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ABSTRACT

We propose a novel approach for modeling chemical reactions within the particle-based Fokker–Planck framework for gas flow simulations
which conserves mass, momentum, and energy while retaining the performance advantages of the Fokker–Planck approach over the Direct
Simulation Monte Carlo (DSMC) method in areas of high density. We show an application of the approach to recombination and exchange
reactions, discuss verification results, and demonstrate performance advantages when compared to DSMC for applications in low Knudsen
number regimes. The developed method can be applied to simulation of flows in the continuum and transitional regimes as well as to multi-
scale coupled Fokker–Planck-DSMC simulations.

VC 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial-
NoDerivs 4.0 International (CC BY-NC-ND) license (https://creativecommons.org/licenses/by-nc-nd/4.0/). https://doi.org/10.1063/5.0271908

I. INTRODUCTION

Flows encountered in aerospace applications, like atmospheric
entry or thruster plume expansion and interactions, can be described
by the well-known Boltzmann equation. A common approach to solve
it numerically is the Direct Simulation Monte Carlo (DSMC) method
pioneered by Bird.1 The method is very efficient for moderate to high
Knudsen numbers but becomes increasingly computationally intensive
when approaching the continuum limit, thus limiting its applicability
for simulation of multi-scale flows arising in many applications of
interest. Various approaches exist to overcome this issue. These
include coupling of Navier–Stokes type solvers to DSMC,2,3 the use of
other particle-based approaches to model the flow in near-continuum
regimes,4 or the use of micro-macro-decomposition.5,6 Unlike the cou-
pling of Navier–Stokes type solvers to DSMC,2,3 such particle-based
hybrid methods do not encounter problems on model interfaces as the
hybrid methods only rely on switching between different modeling of
the collisional processes. Problems with the treatment of boundary
conditions are also not present as those are identical between for the
particles regardless of the velocity update used [DSMC, Fokker–Planck
(FP), or Bhatnagar–Gross–Krook (BGK)].

Particle-based methods for flow modeling in the continuum
regime include particle-based discretizations7–9 of the Bhatnagar–
Gross–Krook (BGK) model10 and the kinetic Fokker–Planck (FP)
method.11 The latter, similar to DSMC, relies on simulated particles to

model the transport of mass, momentum, and energy through the flow
domain, but unlike DSMC does not resolve individual collisions,
replacing their effects by the drift and diffusion terms.

The hybrid FP/DSMC method provides a speedup of up to � 5
compared to pure DSMC simulations without notable loss of accuracy
even for complex simulation setups,12–15 which makes the approach a
powerful tool to investigate flows on a wide range of Kn numbers. In
the last few years, the FP model has been extended to describe
diatomic16,17 and polyatomic18–20 gases for single species as well as for
mixtures.21–23 However, the modeling of chemical reactions in the
kinetic FP method remains an open research topic.

In rarefied regimes, the distributions of the particles’ velocities
and internal energies can deviate from the equilibrium Maxwell–
Boltzmann statistics, which in turn can affect reaction rates, and needs
to be accounted for in flow simulations. First theoretical works in the
field considered the impact of non-equilibrium velocity distributions
on chemical reaction rates24–26 via the Chapman–Enskog method; this
impact was also observed in DSMC simulations.27 More recent results
for reacting flows with non-equilibrium velocity distributions include
the proof of the existence of a stable equilibrium solution of the
Boltzmann equation for reacting flows28 and development of moment-
based approaches.29 The approach based on the Chapman–Enskog
expansion has been also extended to polyatomic gas flows in thermal
equilibrium30 and non-equilibrium.31,32
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In the Direct Simulation Monte Carlo method, the most widely
used approach to simulation of chemical reactions remains the Total
Collision Energy (TCE) model,1,33 which aims to reproduce the
Arrhenius law in the equilibrium case. However, the model is not nec-
essarily valid outside of equilibrium; it also places restrictions on the
constant appearing in the Arrhenius law (thus, not every Arrhenius
curve fit can be represented in TCE) and the internal energies (which
are assumed to be continuous). Recent simulations coupling DSMC
and molecular dynamics simulations have confirmed the role of cou-
pling between internal energy relaxation and chemical reactions,34

