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Notation

General notations

0;; zeros in R¥>J
0; zeros in R’
L; identity in R¥J

Frequently used variables

M (z) € RE*¢ mass matrix

C(z) € R6*¢ compliance matrix

C.(x) € R*¢ damping coefficients matrix

fo(z,t) € RS external forces and moments vector

~(z,t) € RS local strains vector

K(x,t) € RS local curvatures vector

f(z,t) € RO internal forces vector

m(z,t) € R° internal moments vector

v(z,t) € RS linear velocity vector

w(x,t) € RO angular velocity vector

u € R state variable of the damped intrinsic beam equation
uy(z,t) intrinsic translational /angular velocity state

uz(z,t) intrinsic sectional resultant force/moment state

I € R12x12 coefficient matrix in compact form

IT € R12x12 constant coefficient matrix in compact form

A c Ri2x12 advection matrix for the undamped equations

P ¢ RO%6 positive definite matrix

A € R6%¢ positive definite diagonal matrix with square root of eigenvalues of

¥ as entries
w € R2 characteristic variables

Q(u,r) € R¥ source term for the damped intrinsic beam equation



Chapter 1

Introduction

Modern aerospace structures, particularly helicopter rotor blades, operate under demand-
ing conditions that subject them to significant deformation and vibration. These com-
ponents must withstand complex dynamic loads while maintaining precise aerodynamic
profiles, making their structural analysis particularly challenging. Traditional beam the-
ories, such as the Euler-Bernoulli [74] and Timoshenko models [78|, are effective for
small-deformation scenarios but fall short in capturing the behavior of highly flexible
rotor blades undergoing large deflections.

To address these limitations, the Geometrically Exact, Intrinsic Beam Theory (GEBT),
pioneered by Dewey H. Hodges [41], offers a robust framework for modeling the non-
linear dynamics of beams. This theory accommodates large deformations, twists, and
anisotropic material behavior, making it particularly suitable for helicopter rotor blades.
The term “intrinsic” refers to the theory’s formulation, which avoids reliance on displace-
ment or rotation variables in its governing equations, thereby sidestepping the complex-
ities of higher-order nonlinearities. Furthermore, its geometrically exact nature ensures
the inclusion of nonlinear effects, which are critical for accurately capturing the dynamic
response of rotor blades, where both geometric nonlinearity and material anisotropy play
pivotal roles. In the remainder of the thesis, we will refer to this framework as the
Intrinsic Beam Model, or Intrinsic Beam Equations, using these terms interchangeably..

A key aspect of modeling these structures is the accurate representation of damping,
which is essential for energy dissipation and structural stability. Historically, two primary
approaches have been employed: proportional/viscous damping, rooted in Rayleigh’s
foundational work [64], and numerical damping through time-marching schemes. While
proportional damping offers mathematical convenience, it often fails to capture the intri-
cate damping mechanisms inherent in composite rotor blades. Numerical damping, such
as that in Newmark-5 schemes [36], 39, primarily serves as a computational stabilization
tool rather than a representation of physical energy dissipation mechanisms.

Damping in rotor blades arises from multiple sources: internal material damping due
to molecular friction and microstructural effects [52], structural damping from the inter-
action of composite layers and joints [7], and aerodynamic damping, which is especially
significant in rotorcraft applications [53],44]. Among these, internal material damping can
be effectively modeled using the Kelvin-Voigt model, which relates stress to both strain
and strain rate, providing a physically meaningful representation of viscoelastic behavior
in structural materials. This thesis will focus on the Kelvin-Voigt model, exploring its
application and implications for understanding and predicting damping behavior in rotor
blade systems.



Understanding and accurately modeling these damping mechanisms is not merely an
academic pursuit but a critical engineering necessity. It is essential for predicting fatigue
life, controlling vibration, and ensuring stable rotorcraft performance. By integrating
advanced damping models with the geometrically exact beam theory, this research aims
to provide a more comprehensive framework for the analysis and design of next-generation
rotor blades.

1.1 Literature Review and Theoretical Background

1.1.1 Damping Mechanisms in Aerospace Structures

Damping is the process by which vibrational energy is dissipated within an oscillating
system, leading to a reduction in amplitude over time [28| [72]. It is essential for reducing
oscillations, enhancing stability, and averting excessive vibrations.

Damping in aerospace structures can be classified into two fundamental categories:
material (internal) and non-material (external) damping. Material damping arises from
various microscale mechanisms, including intermolecular friction, grain and sub-grain
boundary effects, point defect relaxations, dislocation motions, and phenomena such as
macro-thermoelasticity. The behavior of these mechanisms can often be nonlinear [52], as
discussed in the study by Gupta et al. [35]. Non-material damping arises from structure-
environment interactions, often modeled as viscous damping, where the damping force
depends on velocity and surrounding medium properties, such as air or fluid. Aerody-
namic damping, for instance, resists motion due to the interaction between the structure
and airflow, and is crucial for predicting the dynamic behavior and stability of aerospace
systems, particularly in rotorcraft and aircraft [7].

1.1.2 Beam Theory and Nonlinear Dynamics

The intrinsic formulation of beam theory, rooted in the works of Kirchhoff and Clebsch
[57], has evolved to include shear deformations and nonlinear dynamic effects. Hodges’
formulation [41] is notable for describing nonlinear dynamics with a maximum degree
of nonlinearity of two, thus providing a computationally efficient means to analyze com-
plex beam behaviors. This formulation further demonstrates that when a beam’s initial
curvature and twist are constant, two space-time conservation laws, work-energy and
impulse-momentum, can be derived. These laws serve as benchmarks for validating nu-
merical methods, ensuring accurate conservation of physical quantities over time.

Recent advancements include an infinite-dimensional formulation for geometrically
nonlinear beam dynamics with Kelvin-Voigt damping. Artola et al. [5] present a gener-
alized framework for incorporating Kelvin-Voigt damping into the intrinsic beam model,
resulting in partial differential equations describing the dynamics of beams with arbi-
trary cross sections and geometrical nonlinearities. This formulation builds upon intrin-
sic theory, incorporating measured damping characteristics even for beams with complex
geometries and materials. This formulation would later be referenced as the "Damped
Intrinsic Beam Model" in this thesis.

Despite these advancements, integrating damping mechanisms into numerical meth-
ods remains challenging. Accurate modeling of damped beam dynamics is crucial, as
damping affects energy dissipation, stability, and overall behavior of flexible structures
under dynamic loading.



1.1.3 Discontinuous Galerkin (DG) Methods

The Discontinuous Galerkin (DG) method is a numerical framework that adeptly in-
tegrates concepts and techniques from the finite element method (FEM) and the finite
volume method (FVM) [19]. This combination enables the DG method to tackle problems
which are characterized by sharp gradients or discontinuities in the solution. Analogous
to the Finite Element approach, the Discontinuous Galerkin approach employs a domain
partition, such as triangles, to approximate functions within a finite-dimensional vector
space.

However, unlike FEM, the DG method permits the specification of distinct approx-
imation spaces on each individual element since it is defined locally on each element.
Due to this discontinuous nature the global solution is generally discontinuous as well.
Communication between the elements is facilitated through boundary fluxes on the edges
of every element. Although the scheme has more freedom in selecting basis functions, it
is quite comparable to the finite volume scheme due to its discontinuous character and
the facilitation of boundary fluxes.

The origins of the DG method trace back to its introduction by Reed and Hill in
1973 [65] for solving the neutron transport equation, a time-independent linear hyperbolic
problem. A significant leap in DG methods occurred in the 1990s with the development of
the Runge-Kutta discontinuous Galerkin (RKDG) framework by Cockburn, Shu, and col-
laborators |17, 18, 21], 22, 24]. This framework integrated spatial DG discretization with
explicit high-order Runge—Kutta time-stepping schemes, enabling efficient, parallelizable
solutions for time-dependent nonlinear hyperbolic conservation laws involving first-order
derivatives, such as the Euler equations. The RKDG method has since been extensively
developed and applied to various problems, including the compressible Navier—Stokes
equations and convection-diffusion systems, leading to popular variations such as the
Bassi-Rebay (BR) methods [8] and their stabilized successors like BR2 [9].

Simultaneously, the local discontinuous Galerkin (LDG) method [23] was introduced
as a powerful tool for convection—diffusion problems, serving as a generalization of the
BR method. The LDG method reformulates higher-order partial differential equations
(PDEs) into first-order systems, applying the DG framework to solve them. Its foundation
on mixed formulations drew parallels to the conforming FEM but introduced unique
advantages in handling discontinuities. This formulation has also laid the foundation for
innovations like the hybridized discontinuous Galerkin (HDG) method [14].

The application of DG methods to elliptic and parabolic equations followed a dis-
tinct path. Initial methods, such as the interior penalty Galerkin (IPG) techniques [3]
introduced in the 1970s and 1980s, were designed to replace the continuity requirements
of conforming FEM with interior penalties. These methods were later extended and
analyzed for broader applications, including problems in porous media and optimal con-
trol. The symmetric interior penalty Galerkin (SIPG) and nonsymmetric interior penalty
Galerkin (NIPG) methods emerged as significant advancements, offering improved sta-
bility and local conservation properties.

More recent developments in DG methods involve staggered discontinuous Galerkin
techniques [16], where discontinuous vertex or edge basis functions complement element
degrees of freedom. These advancements have expanded the versatility of DG methods
across various applications. For a comprehensive overview of the historical and contem-
porary developments in DG methods, we refer to [19] [79, 26].

A key aspect in the development of development of numerical, and especially DG,



schemes is the analysis of their energy stability, which is crucial for ensuring the well-
posedness and robustness of the numerical solutions. The energy is typically represented
as either the squared Lebesgue norm or the square of a specific energy norm of the
solution, which is derived from an inner product based on a positive definite matrix. By
establishing bounds on the growth rate of the discrete energy associated with the DG
discretization, researchers have been able to derive energy-stable DG formulations that
are capable of accurately resolving complex phenomenons [40].

1.2 Objectives of this Thesis

In collaboration with the German Aerospace Center (DLR), this thesis aims to enhance
the simulation accuracy of helicopter rotor blade dynamics within their MAECOsim®
framework [31]. Our goal is to develop a computationally efficient model that accurately
captures the dynamic behavior of rotor blades, including damping characteristics, while
balancing precision with computational cost. To achieve this, we employ the damped
nonlinear intrinsic beam equations, as derived by Artola et al. [5], which provides a 1D
framework that serves as the foundation for our approach. In the remainder of the thesis,
we will refer to this framework as the Damped Intrinsic Beam Model or Damped Intrinsic
Beam Equations, using these terms interchangeably

The central objective of this thesis is to derive an energy-stable DG scheme to dis-
cretize the governing equations of the damped intrinsic beam model spatially. The in-
trinsic beam model has been extensively studied, notably by C. Rodriguez [67, [68], whose
work inspired several assumptions in this study. Past studies, such as Bleffert’s [11], have
successfully applied energy-stable DG methods to solve intrinsic beam equations without
damping. However, incorporating damping into the DG framework remains unresolved.
This thesis builds upon the damped nonlinear intrinsic beam equations derived by Artola
et al. [5], extending their work by designing a DG discretization that is provably energy
stable.

A key aspect of this work is demonstrating that energy stability holds not only for
the continuous problem but also for its DG discretization. While Artola et al. [5] estab-
lished energy stability under the assumption of no external forces or moments, we extend
this result to cases involving non-zero external forces and moments, subject to certain
restrictions. To the best of our knowledge, such a generalization has not yet been proven.
Furthermore, we demonstrate that this result can be extended to the discrete energy of
the numerical solution, ensuring stability at both the continuous and discrete levels.

In addition to theoretical considerations, we implement the developed discretization
scheme within the Trixi.j1l framework [76]. This implementation facilitates simulations
of various configurations of the damped intrinsic beam model to analyze numerical solu-
tions. We examine the discrete energy of the simulations to verify the theoretical stability
results we derive.

The thesis is structured as follows:

In Chapter [2, we lay the groundwork by introducing the necessary operators, matri-
ces, and theoretical foundations for our discussions. We then present the intrinsic beam
model and its constitutive laws, followed by the integration of the Kelvin-Voigt damping
model into the intrinsic beam framework. Up to this point, the development aligns with
the work of [5]. The chapter then transitions to our main contribution: the reformu-
lation of the damped intrinsic beam model into a mixed formulation, which introduces



an unconventional auxiliary variable. We derive mathematically appropriate boundary
conditions for the general case, resulting in an initial boundary value problem(IBVP). A
weak formulation of the IBVP is then derived and analyzed in a continuous setting to
establish energy stability.

In Chapter [3] we discretize the IBVP in space using a DG approach. Starting from the
weak formulation, we derive a semi discrete formulation which includes the construction
of a stable numerical flux and the consistent implementation of the derived boundary
conditions. The semi discrete formulation is then analyzed with respect to its energy
behavior, mirroring the energy analysis conducted in Chapter [2|

In Chapter [, we discuss the implementation of the discretization scheme developed
in the previous chapters into the simulation framework Trixi.jl. We describe the key
steps required for the implementation and solve various configurations of the damped
intrinsic beam model. Specifically, we perform a convergence analysis using the method
of manufactured solutions, verify that the discrete energy of the system dissipates over
time, investigate the influence of the damping matrix on energy dissipation, and present
several experimental results to validate the approach.



Chapter 2

Damped Intrinsic Beam Model

This chapter begins by providing a comprehensive description of the key variables, opera-
tors, and system matrices that lay the groundwork for the discussions presented through-
out the thesis.

We then introduce the intrinsic beam model, which describes the dynamics of geo-
metrically exact beams subjected to various loading conditions in the absence of damping
effects. This model serves as the foundation for our work, capturing the beam’s behav-
ior through elastic deformations in response to external forces and moments, without
considering energy dissipation.

Next, we present the constitutive laws governing the intrinsic beam model, which form
the basis for describing the material and structural properties of the beam.

Following this, we introduce the Kelvin-Voigt damping model, which incorporates
structural damping by coupling elastic deformations with viscous effects. Using this
model, we derive the damped intrinsic beam model, providing a mathematically rigorous
foundation for analyzing beams with internal damping mechanisms. Up to this point,
the approach follows the derivations presented by Artola et al. in [5].

Building on this foundation, we reformulate the damped intrinsic beam model into a
mixed formulation, inspired by a modification of the Bassi and Rebay (BR1) scheme [§],
employing an unconventional choice of an auxiliary variable. This reformulation enables
us to express the model as a system of first-order equations.

Finally, we derive the boundary conditions necessary to complete the formulation of
an initial boundary value problem (IBVP) for the damped intrinsic beam model. These
boundary conditions are crucial for ensuring that the model remains well-posed under
various loading and constraint configurations. The chapter concludes with the derivation
of a weak formulation of the IBVP, followed by an examination of the energy properties
of its potential solutions. This analysis provides critical insights into the model’s stability
and physical relevance.

2.1 Intrinsic Beam Model Foundations

This thesis focuses on an initially curved and twisted anisotropic beam of length ¢, which
is clamped at one end and free to swing at the other. Our aim is to model its behavior
over a specific time interval [0,7]. The intrinsic beam model is geometrically exact,
meaning it incorporates non-linearities that enable the representation of large motions,
including significant displacements of the centerline and substantial deformations of the
beam’s cross-sections. The term "intrinsic" indicates that the governing equations do not
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include displacement or rotation variables; instead, they are formulated solely in terms
of intrinsic variables, such as internal forces, moments, and linear and angular velocities.

The formulation of beam dynamics requires defining two fundamental vector states
that describe the motion of the beam along its elastic axis. These states are the linear and
angular inertial velocities and the force and moment sectional resultants, both of which
are functions of space and time. The spatial coordinate x represents the position along
the beam’s elastic axis in its undeformed configuration, ranging from x = 0 to x = (.
The system’s temporal evolution is governed by time t € R™.

The beam’s dynamics rely on several key matrices and operators, defined as follows:

e Cross Product Matrix Operator (-):

The tilde operator (-) denotes the vector product matrix operator. Let w =
(wy,ws,w3)" and z = (z1,22,23)" be two vectors in R3. The cross product of
these vectors can be expressed using the cross product matrix:

0 —Ws Wa
w = Ws 0 —wq| ,
—W2 w1 0

such that
W X Z = WZ.

An important property of the cross product matrix is that it is skew symmetric,
which can be expressed as:

e Initial Curvature and Pre-twist Matrix E(x) € R®*:

E(z) = [":0 O} :

€1 Ko

where K represents the initial curvature, and e; = [1,0,0]" is the first unit vector
in a local body-attached reference frame. This reference frame is defined at each
spatial position x along the beam’s elastic axis and evolves over time t. The vector
e; remains tangent to the beam’s elastic axis in this local frame, which accounts for
variations due to deformations and motion. All variables and matrices are expressed
within this moving coordinate system. The matrix E(x) thus encodes the initial
geometric configuration of the beam, including any pre-existing curvatures or twists.

e Mass Matrix M (z) € R%<6:
M(z) : R — RS,

The mass matrix M (x) is symmetric and positive-definite, and it governs the iner-
tial properties of the beam. This matrix plays a crucial role in the beam’s dynamic
behavior by describing its resistance to acceleration. The mass matrix can be par-
titioned into four 3 x 3 block matrices:

| My M| |plzxs —pg
S i el 2
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where = p(z) is the mass per unit length of the beam, a function of the beam’s
properties (density and cross-sectional area), ( = ((x) € R® represents the offset of
the mass center from the beam’s reference axis and Z = Z(z) € R3*3 is the cross
sectional inertia matrix, given by the the following form:

Tos+1I33 0 0
1= 0 Loy 1o
0 Tz Iss

In the case of an isotropic prismatic beam, where the geometry and material prop-
erties are uniform along the beam’s length, the mass center offset { becomes zero,
and the inertia matrix simplifies by eliminating the off-diagonal terms (Zy3 = 0).
Thus, the mass matrix becomes diagonal, making computations more efficient.

Compliance Matrix C(z) € R°%¢:
C(z) : R — RS,

The compliance matrix C(z) describes the relationship between generalized strains
and the corresponding sectional forces and moments, encapsulating the elastic prop-
erties of the beam. While the compliance matrix is generally only symmetric and
semi-definite, in this thesis, we assume it to be symmetric positive definite to ensure
well-posedness and stability in our formulation. This matrix can be subdivided into
four 3 x 3 blocks:

_[c ¢,
c-lc ¢

The matrices C; and C3 are symmetric, which makes the compliance matrix C
symmetric, i.e., C = C'. In the case of a prismatic and isotropic beam, where the
cross-sectional geometry and material properties remain uniform along the beam’s
length, the off-diagonal matrix C, vanishes (i.e., C; = 033) and both C; and Cj
simplify to diagonal matrices. This reduction arises due to the inherent symmetry
and homogeneity of the beam’s structure.

The compliance matrix for such a beam takes the form:

1 1 1 1 1 1
C =di — 2.2
148 (CLE’ CLKQG’ CLKgG’ Kl(lzg + [33)6'7 [QQE’ [33E) ’ ( )

where a is the beam’s cross-sectional area, F is the Young’s modulus (a measure of
stiffness in tension/compression), G is the shear modulus (a measure of stiffness in
shear), Ky > 0 corrects the polar moment of area and Ky, K3 are correction factors
used to account for shear effects and polar moment of inertia.

For a more deeper understanding of the flexibility matrix from a mechanical per-
spective, one can refer to [33] 46} 50].

External Forces and Moments f.(z,t) € RS:

fula,t) = M ,

where fY and f represent external forces and moments, such as aerodynamic or
gravitational loads acting along the beam.
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Building on this foundation, the beam’s dynamic behavior is characterized through

the following vector states, defined over the independent variables (x,t):
e Generalized Strains and Curvatures: v(z,t) = [71 Yo 73]T and k(zr,t) =

T . .
[/{1 Ko /{3} are the strain and curvature vectors, each in R3:

— 71: Axial strain along the beam’s centerline.

— 79,73: Shear strains in the transverse y- and z-axes, measuring cross-section
deformation.

— k1. Torsional curvature, indicating twisting along the beam’s length.

— kg, k3: Bending curvatures in the y- and z-axes, representing the beam’s bend-
ing in transverse planes.

e Generalized Linear and Angular Momenta: p(z,t) = [pl D2 pg}T and
h(z,t) = [hl Do h3:|T are the linear and angular momentum vectors, each in
R3:

— p1: Linear momentum along the beam’s centerline.
— po,p3: Transverse linear momentum components in the y- and z-axes.
— hi: Angular momentum around the beam’s centerline (torsional).

