively optimized the simple transonic wing,
with analogous qualitative alterations introduced to the design. However, these alterations
vary quantitatively between the formulations. This is most notably evident in the spanwise
lift distributions of the optimized wings and is reflected in the variation in in-flight twist
shapes.
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Figure 6.2: Different spanwise characteristics of the optimized simple transonic wing
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Figure 6.3: Optimized section cuts of the simple transonic wing
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6.2 DLR-F25 Optimization Results

This section presents the results of the coupled aero-structural optimization of the DLR-
F25. The formulations studied are the BL-IRT , the BL-IRT with Cmx target constraint,
and the MDF formulation as a reference. However, due to difficulties encountered in the
recurrent deformation of the structural model required for the finite differencing of the
structural sizing process, no representative results could be generated for the BL-EMB. All
optimizations are started from the baseline configuration with an initially sized structure.
The optimization hyperparameters are listed in Table 6.3.

The optimization progress of the three formulations is shown in Figure 6.4, with the
mission fuel consumption mF in Figure 6.4a, the drag coefficient CD in Figure 6.4b, and
the finite element mass mF E in Figure 6.4c. The MDF optimization was run for about
175 hours, or about seven days, while the BL-IRT formulation was run for 320 hours, or
about 13 days. In addition, the BL-IRT formulation with the Cmx target constraint was
run for 280 hours, or 11 days. It is noteworthy that none of the formulations reached a
formal convergence limit or the maximum number of optimization iterations. However,
they were all aborted due to the same OpenMPI error observed in the simple transonic
wing optimization.

The optimal values obtained by the different formulations are listed in Table 6.4. The
optimal values for the mission fuel consumption mF are within a ±4 kg range. As in
the simple transonic wing optimization, the MDF formulation yielded the lowest finite
element mass mF E, but also the highest drag. The BL-IRT formulation with the Cmx

target constraint obtained the lowest mission fuel burn and drag values, but the highest
structural mass of all formulations considered.

The optimized lift distributions are shown in Figure 6.5a. All lift distributions are shifted
outboard from the baseline lift distribution, with the MDF and BL-IRT formulations
being nearly identical. As expected from the higher mass and lower drag achieved by the
BL-IRT with Cmx target constraint, the resulting lift distribution is shifted slightly more
outboard.

The optimized in-flight twists are shown in Figure 6.5b. All formulations show a similar
change compared to the baseline shape, as all optimizations increase the twist at the wing
root by about 0.5◦, while decreasing it near the wing tip. Since the parameterization of
the wing does not include changes in the thickness profile, the spanwise thickness-to-chord
t/c ratio remains unchanged.
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Table 6.3: Optimization parameters for the DLR-F25

(a) Top-level optimization parameters

Parameter MDF BL-IRT BL-IRT
Cmx-target

Objective scaling 10−5 1 1

(b) Aerodynamic optimization parameters

Parameter MDF BL-IRT BL-IRT
Cmx-target

Max. optimiza-
tion iterations

— 25 25

Trim iterations 5 5 5
Aero-structural
coupling itera-
tions

20 20 20

Aero-structural
adjoint coupling
iterations

4 4 4

Primal CFD min-
imum residual

10−5 10−5 10−5

Adjoint CFD
minimum resid-
ual

10−6 10−6 10−6

Objective conver-
gence radius

— 10−5 10−5

Design variable
convergence ra-
dius

— 10−5 10−5

Objective scaling — 1 102

(c) Structure optimization parameters

Parameter MDF BL-IRT BL-IRT
Cmx-target

Max. iterations — 20 20
FD step size — — —
Objective scaling — 10−3 10−3
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Figure 6.4: Optimization progress of DLR-F25
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Table 6.4: Optimal values of the DLR-F25 optimization

Parameter MDF BL-IRT BL-IRT
Cmx-target

Mission fuel burn
m∗

F

12, 943 kg 12, 947 kg 12, 941 kg

Coefficient of
drag C∗

D

2.676 · 10−2 2.676 · 10−2 2.674 · 10−2

Finite element
mass m∗

F E

75, 821 kg 75, 891 kg 75, 907 kg
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Figure 6.5: Different spanwise characteristics of the optimized DLR-F25
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Figure 6.6 shows the optimized section cuts and chordwise pressure distributions of the
different optimization formulations. Since the thickness of the airfoil is not included in the
degrees of freedom of the optimization, the most notable difference between the optimized
and baseline airfoils is the different twist shapes. Regarding the pressure distribution along
the wing chord, all optimizations show similar results. For the section cuts at 15%, 25%
and 50% span, the pressure coefficient at the trailing edge is reduced on the upper side,
which removes the shock bump previously present at the half chord location. The pressure
distribution on the underside remains almost unchanged. At the outboard location at
75% span, all optimizations decrease the pressure coefficient at the half chord, creating
a slight negative bump. At the 90% spanwise location the most significant difference
between the optimizations is visible, as the MDF and BL-IRT with Cmx target constraint
optimizations significantly reduce the pressure coefficient at the leading edge of the upper
wing side, while the BL-IRT optimization shows less of this effect.