thus highlighting the need for chemical reaction models that account
for non-equilibrium effects. Various models for chemical reactions in
DSMC have been developed that account for this coupling.9,35,36 In
addition, it is possible to use molecular dynamics simulations directly
within the DSMC method34 or directly incorporate quasi-classical tra-
jectory simulation data into DSMC.37 However, the standard TCE
model remains widely used owing to its simplicity and dependence on
a small set of parameters.

Another approach for near-equilibrium simulations is the
Bhatnagar–Gross–Krook (BGK) model10 that simplifies the
Boltzmann collision operator. The BGK model equation has been
adapted to particle simulations;9,38 however, the approaches to simula-
tion of chemically reacting flows based on the BGK equation have so
far been applied only to continuum flows.39–41 In addition, these mod-
els also assume continuously distributed internal energies and cannot
account for strong deviations from equilibrium,40 although they can be
coupled to DSMC simulations for flows with both near-equilibrium
and non-equilibrium regions.

In this paper, we propose a novel approach to modeling chemical
reactions for an arbitrary number of constituents via the cubic FP
method implemented in the SPARTA framework.42 The model con-
serves mass, energy, and momentum while retaining the performance
advantages in areas of low Kn numbers. It is verified by comparing
with continuum-based analytical and numerical solutions. The main
advantage of the presented approach is that our model can work with
arbitrary reaction rates. Those can be formulated in a such a way as to
consider the internal energy distribution of the reactants, therefore
providing better modeling of thermal non-equilibrium compared to
BGK-based approaches. Since the model is based on macroscopic reac-
tion rates, it is also more amenable to incorporation of reaction models
used in continuum approaches, as no microscopic cross sections need
to be derived. However, the first implemented of the model used in
this paper to showcase and verify the novel approach uses reaction
rates which are based on equilibrium assumption without loss of gen-
erality. The implementation and development of reaction rates consid-
ering internal energy modes is left for future work.

The paper is structured as follows: first, an overview of the
Fokker–Planck method is given. Its extension to chemically reacting
flows is then proposed. Comparisons to analytical and numerical solu-
tions are then presented for various testcases. Finally, an analysis of the
computational performance of the model in comparison to DSMC is
presented.

II. METHOD

This section is organized as follows. We begin by introducing the
fundamental concepts necessary for understanding the subsequent
developments. Next, we provide a brief overview of the kinetic Fokker–
Planck method and highlight the key challenges associated with

extending this framework to chemical reactions. We then present the
newly proposed chemistry algorithm, detailing its implementation and
its capability to conserve the lower-order moments of the velocity distri-
bution function. Finally, we demonstrate the application of the proposed
method to representative dissociation and exchange reactions.

A. Fundamentals

This section introduces key definitions and notations required for
the understanding of the remainder of the paper.

The velocity distribution function fpðx; vp; tÞ of a species p is
defined such that the integration over the phase space yields the num-
ber of particles of said species Np of that species within the integration
domain at time t,

Np ¼
ð1
�1

ð
fpðx; vp; tÞdxdvp: (1)

Hydrodynamic quantities of each species p are calculated based on
velocity moments M ðvpÞ of the distribution function, using the fol-
lowing general form:

hM ðvpÞjfpi ¼
ð1
�1

fpðx; vp; tÞM ðvpÞdvp: (2)

Using this definition, we can calculate the number density np and the
average species velocity up as

np ¼ h1jfpi; (3)

up ¼ 1
np

hvpjfpi: (4)

Furthermore, using the definition for thermal particle velocity cp,

cp ¼ vp � up; (5)

we can calculate further quantities of interest as follows:

np ¼ h1jfpi; (6)

up ¼ 1
np

hvpjfpi; (7)

Tp ¼
mp

3kBnp
hcpcpjfpi; (8)

pp;ij ¼ mphcp;icp;jjfpi; (9)

qp ¼ mphcpcp;jcp;jjfpi: (10)

Here,mp is the particle mass, Tp is the temperature, pp;ij is the pressure
tensor, and qp is the heat flux of species p, with kB being the
Boltzmann constant.