— ho, hg: Angular momentum around the y- and z-axes, related to bending.

e Linear and Angular Inertial Velocities u,(z,t) € R:

wi(x,t) = {Zii:?)] , up:[0,4] x RY — RS,

where v(x,t) € R3 is the linear velocity vector, and w(z,t) € R? is the angular
velocity vector.

e Intermediate Sectional Resultants uy(x,t) € R:

— 1 |Y(@) . + 6
us(z,t) :=C {n(az,t)] , up:[0,/] x RT — R (2.3)
where uy(z, t) is an intermediate variable linking generalized strains and curvatures
to the sectional force and moment resultants. In the absence of damping (i.e., for
the intrinsic beam model), uy(x,t) simplifies to:

_ | Flz,1) . + 6
’U,Q([E,t) = [m(ac,t) , Uy [0,6] X R™ — R®,
with f(z,t) and m(z,t) denoting the internal force and moment vectors, respec-

tively.

e Linear Operators £;(u(z,t)) : R® — R%*6 and Ly(ug(z,t)) : RS — RE*S:

Rt PP

where these linear operators describe the coupling between the different components
of the inertial velocities and the sectional resultants.

Li(u(x,t)) = {i;((z:tt)) Q(g,t

13



Partial derivatives with respect to z and t are denoted by primes (-)’ and dots (-),
respectively. These variables, matrices, and operators provide a comprehensive founda-
tion for defining the intrinsic beam model, which will be further extended in subsequent
sections to account for damping.

2.2 Intrinsic Beam Model

In this section, we introduce the intrinsic beam model, which describes the dynamics of
an initially curved and twisted anisotropic beam under various loading conditions without
damping effects.

Problem 2.1 (Intrinsic Beam Model) We seek to determine the inertial velocities
wi(z,t) and sectional resultants us(z,t) of an initially curved and twisted anisotropic
beam, governed by the following equations for all t € [0,T] and z € [0, {]:

M (z)uy (z,t) — uh(z,t) — E(x)us(z, t) + L1 (u(z, ) M (x)uy (z,t)

+ La(uz(z, 1)) C(z)uz(, 1) = fe(x,1), (2.5)
C(z)uy(z,t) — u)(z,t) + ET (z)uy (2, 1)
— L] (uy(2,1))C(z)us(z,t) = 0. (2.6)

These equations are subject to the following natural boundary conditions, which imply
the absence of external boundary forcing:

uli(O, t)’LLQZ<O, t) = O, uu(f, t)um(ﬁ, t) = O, 1= 1, Ce ,6. (27)
In addition, we specify the initial conditions for the system as follows:
U1 (I‘, 0) = ’U,Lo(l’% 'U,Q(JI, 0) = ’LLQ’()(I), T € [0, ‘g] (28)

where wy o(x) represents the initial linear and angular velocities, while wao(x) denotes
the initial forces and moments acting on the system at t =0 for all x € [0, ).

The Equation balances the internal forces and moments with the external forces
acting on the beam. The inertial effects are governed by the mass matrix M (z), while
the beam’s elastic response is captured by the compliance matrix C(z).

The Equation ([2.6)) is a compatibility condition that relates the velocities and strains.
This compatibility condition ensures that the kinematic relationships between the beam’s
velocities and strains are satisfied.

Remark 2.2 (Notation). For simplicity, we omit the explicit dependence on the spatial
coordinate x and time ¢. Thus, we use the shorthand notation C and M in place of C(x)
and M (z), and refer to u;, uq, and f, instead of w(x,t), us(x,t), and f.(x,t).

Constitutive Laws The mass matrix M and the compliance matrix C define linear
relationships between intrinsic variables and their associated generalized momenta and
stresses. These relationships referenced in |41} [67, 61] are expressed by the subsequent
equations:

m - M m = Mu,. (2.9)
m ~C H&} = Cus. (2.10)



An alternate representation of the second constitutive law is

o[- l4

Hodges derived the first constitutive law Equation in [41], while the second law
Equation (2.10]) is based on Hooke’s generalized law for elastic solids. Chapter 5 of [50]
gives additional information on the latter constitutive law. These equations establish the
foundational relationships that will be modified in the subsequent sections to account for
additional effects, such as damping or other influences.

To express the intrinsic beam equations more compactly and in the capacity formu-
lation of the linear advection equation, we introduce the following vectors and matrices.
While the term "capacity formulation" is not commonly used in the literature, it is
inspired by the notion of the "capacity function" that appears in the context of time
derivatives in related works, such as in [54]. The term "capacity form" is chosen here to
provide a clear and descriptive name for this formulation. This reformulation is based
entirely on [II]. The primary aim of this work is to restate and present the material in
a more concise and accessible manner, enhancing clarity for future use.

The relevant vectors and matrices are defined as follows:

[ M 04y
= ,
Oexs C }
[ 066 —Loxo
T — , 2.11
—I6x6  Osxe } (2.11)
-
_Il’l’2

Definition 2.3 (Capacity Source Term) The ezpression for Q..,(u) is defined as:

Qcap('u,) = (B + Jl(u) + JQ(U))U + Qext (212)
where: )
o 06><6 E
B = -E' 06><6:| ’
Jl(u) — —El(ul)M 06><6:|’
| O6xe O6x6 (2.13)
sty = [0 s |
2 _06><6 EI(’LLl)C ’
_[f
ezt = _06 .

Problem 2.4 (Capacity Formulation of Problem [2.1)) We seek u = [ulT,uzT}T,
where uy represents the inertial velocities and g represents the forces and moments of
an initially curved and twisted anisotropic beam, governed by the following equations for
allt € [0,T] and x € [0, {]:

T+ T = Qoplu), (2.14)

The boundary conditions and initial conditions remain the same as Problem [2.1]

15



2.3 Damped Intrinsic Beam Model

The intrinsic beam model provided in the previous section, while mathematically ele-
gant, assumes perfect elasticity and neglects energy dissipation mechanisms inherent in
real structural systems. In reality, all mechanical systems exhibit some form of damp-
ing. This thesis specifically addresses internal material damping, which can be effectively
modeled using the Kelvin-Voigt model. By incorporating damping into the beam’s dy-
namic behavior, we aim to develop a more accurate representation of the beam’s response
under various loading conditions.

Before introducing the Kelvin-Voigt model, we rewrite Problem in terms of its
constituent components.

Problem 2.5 (Component-wise Intrinsic Beam Model) We seck uy, f, m, ~,
and K of an initially curved and twisted anisotropic beam such that for all t € [0,T] and
x €10,/):

m K

M, — L{;]—E {fl +cl(u1)Mu1+£2({ﬂ)c H - f (2.15)

m — ) +E u — L] (u))C m =0 (2.16)

The boundary conditions and initial conditions remain the same as Problem

2.3.1 Kelvin-Voigt Damping Model

As described in the introduction damping mechanisms are crucial for limiting vibration
amplitudes during resonance, controlling the decay of transient responses, enhancing
system stability, and extending the fatigue life of structures. To effectively capture these
essential phenomena, we incorporate the Kelvin-Voigt model for damping, which preserves
geometric accuracy, ensures thermodynamic consistency, and maintains mathematical
tractability while accommodating section-specific damping characteristics.

The Kelvin-Voigt model modifies the strain-force constitutive law in Equation (2.10))
from Problem by introducing rate-dependent terms. Specifically, the sectional forces
and moments receive an additional contribution proportional to the time derivative of
the strains and curvatures. This modification reflects the viscous nature of the damp-
ing mechanism, where resistance to deformation increases with deformation rate. The
modified constitutive law is expressed as:

gl e

m ot |k

where C, € R%*¢ is the damping matrix. The matrix C, defines the damping
characteristics of the viscoelastic material, and its entries must be determined through a
sectional condensation procedure similar to the determination of the inertia and compli-
ance matrices.

By replacing the force and moment terms in Equation from Problem by
using the modified constitutive law in Equation (2.17)) we get the damped nonlinear
intrinsic beam equations:
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Problem 2.6 (Damped Nonlinear Intrinsic Beam Equations) We seck the inertial
velocities uy and the intermediate sectional resultants uy such that, for all't € [0,T] and
x € (0,4], the system of equations governing the damped intrinsic beam is satisfied:

Mul — (’U;Q + CT’I:LQ)/—E (’UQ + CT’I:LQ) +£1(’U;1)M’U;1 +£2 (’LLQ + CT’I:LQ) C’LLQ = fe (218)
C’l.llg — U/1 + ETul — EI(U]_)CUQ = 06 (219)

The system is subject to boundary conditions defined using two boundary operators, V
and W, along with prescribed boundary functions o(t) and B(t):

Vui(ss,t) =ai(t)  i=1,...,6 s;¢€{0,0}
W (’U,QZ‘(S(;,t) + CT’I:LQZ‘(Sg,t)) = ﬁz(t) 1 = 1, ceey 6 Ss € {O,g}

Additionally, we specify the initial conditions for the system as follows:

wy(2,0) =uio(x), us(x,0) =wugp(z), z€l0,/]

where uy () represents the initial linear and angular velocities, and ugo(x) represents
the initial sectional resultants acting on the system att =0 for all x € [0, ).

Remark 2.7. The inclusion of structural damping alters the force and moment distribu-
tions, requiring a modification to the prescribed boundary conditions. To ensure consis-
tency with the modified constitutive law described in Equation (2.17), we introduce a
boundary operator that prescribes the values of the sum us + C, 5.

The damping mechanism introduces second-order mixed derivatives, particularly in
the term (C, )", To analyze the underlying mathematical structure, we reformulate the
system into a form mathematically analogous to nonlinear advection-diffusion equations
by substituting Equation into Equation . Central to this reformulation is the
composite operator

H=C.C, (2.20)

which captures the interplay between damping and material response. This process re-
veals a structure resembling advection-diffusion systems. A full derivation is provided in
Appendix culminating in the reformulated system:

Problem 2.8 (Advection-Diffusion-Like Formulation of Problem [2.6)) We seek

T ‘ . . ‘
u = [ulT, uzT} , where uy represents the inertial velocities and ug represents the inter-

mediate sectional resultants of an initially curved and twisted anisotropic beam, governed
by the following equations for all t € [0,T] and z € [0, ¢]:

T — ﬁ)[ 8} W+ Gl + S(u)u + L{;} | (2.21)

The boundary and initial conditions remain the same as in Problem [2.0,
The matrices G and S are defined as:

£1<CUQ)H + EH T
G(u)= | ~H(ET + L] (Cuy)) 1oxo + HLH(w)C
i Iexe 066
[ T AT E+EHL] (u,)C — Ly(uy)C
Su) = | PR T B IME e (BT, + £] (u)Cu))C
—]ET LI(Ul)C
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The reformulated system described in Problem exhibits a structure similar to
nonlinear advection-diffusion equations, characterized by three distinct components. The
first order term G(u)u' captures spatial transport effects inherent to the beam’s dy-
namics, modeling the propagation of kinematic and dynamic quantities along the beam’s
length. The second order term Hwu! introduces second-order spatial derivatives typical of
dissipative processes, with damping contributions from C. governing energy dissipation.
The reaction term S(w)u reflects nonlinear geometric and material couplings, particu-
larly the interplay between the beam’s curvature, twist, and damping mechanisms, which
critically shape its dynamic response.

While the system’s mathematical structure parallels advection-diffusion equations in
fluid dynamics and heat transfer [23], the presence of nonlinearities complicates numerical
discretization, making it challenging to ensure stable numerical fluxes and consistent
boundary conditions. This motivates the need for a reformulation that is more suitable
for practical computation.

2.4 Formulation as a System of First Order Equations

In this section, we introduce an improved reformulation of the damped nonlinear intrinsic
beam equations from Problem In our previous attempt, we transformed the original
equations into a form resembling a nonlinear advection-diffusion equation. However, this
formulation posed challenges in defining meaningful boundary conditions, ensuring stable
numerical fluxes, and achieving a robust discretization due the nonlinearities involved.

To overcome these challenges, we propose a novel reformulation that systematically
encapsulates the nonlinearities. This approach introduces an auxiliary variable, nonlinear
in w, which consolidates all nonlinear terms into a single expression, thereby simplifying
the mathematical structure. Unlike traditional auxiliary variables, which typically in-
volve only derivative terms [4], our formulation defines a rather unconventional auxiliary
variable T, incorporating both derivative and zero-order terms. This strategy, inspired
by similar techniques in [2], streamlines the mathematical structure while preserving the
physical fidelity of the system. The variable ¥ is defined as:

f:=C,u=C,C" (u] —E"u; + L] (u;)Cus) . (2.22)
We now reorder Problem 2.6 to obtain:
M, = (ugy + C) +E (ug + Crtg) — L1 (u) My — Ly (ug + Crty) Cug+ fo, (2.23)
Cuy = u) —E"u; + L] (u;)Cus. (2.24)
Using the auxiliary variable, we can now reformulate the Problem as follows:

Problem 2.9 (Mixed formulation of Damped Intrinsic Beam Model) We seek
the inertial velocities wy and sectional resultants ws of an initially curved and twisted
anisotropic beam, along with a sufficiently smooth auziliary variable ¥, such that for all
t €[0,T) and x € [0,4], the following equations hold:

M’[Ll = ’U,/2 + f', -+ E’U,Q + Er — El(ul)Mul — £2 (’U,g) C'U,Q — ;CQ (f‘) C’U,Q + fe7 (225)
Ciy = u), — E"u; + L] (u;)Cus. (2.26)
CC 't =u) —E"u, + L] (u;)Cus. (2.27)

The boundary and initial conditions remain the same as Problem[2.0
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To express the damped intrinsic beam equations more compactly, we extend our notation
from Equation (2.11]). We introduce the auxiliary vector:

ri= {qﬁ] . (2.28)

r

Remark 2.10. For the analysis to hold, it is assumed that the matrix H is symmetric
positive definite. This property is essential for ensuring well-posedness and facilitating
certain mathematical derivations.

Definition 2.11 (Source Term) The ezpression for Q(u,r) is defined as:

Q(u,r) = (B+Ji(u) + Jo(u) + J3(r))u + J4(F) + Qear (2.29)

where: )
_ | 06x6 E
B = __ET 06><6:| ’
J1<’U,) — _El(ul)M 06><6:| 7

L 06><6 06><6
_ [06x6 —Lo(uy)C
J2<u> T _06><6 E;I'(ul)c )

(0656 —Lo()C

. } | (2.30)

_06><6 06><6
R Et
Ju(r) = 06] ,
ezt = gz:| .

Problem 2.12 (Compact Representation of Problem [2.9) We seck a solution u =

T . . . .
[ulT uzT} , where uy represents the inertial velocities and ug represents the sectional

resultants of an initially curved and twisted anisotropic beam. Additionally, we introduce
a sufficiently smooth auziliary variable r = [Og f‘T}T, such that for all t € [0,T] and
x € [0,4], the following equations hold:

i+ Iu' + IIr' = Q(u, r) (2.31)
H't =) —E"u; + £] (u;)Cus. (2.32)
The boundary and initial conditions remain the same as in Problem [2.6

With this reformulation, we obtain a system of first-order equations whose structure
closely resembles that of the undamped model. This new formulation can be interpreted
as the parabolic extension of the capacity formulation of the intrinsic beam model de-
scribed in Problem [2.4] The key addition is the dissipative term ITr’, which accounts for
the damping effects.

Notably, in the absence of damping—i.e., when C, = 0Qgxs—the equations reduce
exactly to the capacity formulation of the intrinsic beam model. A major advantage of
our novel auxiliary variable choice is that all nonlinearities are now encapsulated within
the auxiliary variable ¥ and the source term Q(u,r). This significantly simplifies the
process of defining consistent boundary conditions and constructing stable numerical
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fluxes. Moreover, since the structure now closely aligns with the capacity formulation in
Problem , we can leverage many of the techniques previously developed in [11], further
streamlining the analysis.

2.5 Boundary Conditions

In this section, we establish physically meaningful boundary conditions for the damped
intrinsic beam model presented in Problem [2.12] specifically tailored to helicopter rotor
blade applications. To ensure a mathematically well-posed problem, we adopt a struc-
tured two-stage approach.

First, we examine the reduced case where the damping matrix is zero, transforming
the system into the capacity formulation of the undamped intrinsic beam equations.
This formulation describes a purely advective system, laying a strategic foundation for
our boundary analysis.

Reiterating the techniques established in [I1], we leverage the advective nature of
this capacity formulation by reformulating it into a linear advection equation. This
transformation is crucial as it enables the application of characteristic-based techniques
for deriving well-posed boundary conditions.

In the following subsections, we introduce the characteristic formulation of the linear
advection equation to identify incoming and outgoing wave components—an essential
step in boundary condition design. We define transformation matrices T and T~! that
convert physical variables into characteristic variables, facilitating a structured analysis
of wave propagation. We then examine characteristic curves and their associated speeds,
which fundamentally determine appropriate boundary conditions.

We then With this theoretical foundation in place, we first derive boundary conditions
for the advective components based on their characteristic structure. We then extend
our analysis to incorporate diffusive terms, resulting in a comprehensive formulation that
preserves mathematical well-posedness while accurately capturing the physical behavior
of the system.

2.5.1 Kinematic-Dynamic Boundary Condition

Although the boundary conditions specified for Problem encompass a wide range of
possibilities, this thesis will focus specifically on a mixed boundary condition, where one
end of the beam has prescribed velocities (kinematic condition) and the other end has
prescribed forces and moments (dynamic condition). This choice is particularly relevant
given our intended application to helicopter rotor blades.

At the left end (x = 0), we enforce the following condition for the velocities:

indicating that the inertial velocities are controlled. Here, §(¢) represents the prescribed
velocities at the root of the rotor blade, which corresponds to the rotor hub’s motion.

At the right end (z = ¢), the boundary conditions reflect the applied forces and
moments, expressed as:

us(0,t) + Crnn(0,1)], = Ti(t), i=1,...,6. (2.34)

Here, 7(t) represents the applied forces and moments at the tip of the rotor blade, which
capture the aerodynamic and structural forces acting at that location.
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These boundary conditions ensure that the system behaves correctly under the speci-
fied constraints, incorporating both the effects of prescribed velocities at one end and the
influence of forces and moments at the other. This is especially pertinent for modeling
the dynamic behavior of a helicopter rotor blade, where the root and tip conditions play
crucial roles in the overall response of the system.

2.5.2 Clamped-Free Boundary Condition

In the special case of the mixed kinematic-dynamic boundary condition described in
Section [2.5.1], where both the forces and moments at one end, as well as the velocities at
the other end, are set to zero, the system simplifies to the classical clamped-free boundary
condition. This configuration is particularly relevant for analyzing the behavior of beams
with one fixed end and one free end, a common scenario in structural dynamics.

At the clamped end (z = 0), we enforce the following velocity conditions:

uh(O,t) = O, 1= 1, ce ,6, (235)

indicating that the beam is fixed with no displacement or rotational velocity at the
clamped end. This kinematic condition ensures that the beam remains stationary at the
clamped end.

At the free end (z = ¢), the boundary conditions are:

us(l,t) + Crttn(6,8)], =0, i=1,....6, (2.36)

ensuring that no external forces or moments are applied at the free end. This dynamic
condition ensures that the beam’s response at the free end is solely determined by its
internal dynamics.

These boundary conditions enforce that one end of the beam is clamped, with no
motion or rotation, while the other end is free from external forces and moments. The
energy stability of this configuration is analyzed and proven in this thesis, ensuring that
the system remains stable under the specified constraints.

2.5.3 Reduction to a Linear Advection Equation

By setting the damping terms to zero, i.e., setting the damping matrix as Ogyg, We
eliminate the parabolic (diffusive) terms from Problem [2.12] This reduction simplifies
the system to a purely hyperbolic form, which corresponds to the capacity formulation
of the intrinsic beam equations as described in Problem [2.4] given by:

i+ ITu' = Qcap(u>v (237)

The advection dynamics described by this form have been extensively studied by
Rodriguez et al. [67, 68, [69] and further expanded upon by Bleffert [11]. To align
with these works, we reformulate the problem by introducing the advection matrix A as
follows:

M- 0 0 | 0 M1
A = I\fln — 6x6 6x6 6x6 — 6x6 )
|:06><6 C_l] |:_Iﬁ><6 O6x6 —C7' Ogxo
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The matrix A captures the essential dynamics of the system, and its properties will
be critical in establishing the hyperbolic nature of the equation. We further define the
advective source term Q,qy(u) as:

Qadv (’LL) = F_chap(u) :

Multiplying Equation (2.14) by T'"! from the left, we obtain the linear advection
equation:
u+ Au' = Quan(u). (2.38)

Now, we examine the linear advection equation to establish its hyperbolic nature.
Specifically, a linear advection equation of this type is hyperbolic if the advection matrix
A is diagonalizable and has only real eigenvalues. Diagonalizing A not only confirms
this property, but also provides insight on the wave propagation characteristics of the
system. To confirm this, we derive a transformation matrix that diagonalizes A, ensuring
that the resulting eigenvalues are real. The diagonalization process builds on techniques
introduced by [69], adapted to the notations and context of this thesis.