During the optimization process it was noticed that the line search iterations of the
aerodynamic optimization often fail and cause spikes in the CD of the optimization step.
Further investigations showed that the linearization accuracies for the DLR-F25 case are
significantly lower than for the simple transonic wing. The linearization accuracy describes
the quotient of the decrease in the objective function value by the expected decrease based
on the linearization.

Linearization Accuracy = fn − fn−1

(xn − xn−1)T · ∇f
. (6.1)

This trend is plotted for the MDF optimizations of both cases in Figure 6.7.

This is a challenge for all formulations considered. In particular, the BL-IRT formulation
is affected, since satisfying the Cmx objective equality constraint requires trustworthy
gradient information. Thus, the objective scaling of the aerodynamic objective presented
in Table 6.3 had to be reduced to a low value of 0.1 in order to reduce the step sizes of the
optimization.

The Cmx target constraint residuals of the simple transonic wing and DLR-F25 BL-IRT
optimizations with Cmx-target constraint are shown in Figure 6.8. The maximum residual
for both problems was defined as RCmx ≤ 10−4, represented by the dashed line, showing
that the optimization violated this constraint for all iterations for the DLR-F25, while
satisfying it for the simple transonic wing.
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Figure 6.6: Optimized section cuts of the DLR-F25
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Figure 6.8: Cmx-target constraint residual comparison between the simple transonic wing
and DLR-F25 MDF optimizations
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6.3 Starting Point Variation of Simple Transonic Wing

David’s research [30] reveals the limitation that the convergence of the BL-IRT formulation
depends on the starting point of the optimization. This dependency poses significant
challenges for industrial applications, as it requires either precise a priori knowledge of
the approximate optimal design variables, or multiple optimization runs with different
starting points to ensure that the objective function is sufficiently minimized. Neither
approach is feasible for industrial applications. While the BL-BCD formulation successfully
overcomes this dependence in his study, David’s numerical experiments cover only the
analytical SSBJ test case. This study extends this investigation to high-fidelity problems to
determine whether these convergence problems persist in industrial applications, using the
simple transonic wing with varied initial twist variables. The initial parameter variation is
performed for the BL-IRT , BL-IRT with Cmx target, and BL-BCD formulations.

To test the influence of starting point variation for high-fidelity MDO methods, the simple
transonic wing is used as a benchmark test case, since it has been successfully optimized
by all bilevel formulations. Due to the higher computational cost of this testcase compared
to analytical formulas, the number of samples must be kept small. Therefore, instead
of random parameter sampling, technically relevant changes in the initial configuration
of the wing are to be introduced. The wing twist parameters are chosen as the varied
input parameters because changing the twist of the wing directly affects the spanwise load
distribution of the wing, thus introducing challenging coupling effects into the study. Since
the test case consists of a single wing, changing the twist uniformly across the span has
little effect as it is almost completely counteracted by the trim. Instead, the twist profile
is changed from the wing root to the center of the wing while keeping the twist constant
at the outboard locations. The wing root twist changes are −2◦, −1◦, 1◦, and 2◦, as well
as the baseline configuration. The structure of the wing is initially sized according to the
changes in the twist profile of the wing.

The changed geometric twists lead to the in-flight twist profiles in Figure 6.9b. The
resulting changes in the lift distribution of the wing are shown in Figure 6.9a. For the
scenarios where the twist is decreased, the lift is shifted outboard, while for the scenarios
where the root twist is increased, the lift is shifted inboard. The changed lift conditions
are reflected in the initial performance parameters, listed for each case in Table 6.5. The
parameters considered are the drag coefficient CD in cruise condition, the finite element
mass mF E, and the fuel burn mfuel for the reference mission of the test case.
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(b) Spanwise twist of different initial configurations of the simple transonic wing

Figure 6.9: Inital configurations of different starting points for the simple transonic wing

Table 6.5: Performance parameters of different initial configurations of the simple transonic
wing

Parameter θstart = −2◦ θstart = −1◦ θstart = 0◦ θstart = 1◦ θstart = 2◦

Mission fuel
burn mfuel

9699 kg 9546 kg 9500 kg 9489 kg 9558 kg

Coefficient of
drag CD

3.381 · 10−2 3.323 · 10−2 3.325 · 10−2 3.344 · 10−2 3.34 · 10−2

Finite element
mass mF E

825 kg 817 kg 815 kg 804 kg 810 kg
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6.3.1 Starting Point Variation of BL-IRT formulation