Mixture properties, denoted by ð•Þmix are calculated through
mass-weighted averaging

ð•Þmix ¼
1

qmix

X
p

ð•Þpqp; (11)

with qp ¼ mpnp is the mass density of species p, and the total mixture
density qmix is given by

qmix ¼
X
p

qp: (12)
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It is important to point out here that the calculation of the mixture
temperature Tmix leads to additional terms

Tmix ¼ 2
3kBnmix

X
p

3
2
kBnpTp þ 1

2
qpðup;d � up;dÞ

� �
; (13)

due to relative velocity up;d of the species p to the mixture velocity u
defined as

up;d ¼ up � u: (14)

The temperature of internal energy modes of each species is
defined through the definition of their energy. It is assumed that each
internal mode of species p has the energy

eint;p ¼ 1
2
kBTint;pnint;p; (15)

where Tint;p is the temperature of said mode and nint;p is the number of
degrees of freedom. In the present work, we neglect electronic excita-
tion, and consider only rotational and vibrational degrees of freedom.
The rotational degrees of freedom nrot;p are equal to 2 for linear mole-
cules and 3 otherwise, and nvib;p in the present work is defined based
on the infinite harmonic oscillator model with a Boltzmann distribu-
tion with vibrational temperature Tvib;p,

niðTvib;pÞ ¼
2hp=Tvib;p

expðhp=Tvib;pÞ � 1
; (16)

where hp is the characteristic vibrational temperature of molecular spe-
cies p. The vibrational energy of vibrational level j for a harmonic oscil-
lator is

evib;p;j ¼ jkBhp; (17)

and the overall vibrational energy is

evib;p ¼ hp
expðhp=Tvib;pÞ � 1

: (18)

Based on Eq. (18), the vibrational temperature can be computed from
energy as

Tvib;p ¼ hp
ln ð1=evib;pÞ þ 1

: (19)

It should be noted that such a definition of temperature holds only for
an equilibrium vibrational distribution and the infinite harmonic oscil-
lator model. The vibrational temperature of a gas mixture Tvib;mix is
defined as

Tvib;mix ¼
P

p NpTvib;pP
p Np

: (20)

B. Cubic Fokker–Planck method

We base our further discussion on the cubic formulation of the
Fokker–Planck method, which is covered in detail in the litera-
ture14,17,43 and thus will be only briefly summarized here. The imple-
mentation of chemistry requires additionally a formulation of
mixtures in the FP framework which was derived for hard sphere
(HS)21 as well as variable hard sphere (VHS)22 interaction potentials.

Even though the chemistry algorithm presented in the present work
was implemented using the cubic FP method, it can be applied to other
formulations, like the entropic FP44 as well.

The well-known Boltzmann equation describes the evolution of a
scalar distribution function f due to intermolecular collisions in rare-
fied flows

Df
Dt

¼ SBoltz; (21)

where t is time and SBoltz is the Boltzmann collision integral. One
approach to reduce the computational complexity of the integrodiffer-
ential Eq. (21) is to approximate SBoltz by a Fokker–Planck collision
operator,11 SFP,

SBoltz � SFP ¼ � @

@Vi
ðAif Þ þ 1

2
@2

@Vj@Vj
ðD2f Þ; (22)

where the drift coefficient Ai and the diffusion coefficient D of Eq. (22)
are model parameters chosen in such a way that production terms cal-
culated using the Boltzmann collision operator are reproduced in the
continuum limit. According to Itô’s lemma, Eq. (22) can be written as
a set of stochastic differential equations

dX
dt

¼ V; (23)

dV
dt

¼ Aþ D
dW
dt

þ F; (24)

with X denoting particle position, V is the particle velocity, and dW is
the Wiener process with zero expectation. Thus, the resulting Fokker–
Planck equation can be solved through stochastic motion which in
turn can be modeled using a particle method.