While the complete theoretical framework for this diagonalization process is detailed
in [IT], we focus here on the key results required to construct the transformation matrix
T and apply it to diagonalize A.

To facilitate the diagonalization of A, we introduce the matrix ¥, which encapsulates
the interplay between the mass and compliance matrices M and C. Given that the
matrices C and M are positive definite, we define the matrix ¥ = ¥(zx) as:

v =C'2MICV2 (2.39)
Before proceeding, we establish the following key property of W:

Lemma 2.13 The matriz W is symmetric and positive definite.

Proof. Symmetry of ¥ follows directly from its definition in Equation (22.39)). The positive
definiteness is a consequence of the positive definiteness of C and M. Specifically, for
any non-zero vector z € R%, we have:

2 Wz =7 ' CV2M1C Y22 = (CV22)TM~1(C~V?2) > 0.
Hence, W is symmetric positive definite. n

As a consequence of this lemma, all the eigenvalues A\; = \;(x) for i = 1,...,6 of ¥
are positive. This allows us to define the diagonal matrix A, which will play a central
role in the diagonalization of A. Specifically, we define:

A = diag (A}/z, LAY 2) . (2.40)

Since W is positive definite, it is diagonalizable by an orthogonal matrix X', with
entries in R%*¢ yielding the decomposition:

U =XTA%X. (2.41)

Using this diagonalization, we define the transformation matrix T = T(z) and its in-
verse T™! = T~!(z), both with entries in R6*®, which diagonalize the matrix A, revealing
its eigenvalues. Specifically, we define T and T~! as:
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Cl/QXT Cl/Q)(T
1= {Cl/wTAl —Cl/QXTAl} (242)
1 [xC™1/2  AxC!?
-1 ._
=3 [Xc—lﬂ —AXCW} (243)
Lastly, we define a 12 x 12 block diagonal matrix E = E(x) as:
= —A  Ogxs
B = 2.44
|:06><6 A (2.44)

The block diagonal matrix E organizes the eigenvalues of A into positive and negative
groups, reflecting the system’s wave propagation characteristics.

Theorem 2.14 The transformation T-'AT diagonalizes the advection matriz A, yield-
ing the diagonal matrix Z.

Proof. We proceed in steps:

1[ 06 —2C'2XTA2XCY/?
=-1 _ = 6x6
TET i {_20_1 Otns (2.45)
Using the diagonalization of ¥ from Equation (2.41]), we obtain:
O Cl/2
TET ' = [_02;_61 C 0 ve ] (2.46)
6x6

Finally, using the definition of ¥ from Equation (2.39) and solving for M ™! we
conclude:

0 —-M
=1 — 6x6 —
TET [—Cl OGXJ A (2.47)
Thus, the matrix A is diagonalizable via the transformation matrix T, yielding the

following diagonalization:
E=T'AT (2.48)

O

This completes the proof that A is diagonalizable via T, confirming the hyperbolic
nature of the linear advection equation.

Remark 2.15. The eigenvalues of A are the square roots of the eigenvalues of ¥, along
with their negatives. The matrix A, therefore, has real eigenvalues only, meaning that
the linear advection equation in Equation is hyperbolic, indeed. Despite the spatial
dependence of the eigenvalues, the sign of the eigenvalues remains unaffected. Specifically,
for any x, the first six eigenvalues of A are negative, while the last six are positive. This
distinction will play a critical role in deriving appropriate boundary conditions.
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2.5.4 Formulation for Characteristic Variables

To obtain the characteristic variable formulation, we introduce the characteristic variables
as:
w =T u,

where u represents the physical variables, which contain the physical quantities. Substi-
tuting w4 = Tw into the original advection form of the intrinsic beam equation (Equa-
tion [2.38]), we obtain the equivalent equation:

Tw + A(Tw) = Quav(Tw).

In the previous section, we discussed how the matrix A is transformed using the matrix
T (Equation ([2.47))), resulting in the diagonal matrix =. Applying this transformation
to the above equation results in:

Tw + TET H(Tw) = Q.av(Tw).

The derivative in the second term of the above expression can be computed using the
product rule, yielding:

Tw + TEw + TET 'T'w = Q.4 (Tw).

Multiplying both sides of the equation from the left by the inverse of the transforma-
tion matrix T~ yields:
w + Ew/ = Qchar(w)a

where we define the characteristic source term as:
Qchar(w) = T_lQadV(T’(U) — ET_IT/’LU.

The advantage of this formulation is that the characteristic speeds explicitly appear

on the diagonal of the matrix =, this is particularly useful when deriving appropriate
boundary conditions for the system.

2.5.5 Characteristic Curves

Before deriving the boundary conditions, we introduce the concept of characteristic
curves, which are essential for analyzing conservation laws and understanding how infor-
mation propagates through the domain. Detailed information about the corresponding
theory can be read up in [54] [75]

Characteristic curves are curves in the x-t plane along which the solution to a con-
servation law remains constant. These curves describe how the information from the
initial conditions propagates over time through the domain. Understanding these curves
is crucial for analyzing the impact of boundary conditions, as they determine whether
information flows leftward or rightward. The characteristic speeds, defined as the slopes
of these curves, represent the speed at which information is transported through the
domain.

In scalar conservation laws, the direction of information propagation is determined
solely by the sign of the characteristic speed. This principle extends naturally to systems
as well. For systems, the characteristic speeds are the eigenvalues of the advection matrix
A, which appear as the diagonal entries of the diagonalized matrix Z. In this case:
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e The sign of the i-th diagonal entry, Z;;, determines whether information in the
i-th component of the characteristic variables w propagates leftward (E; < 0) or
rightward (2, > 0).

e Boundary conditions must be specified for the characteristic variables associated
with negative entries in 2 at x = ¢ and for those associated with positive entries in
Eat x=0.

At each boundary, the characteristic variables are classified into two categories: in-
going and outgoing components. Ingoing variables correspond to components of w that
carry information into the domain and, therefore, require boundary conditions. In con-
trast, outgoing variables naturally evolve from the interior solution, meaning they do not
require explicit boundary conditions. This classification, based on the sign of the char-
acteristic speeds, ensures that the boundary conditions are consistent with the physical
behavior of the system.

The matrix Z, derived in Section [2.5.3 containing the characteristic speeds for the
damped intrinsic beam model, has a block diagonal structure with opposing signs:

with exclusively negative values in the upper six entries of its diagonal and positive ones in
the lower six diagonal entries. This structure naturally partitions the twelve-dimensional
vector of characteristic variables w into two six-dimensional components:

[s

where W and @ correspond to negative (leftward) and positive (rightward) character-
istic speeds, respectively. This decomposition reflects the natural partitioning of wave
propagation directions and has important implications for boundary behavior:

e Atz =0: W represents ingoing variables, while w represents outgoing variables.
e Atz =0w represents ingoing variables, while W represents outgoing variables.

The relationship between the characteristic and physical variables is given by the
transformation:
w =T u,

which can be written explicitly as:
w]  1[xCc2 AXCY? ] [u
W= = =73 —1/2 1/2
2 |XC 2 —AXC Uo

w
. l XC_1/2’U,1 + AXCl/Q’LLQ
- 2 XC_I/Q’U,l — AXCI/Q’U,Q

(2.49)

Following the approach outlined in [60] [59], we establish general linear boundary
conditions that relate the ingoing variables to the outgoing variables and external inputs.
Specifically, we need to specify boundary values for 3(0, t) and E(ﬁ, t). These boundary
conditions take the form:

W(0,t) = Ryt (0, 1) + go (1), (250)
WL, t) = Raw(l,t) + gelt). '
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where go(t) and g(t) are functions of external data, and Ry and R, are boundary
matrices in R6*6,

We now have a general class of boundary conditions, given by Equation , that
lead to a mathematically well-posed problem. We now want to trace back these boundary
conditions for characteristic variables to boundary conditions for physical variables, u.
For better readability, we omit the solution’s dependency on ¢ in the notation for the rest
of the section, writing for example @ (0) instead of @ (0, t).

Furthermore, we want to find out if the resulting boundary conditions for physical
variables are suitable to describe actual physical problems. More precisely, we aim to use
Equation to formulate specific physical problems, which we will introduce in the
next two subsections.

2.5.6 Advection Boundary Condition Analysis

In this section, we analyze the boundary conditions for the advection equation derived in
Section [2.5.3] Specifically, we focus on the left and right boundaries of the beam, where
the characteristic variables are classified as ingoing or outgoing based on the sign of their
corresponding characteristic speeds. However, the primary goal here is not only to analyze
these boundary conditions but also to demonstrate how they can be applied to achieve
the desired physical boundary conditions discussed in the previous sections—such as the
kinematic-dynamic boundary condition (Section and the clamped-free boundary
condition (Section . Specifically, we show how the general boundary conditions for
the characteristic variables translate into the physical boundary conditions for the state
variables u; and wu.,.

We begin by analyzing the left boundary (z = 0), where velocities are prescribed, and
then proceed to the right boundary (x = ¢), where forces and moments are prescribed.
Through this analysis, we establish a clear connection between the characteristic variables
and the physical boundary conditions, ensuring that the system’s behavior is consistent
with the intended physical setup.

Left Boundary Analysis (z = 0)

Consider the left boundary at x = 0, where we prescribe velocities. To model this
boundary condition, we choose the reflection matrix as Ry = —Igxg, which leads to the
following boundary condition:

w(0) = —w(0) + go.

This choice of reflection matrix ensures that the ingoing characteristic variables are
related to the outgoing variables in a way that is consistent with the prescribed velocities.
To express this condition in terms of the physical variables, we apply the transformation

u = Tw. Therefore, at = 0, we have:
w
’l,l,(O) =Tw o =T |:E>:|

=0

Substituting the definition of T and the boundary condition for @ (0), we obtain:

u(0) =

1 cl2xT c2xT XC V24 + AXCY2u,
2 [C12XTA™Y —C'2XTAY | —XC 1 2u; — AXCY2u,y + g
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This simplifies to:

1 Cl/ZXTgo
u(0) = 2 |2uy + 202X T A1 XC /20, — C12xTA g, (2.51)
Assuming prescribed velocities at the left boundary, we denote:
0 vo(t)
u,(t) := .
)= | i)
Substituting for go yields:
go = 2XC 120
=0
Inserting this into Equation (2.51)) results in:
u(0) = u (2.52)
T ugy + CT2XTATI X CT Y2 (1w — uh) ’
=0

Recall that uw = [u] uzT]T, we conclude that u;(0) = u{. This allows us to express
the boundary condition as:

w0 = |,

Thus, we have demonstrated that for the specific choice of Ry and gg, the boundary
conditions for the characteristic variables at x = 0 are equivalent to Dirichlet boundary
conditions for the linear and angular velocities. Notably, no boundary conditions are
required for us(0), as it is determined by the interior solution.

Right Boundary Analysis (z = ()

Next, we analyze the right boundary at © = ¢, where we wish to prescribe forces and
moments. To model this boundary condition, we choose the reflection matrix as R, =
I, which leads to the following boundary condition for the characteristic variables:

w(0) = W)+ gs.

This choice of reflection matrix ensures that the ingoing characteristic variables are
related to the outgoing variables in a way that is consistent with the prescribed forces
and moments. To express this condition in terms of the physical variables, we apply the
transformation u = Tw. Therefore, at © = ¢, we have:

w
u(l) = Tw =T
0 =Tu|_-7|3]

x={
Substituting the definition of T and the boundary condition for W (¢), we obtain:

u(/)

1 cvrxT Ccl2xT XC V2, — AXCY?uy + gy
T 9 |CTV2XYTATL —C2XTAY XC 2y, — AXCY?u,

=/

This simplifies to:
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1 _oC1/2yT 1/2 1/2 pT
w(t) =5 | T A T (2.53)
Before extending our boundary condition analysis to the full diffusion/damped system
(noting that this section focuses solely on advective boundary conditions), let us first
consider the case where we wish to prescribe an arbitrary value for u, at the right
boundary, denoted as u4(t). In the absence of damping, this condition would correspond
to prescribing the forces and moments directly.
Subsequently, we define:

g = 2AXCY 2

z=/{

Inserting this into Equation ([2.53)) leads to:

_Cl2yT 1/2(0) il
u(l) = [“1 Ccmy Afc (u ”2)] (2.54)
U
z={
Since u = [u{ uzT]T, we see that us(f) = wub. Therefore, we can express the

boundary conditions as:

u(l) = [“1(45)} |

Uy

Similar to the analysis at x = 0, we conclude that the choices of R, and g, yield
boundary conditions for the characteristic variables at © = /¢ equivalent to Dirichlet
conditions for us , while leaving the velocities unconstrained.

2.5.7 Diffusive Boundary Condition

For the full system, boundary conditions must also be enforced for the diffusive part.
Specifically, we aim to prescribe the forces and moments at the right boundary x = /.
In classical problems involving partial differential equations, boundary conditions are
typically specified for the state variables and their spatial derivatives, rather than their
temporal derivatives [29]. However, in our case, the presence of the auxiliary variable
r = C,u, and the modified constitutive law necessitate a different approach. By solving
the system of ordinary differential equations (ODEs) derived from the constitutive law,
we ensure that the prescribed forces and moments are consistent with the system’s dy-
namics and account for the influence of damping. In the previous section, we specified
boundary conditions for the advective terms, where an arbitrary value u} was assigned
to the state variable us at the right boundary. However, when prescribing forces and mo-
ments, uj cannot be freely chosen but must be determined consistently with the modified
constitutive law:

: fé(t)}
Crus(l,t) +us(l,t) =
(0 4wt = | 116
To enforce the boundary conditions, we solve these ODEs to determine the corre-
sponding values of u,(¢,t) and the auxiliary variable t = C,u((,t) at x = £. Let ub(t)
denote the solution to these ODEs, and let ¢(t) = C,45(t) represent the correspond-
ing value of the auxiliary variable at the right boundary. These values are then used to
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prescribe the boundary conditions at the right end for the advective and the diffusive
part.

The auxiliary variable 1 plays a key role in capturing damping effects, ensuring that
the system’s energy dissipation is properly modeled. By solving these ODEs derived
from the modified constitutive law, we ensure that the prescribed forces and moments
are consistent with the system’s dynamics, while also accounting for the influence of
damping. This approach is particularly well-suited to our intended applications, such
as modeling helicopter rotor blades, where accurate representation of damping effects is
crucial.

Summary Using the theory of characteristic speeds, we have derived boundary condi-
tions that describe our physical setup and lead to a well-posed problem. By solving these
ODEs derived from the modified constitutive law, we ensure that the prescribed forces
and moments are physically consistent and compatible with the system’s advective and
diffusive behavior. This allows us to formulate the entire initial boundary value prob-
lem (IBVP) in the following section, providing a rigorous foundation for analyzing the
system’s dynamics.

2.5.8 Complete Initial Boundary Value Problem

Problem 2.16 (Initial Boundary Value Problem for the Damped Intrinsic
Beam Model) Given an initial condition ug = uo(x) that satisfies the boundary condi-
tions at t = 0, we seek to find the solution w = wu(x,t) and an auziliary variable v such
that the following system holds:

(T4 + Iu + Ir' = Q(u, ) for (z,t) € (0,€) x (0,77,
H'% =u) —ETu; + L] (u;)Cuy for (x,t) € (0,£) x (0,7T],
uy(0,1) = ud(t) fort € (0,7T), (2.55)
us(0,t) + (¢, t) = [ F®) ] fort e (0,77,
my(t)
Lu(x,0) = uo(x) for z € [0,4].

Here, u{ denotes the prescribed velocity, while f,(t) and m,(t) represent the pre-
scribed forces and moments, respectively, at the right boundary (z = /).

This initial boundary value problem defines the conditions under which we aim to
analyze and numerically solve the damped intrinsic beam model. With the problem
established, we proceed to investigate the energy properties of potential solutions in the
following sections.

2.6 Mathematical Tools and Notations

In the coming sections we will utilize certain results from Functional Analysis and the
theory of Partial Differential Equations (PDEs). The most frequently used are explained
in this section. They can be found in textbooks dedicated to the mathematical theory of
FE methods, such as [48, 29, 12}, 32].

First, we again emphasize that scalar quantities are represented using regular charac-
ters, whereas bold font characters are reserved for vector-valued functions.
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Definition 2.17 (Lebesgue spaces [12])
Let Q C R? be open and consider 1 < p < co. The Lebesque spaces

LP(Q) ={f: Q= R"| f is Lebesque measurable, || f||r» < 0o}

are Banach spaces with norms

1/p
1l = (/ \f\pdx) Cforisp<oe, and |fls = esssuplfl
Q

Definition 2.18 (Sobolev spaces [12])
Let Q C R? be open, consider k € N and 1 < p < oo. The Sobolev spaces

WEP(Q) = {f € LP(Q) | there exists a weak derivative D*f € LP()
for each multi-index |o| < k}

are Banach spaces. If p =2, we usually write H*(Q) = W"2(Q).

Theorem 2.19 (Divergence (Gauss’) theorem and integration by parts [58])
Let Q C R? be open and bounded with Lipschitz boundary, and let 1 < p,q < oo with
%+é =1. For f e Wh(Q)?, g € W'P(Q), h € Wh4(Q)?, identified with their traces on
0%), the following relations hold:

/V-fdx: f -nds
Q o9

/Vg-hdx:—/gV~hdx+/ gh-nds.
Q Q o9

Theorem 2.20 (Young’s inequality with e [32]) Let e > 0 and let a, b, p, q be positive
real numbers with % + é =1, the following inequality holds:

eaP b?
ab < — 4+ ——.
P e‘Z/pq
Theorem 2.21 (Gronwall’s inequality [6]) We assume that u € C([0,T);R), T €
(0,00), satisfies the integral inequality

u(t) §uo+/0 a(s)u(s) ds—l—/o b(s)ds on|0,T),

for some 0 < a € L'(0,T) and b € L*(0,T). Then, u satisfies the pointwise estimate

and

t
u(t) < uge® —i—/ b(s)etD=4) ds vt € (0,T),
0

where A(t) = fot a(s)ds.

Definition 2.22 (Weighted Inner Product and Energy Norm) Let I'(xz) € R™*"
be a symmetric, positive definite matriz for all x € [0,/], with entries in L>(0,¢). The
T-weighted inner product (-,-)p : L*(0,¢; R") x L?(0,¢; R") — R is defined as:

¢
(u, o)r ::/0 u'T(z)pd. (2.56)

This weighted inner product induces the energy norm || - ||r : L*(0,;R") — R:
1/2

fulle = Ve = ([ wrGua) (2.57)
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Remark 2.23. The positive definiteness of I'(x) ensures that (-, -)r satisfies all inner prod-
uct axioms and || - || is indeed a norm.

Lemma 2.24 (Symmetry-Induced Inner Product Property for Block Inter-
Wi

w ] € R with wi,wy € RS, the following inner
2

change Matrix II) For any w = {
product property holds:
<HW7 W> = _2<W17 W2>

Proof. The result follows from the symmetric nature of the matrix IT.

Mw — Osxs  —Toxo| |Wi| _ [—W2
—Isx6  Osxe Wo —W
Now, compute the inner product:

—W W

where (-, -) denotes the standard inner product.
0

The mathematical notation follows standard conventions. The following introduces
and describes some of the specifics used in this thesis.

e Throughout this thesis, Q2 denotes the domain (0, ¢).
e The Euclidean scalar product of vectors a and b € R? is a - b.

e The component-wise vector product of two vectors a,b € R? is denoted by ao b
and defined as
(aOb)i :aibi7 Vi € {1,,d}

e LZ-inner products on domains  C R* and boundaries T C R are denoted by (-, -)q
and (-, )y, respectively.

e The unit normal on the boundary is denoted by n.

The definitions and properties described here provide a versatile framework for our anal-
ysis.

2.7 Continuous Energy Stability

This section analyzes the energy properties of the solution to the initial boundary value
problem described in the previous section. The system under consideration is a
damped intrinsic beam model, which combines advective and diffusive dynamics. The
advective terms govern wave propagation, while the diffusive terms account for energy
dissipation due to damping. Our goal is to establish energy stability by deriving bounds
on the system’s energy and quantifying the effects of damping, boundary conditions, and
external forces.
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The analysis begins by deriving the global weak formulation of the system. This
involves two key steps: First, we multiply the governing equations by appropriate test
functions and integrate over the domain €2. Integration by parts is then applied to transfer
derivatives onto the test functions, yielding the weak formulation. Second, we replace
the test functions with the solution functions. This allows us to interpret each term in
the weak formulation in the context of energy. By summing the resulting equations, we
derive an expression for the system’s total energy and its rate of change.