For the BL-IRT formulation, there are significant differences in the found optimal value
between the starting points, as shown in Figure 6.12a. The maximum absolute difference
between the starting points is about 32 kg in optimized mission fuel burn m∗

F , which is more
than the maximum difference between the formulations found in Section 6.1. The different
results in the attained goal are also present in the aerodynamic drag shown in Figure 6.10b
and the structural mass shown in Figure 6.10c. All optimized performance parameters
are listed for the different starting points in Table 6.6. To visualize the differences in
aerodynamic shape and structural sizing parameters, the mean and standard deviation of
the optimized in-flight twists are plotted over all tested start points in Figure 6.11. As can
be seen, there are significant differences in in-flight shape between the optimized designs
for the different start points.

Table 6.6: Optimal values of the BL-IRT optimization of the simple transonic wing with
varied starting points

Parameter θstart = −2◦ θstart = −1◦ θstart = 0◦ θstart = 1◦ θstart = 2◦

Mission fuel
burn m∗

fuel

9302 kg 9300 kg 9280 kg 9284 kg 9312 kg

Coefficient of
drag C∗

D

3.241 · 10−2 3.246 · 10−2 3.239 · 10−2 3.242 · 10−2 3.25 · 10−2

Finite element
mass m∗

F E

848 kg 848 kg 847 kg 843 kg 848 kg
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(a) BL-IRT optimization objective function of the simple transonic wing with starting point
variation
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(b) BL-IRT optimization aerodynamic objective function of the simple transonic wing with
starting point variation
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(c) BL-IRT optimization structure objective function of the simple transonic wing with starting
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Figure 6.10: Starting point variation of BL-IRT optimization of the simple transonic wing
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Figure 6.11: Mean and standard deviations of the BL-IRT optimized in-flight twists for
varied starting points

6.3.2 Starting Point Variation of BL-IRT formulation with Cmx-
target constraint

The use of a Cmx target constraint mitigates this effect for the BL-IRT formulation, as
the optimal values found are more closely aligned and all lie within a 3 kg mission fuel
burn mF of each other, as shown in Figure 6.12a and Table 6.7. Both structural mass
and aerodynamic drag are also much more similar, with only small differences between
the initial values, as shown in Figure 6.12b and Figure 6.12c. The in-flight twists of the
optimized solutions are depicted in Figure 6.13 with their mean value and the standard
deviation. The band of standard deviation is significantly thinner compared to the in-flight
shapes optimized without a Cmx-target in Figure 6.11.

Table 6.7: Optimal values of the BL-IRT optimization with Cmx-target of the simple
transonic wing with varied starting points

Parameter θstart = −2◦ θstart = −1◦ θstart = 0◦ θstart = 1◦ θstart = 2◦

Mission fuel
burn m∗

fuel

9274 kg 9272 kg 9272 kg 9272 kg 9275 kg

Coefficient of
drag C∗

D

3.238 · 10−2 3.237 · 10−2 3.237 · 10−2 3.237 · 10−2 3.237 · 10−2

Finite element
mass mF E

848 kg 848 kg 847 kg 847 kg 848 kg
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(a) BL-IRT optimization with Cmx-target objective function of the simple transonic wing with
starting point variation
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(b) BL-IRT optimization with Cmx-target aerodynamic objective function of the simple transonic
wing with starting point variation
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(c) BL-IRT optimization with Cmx-target structure objective function of the simple transonic
wing with starting point variation

Figure 6.12: Starting point variation of BL-IRT optimization with Cmx-target of the
simple transonic wing 94
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Figure 6.13: Mean and standard deviations of the BL-IRT with Cmx-target optimized
in-flight twists for varied starting points

6.3.3 Starting Point Variation of BL-BCD formulation

The results for the BL-BCD formulation are plotted in Figure 6.14. A notable difference
exists between the results of the positively twisted configurations and the negatively
twisted results. There is also a notable difference between the fuel consumption obtained
after the first system-level iterations, shown in Figure 6.14a. However, since the same
Cmx-target constraint is applied there, a closer match should be expected, as is the case
for the BL-IRT formulation with Cmx-target in Figure 6.12a. This indicates insufficient
convergence of the BCD loops.

The optimized in-flight twists shown in Figure 6.15 have a similar standard deviation
compared to the BL-IRT with Cmx-target optimized results from Figure 6.13.