The choice of the order of the reproduced production terms
defines the structure of the chosen model parameters. For the cubic
approach, production terms up to the heat flux are recovered in the
continuum limit. Using the definition for thermal velocity
M ¼ V� U, where U is the bulk or center of mass velocity of the gas
for a single species gas, the drift Ai and the diffusion coefficient D are
chosen as

Ai ¼ � 1
s
Mi þ nijMj þ ci MjMj � 3kBT

m

� �
þ K MiMjMj � 2qi

q

� �
;

(25)

D ¼
ffiffiffiffiffiffiffiffiffiffi
2kBT
sm

r
; (26)

where s ¼ 2l=p is the relaxation time, c and n are the coefficient
matrices, kB is the Boltzmann constant, T is the temperature, m is the
mass, q is the heat flux vector, and q is the (mass) density. The param-
eter K is chosen to assure stability of the model. Integrating Eq. (24)
leads to the equation describing the motion of the particles in the form

Vnþ1 ¼ 1
a

"
Mn

i exp �Dt
s

� �
þ 1� exp �Dt

s

� �� �
sNn

i

þ wi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2

2
s 1� exp �2

Dt
s

� �� �s #
þ Ui; (27)
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where the exponent n denotes the nth time step and wi are indepen-
dent standard normal variates. Here,N designates the non-linear term

Nn
i ¼ nijM

n
j þ ci Mn

j M
n
j �

3kBT
m

� �
þ K Mn

i M
n
j M

n
j �

2qi
q

� �
: (28)

The factor a is a parameter used to scale particle velocities to ensure
energy conservation for arbitrary time steps. To be compatible with
DSMC, a simple integration scheme for particle positions is chosen as

Xnþ1 ¼ Xn þ VnDt: (29)

C. Modeling of internal degrees of freedom in the
Fokker–Planck method

This section provides a brief summary on the Master Equation
Ansatz, which is used in this work to model the internal degrees of
freedom. The model conserves mass, momentum, and energy and is
shown to satisfy the H-theorem. The approach was originally proposed
by Hepp17 for a diatomic single species gas and was later extended to
polyatomic gases20 and gas mixtures.23 It is important to point out that
other methods exist to model the relaxation of internal degrees of free-
dom in the FP framework.16,18,19,45

The base idea behind the Master Equation Ansatz is to extend the
FP equation by a master equation that models the change in internal
energy states of the molecules. This extended FP equation can be writ-
ten in the form

Dfn
Dt

¼ ~SFP þ
X
j

Rjnfj � Rnjfn
� �

; (30)

where ~SBoltz is the Fokker–Planck collision operator with a modified
diffusion coefficient ~D defined as

~D ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2 þ 2K

p
; (31)

with K being a function dependent on the energy relaxation model.
For the Landau–Teller (LT) based relaxation K can be expressed as

K ¼ � 1
3msint

eeqint � eint
� �

: (32)

Here, Rij are rate coefficients which for this work are based on the
Landau–Teller (LT) relaxation. The rotational energy is modeled
assuming a harmonic oscillator with a continuous energy distribution
which leads to the following rate constant:

Rðe0Þ ¼ b
sint

expð�be0Þ: (33)

For the vibrational mode, a discrete energy distribution is assumed.
The rate constant can be expressed as

Rj ¼ 1
sintQ

expð�bejÞ; (34)

where the coefficient b is

b ¼ 1
kBT

; (35)

and e ¼ kBh is the spacing between adjacent energy levels assuming a
harmonic oscillator with Q being the partition function

Q ¼ 1
1� expð�beÞ : (36)