Initially we show that the system exhibits energy dissipation, a property driven by
the damping term in the model. This dissipation is physically intuitive and aligns with
the expected behavior of a damped beam. This dissipation property, although physically
intuitive due to the damping in the beam, requires stringent mathematical validation.
However, energy changes in the system are also influenced by external factors, such
as boundary interactions and external forces. These contributions must be carefully
analyzed to ensure the system’s energy remains bounded over time.

Building on these findings, we establish energy stability under appropriate constraints
on the boundary conditions and external forcing terms. By introducing natural boundary
conditions, we eliminate energy contributions from the boundaries, simplifying the anal-
ysis. We then derive upper bounds on energy fluctuations and quantify maximal rates
of energy dissipation. These estimates provide a rigorous framework for assessing the
long-term behavior of the system and ensuring that the energy remains bounded under
physically admissible conditions.

Problem 2.25 (Global Weak Formulation of Problem [2.16])) We seek the solution
u=[u' uQT}T € H'(0,T; H'()") and r = [0 f‘T]T, where t € H'(Q)®, such that
the following weak system holds for all test functions v € H*(Q)'? and w € H'(Q)®:

(I‘a@—’l;, v), = A(u,v) + B(r,v) + (Q(u,r),v),, (2.58)

(H_lﬁ,w)Q =C(u, w) — (ETul,w)Q + (ﬁlT(ul)Cuz,w)Q,

where forms A(-,-), B(-,-) and C(-,-) are defined as:

A(u,v) := (Hu,v')Q — <1'I'u,n,'v>8Q
B(r,v) := (Hr,v')Qe - <Hrn,v>6Q

Cluy,w) = <u1,wn>aQ — (ul,w’)Q

In Theorem we present a stability result for Problem [2.25] The proof presented
in the remainder of this section uses the same approach as that of the discrete model.
However, in the discrete case, additional integrals arise due to the inclusion of numerical
flux terms.

Theorem 2.26 (Continuous Energy stability) The solution of Pmblem satisfies
the following stability estimate:

T T
(-, DI +2 / (H 8-, ), (1)) g dt < ¢ <||uOII% + / ||qm<-,t>||%1e—tdt) .
0 0
(2.60)

Proof. To get the stability estimate we choose the following test functions: v = w and
w =T and add up Equations (2.58)) and (2.59)). This yields:
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ou

(FE

), + (H_lf“,f“)Q = A(u, u) + B(r,u) + C(uy, £) + (Q(u,r),u),

— (ETuy,£), + (£] (u1)Cus, F),, (2.61)

We first note that the time derivative term can be modified in the following manner using
the definition of the energy norm (Definition ({2.22)),

1d [ 1d
Ou = u' Tudr = ——||ul}.

T ®a =57 /. 2t

Next, we analyze the forms individually.

Advection form A(u,u) : We begin by applying integration by parts to derive the
following important property:

(Mu, u'), = <1’[un,u>aQ — (M, u)

Q Q°

Leveraging the symmetry of IT this relation simplified to:

(Mu, u')Q = %<Hun, u>aQ.

Invoking the interchange property of the block matrix IT (established in Lemma [2.24]),
we further derive:

<Hun, u>8Q = —2<u1n, u2>m

Combining these relations, we obtain the final expression for advection form A(w, u):
(ITw, u/)Q - <Hun,u>m = (win, U’2><9Q

Diffusion form B(r,u): Using the block structure of IT and the definition of r, the
element integral simplifies as follows:

() = (11| ) = = (1.0

For the boundary term, we proceed similarly:

(0t ), = (00| ] ), = G0
Combining these relations, we obtain the final expression for diffusion form B(r, u):
(Tr, '), — (TIrn,w) o, = (B0, ) — (7, 41),
Adding the two Diffusion forms B(r,u) and C(u4,T):

B(r,u) 4+ C(uy,t) = <f‘n,u1>aQ + <u1,f°n>aQ — (f‘,u’l)Q — ('u,l,f")Q
= 2(uy, tn),, — ((Four), 1),

= 2<u1n7f>ag — (win, Iq>aﬂ = (win, f>a§z'
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Where we get the final expression using the Gauss divergence theorem.

Source Term (Q(u,r),u)Q: Using the definition of the source term (see Definition

2.11|), we can expand it as follows:

(Q(u,r), u)Q = (u, Bu)g+ (u,Jl(u)u)gﬁ—\(u,JQ(u)u)(E

N

o1 BS BS
+ (u, I3(F)u) , + (u, J4(F)) , + (%, Qeat) , - (2.62)
o1 o5 o

To analyze each sub-term in detail we further break it down:

e Term o, : It can be demonstrated that the matrix B is skew-symmetric.

According to the definition in Definition ([2.29)), the matrix B is expressed as:

06><6 E
B = :
{—ET 06><6:|

To confirm its skew-symmetry, we compute the transpose of B:

0 —E
[ E 06><6:|

As a consequence of the skew-symmetry of B, we have the following inner product
property:
(u, Bu)Q = — (’u,, Bu)

This leads to the conclusion that

Q-

(u, Bu,)Q =0.

Thus, the contribution of the linear part of the source term to the solution’s energy
equals zero.

e Term o» :

Li(u;)M  Ogxe
O6x6 O6x6

(w31 w)u), = (. | [ w)g = - w0 M),

It can be observed that

T T T |9 Osxs| T~ Tam T~ 9
ul Li(u) = [v w}[ﬁ GJ:|—[U wtw'v wlal. (2.63)
An essential property of the cross product matrix, previously mentioned, is its
skew-symmetric nature. Specifically, for any arbitrary vectors w,y,z € R3, the

following relation holds:
‘X’T = _‘X’a (1)

where w represents the skew-symmetric matrix associated with w, which represents
the cross product operation.

34



Another property, which follows directly from the anticommutativity of the cross
product, can be easily demonstrated as:

where y and z are the skew-symmetric matrices corresponding to the vectors y and
z, respectively. Furthermore, a vector multiplied with itself in the cross product is
Zero.

yy = 0;.
Now, together with the statement in Equation (i), we can show that term oy
simplifies to:

(u,Jl(u)u) = —(u,ﬁl(ul)Mul)Q =0

Q

e Term o3 :
(wdw, = (o2 Z705E] ),
= (w2, £{ (u1)Cus), — (w1, Lo(us)Cuy)g, . (2.64)

We can exploit the following properties of £, and £, using the definition in Defini-
tion (12.4)):

w' o' - - -
uy L1 (ur) = [ug) ug,] |f’3><3 o7l = [us,1@" w0 +ug,w '] (2.65)
Similarly,
0 U - N -
ul Lo(ug) = [v7 w'] {5’;5 ﬁz;] = [w'ty; vty + w dsy). (2.66)

Using the properties defined in Equations (i) and in Equation ([2.65)), we obtain:
uy L] (wy) = [~ug ;@ —ug 0 —ul,w| = [wlts; v +w Gy].

Hence, we find that:
wuy L] (u1) = u Lo(uy).

When applied to Equation (2.64)), this results in:
(u,Jo(u)u)y = 0.

e Term oy :

06><6 EQ(f‘)C
Osx6  O6xe

(u Fa(i ) = (w. | [u) =t La)0w),

Using the properties of the operators £, and L, defined in Appendix[A.1] we obtain:
(u, J3(F)u)q = — (w1, L2(F)Cus)g = — (£, £{ (u1)Cus), .
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e Term o5 :
(340 = (. o] ) = (B

In total, the subterms of the source term (Q(u, r), u)Q in Equation (2.62)) reduce to:

(Q(uar)au)ﬂ =01+ 02+ 03+ 04+ 05+ 06
= —(f‘, ElT(ul)CUQ)Q + (ul, Ef‘)Q + (u, let)Q. (2.67)

Consolidating all the terms defined and quoting in Equation (2.61)), we obtain:

1d o . A
__HU’H% + (H_lI', I')Q = <’U,1’I’L, u2>6§2 + <’LL17’L, r>8Q + (u7qext)Q - (ETula I‘)Q

2dt
+ (EI(Ul)C’UQ, f')Q — (f', EI(’U@)C'UQ)Q + (’u,l7 EIA‘)Q, (268)
After simplification, this reduces to:

%%Hu”% FEEE), = (i, (4 )+ (2 o) (2.69)

This result demonstrates that the additional terms arising from the source term
Q(u,r) vanish, leaving only contributions from external forces and moments. The en-
ergy dissipation rate is governed by the matrix H, defined in Equation (2.20), which
encapsulates the system’s damping properties.

The boundary term (uin, (us +F)) o represents the work done at the boundary (the
ends of the beam), while the term (u, qext) o accounts for the work done by the distributed
external forces and moments along the beam. Together, these terms quantify the impact
of boundary conditions and external forces on the system’s energy dynamics.

The physical implications of this energy estimate, particularly the role of the matrix
H in controlling energy dissipation, will be studied in greater depth in Chapter

With this reformulation, we have arrived at the same energy stability result as [5].
Specifically, our analysis confirms that the system exhibits energy dissipation governed
by the damping term (H 17, f)Q, consistent with the findings in the cited work. This
agreement validates our reformulation and underscores its compatibility with established
results in the literature.

Remark 2.27. In the absence of damping, i.e., C, = 0Ogxg, the energy balance Equa-

tion (2.69) simplifies to:

1d
__H’U’H% = <U177,, u2>aQ + (’LL, CIext)Q- (270)

2dt
This result represents energy conservation, as the system’s energy changes only due to
boundary interactions and external forces. In contrast, the damped model includes the
term (H 13, f')ﬂ, which accounts for energy dissipation. This comparison underscores
the critical role of damping in modeling real-world structures, where energy dissipation
is essential for stability and realistic dynamic behavior.

The boundary conditions derived in Section are done for zero as well as non-
zero boundary boundary data. Numerous studies, particularly [I1], 59] 60] have analyzed
these conditions. However, these studies were not able to establish a bound for cases
involving non-zero boundary data. To proceed with our analysis, we focus on the case
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of zero boundary data, as the treatment of non-zero boundary data remains an open
challenge in the literature. We define the natural boundary conditions for the damped
intrinsic beam by modifying the boundary conditions for the intrinsic beam model, as
given in Equation , to account for structural damping. This modification results in
the following expression:

Uy, <u2i(s57 t) + CTuQi(S(57 t)) =0 1= 17 ce 76 S5 € {07 6} (271)

This condition aligns with the boundary conditions derived in Section [2.5.6] when the
external boundary data is set to zero, i.e., go = g = 0g. By restricting our analysis to
zero boundary data, we establish a tractable framework while preserving the system’s
essential physical insights.

With these natural boundary conditions , we can see that the boundary term in
the energy equation vanishes. This leaves us with:

Sl (H%,) = (G (2.72)
t

This equation shows that the rate of change of energy is determined by the work
done by external sources, playing a crucial role in the system’s energy stability. When
external forces and moments are absent, the energy bound is straightforward to establish.
However, to ensure stability even in the presence of nonzero external forces and moments,
we impose a reasonable assumption on their behavior.

Specifically, we assume that the external forcing term qey(,¢) has finite energy input
over the time interval [0, 7], meaning

T
/ ||qext(',t)||%—1€_t dt < 0.
0

This assumption guarantees that the system remains energy-stable by preventing uncon-
trolled energy growth due to external inputs.

Remark 2.28 (External Energy Norm). The norm ||qexs||p-1 is defined as:

1/2

14
”qextHI‘*1 = (/ q;(tr_l($>qext d$> )
0

and quantifies the external energy input normalized by the system’s inertial properties.
This is analogous to the energy norm || - || but accounts for external forces/moments.

The right-hand side (u, qext)q can be rewritten by exploiting the symmetric positive
definiteness of the matrix I' and using the fact that the square root of a symmetric
positive definite matrix is also symmetric positive definite [42]:

(’U,7 qext)Q = (I‘I/Q'U,, F_1/2qext)Q-

E|By applying Young’s inequality (Theorem [2.20) with ¢ = 1, we obtain the following
bound:

- 1 T
(I‘l/Q’UJ,F 1/2qext)Q < §||F1/2u||522 + §||F 1/2Qext||522'

1(u»qext)ﬂ = fQ uquxt dr = fQ uTI‘l/zFil/?qext dx = (Fl/zuv Fil/Qqext)S%
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Simplifying the norms:

1 1
(2. Qe < Gl + 5 el

Substituting this bound into (2.72)) and multiplying by 2, we obtain:

d la e
Tlulle +2(H78,8) < Jluflp + llgea - (2.73)

Integrating over time, we obtain:
T T
a2 [ (0,5 0) e <l [ a0l d
0 0

T
T / e (- £) 12 . (2.74)
0

We now introduce the auxiliary function:

t
2ot) = a0 +2 [ (0, 50.0)g
0
Note that z(0) = ||ug||%, and by definition, we have:

lu(- lE < 2(-1),

[ itotgas [ s

Thus, inequality (2.74)) simplifies to:

T

z(~,T)§z(0)+/O z(-,t)dt+/0 | Qext (5 ) |51 dt.

By applying Gronwall’s inequality (Theorem [2.21)), we derive the final bound:

T T
-, T2 + 2 / (H'8(,8), (1)), dt < ¢ (uuou% T / e (- )|re™ dt) |

(2.75)
0

The above result implies that under the assumption that the external boundary data
go and gy are zero, and that the external forces and moments are bounded, we can show
that the solution of the damped intrinsic beam equation is energy stable.

Upon determining the required bound and establishing energy stability for the solution
of the initial boundary value problem, we can now advance by discretizing the problem
and formulating a corresponding statement for the approximate solution in the subsequent
section.
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Chapter 3

Numerical Discretization

This chapter presents a systematic numerical framework for discretizing the initial bound-
ary value problem formulated in Problem Building on the theoretical foundation
established earlier, we develop a robust DG discretization tailored to the damped intrinsic
beam equation.

We begin by deriving the local semi-discrete formulation from the global weak formu-
lation introduced in Problem Through integration by parts over individual elements,
this process naturally introduces the concept of numerical flures. These fluxes serve as
critical coupling mechanisms between adjacent elements, ensuring consistency, stability,
and accuracy in the presence of solution discontinuities. We then present a specific nu-
merical flux, designed for the damped intrinsic beam equation and adapted from Bleffert’s
work [IT].

Next, we address the incorporation of boundary conditions within our numerical
framework. We analyze how these conditions can be seamlessly integrated through nu-
merical fluxes to accurately reflect the physical constraints of the problem.

By integrating contributions from all elements and boundary terms, we formulate
the global semi-discrete system. We then establish its energy stability, verifying the
robustness and reliability of the approach. This analysis ensures that our numerical
framework faithfully preserves the dissipative structure of the original problem.

3.1 Local Semi-discrete Formulation

We begin by partitioning the spatial domain © C R! into a collection of non-overlapping
elements, denoted by To. Each element is referred to as 2., indexed by e € Z, =

{1,...,N.}.
The boundaries of these elements are denoted by T;, where the index ¢ belongs either
to the set of interior interfaces Z;,, or the set of exterior (physical) boundaries Zoy;.
For w*(x) = lim w(z 4 en), we define the jump [-] and average {-} of a function
e—0

on the inter-element boundaries:

] = (0 —w®),  fuwh = +w)
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They have the following properties:

[a +b] = [a] + 0], (3.1
[ea] = ¢[a] for a continuous function ¢, (3.2)
[ab] = fa} [0] + [a] £} (3.3

A defining feature of DG methods is their use of element-local approximation spaces
[27]. Unlike continuous Galerkin methods, which enforce interelement continuity through
shared nodal values, DG methods approximate the solution as piecewise polynomial func-
tions that are independent across elements. This lack of interelement coupling allows for
discontinuities to naturally arise at element boundaries.

The discontinuous nature of the approximation has several important consequences.
First, it provides flexibility, as it permits non-conforming meshes, adaptive refinement,
and handling of complex geometries without requiring continuity constraints 73], 37].
Second, it facilitates parallelization since localized computations within elements simplify
parallel implementation [I]. Finally, the absence of interelement continuity introduces the
need for flux treatment, as the solution “‘jumps” between neighboring elements, requiring
a mechanism to resolve interactions at element boundaries.

To handle these discontinuities, DG methods borrow the concept of numerical flux
functions from Finite Volume Methods (FVM) [54]. While FVMs use piecewise constant
(degree-0) approximations, DG extends this idea to higher-order polynomials. Numerical
fluxes act as boundary Riemann solvers, providing a consistent and stable approximation
of fluxes across discontinuous element interfaces. This approach ensures conservation and
stability while retaining the high-order accuracy of the DG scheme [20].

In our scheme we replace boundary evaluations with carefully designed numerical
fluxes:

—_— .
e ITu,n for advective fluxes,
e IIr, and wy, for diffusive fluxes.

These operators implicitly account for the discontinuous nature of the solution while
preserving the high-order accuracy of the DG scheme. A comprehensive discussion of
numerical fluxes and their construction appears in Section [3.2} for now we treat these as
abstract operators.

Similar to the continuous case, we multiply the governing equations by test functions,
integrate over each €)., and perform integration by parts. Assuming the true solution is
sufficiently smooth, we sum over all elements (2..

Problem 3.1 (Local Semi-discrete Formulation for Problem [2.25)) We seek a
solution uy,, r, € (P*(Q.))'2 such that for almost every t € [0, T] and for all test functions
vy € (PH(Q.))'2 and wy, € (P*())8, the following holds:

0 _
(F%, 'vh)Qe + (TTuyn, 'Uh>aQe — (Muy, 'v;L)Qe
+ <1_/I?hn, vh>BQe - (HI'm’U;L)Qe = (Q(uh,rh),'vh)ge, (3.4)
(Hilf‘hawh)ne = (um, Whn>aﬂe - (U1h,W§Z)QE
_ (]ETIU,N17 Wh)QE + ([,I(ulh)Cu%, Wh)Q (3 5)



3.2 The Numerical Flux

In this section, we discuss the numerical flux, a fundamental concept for approximating
surface fluxes at element boundaries in numerical schemes. The numerical flux plays a
crucial role in accurately capturing boundary interactions and ensuring stability in DG
methods.

We begin by introducing the necessary notation from [49]. The theoretical foundation
of numerical fluxes and their connection to Riemann problems follows the approaches
outlined in [54, [75]. The choice of numerical flux in this work is guided by [49] and
specifically adopted from [11].

Finally, we provide a detailed discussion of the numerical flux used in this thesis.

3.2.1 Notation and Preliminaries

To define the numerical flux, we first introduce some notation. Let D be a real diagonal
matrix. Its absolute value |D] is defined by taking the absolute value of each diagonal
entry:

’D’ = diag(|d11], ‘dgz’, .. .),

where d;; are the diagonal entries of D. We further define the matrices D, and D_ as:
1 1
D, = (D+[D)), D_ = (D-|D|)

Here, D, contains the positive entries of D, while D_ contains the negative entries.
These definitions satisfy D =D, + D_.

For a non-diagonal but diagonalizable matrix A, we extend these definitions as follows.
Let A be diagonalized by a transformation matrix T, and let D be the corresponding
diagonal matrix of eigenvalues. Then:

Al:=TDIT,

which replaces the eigenvalues of A with their absolute values. Similarly, we define:

—_

~ ~ - ~ 1 - -
Ac=S(A+1A), A = (A ).

\)

These matrices satisfy A= A+ +A_and A, =T 'D,T.

3.2.2 Numerical Flux and Riemann Problems

The numerical flux approximates the flux function at element boundaries, where the
numerical solution may be discontinuous. This is particularly crucial in DG methods,
which allow jumps at interfaces. The approach follows the principles of finite volume
methods, interpreting the values on either side of an interface as the initial conditions of
a local Riemann problem. This concept, originally introduced by Godunov [34], serves
as the foundation for constructing numerical fluxes.

A Riemann problem is an initial value problem characterized by a discontinuity at a
single point. In our case, the numerical solution is generally non-constant within each
element, leading to generalized Riemann problems at interfaces, which we refer to simply
as Riemann problems.
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To approximate the flux at the interfaces, we numerically solve these local Riemann
problems and use the resulting solution to evaluate the flux function. This process is
often referred to as an approximate Riemann solver. For theoretical insights on solving
Riemann problems numerically, one can refer to works such as [75]. In this thesis, we will
not delve into the details of solving Riemann problems, but rather focus on specifying a
widely-used Riemann solver as our numerical flux.

3.2.3 Advective Numerical Flux

In [I1], the author adopts an advective numerical flux guided by [49] with modifications
to account for spatially varying material properties in the temporal derivative, which is
absent in [49].

In [49], Gassner and Kopriva employ the Lax-Friedrichs flux, originally introduced by
Lax in 1954 [51], which remains a standard choice in DG methods [10] 5] 30]. Their
discretized problem represents the advection form of a linear hyperbolic balance law with
a symmetric advection matrix and a linear source term. Notably, the damped intrin-
sic beam equation—without damping—reformulated in characteristic variables (Section
shares this structural form, differing only in the source term.