Table 6.8: Optimal values of the BL-BCD optimization of the simple transonic wing with
varied starting points

Parameter θstart = −2◦ θstart = −1◦ θstart = 0◦ θstart = 1◦ θstart = 2◦

Mission fuel
burn m∗

fuel

9265 kg 9266 kg 9265 kg 9272 kg 9272 kg

Coefficient of
drag C∗

D

3.237 · 10−2 3.237 · 10−2 3.237 · 10−2 3.237 · 10−2 3.237 · 10−2

Finite element
mass m∗

F E

842 kg 842 kg 842 kg 848 kg 848 kg
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(a) BL-BCD optimization objective of the simple transonic wing with starting point variation
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(b) BL-BCD optimization aerodynamic objective function of the simple transonic wing with
starting point variation
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(c) BL-BCD optimization structure objective function of the simple transonic wing with starting
point variation

Figure 6.14: Starting point variation of BL-BCD optimization of the simple transonic wing
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Figure 6.15: Mean and standard deviations of the BL-BCD optimized in-flight twists for
varied starting points

6.3.4 Starting Point Variation of BL-EMB formulation

The results for varying the starting point of the BL-EMB formulation are shown in
Figure 6.16a, with the optimal values listed in Table 6.9. The maximum difference in
mission propellant consumption mF is 2 kg – the smallest spread among all the formulations
examined. As shown in Figure 6.17, only a small standard deviation is observed for the
optimized in-flight twists.

Table 6.9: Optimal values of the BL-EMB optimization of the simple transonic wing with
varied starting points

Parameter θstart = −2◦ θstart = −1◦ θstart = 0◦ θstart = 1◦ θstart = 2◦

Mission fuel
burn m∗

fuel

9270 kg 9271 kg 9269 kg 9271 kg 9271 kg

Coefficient of
drag C∗

D

3.238 · 10−2 3.238 · 10−2 3.238 · 10−2 3.237 · 10−2 3.237 · 10−2

Finite element
mass m∗

F E

844 kg 845 kg 843 kg 848 kg 846 kg
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(a) BL-EMB optimization objective of the simple transonic wing with starting point variation
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(b) BL-EMB optimization aerodynamic objective function of the simple transonic wing with
starting point variation
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(c) BL-EMB optimization structure objective function of the simple transonic wing with starting
point variation

Figure 6.16: Starting point variation of BL-EMB optimization of the simple transonic
wing
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Figure 6.17: Mean and standard deviations of the BL-EMB optimized in-flight twists for
varied starting points

6.3.5 Summary of Results

A summary of these results is visualized in Figure 6.18, which shows the means and
standard deviations in the optimized mission fuel burn m∗

F , drag coefficient C∗
D, and finite

element mass m∗
F E.

These results indicate a dependence of the optimal solution of the BL-IRT formulation on
the initial conditions. The use of a Cmx target as a system-level design variable reduced
this effect, while in this study the BL-BCD formulation had a negative effect on the
similarity of results. Reasons for this unexpected behavior could be a too low degree of
convergence for the subscenarios within the BCD loop. The BL-EMB formulation shows
the most accurate result in terms of reproducibility of the objective function among all
the formulations studied.

Using a Cmx target as the system-level design variable also leads to much more deterministic
results, significantly reducing the standard deviation of the in-flight twists between the
different starting points. All other formulations, except the BL-IRT formulation, also
show similarly small margins of variability between the optimized twist profiles.

A concluding assumption that can be drawn from this study with limited sample size is
that the use of an implicit system-level design variable can help to overcome the starting
point dependency of bilevel formulations. With the exception of the BL-IRT formulation,
the results of all formulations are interpreted to be within a reasonable margin of error
for large aircraft optimizations. A lack of convergence for the BCD loop in the BL-BCD
formulation is identified as a potential source of error leading to lower reproducibility of
results compared to the BL-IRT formulation with Cmx target constraint. This issue is
the subject of Section 8.4, where a change in the software architecture to ensure proper
convergence is discussed.
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7 Discussion

The results of the previous chapter show that different bilevel formulations are able to
achieve similar objectives as the benchmark MDF formulation for both the simple transonic
wing and DLR-F25 test cases. The BL-IRT formulation shows significant variation in the
achieved optimum depending on the starting point of the optimization, which was reduced
by applying a Cmx target constraint. Common to all bilevel formulations in the results
were the increased computational times compared to the MDF formulation.

Considering these and all further properties obtained from the results in Chapter 6, the
research question of this thesis is discussed in Section 7.1, whether bilevel formulations
can be used for the application of MDO processes in industry. While high-fidelity methods
are used in MDO processes, the test cases employed, especially the simple transonic wing,
are of relatively small scale in terms of resolution and degrees of freedom in the design.
Therefore, in Section 7.2 the scalability of the bilevel processes to larger optimization cases
is theoretically investigated.

Since only wing profile optimizations are considered in this study, Section 7.3 discusses
the application of bilevel optimizations to more diverse optimization tasks, especially wing
planform and full aircraft configurations.

7.1 Interpretation of Results for Industrial Application

This section discusses the results of Chapter 6 under the research question of whether the
considered bilevel formulations are an alternative to monolithic formulations like the MDF
in industry whose organizational structure prohibits fully coupled optimization.