The relaxation time or the internal energy modes sint can be expressed
as

sint ¼ ZintðTÞ
�coll

; (37)

where ZintðTÞ is the temperature-dependent collision number as
defined by Bird1 for rotational and vibrational relaxation and �coll is
the collision frequency. For this work, we used collision frequency
based on the Variable Hard Sphere (VHS) model which is defined
between two species p and q as

�pq ¼ 4ðdref Þ2pqnq
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pkB Trefð Þpq

mr

s
T

Trefð Þpq

 !1�xpq

; (38)

where dref , Tref , and x are model parameters representing the refer-
ence diameter, reference temperature, and the VHS parameter, respec-
tively. Here, mr ¼ mpmq=ðmp þmqÞ is the collision-reduced mass.
Inter-species values ð•Þpq are calculated by averaging

ð•Þpq ¼
ð•Þp þ ð•Þq

2
: (39)

Based on the approach introduced by Gillespie,46 the rate coeffi-
cients can now be used to formulation a probability for the change of
energy of an internal mode. This is technically the same approach as
used to derive reaction probability for the chemistry model presented
in this work and is further explained in Sec. II F. This process of chang-
ing internal energies is done by first sampling two uniformly distrib-
uted random numbersRi 2 ð0; 1Þ and then evaluating the probability
PðDtÞ

PðDtÞ ¼ 1� exp � Dt
sint

� �
; (40)

where Dt is the time step. For the case R1 < PðDtÞ, a new energy for
the internal mode can be obtained. For the internal energies assumed
to be distributed in discrete levels, the new energy state can be sampled
as j ¼ �b ln ðR2Þc=ðbeÞ. For a continuously distributed mode, the
new internal energy can be evaluated as e0 ¼ �ln ðR2Þ=b.

D. Modeling of gas mixtures

The cubic FP model has been extended to gas mixtures using the
HS21 and VHS22 interaction models. Due to the comprehensive nature
of the formulation, only the core concept is presented here. The exten-
sion involves a system of Boltzmann equations, one for each species, in
which the relaxation is governed by interactions with all species in the
mixture, rather than being limited to self-collisions

Dfp
Dt

¼ SFP;p: (41)

As before, the equations are reformulated as a set of stochastic differ-
ential equations to model the motion of individual particles

dVp

dt
¼ Ap þ

ffiffiffiffiffiffiffiffi
2Dp

p dW
dt

; (42)
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where the drift Ap and diffusion coefficients Dp are now species depen-
dent. For brevity, the equations presented here correspond to the HS
model; however, the VHS extension retains the same general structure.

The drift coefficient for species p can be expressed as

Ap ¼ �spcp þHp þ Np; (43)

which closely resembles the structure of the single-species drift term.
Here, sp can be interpreted as the inverse of the species-specific relaxa-
tion time and is defined as

sp � 5
3

X
q

!pq
mp

mp þmq
; (44)

with!pq being a function of the interspecies collision frequency.
A key addition in the multi-species formulation is the term Hp,

which accounts for momentum and the interspecies heat flux. The
term Np denotes a nonlinear contribution that depends on higher-
order velocity moments, similar to the structure of the cubic model.
The diffusion coefficient is extended to account for interspecies
velocities

Dp ¼ 10
6

X
q

!pq
mp

mp þmq

� �2 kBTp

mp
þ kBTq

mq
þ 1
3
ðup � uqÞ2

" #
:

(45)

The extension of the model to polyatomic molecules23 follows the
same general approach as in the single-species case, employing a mas-
ter equation framework. This leads to a modified drift coefficient of
the form

Kp ¼ � 1
3mpnpNq

XNq

p

mq

sint;q
ðeeqint � eintÞ; (46)

which incorporates additional energy relaxation effects. As in the origi-
nal formulation, the relaxation is based on the Landau–Teller model,
but now explicitly accounts for interspecies collisions, thereby model-
ing the energy exchange between different molecular species.

E. Proposed algorithm

In the past, the FP equation has been used to model chemical
reactions and was shown to be an adequate approximation of the
chemical master equation.47 However, to the authors knowledge, it has
not been applied to model flow problems including chemical reactions
by the means of a particle method.