After proving that DG discretization with the Lax-Friedrichs flux ensures energy sta-
bility for symmetric systems, [49] extends its application to non-symmetric systems, pro-
vided the advection matrix is symmetrizable. This symmetrization process parallels the
diagonalization method described in Section of this thesis which is taken over from
[11].

Following [II], we adopt the derived flux, adapted to our notation. The numerical
flux is given by:

Tun = T, jn — (TIA]) [wr] (3.6)

where o > 0 is the upwind parameter. For o = 0, this reduces to the central flux, which
averages the fluxes from both sides of the interface. For ¢ = 1, it becomes the upwind
flux, which considers only values from the left for positive characteristics and from the
right for negative characteristics. This flux is consistent.

The treatment of boundaries requires special attention, as elements adjacent to bound-
aries lack neighbors on one side. At the boundaries, we set ¢ = 1 to use the upwind flux,
ensuring stability. The implementation of boundary conditions into the discretization
scheme will be discussed in the next section.

In summary, the numerical flux adopted in this thesis is consistent with established
approaches in the literature and ensures energy stability. The use of the upwind parameter
o allows for flexibility in the choice of flux, with ¢ = 0 corresponding to the central flux
and ¢ = 1 to the upwind flux. This framework provides a robust foundation for the
numerical discretization of our system.

The treatment of the boundaries is not only special with regard to the upwind param-
eter but also because the elements adjacent to the boundaries do not have two neighbors
like the inner elements do. More precisely, the first element does not have a left neighbor,
whereas the last element does not have a right neighbor. Nevertheless, the numerical flux
does need a value from the left and from the right at the boundaries. The implementation
of the boundary conditions into the discretization scheme will be discussed in section [3.3]
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3.2.4 Diffusive Numerical Flux

The choice of numerical flux for the diffusive part of the system, is critical for accurately
modeling the diffusion in system. Unlike advection, which is driven by the velocity
of a flow field, diffusion is governed by concentration gradients and acts to equalize
concentrations over time. This fundamental difference necessitates a distinct approach for
approximating the diffusive flux, particularly in systems where damping plays a significant
role.

For the diffusive fluxes, we employ the central flux, which is characterized by its
symmetric evaluation at the interfaces. The central flux computes the flux at the interface
as the average of the fluxes from the left and right states:

—— H _
Ir, = {IIr, } = E(rh +ry),

—_

wy, = funn} = S(uy, + uirh)

N}

This approach is well-suited for diffusion problems because it balances gradients with-
out directional bias, ensuring stability and accuracy—particularly in the presence of sharp
gradients or localized loading [4, 25]. In the context of damping in beams, the central
flux effectively captures the diffusive behavior by mitigating numerical artifacts such as
spurious oscillations [40]. Moreover, by conserving energy and adhering to the relevant
conservation laws, it accurately represents the interplay between damping and flexibility
in beam dynamics.

3.3 Implementation of Boundary Conditions

This section outlines the integration of boundary conditions into the discretization process
of the damped intrinsic beam model, as previously derived in Section 2.5 Effectively
implementing these boundary conditions is crucial for ensuring the accurate numerical
resolution of our model, particularly when utilizing a DG discretization approach. To
achieve this, we adapt methods from [40), 54, [75], with a particular focus on the approach
outlined in [IT].

3.3.1 Methodology Overview

In traditional methods, boundary conditions are typically enforced by directly modifying
the coefficients of the numerical solution, which can unintentionally reduce the degrees
of freedom. In DG discretizations, however, boundary conditions are imposed primarily
using the numerical flux. This approach leverages the concept of weak imposition of
boundary conditions, allowing us to define "outer" values at the boundaries based on the
specified conditions. These outer values are then incorporated into the numerical flux
evaluations, enabling us to enforce boundary conditions in a more flexible and indirect
manner. As a result, this technique preserves greater flexibility in our numerical solution.

3.3.2 Boundary Condition Implementation

At each interface (including the domain boundaries), the numerical flux defined in
relies on values from the adjacent elements on either side. However, at the boundaries of
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the domain, one of these values is not naturally available. Particularly for the first element
2, there is no adjacent element on the left side and for the last element 2y, , there is no
adjacent element on the right side. To compute the numerical flux at this boundary, we
must establish an "outside" value based on the relevant boundary conditions.

To clarify, we introduce fictitious elements: €y to the left and Qu, 11 to the right of
our domain [0, f]. These fictitious elements allow us to treat the boundaries as interfaces
between the actual domain elements and the fictitious ones.

At the left boundary = = 0, the numerical flux requires the value u, from the first
element. Simultaneously, we need a value w; from the fictitious element €2y, which we
define according to the boundary condition at this point. Similarly, at the right boundary
x = {, we require the inner value w; and an outer value u; from the fictitious element
Qn,+1, the latter of which is established based on the boundary condition at x = /.

3.3.3 Outer Values and Requirements

The selection of outer values must satisfy two essential criteria:

1. Consistency with Boundary Conditions: As the numerical solution converges,
the boundary values should align with those specified in Section [2.5

2. Dissipative Effect: The boundary terms, specifically the numerical flux evalua-
tions, must contribute to the dissipative effect on the discrete energy.

Although we initially assumed zero external boundary data u{ and u$, we will derive
the discrete boundary conditions for a general case with non-zero boundary data and
subsequently simplify it to the scenario of zero boundary data.

3.3.4 Boundary Conditions for Physical Variables

The boundary conditions for the physical variables are defined as follows:

0
_ | _ (w0
uo) = [, wo =[],
Left Boundary Condition

To impose the boundary conditions at z = 0, we define the value u; in the fictitious
element (), as follows:

+
U, =

0
[ - 12T i C1/2Y () 0 } : (3.7)
uy, + (CTV2XTATIXCY2) (ug, — ul)

Notably, if we replace u,, with u,(0) and w;, with u;(0), the expression matches the
earlier derivation of the boundary conditions from Section (see Equation (2.52))).
To facilitate the notation, we define the matrix

W= C2plol/?
from Section [2.5.3] noting that it can be diagonalized by the orthogonal matrix X:

T =X A%X.
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As W is positive definite, it has a square root, which can be expressed as

P2 = ¥TAX.

The inverse of ¥'/? is given by

P12 = xTA T x.

Utilizing these properties, the vector w; in Equation (3.7) can be rewritten as:

0
u; = [ - —1/2 —1721 -1/2 - 0 ] :
Uy, + (C v C ) (uy, — u))

This choice of u; is consistent because, as the numerical solution converges, we find

up, =u(0) =u) and wuy;, = uy(0).

Thus, we have

W= L] .

which directly corresponds to the boundary condition from Section at © = 0. For
the case where u{ = 0g, this reduces to

ut = {u% (OJ | (3.9)

Right Boundary Condition

In a similar manner, to impose the boundary conditions at x = ¢, we define the value u;

in the fictitious element 2y, 1 as:

¢ (3.10)

ot — {u;h — (CY2XTAXCY?) (uy, — ug)]
p—
Us

Using the properties of the matrix ¥ and its square root, we express u; as follows:

- - ¢
it |:’u’1h _ (C1/2W1/2?1/2) (uy, — u2)] (3.11)
Us
As u;f converges, we have
up, =ui(f) and uy, = uy(f) = ub,
which, when inserted into Equation (3.11)), yields the result:
w, = [u;(f)l - (3.12)
2

This is again just the boundary condition for the original problem at x = ¢. For the
special case uy = O, the outer state u, reduces to

ul = [""1“)} . (3.13)



Building on the discussion of the advective numerical flux and the successful impo-
sition of boundary conditions through the numerical flux, along with consistent choices
for the outer values in the fictitious elements €2y and €2y_1, we now have the framework
required to analyze the discrete energy of the numerical solution.

3.4 Energy Stability Estimate

In this section, we begin by defining the discrete spaces for the primary unknowns uy,
and the auxiliary unknowns 1. After establishing these discrete spaces, we proceed by
deriving the global semi-discrete formulation of the Problem [3.1, Finally, we present a
discrete energy stability estimate and prove the associated theorem to ensure the stability
of the numerical solution.
Discrete space for primary unknown V}":

This space contains vector-valued functions with 12 components. Each component of
uy, is a polynomial of degree k defined on each element of the partition:

Vi = {uy, € ()" (PH(Q)", i=1,...,N}.

Discrete space for auxiliary unknowns W}:
This space contains the 6-component auxiliary variables 1), with each component
being a polynomial of degree k£ defined on each element of the partition:

Wy = {wy, € (L*(2))°: (PH())°, i=1,...,N}.

Finally, to define the global formulation, we sum Equations (3.4) and (3.5]) over the
elements Q; € 7.

Problem 3.2 (Global Semi-discrete Formulation for Problem [3.1) We seek a
solution wy,,r, € V¥ such that the following semi-discrete system is satisfied for all test
functions vy, € th and all wy, € Wf :

ou
> <I‘a—th,'vh) + Ap(un, o) + Bu(rn,vn) = Y (Q(un, 1), vn)g, (3.14)
eGZe Qe eeIe
Z (H_lfhvwh)sze = Cn(un, wp) — Z (B" Wip, W), .t Z ! (urp C'U'Qhawh)
ecle ecT, T,

(3.15)

where forms Ap(-,-), Bp(-,-) and Cy(-,+) are defined as:

Au(wn o) = (Mwdn + ZOAD [l [oud) + D (T, v,

Vi

ieIint iEIemt
- Z (Huhv v;z)Q
EGZE
Bh(rh, ’Uh) = Z (H{{rh}}n, [[vh]]>’)/i + Z (Hrhn, ’Uh>%_ - Z (]._.[I‘h, 'U;L)Qe s
ieImt ieI(:zf eeIe
Cn(up, wy) = Z ({winfn, [wi]) .t Z UL, Wh Z (ulh,wﬁl)ge.
1€ Lint 1€Lext ecle
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Theorem 3.3 (Discrete Energy stability) The solution of Problem[3.9 satisfies the
following stability estimate:

s T+ 2 / > (G IAD (0] Fn(- 00

leI’Lnt Vi

T
w2 [ 5w me0), b <o (i + uqm<-,t>||%_1e—tdt).
0

e€l,

Proof. Choose v, = u;, and wy, = T, substitute them into Equations (3.14)) and ( -
and add both equations together:

ou .
Z (F—h Uh) + Z H I‘h,I‘h 0. + An(wn, up) + By(rn, wp) — Cp(up, £)

e€Z, Qe e€l,
= uh,rh >Qe — (E ulh,rh Q. + ulh Cu2h7rh)Q . (316)
eeIe e€l, eGIe

Similar to the continuous analysis the time derivative term can be modified in the fol-
lowing manner using the definition of the energy norm (Definition ([2.22))),

8uh 1 d
5 (1), - bt

e€le e€l,

Next, we analyze the forms individually.

Advection form Aj(up,u,): To simplify the element integral, we reformulate it and
apply the Gauss divergence theorem (Theorem [2.19)):

1
> (M, up)g, = 5 > (M 0 wy)', 1iz)g,
e€le e€Zle
1
= > (O fual), + 5 > (Tunn,ws),,
Z'GIth iez—ext

Using this result, the advection form simplifies to:

An(ww) = Y (Iunhn+ ZOIAD ] fual) + D7 (M wn).,

= @k ), - 5 Y Mw ),
= S (CmAD ud fd) + S (T, ),

k3

ieIint 'iEIext

Using the interchange property of the block matrix IT (Lemma , we further

derive:
A(unyun) = D7 (FOIAD ] funl) = D (wrun, wan),,

iel—int i 7:Ezz:cxt

Diffusion Form B (r,us): The diffusion form can be simplified by leveraging the
interchange property of the block matrix IT (Lemma [2.24)) and the definition of rj,. First
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the interface terms get simplified as:

O6x6  —Isxe| |06 —F,
IIr;, = O =
" |:_IG><6 O6x6 | |Th 06
> @{radn, ual), == > 30, [unl),
1€Ling 1€7int
Similarly for the external boundary term:
Z <Hrhn,uh>% - Z <fhn’u1h>vi
1€ Lext 1€ ext
For the element integral, we obtain:
- Z (Hrh7 U’/h)Qe = Z (ffw ullh)ﬂe
GGIe €€Ie
In total we reduce our diffusion form By, (rp, uy) into:
Bu(Bn,un) = Y (B tiip)g, — > (Banyuan),, = > (fEndn, [u]),,
GEIe ieZext iel—int

Adding the two Diffusion forms B, (ry, u,) and Cp(up, h):
We can start by combining the element integrals in both the diffusion forms and using
the Gauss divergence theorem [2.19

Z win, ), + Z Br, Uip)g Z ((wino fh)/7 16)96

e€Z, e€Z, e€l,
- Z H<u1hn’f‘h>’yz‘ﬂ + Z <u1hn’fh>7i
1€Ling 1€ ext

Applying the identity of jumps from Equation (3.3)), the interface terms decomposes to:

Z (fuin }, [En]) T Z U1y AR,

1€Lint 1€Tnt

+ Z <u1hn7f.h>'71

iezext

Now using this result in the sum of the two diffusion forms we observe a cancellation of
interior terms:

By (vn, wn) + Culwn, £) = = Y (&}, [wanl),, = Y (Ean,wan),,

ieImt ieIext
+ Z funnk, [20]),, + Z [win], {£0}),, + Z (winn, ts),
1€ Ling 1€Lint 1€Lext
- Z fwinn, [B4])., — Z (wipn, tn).,
Z'E:Zint ieIext
== ) (upn, i),

1€Lext
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Source term ) __; (Q(up,r4),us)q : The source term can be resolved similar to the
procedure adapted in the continuous analysis resulting in discrete terms similar to those
obtained in Equation (2.67)):

> (Qun,th), un)g, = — Y (Fn, L] (win)Cusp)o, + > (win, Bin)o, + > (n, Gext)0

ecle ecle ecl, ecle

Now consolidating the terms defined and quoting back in Equation (3.16)), and re-
ordering;:

5 2 dillwnlf 3 (GIAD [l fud) 3 (B ), = 3 (G

e€Ze €Tt T e, ecZe

+ Z (winn, (wan + £2)).,,

ieZext

Using the natural boundary conditions ({2.7)), the external boundary term vanishes,
leaving us with:

—Z pr lunllf+ > < (T|AY) [wn] , [en] > + ) (H 0 f0) g, = > (Wh, Qext ),

e€l, 1€Tint e€l, e€l,

(3.17)

Equation (3.17)) can be seen as the discrete counterpart of the continuous energy
equation . The additional term involving the jump operator arises due to the
discrete formulation and the presence of discontinuities at element interfaces.

The matrix I'|A| can be expressed in terms of 6 x 6 blocks, as detailed in Appendix[A.3]

The resulting formulation is

C-1/2y-1/2Q-1/2 066
066 Cl/2yl/2C1/2

Since C*2 and ¥z are positive definite, as shown in Section it follows that the
diagonal blocks of I'| A| are also positive definite. This can be easily verified and is demon-
strated in Appendix As a result, I'| A| remains positive definite at every interface,
ensuring that the contribution of the jump terms is always nonnegative. Furthermore,
the symmetric positive definiteness of H~! guarantees that the energy contribution from
the auxiliary variable is also nonnegative.

Now to derive a meaningful bound for nonzero external forces and moments, we adopt
a similar approach to the continuous case discussed in Section[2.7} As before, we impose a
physically meaningful assumption by considering bounded external forces and moments.

Following the continuous case, we apply Young’s inequality (Theorem to refor-
mulate the right-hand side:

L|A] =

1 1
Z(uha qext)Qe dt < _HuhH%‘ + §”qext|‘%*1'
e€Z,

Substituting this bound into Equation ({3.17] m we obtain:

—Zﬁmm+z<IM| L lunl) + 30 (H '5i),,

e€le Ling e€Z,

1
< Sl + S lae e

49



Integrating this equation over time from 0 to 7', we obtain:

foan () +2 / S (Z(0IAD s (0] [ 001

Yi

Zezmt
+2/ > (H B (1)), di
e€Z,
T T
< lunolft + / funCOde+ [ law0Borde (315)
0 0

We now define an auxiliary function z(t) as follows:

o) = fun0lF 42 [ 3 (SOIAD funle )] T )

leImt i

+2/ > (H 80 1), 84l 1)), dt.

e€Z,

From this, we can conclude that:

t t
| vl < [ zar
0 0

We now have the following inequality:

T

T
(T <0+ [ atydes [ a0 d
0 0

By applying Gronwall’s inequality (Theorem [2.21)), we derive the final bound:

zu(T) < e’ (Zh(',O) +/0

Thus, the final bound is:

T

e (- £)[Bre™ dt) .

T2 [ 3 (GOIAD fun 0], 01

1 Gzlﬂt i

T
w2 [ (0. m0), a0 < (lunoli [ a0l at).

ecT,
(3.19)
]

The energy estimate established in Theorem confirms that the discontinuous
Galerkin scheme ensures stability, with the total energy of the system—comprising the
primary variable wuy, interface jumps [u,(+, t)], and the auxiliary variable #(-, t)—remaining
bounded. This bound depends solely on the initial energy ||u;(0)||% and the contribution
of external forces and moments ey, scaled by e. In the next chapter, we numerically
validate these theoretical findings, demonstrating the scheme’s robustness in practical
simulations.
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Chapter 4

Numerical Results

In the previous chapter, we successfully demonstrated the discrete energy stability of
the damped intrinsic beam model. Building on this result, we focus on implementing
the model within the Trixi.j1 simulation framework and validating the implementation
through numerical experiments.

We begin by summarizing the essential steps required to implement the damped in-
trinsic beam model into Trixi.jl. The correctness of our implementation is then verified
through a convergence test using the method of manufactured solutions. Next, we exam-
ine a representative case of the damped intrinsic beam model without external forces or
moments to confirm that the discrete energy remains non-increasing over time. Finally,
we conduct a series of numerical experiments to observe the behavior of our model in
various scenarios. These experiments not only test the robustness of the scheme under
different conditions but also demonstrate its applicability to real-world problems. In
these experiments, we analyze the evolution of the beam’s deformed position line, which
can be determined based on the description provided in [61]. Additionally, we study the
changes in the state vectors and the energy of the system.

For the purposes of this chapter, we assume homogeneous material properties, which
result in constant compliance, mass and damping matrices along the beam, i.e.,

C, M, C, = const.
This also implies constant values for the matrices A, I', and W:

A T, ¥ = const.

4.1 Implementation into Trixi.jl

This section outlines the key steps required to enable the simulation of the damped
intrinsic beam model within Trixi.jl, a numerical framework designed for solving con-
servation laws. Comprehensive details about the framework can be found in [63], [70] and
its official documentation [77]. For readers unfamiliar with the underlying programming
language, Julia, additional information is available in [45].

Building on the theoretical developments from previous chapters, we apply the Dis-
continuous Galerkin (DG) method to develop a robust and accurate numerical solver for
this beam model. The key implementations for integrating the model into Trixi. j1 are
as follows:
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Hyperbolic Part of the Damped Intrinsic Beam Equation: In Trixi.jl, equa-
tions are represented using various composite data types tailored to specific models. The
hyperbolic (advection) component of the damped intrinsic beam equation is implemented
as a subtype of the abstract data type AbstractEquations{NDIMS, NVARS}, where:

e NDIMS specifies the number of spatial dimensions (in our case, 1D),

e NVARS specifies the number of primary variables (in the case of the damped intrinsic
beam model, we have 12 unknowns).

The hyperbolic part is defined as a new data type:
DampedIntrinsicBeamHyperbolic <: AbstractEquations{1l, 12}

encapsulating the following fields: the matrix A, the matrices A" and A~, the matrix
¥, the matrix IT, the matrix I' and its inverse I'"!, the compliance matrix C, the mass
matrix M, the damping matrix C,, the initial curvature k(z) as a function of x, and the
external forces f.x and moments my,; as functions of x and t.

In Julia, the syntax <: is used to define DampedIntrinsicBeamHyperbolic as a sub-
type of AbstractEquations{1, 12}.

The constructor for DampedIntrinsicBeamHyperbolic accepts the compliance ma-
trix, mass matrix, damping matrix, initial curvatures, and external forces and mo-
ments as input. These parameters are then assigned to the respective fields of the
DampedIntrinsicBeamHyperbolic object, while other derived matrices are computed
internally.

Parabolic Component of the Damped Intrinsic Beam Equation: The parabolic
(diffusion) component is constructed based on the previously defined hyperbolic equa-
tions. The DampedIntrinsicBeamParabolic data type applies diffusion only to the first
six components of the hyperbolic system. It is implemented as a subtype of the abstract
type AbstractEquationsParabolic{NDIMS, NVARS, GradientVariable}, with the fol-
lowing parameters:

e GradientVariable: specifies the variable set with respect to which the gradient is
computed. For this model, it is set to GradientVariablesConservative, indicat-
ing consistency with the conservative variables defined in the hyperbolic equations.