Within Airbus, the organization limits the centralization of the MDO process, so that
each discipline must be optimized by its respective department. Therefore, cross-domain
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gradient information, such as the influence of structural design on aerodynamic performance
parameters, is not shareable between disciplines.

All considered bilevel formulations fulfill the condition that no gradients are exchanged
between the aerodynamic shape optimization and the structural sizing process. Only the
BL-EMB formulation requires post-optimality sensitivities of the structural sizing process
with respect to the shape design variables. While these gradients were obtained using
finite differences in this study, it proved to be a major robustness issue for the BL-EMB
formulation, especially for the DLR-F25 optimization. In Section 8.3 an analytical method
for post-optimality sensitivity calculation is proposed, but whether this method still
satisfies the gradient exchange restrictions imposed by the organizational structure has to
be evaluated by the industrial partner.

For an MDO method to be adopted in aircraft design, the reliability of the results is
critical. The study of starting point variation in Section 6.3 confirms the findings of [30]
that the optimization results of the BL-IRT formulation are dependent on the starting
point of the optimization. Applying a Cmx target constraint significantly reduced this
effect, but the sample size studied is too small to draw general conclusions.

Contrary to expectations, the BL-BCD formulation with Cmx-target constraint did not
outperform the BL-IRT formulation in terms of starting point reliability. This result is
unexpected given the results in [30], but is likely due to the lower degree of system-level
convergence and the improper convergence of the BCD loop. In general, the BL-BCD
formulation is expected to be more robust, since the BCD loop reduces the noise to which
the top-level optimizer is subjected.

While the author considers the results of the starting point variation study as promising,
showing that the BL-IRT formulation with Cmx target constraint and the BL-EMB
formulation show variations of less than 0.03% in the objective function, as well as nearly
identical designs, even when starting from non-technical starting points. Further studies
are however required on the initial condition dependency of the different formulations
using industrial testcases in together with reliability requirement definitions from industry
are required.

A disadvantage of the bilevel algorithms is their high computation time. In the different
studies, all bilevel formulations required at least twice the time of the MDF optimization.
While this is a negative attribute of the bilevel algorithms, it is to be expected, considering
the No Free Lunch theorems of Wolpert [47], that a price has to be paid for the gain
of reducing the required gradient information. Thus, the author considers the loss of
computational efficiency and the dependence of the starting point on non-technically
relevant scales as a worthwhile sacrifice to enable the application of MDO in the aerospace
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industry. Staying with the implications of the No Free Lunch Theorem, that improvements
in the performance of an optimization can only be made by increasing its tailoring to the
underlying optimization problem, in Chapter 8 new methods are proposed to improve the
performance of bilevel formulations for coupled aero-structural problems.

7.2 Scalability

While the tools used to perform the experiments on the different bilevel formulations use
high fidelity methods, the test cases on which they were used are simplified. Therefore,
the scalability of these formulations needs to be considered for industrial applications
with potentially much larger models and more detailed parameterizations. A further
enhancement of the structural sizing process could, for example, feature CFRP laminate
tailoring, which would significantly increase the number of design variables. Furthermore,
the addition of other disciplines such as an engine model or a flight path optimization may
be of interest, which would increase the dimensionality of the coupling.

A limiting factor for the BL-IRT formulation is the use of a gradient-free optimizer for the
common subset of design variables. The required function evaluations scale exponentially
for a gradient-free optimization [48, 49]. Increasing the number of shared design variables
would result in an exponentially growing number of disciplinary optimizations.

This scaling problem is mitigated by the implicit BL-IRT formulation with a Cmx target
constraint, as this removes all direct design variables from the top-level optimizer and
replaces them with the target constraint. If other disciplines are to be added to the
BL-IRT formulation with target constraints, suitable target constraints must be found
that capture the discipline tradeoff. Although the Cmx target has shown its effectiveness in
separating the coupling, finding such an implicit variable requires a detailed understanding
of the coupling and may not be possible for every optimization problem.

Similar considerations apply to the BL-BCD formulation, but in addition the number of
coupling variables affects the convergence of the BCD loop. In [30], the scalability of the
BL-IRT and BL-BCD formulations is tested for a scalable version of the Sellar problem.
It is found that increasing the number of local and coupling variables does not affect the
number of required function evaluations for the BL-BCD formulation, but does cause
an increase for the BL-IRT formulation. However, this increase is still smaller than the
increase for a gradient-free MDF formulation.

The scaling of the BL-EMB formulation is currently limited by the finite differencing of
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the structural sizing process with respect to the shape design parameters. Even for the
test cases used, the gradients are only calculated for the shape design variables that are
expected to have the most significant influence on the structure sizing requirements. The
cost of adding more shape parameters with derivatives scales linearly with the cost of the
full structural sizing process.