The parabolic component is defined as:

DampedIntrinsicBeamParabolic <: Trixi.AbstractEquationsParabolic

{1, 12, GradientVariablesConservative}

The constructor for DampedIntrinsicBeamParabolic takes the hyperbolic equation
object as input, allowing the parabolic component to reuse functions and parameters
from the hyperbolic equations, ensuring consistency and minimizing redundancy.

Advective Numerical Flux: The advective numerical flux at element interfaces is
computed using the upwind flux formulation, as detailed in Section [3.2] specifically in
Equation (3.6). This flux depends on the left and right values of the solution at the
interface, u; and wu;,, and incorporates the matrices I', A*, and A~ from the governing
equations. These components are used to evaluate the upwind numerical flux, ensuring
a stable and accurate representation of the advective terms.
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Viscous Flux: The viscous fluxes are essential for representing diffusion and damping
in the damped intrinsic beam equation, directly linked to the auxiliary term r (Equa-
tion . Their computation relies on the state vector w, its spatial gradients, and
the parabolic component of the governing equations, ensuring accurate modeling of the
system’s dynamics.

Source Term Implementation: The implementation of the source term Q(u,r) for
the damped intrinsic beam equation requires handling gradients of the state variables,
which introduces additional challenges. Since Trixi. j1 does not natively support source
terms for parabolic components, the solver class was modified to incorporate this func-
tionality. This function computes the source term using the state vector gradients, the
local solution, spatial location, and time, as defined in [2.T1] while also incorporating the
relevant matrices and external forces.

Boundary Conditions: To implement the boundary conditions for the advective part,
the outer values at the boundaries are set based on the specified conditions (Section [3.3).
The inner solution state, boundary direction, and governing equations are used to deter-
mine the appropriate outer values at the boundary. The location information provided by
the direction argument ensures that the correct boundary is addressed, and the upwind
flux formula is applied to compute the numerical flux at the boundary, integrating the
inner and outer values.

For the parabolic part, boundary conditions for the viscous flux are handled by two
functions, each addressing a specific type of boundary condition (gradient or divergence).
These functions compute the necessary quantities based on the type of operator involved.

Adjustments for Time Integration: The Trixi.jl framework discretizes the equa-
tions in the form u; + Au, + Ar, = Q(u,r), where u; represents the time derivative
without any prefactor. However, in the damped intrinsic beam equation, the time deriva-
tive is scaled by the matrix I'. To address this, an adjustment is made in the time
integration process.

This adjustment is implemented in the rhs! function, which constructs the right-hand
side (RHS) of the ordinary differential equation (ODE) in time. For Runge-Kutta time
discretization, the RHS is evaluated at specific discrete time points. The rhs! function
handles all discretization steps, including computing the source term at the nodes, the
numerical flux at interfaces, and other necessary operations. Ultimately, this process
evaluates the RHS, which is used in the Runge-Kutta stages. To account for the scaled
time derivative, an additional step is incorporated: multiplying the RHS by I'"1.

Numerical Solution of the Damped Intrinsic Beam Equation: To solve the
damped intrinsic beam equation numerically, we use the Trixi.jl framework to set up
and configure the problem. First, we define the spatial domain with a mesh dividing the
interval [0, /] into elements, utilizing the TreeMesh for uniform element sizes.

The solver is defined using the DGSEM constructor, which implements the DG spatial
discretization. It is configured with a numerical flux function (upwind or central flux)
and a chosen polynomial degree for semi-discretization. Essential components, such as
the polynomial basis, quadrature nodes, and weights, are also stored within the solver.
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The system of equations is defined by two objects, DampedIntrinsicBeamHyperbolic
and DampedIntrinsicBeamParabolic, as described in the respective paragraphs earlier
in this section.

With the mesh, solver, and equations defined, we now proceed to create a semi-
discretization using the SemidiscretizationHyperbolicParabolic constructor. This
step integrates the spatial discretization with the equation objects, boundary conditions,
initial conditions, source terms, and solver.

The time interval for the solution is specified, and an ODEProblem is set up us-
ing Trixi.jl’s semidiscretize function. A time integration scheme, provided by the
OrdinaryDiffEq. jl [62] package is then applied to solve the ODE and obtain the nu-
merical solution.

The entire workflow, from discretization to time integration, is encapsulated in a single
executable script (elixir), which provides a convenient way to solve specific configurations
of the damped intrinsic beam equation. The interaction between the various components
is illustrated in Figure :

mesh equations
solver ICs/BCs/sources ‘n tzlgrrr'l:tor
semidiscretization
ODE problem
Y
solution
Legend
independent data & algorithms for external functionalit time integration
functional entity spatial discretization Y scheme

Figure 4.1. Schematic overview of the basic components of Trixi. j1 and how they
interact. This figure is a cutout of Fig. 4 in [63].

4.2 Convergence Tests

In this section we will validate the correctness of the implementations in Trixi.jl as
described in the previous section. Specifically, we employ the method of manufactured so-
lutions (MMS) to determine the experimental order of convergence (EOC). For a detailed
derivation of the MMS and its use in code verification, we refer to [66].
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4.2.1 Methodology

Order of accuracy testing, often referred to as ‘order testing,” is a method for verifying the
correctness of numerical implementations. In this approach, the formal order of accuracy
of a numerical scheme is compared to the observed order of accuracy. The observed order
quantifies the rate at which the discretization error decreases as the mesh is refined.

However, for most practical problems, the exact solution to a partial differential equa-
tion (PDE) is not available. In such cases, the method of manufactured solutions (MMS)
is employed. This method involves selecting an analytical function—referred to as a
‘manufactured solution’—and modifying the original PDE with additional source terms
to force this function to be the exact solution.

The core idea behind MMS is as follows: In a typical convergence analysis, the nu-
merical solution is computed for various levels of discretization refinement. This solution
is then compared to the exact solution, often using an error norm such as the L?-norm.
The rate at which the error decreases with increasing refinement is then used to compute
the empirical order of convergence.

In the case of the problem considered in this thesis, the damped intrinsic beam equa-
tion, an exact analytical solution is not generally available. Therefore, we cannot directly
apply the procedure outlined above. Instead, we use MMS, where a function w is defined
explicitly and inserted into the left-hand side of the linear balance law, yielding a residual
term € = €(z,t). In this context, the governing equation can be expressed as:

Ta + o' + Ir' = €(x,t). (4.1)

Reformulation with MMS

For the original problem, the right-hand side of the equation includes the source term
Q(u,r). To incorporate this, we redefine the balance law with an added zero term on the
right-hand side, resulting in:

Ta + o' + I’ = Q(u,r) + €(x,t) — Q(u,r). (4.2)

This reformulated equation shows that the function w satisfies the original balance
law, augmented by an additional source term:

€(z,t) — Q(u,r). (4.3)

From an analytical standpoint, solving either Equation (4.1) or Equation (4.2) yields
the same result. However, in the context of Trixi.jl simulations, the reformulation
introduces practical considerations. To solve the augmented equation, we can utilize the
existing implementation described in the previous section, requiring only the additional
source term (Equation to be implemented. Importantly, if the additional source term
is defined to evaluate Q(u,r) for the exact function w, the terms Q(u,r) on the right-
hand side will not cancel perfectly in the numerical solution. However, as the numerical
solution converges, the simulated source term should also converge to the exact one.

Additional Source Term Implementation

To implement the additional source term (Equation [4.3), we require the spatial and
temporal coordinates (x,t), the governing equation objects, and an analytical solution
for w along with its derivatives with respect to both ¢ and =x.
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With these inputs, we can compute the residual €(z,¢) and calculate the source term
Q(u,r) as defined. The key difference is that w and its derivatives are provided analyti-
cally, rather than derived from a numerical solution, as in the original implementation of
the damped intrinsic beam equation.

4.2.2 Test Setup

Let us now implement this for a specific configuration of the damped intrinsic beam
model. First, we choose the compliance, mass and damping matrices as

1.0 03 03 0.12 0.05 0.025]
0.3 20 047 02 0.12 0.05
03 047 3.0 035 02 0.12

C= 0.12 0.2 035 40 034 02 |’
0.06 0.12 02 034 50 0.34
10.025 0.05 0.12 0.2 034 6.0 |
[ 1.84147 0.25403  0.342074 0.110806 0.0584147 0.0227015]
0.25403 2.84147 0.437821 0.225244 0.110806 0.0584147
M- 0.342074  0.437821  3.84147 0.327015 0.225244  0.110806

0.110806  0.225244 0.327015 4.84147 0.321612  0.225244
0.0584147 0.110806 0.225244 0.321612 5.84147  0.321612
10.0227015  0.0584147 0.110806 0.225244 0.321612  6.84147 |

1.0 03 03 0.12 0.05 0.025]
03 2.0 047 0.2 0.12 0.05
0.3 047 3.0 035 02 0.12
0.12 02 035 40 034 0.2
0.05 012 02 034 50 034
10.025 0.05 0.12 0.2 0.34 6.0 |

For the simulations in this section, realistic values are unnecessary. The mass and
compliance matrices are randomly generated to ensure symmetric positive definiteness,
without representing the material properties of a specific beam. Similarly, the damping
matrix is chosen to simplify computations, as the focus of these simulations is purely
mathematical.

The initial curvature k(z) as well as the external forces f’ and moments f are set
to zero:

k(z) = f)(z,t) = fZ(x,t) = 03.

The problem we will consider for the rest of this section can now be specified as:

Problem 4.1 (MMS-based Problem for the Intrinsic Beam Model) Given the
manufactured solution u(x,t), we seek to determine the residual and source terms such
that the following system holds for all (z,t) € (0,1) x (0,1]:

Ia+ ' + Iy’ = Q(u,r) + €(x,t) — Q(u,r), for (x,t) € (0,1) x (0,1],

um(0,t) =0, forte[0,1],m=1,...,6, (4.5)
U (0, 1) = 0, forte[0,1],m=7,...,12, '
Um(z,0) =0, forz e [0,4],m=1,...,12.
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Here, the manufactured solution w(x,t) = (U (2,t))m=1,.12 is chosen as:

U (,1) = tsin (52) form=1,...,6,
mAT S tsin(%(l—q})) form:7,...,12.

This function can then be used to determine the residual term €(z,t):
€(x,t) =Tu + ITu' + IIr’
and the resulting additional source term, as given in Equation [.3

Remark 4.2. Note that the function w fulfills the initial and boundary conditions by
construction, making it the exact solution to the problem [4.1]

0.75

0.50 1

0.25 ¢

0.00 ¢ , I I I .
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00

x x
(a) First six components of the solution. (b) Last six components of the solution.

Figure 4.2. Plot of the exact solution of Problem evaluated at t = 1.

The convergence tests will compare the numerical solution with the exact solution at
multiple spatial discretization refinement levels to evaluate the convergence rate.

4.2.3 Estimation of the Experimental Order of Convergence
(EOC)

The Experimental Order of Convergence (EOC) is determined based on the errors ob-
tained at different refinement levels of the spatial mesh. Let E., denote the L*-error of
the numerical solution associated with a mesh having N, elements, and let E., corre-
spond to a refined mesh with N., > N.,. The EOC between the refinement levels ¢; and
¢y 1s defined as:

4.2.4 Results and Discussion

This section presents the results of convergence tests for polynomial degrees k = 0, 1, 2, 3.
The L2-norm of the error was computed for grid resolutions N, = 4, 8,16, 32, 64, and the
corresponding Experimental Order of Convergence (EOC) values were determined. All
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simulations used a CFL number of 0.001 and the Carpenter-Kennedy 2N54 method [13]
to solve the system of ODEs. The L2-errors were evaluated at the final time ¢ = 1.

For brevity, we focus on the average L?-errors of the first six components (reminiscent
of advection-diffusion terms) and the last six components (reminiscent of purely advective
terms), using both upwind and central fluxes. The performance of the numerical scheme
is evaluated using both flux types. The results are summarized in Tables [4.1] 4.3
and , which present the average LL2-errors and EOC values for each polynomial degree
and grid resolution. Additionally, Figures 1.3} [£.4] [4.5] and display log-log plots of
the average LL2-errors versus grid resolution.

Polynomial Degree k =0 Table [4.1] presents the results for £ = 0, where both fluxes
achieve first-order convergence. The first six components exhibit slightly higher L2-errors
than the last six components for both fluxes. Upwind fluxes yield consistent EOC values
across the components, while central fluxes show greater variability. These trends are
further illustrated in the log-log plot in Figure [4.3]

‘ Upwind Flux H Central Flux

N\ m=1,....6 | m=7..12 | m=1....6 | m=7..,12
C

‘ Avg. L2 ertor  Avg. EOC ‘ Avg. L2 error  Avg. EOC H Avg. L2 error  Avg. EOC ‘ Avg. L2 error  Avg. EOC

4 6.38x1072 - 3.11x1072 - 8.99x1072 - 3.46x10~2 -
3.11x1072 0.98 1.69x1072 0.94 3.99x1072 1.11 2.19x1072 0.61

16 1.53x1072 1.00 8.67x1073 1.02 1.99x 1072 0.98 1.12x1072 0.94
32 7.57x1073 1.02 4.41x107° 0.99 9.66x1073 1.03 5.27x1073 1.10
64 3.76x107? 1.00 2.24x1072 0.98 4.72x1073 1.04 2.39x1073 1.18
128 | 1.87x1073 1.00 1.14x1073 0.98 2.33x1073 1.02 1.09x1073 1.20

Table 4.1: Convergence results for polynomial degree k = 0.

10—1 T T T T 171 T T T T 11T

—e— Central Flux E —e— Central Flux |
—=— Upwind Flux | N —s— Upwind Flux |
- —— Slope=1 \“\\\ —— Slope =1
N 1072
-
- \\ \-\ - :\
g 107 - g
S g ™
N
N 1073 ~
.
3 \\
10 ~
~
10! 102 10! 102
Nc Nc
(a) Average LL2-error in the first six component.  (b) Average L?-error in the last six component.

Figure 4.3. Plot of the average L%-error from table for £ = 0.

Polynomial Degree £k =1 Table presents the results for k = 1, where the upwind
flux achieves roughly second-order convergence (k + 1 = 2), while the central flux con-
verges at first-order (k = 1). The first six components exhibit higher L?-errors than the
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last six components for both flux schemes, and this trend persists across mesh refinements.
The log-log plot in Figure [£.4] highlights these convergence behaviors.

Upwind Flux H Central Flux
m=1,...,6 | m=7..12 | m=1..6 | m=7..,12

Ne

Avg. L2 error  Avg. EOC ‘ Avg. L2 error  Avg. EOC H Avg. L2 error  Avg. EOC ‘ Avg. L? error  Avg. EOC

4 | 1.70x10°2 - 1.54x1072 - 2.37x1072 - 2.03%x102 -

519%x107%  1.76 | 4.55x1073  1.76 1.03x1072  1.36 |892x107%  1.24
16 | 1.58x107%  1.76 | 1.27x107%  1.84 485x107%  1.17 | 4.31x1073  1.07
32 [ 4.83x107*  1.77 |3.36x107* 1.92 239x107%  1.05 |2.14x107%  1.01
64 | 1.44x107* 1.80 |861x107°  1.96 1.19x1073  1.01 | 1.07x107%  1.00
128 | 4.14x107®>  1.81 | 2.18x107°  1.98 5.97x107*  1.00 |5.36x107*  1.00

oo

Table 4.2: Convergence results for polynomial degree k = 1.

T T T T7T T T T T 11T
N | i
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102 —s=— Upwind Flux 4 10~ —=— Upwind Flux E!
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.
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1] w
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~ 10-4 ™ = 104 %
~=
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10-° 1075
10t 102 10t 102
N N¢
(a) Average L2-error in the first six component.  (b) Average L?-error in the last six component.

Figure 4.4. Plot of the average L2-error from table for k = 1.

Polynomial Degree k =2 Table presents the results for k£ = 2, where the upwind
flux initially exhibits a high convergence rate (3.59), but stabilizes at third-order conver-
gence (k+1 = 3) as N, increases. The first six components exhibit higher L?-errors than
the last six components at coarser mesh refinements. However, as the mesh is refined
(N, > 32), the error differences between the two groups of components diminish. The
central flux achieves consistent third-order convergence across all components, with di-
minishing error variation between the first six and last six components. The log-log plot
in Figure further illustrates these convergence behaviors.

Polynomial Degree k = 3 The results for k& = 3 are presented in Table 4.4l The
central flux maintains stable third-order convergence (k + 1 = 3), consistent with the
trends observed for odd polynomial degrees. The upwind flux exhibits higher convergence
rates for the first six components (3.7—3.86) as IV, increases, while the last six components
converge at third order (k41 = 3). On finer meshes, the error for the first six components
becomes smaller than that for the last six components for the upwind flux. For the central
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‘ Upwind Flux H Central Flux
m=1,...6 | m=7..,12 | m=1..6 | m=7..12

N,
‘ Avg. L2 error Avg. EOC ‘ Avg. L2 error Avg. EOC H Avg. L2 error Avg. EOC ‘ Avg. L2 error Avg. EOC
4 |8.63x107* - 4.00x107* - 1.13x1073 - 7.46x1074 -
8 |6.83x10™> 359 | 4.71x10°  3.09 1.07x107*  3.36 |9.23x107°  3.08
16 | 6.08x107%  3.46 | 5.43x107%  3.06 1.17x107°  3.17 | 1.15x10™°  3.02
32 | 6.88x1077 3.14 |6.35x1077  3.06 1.42x107%  3.04 |1.44x107%  3.00
64 | 8.34x10°%  3.04 | 7.53x10°%  3.05 1.77x10°7  3.01 | 1.81x10°7  3.00
128 | 1.03x107%  3.01 |9.00x10™"  3.05 2.20x107%  3.00 |227x107%  3.00

Table 4.3: Convergence results for polynomial degree k = 2.

T T T 11 10-3 T T T 1T |
10_3%—* Central Flux 5§ —e— Central Flux -
—s— Upwind Flux —=— Upwind Flux |
—— = 1 -4 _— = .|
10-4 Slope = 3 i 10 % Slope = 3 E
-5 10-° e
5 10 5 S
— —
5 5 ~
106 N 10-°
Y ~ % ~
‘\
1077 = 10-7
e e
107® N 10°8
10! 10? 10? 102
Ne¢ N¢
(a) Average LL2-error in the first six component.  (b) Average L?-error in the last six component.

Figure 4.5. Plot of the average L%-error from table for k = 2.

flux, error magnitudes remain similar across components, with the last six components
exhibiting slightly smaller errors. The log-log plot in Figure [4.6] further illustrates these
convergence behaviors.

T T T T 11 10—4
—e— Central Flux

| —— Central Flux
—=— Upwind Flux

12 Error

(a) Average LL2-error in the first six component.  (b) Average LL?-error in the last six component.

Figure 4.6. Plot of the average L2-error from table for k = 3.
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Upwind Flux H Central Flux

N, m=1,...,6 I om=7,...,12 | m=1..6 | m=7..,12
Avg. L2 error  Avg. EOC ‘ Avg. L2 error  Avg. EOC H Avg. L2 error  Avg. EOC ‘ Avg. L2 error  Avg. EOC

4 | 5.28x107° - 3.84x107° - 8.53x107° - 6.32x107° -

8 | 3.89x10°° 3.71 3.58%x 1076 3.28 9.56x 1076 3.13 7.91x107° 3.05

16 | 2.92x1077  3.70 | 3.56x1077  3.23 1.17x107%  3.03 |9.87x1077  3.02
32 | 2.11x107%  3.76 | 4.63x107%  2.84 1.46x1077  3.00 |1.23x1077  3.00
64 | 1.48x107°  3.82 6.05x107%  2.94 1.82x107%  3.00 | 1.54x107%  3.00
128 | 1.02x1071% 386 |7.76x1071" 299 2.28%x107Y  3.00 |1.93x107°  3.00

Table 4.4: Convergence results for polynomial degree k£ = 3.

General Observations The upwind flux demonstrates a convergence rate of k + 1 for
most components and polynomial degrees, with a notable exception where it converges
at k for the last six components at £k = 3. The central flux exhibits a distinct behavior: it
achieves k41 convergence for even polynomial degrees, while consistently converging at k
for odd polynomial degrees. Since our formulation resembles that of BR-1, the observed
behavior for odd polynomial degrees is consistent with the convergence orders reported
by Bassi et al. [9]. Error characteristics exhibit a systematic trend, with the first six
components demonstrating elevated error magnitudes on coarser meshes, a phenomenon
that progressively attenuates under mesh refinement.

Determining the theoretical convergence order is fundamentally challenging due to
the problem’s inherent complexity. The non-linear source term Q(u,r) and the system’s
coupled structure introduce intricate numerical interactions. Non-linearities manifest dif-
ferentially across refinement levels, generating nuanced error reduction dynamics. The
interplay between the non-linear source term and numerical discretization critically in-
fluences error behavior, mediated through system matrix characteristics. Specifically,
variations in the construction of the mass and compliance matrices, along with their
relative magnitudes, generate varying Experimental Orders of Convergence (EOCs).

Numerical Validation of Energy Stability

The validation of energy stability begins with computing the total discrete energy of the
numerical solution, following the energy norm defined in Definition [2.22] This calculation
involves evaluating the norm within each spatial element and summing across all elements,
using Legendre-Gauss-Lobatto (LGL) quadrature weights for accurate spatial integration.
For a detailed treatment of this energy calculation methodology, readers are referred to
[11]. To validate the energy stability properties of our implementation, we develop an
elixir for the damped intrinsic beam equation that can handle arbitrary configurations.
This implementation allows us to track and visualize the solution’s energy evolution over
time. The compliance, mass, and damping matrices used to obtain these results are as
follows:

C = diag (107*,107*,107*, 500, 500, 500) ,
M = diag (1.0, 1.0,1.0,20.0,10.0, 10.0)
C, = diag (107%,107%,107*,107*,107%,107%)..

The mass and compliance matrices are based on the parameters from [38, [71], which
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were used to simulate a flying flexible beam. In contrast, the damping matrix was em-
pirically selected to ensure efficient computations.

To validate the stability of the system, we calculate the discrete energy under the
condition of zero external forces and moments. The parameter values used in the com-
putations are listed in Table [4.5]

Parameter Value
14 1.0
k 3
N, 8
T 4.0
CFL 0.1

IC(m=1,...,6) sin (Zx)

2

IC(m=1,...,12) sin(3(1—2x))

k(l') 03
mext(x7 t) 03
fext (ZE, t) 03

Table 4.5: Parameter values for the energy stability validation simulation.

Figure [4.7] illustrates the time evolution of discrete energy for two cases: the baseline
damping matrix C, and a scaled version, 3C,. Initially, the system exhibits high energy
due to the imposed initial conditions. In the absence of external forces and with zero
boundary conditions, the energy gradually dissipates, and the system converges to a
steady state, confirming the stability of the numerical method, in agreement with the
theoretical analysis in Chapter [3]

The comparison of energy dissipation rates demonstrates that increasing the damping
matrix accelerates the system’s energy dissipation and stabilization. This highlights the
influence of the relative magnitudes of the damping and compliance matrices on energy
dissipation, a phenomenon that will be explored in greater detail in subsequent sections.

20k Increased Damping: 3C.

—— Baseline Damping: C,

=
w
T

Total Discrete Energy
=
o

w
T

0 10 20 30
t (seconds)

Figure 4.7. Comparison of discrete energy evolution for different damping matrices.
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4.3 Numerical Experiments and Applications

This section presents a series of numerical experiments designed to explore different as-
pects of the damped intrinsic beam model and its discretization. By examining various
setups, we aim to uncover interesting behaviors of the model and its solutions. These ex-
periments not only shed light on the system’s dynamics but also provide valuable insights
that could inform future applications of the model.

To facilitate clear visualization and interpretation of results, we focus our investigation
on reduced-dimensional scenarios. The first experiment examines a 1D elongation rod
setup, while the second explores a two-dimensional rotational beam configuration. This
dimensional reduction allows us to present beam deformation and dynamics through
intuitive plots in 1D and 2D space, respectively, while still capturing the essential physical
phenomena of interest.

4.3.1 Elongation Rod Experiment

To better understand the interplay between the damping and compliance matrices, and
how this relationship facilitates energy dissipation, we simplify the system using the
Elongation Rod model, derived from the damped intrinsic beam model. This 1D setup
reduces the complexity by locking all degrees of freedom except for the linear velocity
and strains along the rod’s length. Both the applied forces and resulting velocities are
constrained to this direction, eliminating angular components by assuming no initial twist,
angular velocities, or moments. The resulting linear system provides a clearer framework
for studying the effects of varying coefficients in a controlled setting.
The force and velocity vectors are defined as:

f = [fl,O,O]T, v = [’Ul,O,O]T.

Under these assumptions, 10 of the 12 damped intrinsic beam equations from Problem
become trivial, leaving us with a two-equation system of the form:

M0 Ui,l 0 =1} fuia / 0 —1]7o0 '_
[O C} [UZJ * [—1 0 ] |:UQ’1:| + {_1 0 } [7;1] = 0y, (4.6)
o =i (4.7)

where M, C, and C; are the [1,1] components of the 6 x 6 matrices M, C, and C,,
respectively.

This reduced system exhibits a structure reminiscent of advection-diffusion equations
or damped wave equations. The skew-symmetric coupling matrix and block-diagonal dif-
ferential operators suggest directional propagation and intrinsic coupling between compo-
nents. This structure is similar to canonical wave or transport phenomena, where energy
or information propagates in a coupled and dissipative manner.

One approach to validating the numerical results of the Trixi.jl simulations is to
compare them with steady-state solutions. In steady-state conditions, all time derivatives
vanish, and as a result, the auxiliary variable becomes zero. This means that the station-
ary solutions of the undamped system are also valid solutions for the damped system,
and vice versa. In dynamic simulations, damping dissipates energy and drives the system
toward stability, allowing it to reach a steady state from a non-stationary dynamic state
in finite time, unlike undamped systems
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Numerical Simulation Setup

In this experiment, the beam starts at rest in a straight horizontal position. A linear
acceleration is applied at the left end in the x;-direction for the first 2 seconds, followed
by a constant velocity. The right end of the beam remains free throughout.

The left boundary condition is implemented as described in Equation , where
u?, is a time-dependent function. Specifically, the first component of u?,, representing
the linear velocity vy, increases linearly until ¢ = 2 seconds and then remains constant.
All other components of uf, are set to zero. The right boundary is modeled as a free
end, with zero forces and moments, as specified in Equation . The experiment was
initialized with a damping coefficient of C; = 0.75 and the following parameter values:

Parameter Value
12 2.0
k 3
N, 8
T 50.0
CFL 0.01

IC(m=1,...,6) 0
IC(m=7,...,12) 0

k(.CC) 03
Mext (ZE, t) 03
fext(xy t) 03
M 1.0

C 1.0

Table 4.6: Parameter values for the elongation rod experiment.

Remark 4.3. While the theoretical energy stability analysis in Chapter [3] addresses only
zero boundary conditions, our numerical experiments suggest that stability can be main-
tained for certain non-zero boundary conditions as well. However, this observation is
limited to the specific test cases presented here and should not be interpreted as a gen-
eral proof of stability for arbitrary non-zero boundary conditions.

To better visualize the movement and deformation of the beam, we will generate plots
of the beam line over time. The beam will be color-coded, with a gradient transitioning
from blue at the start of the interval to red at the end, representing the evolution of the
beam over time. The system’s response is analyzed in two phases: the acceleration phase
and the constant velocity phase.

Acceleration phase

During the initial acceleration phase, a distinct signal propagation pattern emerges as the
left end of the beam accelerates to the right. Initially, the left end compresses while the
right end remains stationary, as shown in Figure The magnitude of the compression
and delay in motion at the right end depend on the relative magnitudes of the damping
coefficient C; and the compliance coefficient C'. A lower damping coefficient relative
to compliance leads to greater compression and a longer delay, while a higher damping
coefficient reduces compression. As the signal propagates, the right end begins moving
in the direction of acceleration, with the system’s energy continually increasing.
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Figure 4.8. Beam line plots during acceleration in the elongation rod experiment.

Constant Velocity Phase

After t = 2 seconds, the beam, subjected to constant velocity at its left end, undergoes a
dynamic deformation process. Initially, the beam compresses due to the sudden change
in motion, then progressively recovers its original length. This recovery phase is char-
acterized by oscillations around the equilibrium length, with the amplitude gradually
decaying as the system stabilizes. Notably, the equilibrium length corresponds to the
initial length of the beam, as expected for a beam exposed to constant linear motion
without any external forces acting to alter its length.

The transient dynamics reveal a complex mechanical response characterized by energy
redistribution and stabilization. Figure [4.12a] captures the beam’s length evolution over
time, while Figure[4.11a]illustrates the corresponding energy trajectory. During the initial
acceleration phase, the beam’s energy increases, reaching a peak before transitioning into
oscillations that gradually decay, with the energy converging to a steady-state value
consistent with the system’s equilibrium configuration.
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Figure 4.9. Beam line plots during constant velocity in the elongation rod experiment.
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Figure 4.10. Beam line plots during steady state in the elongation rod experiment.

Comparison with Undamped System

In the absence of damping, our system reduces to a linear advection equation, as derived
in Section [2.5.3. Figure illustrates the undamped case, characterized by sustained
oscillations about the beam’s equilibrium energy with persistent osculations. This be-
havior fundamentally differs from the damped system, where energy dissipation drives
the beam toward a stable equilibrium state. The undamped configuration demonstrates
the system’s inherent wave-like propagation without energy attenuation, highlighting the
critical role of damping in mechanical energy dissipation and system stabilization.
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Figure 4.11. Total discrete energy comparison for damped and undamped beams in
the elongation rod experiment.

Analysis of Damping Coefficients

The simplicity of the 1-D model facilitates a focused investigation of the influence of the
damping-to-compliance ratio on energy dissipation. To quantify this effect, we conducted
elongation rod experiments with damping coefficients ranging from 0.05 < C. < 1.5, while
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Figure 4.12. Evolution of beam length over time for the damped and undamped
beams in the elongation rod experiment.

keeping all other parameters constant (see Table [4.6). The energy dissipation for each
case was analyzed using an exponential decay model:

E(t) = Ae™ + ¢, (4.8)

where A represents the initial amplitude, v the decay rate, and ¢ the steady-state
energy. The parameters were determined using a least-squares fitting method. Initial
values were based on the simulation data: A from the maximum energy peaks, ¢ from
the minimum energy peaks, and 7 set to 0.1. This approach ensured convergence to
physically meaningful parameters across all damping coefficients.

The analysis shown in Figure reveals several trends: the decay rate 7 increases
approximately linearly with the damping coefficient C, showing a direct relationship be-
tween damping and the rate of energy dissipation. As the damping coefficient increases,
the half-life ¢, ;» decreases inversely proportionally with C, signifying that stronger damp-
ing accelerates the system’s stabilization. Additionally, the initial amplitude A increases
linearly with C, suggesting that higher damping enhances the initial energy dissipation
effect.

These results highlight the critical role of damping in the system’s temporal behavior.
The linear relationship between v and C; demonstrates the effectiveness of damping in
driving exponential decay, while the inverse relationship between half-life and damping
coefficient shows how increased damping accelerates the transition to equilibrium. Fur-
thermore, the increase in initial amplitude A suggests that higher damping coefficients
lead to greater initial resistance, amplifying the transient energy dissipation phase. This
phenomenon warrants further exploration to understand its impact on dynamic load dis-
tribution in real-world beam structures.

While an exhaustive comparison of different damped beam models is beyond the scope
of this work, our analysis provides valuable insights into selecting appropriate damping
coefficients, which can be experimentally determined, for example, through vibration
experiments that yield characteristics like the half-life. This offers a potential guide for
choosing suitable damping coefficients for practical beam structures in future studies.
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Figure 4.13. Plot of parameters of exponential model vs damping coefficients.

4.3.2 Rotational Beam Experiment

The analysis of a beam rotating at constant angular velocity around a fixed connection
point provides valuable insights into the system’s dynamic behavior. This configuration
serves as an ideal test case for validating our numerical implementation while offering
practical relevance to applications such as helicopter rotor blade dynamics.

Our investigation proceeds in two stages. First, we derive and solve analytically a
reduced steady-state system for the rotating beam. This simplified model, while retaining
the essential coupling mechanisms and nonlinearities of the full system, proves more
tractable than the complete damped intrinsic beam model. Second, we demonstrate how
numerical solutions obtained through Trixi.jl simulations converge to this analytical
steady-state from arbitrary initial conditions. This approach establishes a framework
for studying the relationship between rotation, deformation, and energy dissipation in
beam dynamics. The reduced system preserves the key physical interactions, providing a
foundation for future investigations into the damping matrix’s effect on energy dissipation
while maintaining physical relevance and enabling rigorous mathematical analysis.

Setup of the Rotational Beam

Consider a beam of length ¢, fixed at x = 0 with rotational freedom about the x —3-axis at
the connection point, and free at x = . For the steady-state solution, the beam reaches
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a state where it is undeformed except for elongation. We expect non-zero components
only for the first component of the force f;, the second component of the linear velocity
(v2), and the third component of the angular velocity (w3). All other components are
zero, as follows:

Inserting this assumption and using the property of the steady-state solution w = 0
into the damped intrinsic beam model defined in Problem [2.12] we obtain the reduced
system of equations describing the steady-state behavior.

nY 0 —Myws 0] [A] [0
V2 = —C11W3 0 0 Vo | + |ws| . (49)
w3 0 0 0 0 0

The boundary conditions for the steady-state system are specified as follows: at the
connecting point (r = 0), v2(0) = 0, w3(0) = Wier, and at the free end (z = {),
fi(¢) = 0.

Analytical Solution

This linear system has an analytical solution, with the steady-state given by:

Usteady = | 0 kfBsin(az) 0 0 0 wy kcos(owc)—c%l 0000 O}T

where:

C
o = W3/ My, Cyy, B = 1

)
M,

and the constant k is defined as:

-1
k= (Cn COS(wcrit\/ M22C11£)> .

This steady-state solution provides key insights into the system’s behavior, particu-
larly in relation to the beam’s elongation and angular velocity. A critical observation
is that as w3/ MsyC11l approaches /2, the value of k theoretically becomes infinitely
large. This mathematical behavior establishes a natural limit for the rotational speed,
which is characterized by the speed of sound in the medium 1/4/ M3, Cy; and the beam’s
length ¢. Operating at or beyond this limit would result in unstable and physically un-
realistic solutions. The angular velocity at this natural limit will be referred to as weys-
Therefore, our analysis focuses on rotational velocities where wjs is significantly less than
this critical value.

Remark 4.4. Based on our definition of the mass matrix in Definition (2.1) and the
compliance matrix in Definition ([2.2]), we observe that:

1 B 1 _|E
vV MCiy \/apﬁ P

This expression, corresponding to the speed of sound [47], naturally emerges in our anal-
ysis. The critical angular velocity wei occurs when the rotating beam’s tip speed we,iif
approaches the speed of elastic wave propagation. Beyond this point, centrifugal forces
exceed the material’s capacity for elastic wave transmission, leading to structural insta-
bility.
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Numerical Simulation Setup

In this numerical simulation, rather than starting at the steady-state configuration, we
begin with the beam at rest, initially straight, with the left end fixed with rotational
freedom and the right end free to move. The system accelerates linearly for 1 second
until it reaches the terminal velocity wie, at which point it maintains a constant angular
velocity. We ensure that wi, < weait, S0 the system reaches a stable, elongated state
without numerical instability or unphysical behavior.

The left boundary condition is implemented as described in Equation , where
u?, is a time-dependent function. Specifically, the last component of u?,, representing
the angular velocity ws, increases linearly until £ = 1 seconds till it reaches wie, and then
remains constant. All other components of u{, are set to zero. The right boundary is
modeled as a free end, with all scaled linear and angular strains set to zero, as specified
in Equation (3.13]). The system’s response is analyzed in two phases: the acceleration
phase and the constant velocity phase.

The compliance, mass, and damping matrices used to obtain these results are as
follows:

C = diag (107%,107°,107%, 500, 500, 500) ,
M = diag (1.0, 1.0,1.0,20.0,10.0, 10.0)
C, = diag (107°,107°,107%, 10, 10, 10) .

These mass and compliance matrices are based on the parameters from [38, [71], which
were used to simulate a flying flexible beam. However, in our experimental setup, which
requires a slightly stiffer beam for a more accurate representation of the results, we
modified the compliance matrix in accordance with the adjustments outlined in [3§].

For this experiment we choose a terminal velocity of wi, = 8.5199 while for these
choice of matrices the critical value of velocity is weiy = 39.2699 . The experimental
setup is characterized by the parameters defined in Table [.7}

Parameter Value
14 4.0
k 3
N, 8
T 15.0
CFL 0.01

IC(m=1,...,6) 0
IC(m=7,...,12) 0

k(l’) 03
Mext (*Ta t) 03
fext(xv t) 03

Table 4.7: Parameter values for the rotational beam experiment.

To gain a deeper understanding of the results, we will visualize the beam line from two
different perspectives. The plots for various phases of motion, including acceleration and
constant velocity, are shown in Figures[4.14] [4.15 and [£.16] In these plots, the left column
presents the beam from a rotating perspective, rotating at the same angular velocity as
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the beam itself. In contrast, the right column displays the beam from a fixed perspective.
The rotating perspective allows us to observe the beam’s deflection relative to its base
and equilibrium position (horizontal), while the fixed perspective illustrates the beam’s
rotation about the x5 axis.

The color gradient in the beam deformation plots indicates the passage of time, with
blue representing the beginning of the interval and red indicating the end.

Acceleration Phase

The results during the acceleration phase are visualized in Figure[£.14] During this phase,
the free end of the flexible beam lags behind the fixed end due to the beam’s inertia as
the angular velocity increases. This lag results in progressive bending of the beam, with
its deflection increasing continuously throughout the acceleration phase and reaching its
maximum at ¢ = 1. The corresponding energy dynamics are shown in Figure [£.18a] where
the energy of the beam increases monotonically with time.

As the beam bends, its deformation becomes increasingly pronounced, and the energy
plot highlights this growing trend. Notably, the first 16 inflection points on the energy
curve, as highlighted in Figure [1.18a], mark critical transitions where the curvature of the
energy curve changes. These inflection points correspond to moments where the direction
of the beam’s oscillation relative to its equilibrium position shifts. Importantly, during the
acceleration phase, the beam consistently lags behind without overshooting or crossing
its equilibrium position, reflecting the dominance of inertial effects over restorative forces.
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Figure 4.14. Beam deformation during acceleration in the rotational beam

experiment. Left: Rotating perspective (aligned with the beam’s angular velocity)
showing deflection relative to the base. Right: Fixed perspective showing rotation
about the x3 axis. Color gradient indicates time progression (blue=start, red=end).

Constant Velocity Phase

When the beam reaches the terminal angular velocity at ¢ = 1 second, the system transi-
tions into a steady rotation phase characterized by a distinct physical evolution. Initially
curved, the beam gradually straightens as centrifugal forces dominate over bending mo-
ments, ultimately achieving a purely radial orientation relative to the rotation axis. This
transition, illustrated in Figure [£.15] and [£.16] involves damped oscillations around the
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Figure 4.15. Beam deformation during constant velocity phase showing three time
intervals. Left column: Rotating perspective (aligned with beam’s angular velocity)
showing deflection relative to base. Right column: Fixed perspective showing rotation
about x5 axis. Color gradient indicates time progression (blue=start, red=end).
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equilibrium state. The evolution of the beam’s length over time, shown in Figure [£.17]
further highlights this process, capturing the transient elongation and stabilization into
the final steady-state configuration.

The beam’s behavior during this phase reflects a dynamic balance between centrifugal
and elastic forces, with the damping mechanism effectively dissipating energy to prevent
sustained oscillations. The rate of stabilization can be modulated by adjusting the relative
magnitudes of the damping and compliance matrices, as demonstrated in Figure
where doubling the damping matrix (2C, ) accelerates the approach to equilibrium.

5.0
2 L
—t=35.0
A 25 —t=3514
—t=3527
—t=2354
- - —t=13553
5 0 5 00 —t =35.66
t=3579
| t = 35.93
s t = 36.06
: t=36.19
2t
-5.0
0 1 2 3 4 5 -5.0 -2.5 0.0 2.5 5.0
Ty Ty

Figure 4.16. Beam deformation during steady state in the rotational beam
experiment. Left: Rotating perspective (aligned with beam’s angular velocity) showing
deflection relative to base. Right: Fixed perspective showing rotation about 3 axis.
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Figure 4.17. Evolution of beam length over time for the rotational beam experiment.

Comparison with Undamped System

For comparison, we also simulate the beam’s behavior without damping, as shown in
Figure [4.18b] In this undamped case, the beam exhibits persistent oscillations about its
equilibrium position. This behavior contrasts sharply with the damped system, where
energy is progressively dissipated and the beam stabilizes after a finite time.