The conclusion that can be drawn from this discussion is that especially the implicit
formulation of the BL-IRT formulation has desirable convergence properties that would
allow larger problems to be optimized with a similar number of function evaluations. In
contrast, the explicit BL-IRT formulation is expected to scale unfavorably with the number
of top-level design variables, due to the curse of dimensionality inherent in the gradient-free
algorithms used. For the BL-EMB formulation, scalability is limited due to the required
finite differencing of the embedded optimization. The use of post-optimality sensitivities
extracted from the Lagrangian multipliers is a potential solution to this problem, that is
further discussed in Section 8.3

7.3 Transferability

This section discusses the application of the bilevel formulations to other optimization
problems. Special interest is given to wing planform optimizations, as this may be one of
the next extensions of the MDO process.

For the BL-IRT formulation, a meaningful decomposition of the optimization design space
into local and shared design variables must be found. The design variables with the most
significant interdisciplinary effects should be in the shared design space. However, their
number is limited by the use of the system-level gradient-free optimizer, as discussed in
Section 7.2. When applying the BL-IRT formulation to a planform optimization, the
number of shared design variables controlled by the system-level gradient-free optimizer
increases by at least 4, given a minimal parameterization of span, sweep angle, and root
and tip chords. Since the number of design variables already prevents proper convergence
in a profile optimization configuration due to run-time constraints, further increasing the
number of shared design variables may not be feasible.

Transferring the BL-IRT with Cmx objective formulation to another optimization problem
requires the existence of a suitable implicit design variable to replace Cmx. A requirement
for this implicit design variable is that the resulting disciplinary optimizations are free of
multimodalities, i.e., there are no local minima. Streuber et al. [26] have judged the risk
of multimodalities to be low for detailed aerostructure optimizations, with an increasing risk
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for preliminary design problems. Therefore, extending the BL-IRT process to a planform
optimization introduces the risk of creating a multimodal shape optimization, which
requires further system-level specification of the disciplinary problem. The addition of a
Cmy target constraint for the wing could address this challenge, if it is indeed manifested,
by adding further control over the longitudinal position of the center of lift. The same
considerations apply to the BL-BCD formulation.

Applying the BL-EMB formulation to other optimization problems may be of interest
if there is a significant difference in the optimization times of the disciplines involved.
An extension to wing planform optimization would still meet this criterion, since the
computational complexity of aerodynamic planform optimization is higher than that of
structural design. In the current implementation, which uses finite differences to obtain
the gradients of the finite element mass mF E with respect to the most important shape
design variables, the effort to obtain these gradients increases linearly with the number of
added design variables, as previously discussed in Section 7.2.
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8 Further Developments

This chapter discusses potential extensions to the existing optimization framework to
improve various performance aspects of bilevel aerostructural optimization processes
on industrial configurations. All proposed ideas aim at tailoring the aerostructural
optimization process specifically to the bilevel processes by introducing new methods.
In Section 8.1, the idea is to replace the gradient-free optimizers currently used in the
BL-IRT and BL-BCD formulations with Bayesian optimization algorithms to reduce the
required number of system-level optimization iterations.

In Section 8.2, a new objective function is proposed for the structural design process to
account for changes in lift-induced drag due to passive load alleviation measures.

In order to improve the computational time for the BL-EMB, an approach for the
computation of post-optimality derivatives of the structural sizing process is proposed,
replacing the currently used finite differences.

The lack of adequate convergence of the BCD loop indicated by the results in Section 6.3
requires an adaptation of the underlying processes, namely the exposure of the structural
design variables to GEMSEO, discussed in Section 8.4.

8.1 Bayesian Optimization

As shown in Chapter 6, the computational complexity of both the BL-IRT and BL-BCD
methods is significantly higher than that of the MDF formulation for a given problem. This
discrepancy can be attributed to the cost of each iteration of the gradient-free system-level
optimizer, which involves optimization of both the aerodynamic shape and the structural
design. Consequently, reducing the number of system-level optimization iterations could
significantly reduce the required computational time. Bayesian optimization uses infor-
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mation from all previous iterations by training a GP with the objective and constraint
function data. In contrast, other gradient-free optimizers, such as COBYLA, use only the
information from the current simplex directly. The use of this additional information by
the optimization algorithm can lead to a significant improvement in its performance. In
addition, Gaussian process (GP) algorithms have demonstrated their ability to handle
noisy data, as shown by McHutchon et al. [50], in both the input and output domains,
a property that extends to the suboptimization results of bilevel processes.

As shown by Eriksson et al. [51], the scalable constrained bayesian optimization (SCBO)
algorithm has been shown to outperform numerous gradient-free optimizers, including
the COBYLA algorithm used in this work. The SCBO algorithm is an extension of the
Bayesian optimization concept, where a GP is trained on sampled data points [xi, f(xi)]
and predicts new samples that are candidates for the optimal value. The SCBO algorithm
extends the Bayesian optimization framework by using a trust region method to define
candidate points in conjunction with the predictions generated by the GP. To improve
the quality of the data prior to fitting the GP, bilog transformations are applied to the
constraints and a Gaussian cupola transformation is applied to the objective functions.

The use of these transformations can be particularly beneficial in scenarios where the test
case lacks a clearly defined optimum, as shown in Section 6.1. In this section, comparable
fuel consumption values were achieved by the MDF and bilevel formulations, even though
these formulations are composed of significantly dissimilar performance parameters.

A version of the SCBO for unconstrained is also proposed in [51], called trust region
Bayesian optimization (TuRBO). Replacing the system-level gradient-free optimizer in the
BL-IRT and BL-BCD formulations with either the SCBO or TuRBO method could reduce
the overall computational time required by reducing the number of system-level optimiza-
tion iterations. Subsequent improvements in computational efficiency can be achieved by
using the optimizer’s batch capabilities to run multiple system-level optimization iterations
simultaneously.

8.2 Unified Structural Sizing Objective Function

During the optimization process it was noticed that the structural sizing process, especially
in the first bilevel iterations, applies aggressive passive load alleviation measures. While
this is beneficial for reducing the aerodynamic loads on the wing and thus the structural
mass, it degrades the aerodynamic properties of the wing by shifting the load inboard.
This effect could be mitigated by using the global objective function as the objective
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function for the structural sizing process. The coefficient of lift (CL) and coefficient of
drag (CD) would have to be provided by the loads model of the structural sizing process
for cruise flight. Since the low-fidelity loads model in LAGRANGE is based on potential
theory, it cannot provide estimates for wave and pressure drag. These estimates would have
to be provided by the previous aerodynamic optimization cycle, assuming that structural
changes do not significantly affect these terms.

AVL Load case 1

(. . .)

AVL Load case n

AVL Cruise

FEM

FEM

Breguet
CL

CD

mFE

min f(x)
w.r.t. c ≤ 0

mF

c1

c2

CAD-ROM

xn+1

x0

Figure 8.1: Draft of adapted structure sizing process

8.3 Analytical Post-Optimality Gradients for BL-EMB
Formulation

In the current implementation of the BL-EMB formulation, the finite element mass mF E is
differentiated using one-sided, first-order finite differences to obtain the sensitivities with
respect to the most influential shape design variables. This approach is computationally
expensive and the computational effort scales linearly with the number of design variables.

An analytical post-optimality sensitivity calculation, as proposed by Braun et al [33], can
reduce the computational effort to obtain the gradients of the structural sizing process.
Post-optimality sensitivities describe the change in the objective function with respect to
a previously fixed parameter, such as the shape parameters in the structural sizing process.
Using the method of Braun [33], the sensitivity of the optimal value of the objective
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function f ∗ with respect to a design parameter xi is

df ∗

dxi

= ∂f

∂xi

+ λ∗T ∂c
∂xi

. (8.1)

However, this method requires the provision of the Lagrangian, which is not provided by the
LAGRANGE internal NLPQL optimizer. Recalling the KKT conditions for a quadratic
problem as Equation (2.81), the optimal Lagrangian multipliers for the equality constraints
λ∗

h and the working set of inequality constraints λ∗
h are defined by the conditions:

Aλ∗
h = ∇f (8.2)

Cwλ∗
g = ∇f. (8.3)

Both matrices A and Cw are not necessarily square, so the system of equations has to be
extended to the left by their transposed values.

(AAT )λ∗
h = AT∇f (8.4)

(CwCT
w)λ∗

g = CT
w∇f (8.5)

Ideally these equation systems should be solved with a TQ-factorization or QR-decomposition
to reduce error scaling, as the condition number of AAT is the square of the condition
number of A [33].