The contrasting behavior of the damped and undamped systems illustrates the signif-
icant impact of damping on beam dynamics, highlighting its role in stabilizing the beam
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and dissipating energy, ultimately leading to a steady state. These results demonstrate
the effectiveness of the proposed numerical scheme in capturing the essential physical
phenomena and its potential for simulating more complex beam dynamics.

Steady-State Initialization

In this experiment, we initialize the beam in its final stable state—fully elongated, with-
out bending, and with a constant angular velocity—by setting the steady-state solution
Usteady as the initial condition. As shown in Figure , the beam remains straight and
elongated throughout the simulation, with the energy plot indicating a constant profile,
confirming the system has reached a steady state.

The system remains unchanged over time, confirming that our assumptions were cor-
rect and the steady-state solution was accurately derived. The beam behaves as a stable
system from the outset, consistent with the steady-state configuration.
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the rotational beam experiment: (a) beam with prescribed damping, (b) beam without
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Conclusion and Insights

The rotational beam experiment highlights the interplay between inertia, angular veloc-
ity, and damping in beam stabilization. As angular acceleration is applied, the free end
lags behind the driven base due to inertial resistance, resulting in transient deformation
with increasing curvature opposite to the rotation. In the constant velocity phase, damp-
ing effectively dissipates energy, driving the system toward stability, as opposed to the
perpetual oscillations seen in the undamped case.

The steady-state initialization further validates the numerical scheme, as the solution
remains constant with no variation. This also provides a benchmark for assessing the
solution, showing how the system, even when started from rest and accelerated to a
steady velocity, reaches the same energy level after oscillating and dissipating energy. The
time required for stabilization is influenced by the damping matrix, with higher damping
resulting in faster stabilization. These findings underline the critical role of damping in
dynamic systems and showcase the numerical scheme’s potential for accurately modeling
energy dissipation and stability in complex beam dynamics.

A detailed analysis similar to the elongation rod experiment (Section {4.3.1) to un-
derstand the relationship between damping matrix values and energy behavior could be
applied here. However, the increased dimensionality of this system and the presence of
significant non-linearities substantially complicates the interpretation. This investiga-
tion lies outside the scope of this thesis and presents an interesting direction for future
research.

4.3.3 Handling Discontinuities in the Damped Intrinsic Beam
Model

A significant strength of the DG method lies in its robustness, as highlighted by Cockburn
and Shu [25], and its capability to effectively handle discontinuities or sharp transitions
in state variables [43], [56]. While real-world rotor blades in normal flight typically exhibit
strong gradients rather than true discontinuities, such scenarios often arise in simulations.
For example, numerical methods may need to start with abrupt initial conditions or
unphysical boundary conditions during optimization loops. Robust numerical schemes
that can dissipate these artifacts are crucial for enabling efficient and reliable simulations
of rotor blade dynamics.

In this study, we evaluate the performance of the DG method in handling discontinu-
ous initial conditions in a clamped-free beam configuration, a standard model for flexible
structures such as rotor blades. Here, the beam is fixed at one end (x = 0) and free at the
other (x = £). A sharp discontinuity is introduced in the first component of the scaled
strain vector, wo, which corresponds to the linear strain in the z; direction. The initial
conditions are defined as:

3000.0, if 0.5 < x < 0.75,

) (4.10)
0.0, otherwise,

(ug)1(z,0) = {

with all other components initialized to zero:
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This setup introduces a localized strain discontinuity, mimicking abrupt changes that
might arise in simulations due to imperfections, sudden load shifts, or initialization far
from a steady-state solution. While such transitions are not expected during normal rotor
blade operation, the ability of the DG method to dissipate unphysical conditions is critical
for practical applications. For instance, in rotor blade optimization, one often begins
with arbitrary or imprecise initial conditions (e.g., zeros) and relies on the simulation’s
robustness to adjust and converge to a physically meaningful solution efficiently. Without
this capability, optimization processes would become computationally infeasible or prone
to instability.

For this experiment we use these parameter values:

Parameter Value
14 1.0
k 3
N, 8
T 10.0
CFL 0.01
IC(m=1,...,6) 0
IC(m =7) Eq. (4.10]
IC(m =38,...,12) 0
k(ﬂ?) 03
mext(x7 t) 03
fext(xy t) 03

Table 4.8: Parameter values for the discontinuity handling experiment.

We retain the same matrices as in [4.3.2], but modify the damping matrix to achieve
quicker stabilization while maintaining physical relevance, as shown below:

C, =2 x diag (107%,107°,107%, 10, 10, 10) . (4.11)

We conduct this experiment with zero boundary conditions at both the left and right
boundaries, as defined in Equation and Equation (3.13)).

To interpret the results, we visualize the beam line and plot the strain curve. The
strain curves and beam line for various time intervals are shown in Figures and [4.20]
On the right, the beam line is shown in the x;-plane, as strain is applied solely in the x;
direction, leaving other strain components unchanged. On the left, the strain curves are
displayed. The color gradient transitions from blue (initial) to red (final), representing
the passage of time.

Simulation Results and Stabilization

The simulation begins with the beam in an elongated position, exhibiting a strain discon-
tinuity (1) as shown in . Over time, the strain discontinuity dissipates due to the
damping mechanism, transitioning the beam to a smoother configuration. As the beam
oscillates around its stable configuration, its length fluctuates before gradually settling,
as depicted in [£.21H] The strain curve flattens, smoothing the initial discontinuity and
ensuring stable behavior.
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Figure 4.19. Visualization of beam deformation and strain plots across different time

intervals. Left: Strain curves depicting the change in strain over time Right: Beam
line in the z;-plane.

Plots of energy and strain (4.21a) [4.19, and [4.20) confirm the system’s robustness.

Despite the abrupt initial conditions, the DG method dissipates unphysical discontinuities
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Figure 4.20. Visualization of beam deformation and strain plots across different time
intervals. Left: Strain curves depicting the change in strain over time Right: Beam

line in the x;-plane.

effectively, enabling the beam to stabilize. While this comes at the cost of numerical
dissipation, it ensures reliable and realistic simulation outcomes.
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This robustness is critical for practical applications, such as rotor blade optimization.
In many cases, starting from precise initial conditions or simulating the entire process to a
steady state (e.g., 20 m/s forward flight) would be computationally prohibitive. Instead,
robust numerical schemes allow simulations to begin far from the desired state and con-
verge efficiently, ensuring smooth, physically meaningful results even under challenging
initial conditions.
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Figure 4.21. (a) Total discrete energy of the system versus time, showing energy
dissipation; (b) Variation of beam length over time, illustrating oscillations and
stabilization.
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Chapter 5

Conclusion and Outlook

In the following two subsections, we summarize the key findings of this thesis and propose
directions for future work. The conclusion synthesizes the results, while the outlook
outlines further investigations.

5.1 Conclusion

The primary objective of this thesis was to derive an energy-stable DG approach for
the spatial discretization of the damped intrinsic beam model. To lay the groundwork,
we first introduced the undamped intrinsic beam model and its constitutive laws. The
Kelvin-Voigt damping model was then integrated into the intrinsic beam framework,
yielding the damped intrinsic beam model. Up to this point, the approach was based on
the derivations presented in [5].

To advance the state of the art, we introduced an auxiliary variable and reformulated
the system into a mixed formulation, transforming the problem into a set of first-order
equations. This reformulation, a key contribution of this thesis, demonstrated that the
system contains both advective and diffusive components—an aspect not previously ex-
plored in the literature. This highlights the novelty and originality of the approach
presented in this work.

An important challenge was defining boundary conditions that yield a mathematically
well-posed problem. By examining the characteristic variable formulation, we established
appropriate boundary conditions and an initial condition for the system, which were
tailored to model a clamped free beam. This formulation led to the construction of an
initial boundary value problem (IBVP), which was analyzed with respect to energy.

We first derived a weak formulation for the IBVP and then established energy stability
under certain assumptions, including bounded external forces and moments, as well as
zero external boundary data. In the presence of damping, the total mechanical energy of
the beam decreases over time.

Following continuous analysis, we applied the DG methods to discretize the IBVP
spatially. This involved defining stable numerical fluxes and incorporating boundary
conditions into the discretization. The local semi-discrete formulation was established,
followed by the definition of discrete spaces for both primary and auxiliary unknowns,
leading to a global semi-discrete formulation. Energy stability was proven for both up-
wind and central advective fluxes, and bounds for external forces and moments were
established, analogous to the continuous case. This demonstrated that the DG approach
is indeed energy stable.
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The theoretical results were validated by implementing the proposed discretization
scheme within the numerical simulation framework, Trixi.jl. Due to the nonlinear
and coupled nature of the problem, determining an optimal convergence rate through
direct mathematical analysis proved challenging. Instead, we evaluated the convergence
behavior using the method of manufactured solutions. The results revealed that the
central advective flux achieved a convergence rate of k for odd polynomial degrees and
k + 1 for even degrees. In contrast, the upwind advective flux consistently produced a
convergence rate of £ + 1 across all polynomial degrees, with slight deviations observed
for the first six components at polynomial degree k = 3.

Various practical experiments were conducted to study the dissipative and stabiliza-
tion effects of the scheme. Overall, the DG discretization for the damped intrinsic beam
model demonstrated excellent numerical results, with convergence tests confirming the
stability and accuracy of the approach.

5.2 Outlook

While the DG approach has been shown to be effective for the discretization of the
damped intrinsic beam model, further work is necessary to extend the implementation
to handle mass, compliance, and damping matrices that exhibit jumps and discontinu-
ities. Preliminary investigations into this were conducted but could not be included in
the current thesis. Future research should explore how these discontinuities influence
the experimental order of convergence and the accuracy of the method, particularly for
configurations with composite materials.

Rotor blades, which are typically made of composite materials, exhibit heterogeneous
material properties (e.g., stiffness, density, and damping) across different layers. These
variations often arise from changes in fiber orientation, interface properties, or manu-
facturing imperfections [55] . While these material transitions generally lead to smooth
variations (kinks) in the mass, compliance, and damping matrices, significant jumps or
discontinuities can occur in cases where the cross-sectional geometry changes. Extending
the model to accurately handle both non-smooth transitions and gradual variations is
crucial for ensuring the robustness and applicability of the DG approach in real-world ro-
tor blade simulations. The inherent flexibility of DG methods, which can accommodate
both discontinuities at interfaces and smooth variations within elements, makes them
particularly suitable for simulating these material transitions.

Another avenue for future research is the generalization of energy stability to non-
zero external boundary data. This extension would be particularly valuable in the context
of helicopter rotor blades, which are subjected to dynamic external forces due to their
motion in space. Several numerical experiments in this thesis have already demonstrated
stable behavior even for non-zero boundary data, suggesting that a rigorous theoretical
investigation could be worthwhile. Exploring whether energy stability can be formally
established in both the continuous and discrete contexts could provide deeper insights.
If such a generalization proves unfeasible, future work might focus on determining the
conditions under which energy stability cannot be achieved with non-zero external data.
Such an investigation could yield important theoretical results that further refine the DG
approach for practical applications.

Further investigations should also focus on the validation of the proposed framework.
Comparing the results against experimental data, other 1D models, and 3D FEM simu-
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lations would provide a comprehensive assessment of the method’s accuracy and appli-
cability. Such validation is essential for establishing confidence in the model’s predictive
capabilities, particularly for complex structures like rotor blades.

Additionally, the concept of "locking" degrees of freedom, such as elongation, could be
explored to reduce simulation time. For rotor blades, certain degrees of freedom may have
negligible effects on the overall dynamics, and neglecting them could lead to significant
computational savings without compromising accuracy. Investigating the feasibility and
impact of such simplifications would be a valuable contribution to the field.
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Appendix A
Additional Proofs

A.1 Key Properties of the Linear Operators £; and £,

In this section we will derive some useful properties of the linear operators £; and L.

Let a = {al} and b = [El}, where a;, as, by, and b, € R3:
2

as

A.1.1 Relation Between £{ and L,

The operators satisfy the following skew-symmetric relation:
TrTiay _ [WT w7l |—22 —&
b'L{(a)=[b{ bj] L)SXB _52}
— [~bJa, —bJa —bJay)

(Using the skew symmetric property of the cross product operator from (i)

. . . Al
= [a;bl alTbl + agbg] ( )
O3¢5 by
= [a; a;} |: E)>1< 62:|
=a' Ly(b),
A.1.2 Transposed Operator Property
The transposed operator exhibits the following behavior:
T _[-a —a] [by
Lilab=1o,, —@]hJ
. -—égbl — é_lbg
| —aghy
_ -Bla%‘F boay (A.2)
L boay
“Jor, B
103x3 ba] [a2
= L] (b)a.
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A.1.3 Relation Between £; and £,
The operators are related through the following identity:

La(a)b — |0 "ﬂ {bl]

| A1 az| | b2
. [ a;by

~ |aib; 4 azby

[ B —]E~)281~ (A.3)
__blal — bsay

_ _—l:)z O3x3| |a1
_—b1 —b2 ag

= —El (b)a

A.2 Derivation of Problem

To derive the final equation for the model, we begin with the Damped Nonlinear Intrinsic
Beam Equations as stated in Problem 2.6}

M’L'l,l — ('LLQ + CTug),—E (’LLQ + CTﬂ2)+£1 (ul)Mul ‘|—£2 (’U,Q + CTﬂg) C’U,Q = fe, (A4)

C’l:llg — Ull + ET'U,l — ,ClT('u,l)C'u,Q = 06' (A5)

Rearranging Equation (A.5) to isolate the time derivative on the left-hand side, we
obtain
’1:1,2 = Cfl(u’l — ETul + £1T<'U,1)C’UI2> (AG)

Substituting Equation (A.6) into Equation (A.4)) yields:
M, — vy — H(u), — E"uy + L] (u;)Cuy) — Eu,
— EH(’U,II — ET’U,1 + £I<U1)CUQ) + El(ul)Mul
+ £2 (’U,Q) C’U,Q + ﬁg (H(’U,ll — ET’U,l + ﬁ?(ul)c’u,g)) C’U,Q = fe~ (A?)

Using the identity from Equation (A.2)) we can see that £ (u;)Cus = —L] (Cuy)u,
applying it to Equation ({A.7)) while utilizing the product rule, we obtain:

M, — vy, — H(u] —E"u| + L] (u))Culy — L] (Cuy)u)) — Euy
—EH(u|, —E"u; + L] (u)Cus) + L (u) Mu,
+ ,CQ(H(’U,,I))C'U,Q + £2 (H(—ET’U,l + ,ClT('u,l)C'u,g)) C’U,Q = fe- (AS)
Applying the identity from Equation (A.3)), Lo(Hwu))Cuy = —L; (Cuy) Hu), we
obtain:
M, — u)y — Hu — H(—E" v, + L] (u;)Cu), — L] (Cus)u)) — Eus,
—~EH (v}, —E"u; + L] (u)Cuy) + Ly (u)) Mu; + L5 (uy) Cug
- El (C’LLQ) HU/1 + £2 (H(—ETul + EI(Ul)CUQ)) C’LL2 = fe (Ag)

Now grouping all the terms based on the derivative order we obtain:
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Mu, — Hu| + (HE" + L] (Cuy)) — £, (Cuy) H — EH)u)
— (HL] (u)C + Igxs)uy + (EHET + Ly (uy) M)u,y
—(E+EHL{ (u1)C — L3 (u2) C + Ly (H(—E ' uy + £ (u)Cus)) Clu, = f.
(A.10)

Now using the definition of the matrices and vectors from Equation (2.11)), we can rep-
resent the equation (A.10]) and (A.5) as:

I'a = H 0 v + Gu)u' + S(u)u + fe : (A.11)
0 0 O6><6
The matrices G and S are defined as:
L1(Cuy)H + EH T
G(u)= | —H(ET + £] (Cu,)) Toxo + HLy (w)C
L Isxo O6x6
[ E—I—EH,CT(ul)C—ﬁg(uz)C
_ T T 1
Sy = | PR A IME e (B (BT, + £] (u)Cu))C
L —:ET EI(Ul)C

A.3 Computation of Auxiliary Terms for the Advective
Flux

In this section, we derive the terms associated with the advective numerical flux described
in Section and prove its symmetric positive definite nature. The derivation follows
these steps:

1. Compute the matrices AT and A~.
2. Evaluate the products 'A™ and TA~.

3. Compute the matrix T'|A|.

A.3.1 Preliminary Definitions

First, we recall the definitions of the relevant matrices:

CI/QXT CI/QXT . 1 Xc—l/Q AXCI/2
T = _C_1/2XTA_1 —C_1/2XTA_1:| ) T = 5 Xc—l/Q —AXCI/Q
[ M 06><6 06><6 I6><6
F = H = —
06><6 C :| ’ |:Iﬁ><6 06><6:|
_ —A 06><6 + 06><6 06><6
A. - 5 A_ —
|:06><6 06><6:| Osxs A
A= |:06><§j M_1:| ’ W — C_l/QM_IC_l/Q-
C O6x6
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A.3.2 Properties of Matrix ¥

The matrix W is positive definite and can be diagonalized by the orthogonal matrix X
(cf. section 2.4.2):
T =XTAX
We can show that:
T2 = xTAX

This follows from:
22 = YTAXXTAXY = XA’ X =0
The inverses of ¥ and ¥'/? are given by:

‘I’_l _ Cl/QMcl/Q
TP =xTATY

An important identity that will be used in subsequent computations is:

MCY2 — -2l 2prCl/2 — o V2g-! (A.12)

A.3.3 Computation of A" and A~

The matrices AT and A~ as defined in section 3.3 are

At = TA+T_1,
A" =TA T
Computation of A*
At — c\2xT c2xT O6x6 Oexs T-1
- Cfl/Q‘XTAfl _Cfl/2xTAfl 06><6 A
_ 106 CY2XTA] [XCV2 AXCY?
T2 |0gxg —CTV2XT| |XCTY2 —AXCY?
1 _Cl/QXTAXC_l/Q —Cl/zXTA2Xcl/2
= 5 —C_1/2XTXC_1/2 C_1/2XTAX01/2
1 [Cl2gl/2g-1/2 M1
= 5 _C-! C-1/2gl/2Q1/2
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Computation of A~

A+

= C12xTAL

Cl/QXT

cl2xT —A  Ogys
—C2XTAY 066 Opxe

_1[=C2XTA Ogeg] [XCTH2 AXCY? ]

= 5 _—C_1/2XT 06><6 XC_1/2 _AXCI/Q_
1 '_Cl/QXTAXc—l/Q —Cl/QXTAQXcl/Q-

= 5 _C—l/ZXTXc—l/Z —C_l/zXTAXCl/Q
1 [—Cl2gl/2g-1/2 M-

= 9 _C! _01/2‘1,1/201/2}

We can verify that A = AT + A~.

A.3.4 Computation of ’'A'T and TA~

Computation of TA™

FA* — M 066 1 Cl/2\I,1/2071/2 —M1
“los €2 -t cewiece
1 _MC1/2\I/1/2C_1/2 MM
= 5 glont Cl/2\111/2cl/2:|
B 1 'C—1/2\11—1/20—1/2 _16><6
- 9 _I6><6 01/2‘;[’1/201/2

Here the last step was derived using the identity (A.12))

Computation of TTA~

FA- — M 066 1 —01/2\1’1/20_1/2 M1
- [06x¢ C 2 —-C! —C12gl/2gl/?
1 -—MC1/2\I/1/2C_1/2 MM
— 9 _cc-! —CI/Q\PI/2C1/2}
B 1 '_C—1/2\I,—1/QC—1/2 _IG><6
9 . —_Cl/2gl/2cl/2

Here as well the final step was derived using the identity (A.12)
We can verify that TAT +TA- =TA =11
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A.3.5 Computation of the Matrix I'|A|

We begin by expressing |A| in terms of its eigendecomposition:
|A| := T|A|T!

This can be rewritten as a sum of two components:

1
|A| = 3 (2T|A|T™' + T|A|T™! — T|A|TY)
1 1
= 5(A+]A]) = S (A~ |A])
- A+ + A_

Consequently, we have
[A|=TA" —-TA"~

Using the results derived in Section [A.3.4] we can express this explicitly as:

1 C_1/2\I’_1/2C_1/2 _16><6 1 _C—1/2\II—I/QC—1/2 _16><6
I‘|A| = ) B g Cl2gl/2cl/2| T 9 B g _Cl/2gl/2Cl/?

C-1/2y-1/2C-1/2 Op 6
= O Cl/2ygl/2Cl/2

Proposition A.1 The matrices C'/2WY2CY/2 gnd C~2W~12C~Y2 gre positive definite.
This helps us conclude that the

Proof. Since C*/2 and ¥*'/2 are positive definite, for any non-zero z € R%%6, we have:
ZTCil/Q\IIil/ZCil/QZ _ (Ci1/2Z>T‘I,il/2(Ci1/2Z) >0 (Al?))

Therefore T'|A| is also positive definite. O
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