8.4 Exposure of the Structural Sizing Process to
GEMSEO

In the current software architecture of the GEMSEO processes, the LAGRANGE-based
structural sizing process is implemented as a "black box", with no exposure to the GEMSEO
integration layer of structural design variables and structural constraints.This section
therefore discusses the potential implementation of the structural sizing process that would
be exposed to GEMSEO. This initiative stems from the observed improper convergence
of the BCD loops of the BL-BCD formulation, as detailed in Section 6.3. The cause of
this convergence problem is the current invisibility of the structural design variables to
GEMSEO. Consequently, they are not taken into account in the convergence criteria of the
Gauss-Seidel algorithm. As a result, the algorithm can be terminated without ensuring
the consistency of the structural design variables between the aerodynamic performance
prediction and the structural design processes. Therefore, it is imperative to expose the
structural design variables to ensure the effective execution of the BL-BCD processes.
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While the implementation of GEMSEO, which provides optimization resources, would also
allow the use of other GEMSEO methods, such as post-processing, certain key features are
currently not available in GEMSEO, which hinders this development. A challenging feature
of the structural sizing process is the large number of design variables and constraints. To
address this challenge, LAGRANGE uses callbacks from the NLPQL optimizer to selectively
compute the sensitivities of constraints within the working set of the optimizer. This
approach reduces the computational complexity. It is noteworthy that such a method, as
well as an optimizer that provides callbacks regarding which constraints require derivation,
has not yet been implemented in GEMSEO. Consequently, the implementation of such
a method would result in a significant increase in the computational time required for
structural optimization.

An intermediate solution, providing the structural design variables as outputs of the
structural sizing process implementation in GEMSEO, which are read as inputs by the
aerodynamic performance prediction process, is therefore considered favorable for the
currently used versions of GEMSEO and LAGRANGE.
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9 Conclusion

In this study, the applicability of different bilevel formulations to high-fidelity MDO
processes was investigated, as the aerospace industry demands MDO processes that can
be implemented within their disciplinary organization structures. The MDO framework
GEMSEO was utilized to embed the existing MDO process and facilitate changing the
formulations of the process.

The DLR-F25 and the simple transonic wing (University of Michigan) were selected
as test cases for the study. Across both test cases, the different bilevel optimization formu-
lations were found to achieve objective function values that were similar to the benchmark
Multidisciplinary-Feasible (MDF) formulation. However, the bilevel formulations tended
to result in higher structural mass and lower aerodynamic drag. For the simple transonic
wing, the bilevel-embedded (BL-EMB) formulation, which embeds the structural sizing pro-
cess within the aerodynamic shape optimization, and the bilevel-block-coordinate-descent
(BL-BCD) formulation, which iterates a Gauss-Seidel algorithm for structural sizing and
aerodynamic shape optimization, achieve optimal results that surpass the MDF optimum.
It is noteworthy that the computational demands associated with bilevel optimizations are
often substantially higher than those required for the MDF formulation. Specifically, the
BL-BCD formulation required four times the computational time of the MDF formulation
for optimizing the simple transonic wing.

In earlier research on bilevel formulations employing analytical test cases, the impact
of the optimization starting point on the resulting optimized design was identified. In
this study, the aforementioned research was expanded upon by applying various bilevel
optimizations to the simple transonic wing, with modified twist profiles and mass optimized
structure. The impact of the starting point on the final design was observed for the bilevel
formulation developed by the IRT Saint Exupery (BL-IRT ), which utilizes section
twists as system-level design variables. By employing an implicit version of the BL-IRT
formulation with a Cmx-target as the system-level design variable, which is enforced by
the aerodynamic shape optimization, this effect was found to be considerably mitigated
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to below technical scales. The BL-EMB formulation exhibited the least influence of the
starting point among all the investigated formulations.

The optimization framework GEMSEO was found to be beneficial in studying the applica-
tion of different MDO formulations using complex optimization toolchains, especially in
terms of separating processes and formulations. The current depth of process exposure to
GEMSEO is considered optimal in terms of computational efficiency. However, in order to
improve the convergence of the BL-BCD formulation for tightly coupled aerostructural
problems, it is necessary to expose the structural design variables to GEMSEO. Suggested
enhancements for more efficient and larger scale processes include the use of a Bayesian
optimizer to control system-level design variables and an analytical process to obtain
post-optimality sensitivities of the structural sizing processes.

The findings from this thesis underpin the potential of bilevel formulations for application
of MDO in the aerospace industry. Throughout the study, these formulations produced
results comparable to the results obtained when using an MDF formulation.

Despite the intention to use this comparison to evaluate the performance of the bilevel
formulations, it must be acknowledged that the problem is inherently ill-posed. This is
due to the fact that applying MDF optimizations within aerospace companies that are
characterized by a long-standing organizational structure is not a feasible proposition
from the outset. At this time, when MDO methods play no role in the design processes
of commercial aircraft, the only fair comparison is between the bilevel optimized results
and those obtained without MDO, i.e. designs. If this comparison were to be carried
out, it would highlight the fact that bilevel MDO methods improve the mission fuel
burn calculated for conventionally designed HARW aircraft. Specifically, the DLR-F25
demonstrated a 4% improvement through pure optimization without introducing additional
technical complexities to the aircraft. If the fuel consumption of the worldwide fleet of
aircraft were to be reduced by 4%, the estimated savings in emissions would amount to 35
million tons per year.

This underscores the efficacy of bilevel methods in aero-structural optimization and their
indispensable role in achieving the ambitious targets established to reduce global aviation
emissions.
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