The kinetic FP method achieves its linear scaling in terms of the
Knudsen number by resolving an evolution of the individual particle
velocities without choosing and evaluating particle interaction pairs as
it is done in the DSMC method. However, this approach poses a prob-
lem for the modeling of chemical reactions as no information is avail-
able during the reaction step about a potential reaction partner and
their properties like momentum or energy. To solve this problem, we
propose a novel algorithm that keeps the Knudsen number-
independent scaling of FP but extends its modeling capability to chem-
ically reacting flows.

The DSMC approach relies on particle pairs to evaluate reaction
energies, determine post-collision states, and conserve the moments of
the velocity distribution function. In contrast, continuum methods

consider only the state of the local (cell-averaged) system when evalu-
ating chemical processes. Our approach aims to leverage as much
information as possible from the available particles during the reaction
step to retain some aspects of the local velocity distribution function.
This is achieved while adhering to the linear particle processing
scheme of the FP method, where particles are processed sequentially.
Specifically, we utilize the properties of the currently selected particle
in the cell, along with those derived from the cell’s “background” par-
ticles. This method presents several challenges. First, there is insuffi-
cient information to accurately evaluate the reaction energy for each
particle-background pair in a manner that strictly conserves energy.
Second, the reaction probability must be calculated based on the inter-
action between the selected particle and the background gas. Finally,
determining which background particle will participate in the reaction
poses a nontrivial problem. A detailed overview of the algorithm as
implemented in each cell is illustrated in Fig. 1.

F. Derivation of reaction probability

Our first concern is to evaluate the probability for a reaction to
take place for a given particle. We base our approach on Gillespie’s
direct simulation method.46,48 A very similar approach was utilized in
calculating the transition probabilities of internal energy states using
the master equation ansatz to model diatomic17 and polyatomic20 mol-
ecules in FP.

Gillespie assumes that the mixture under consideration is well-
stirred, confined to a constant volume X, and is in thermal (but not
chemical) equilibrium at some constant temperature. The chemical
reactions are modeled as instantaneous processes.

In the kinetic FP model, moments of the distribution function are
evaluated on a cell-based level under the assumption that gas proper-
ties remain constant throughout the cell and do not change during the
time step. This assumption aligns with the premise of the mixture
being (locally) well-stirred and confined to a constant volume. Since
the FP model is applicable primarily in conditions close to the contin-
uum regime, the assumption of thermal equilibrium is considered
valid. Consequently, the temperature is treated as constant over the
duration of a given time step.

According to Gillespie, the main premise of stochastic chemical
kinetics is the definition of the so-called propensity function aj of the

reaction j. Namely, ajð~ZÞdt is the probability that given the state of the
system, described by vector of particle numbers of individual species
~Z ðtÞ ¼ ~Z at time t, one j reaction will occur somewhere inside the
system volume in the next infinitesimal time interval ½t; t þ dtÞ.48

The rest of the theory can be derived from the definition of aj via
the laws of probability. Gillespie provides a physical rationale for the
propensity function applying it to unimolecular and bimolecular reac-
tions. Here, we will only focus on the bimolecular ones. If the reaction j
is bimolecular and of the form S1 þ S2 ! product(s), Gillespie states
that there exists a constant cj such that cjdt gives the probability that a
randomly chosen pair of S1 and S2 molecules will react according to j in
the next infinitesimal time dt. Assuming the number of S particles in
volumeX is Z, the probability that some of the S1-S2 pairs in the volume
will react according to j is Z1Z2cjdt and the propensity function is

ajð~ZÞ ¼ cjZ1Z2: (47)

For a reaction of the type S1 þ S1 ! product(s), it is accordingly
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ajð~ZÞ ¼ 1
2
cjZ1ðZ1 � 1Þ: (48)

The constant cj is numerically equal to

cj ¼
kj
X
; S1 6¼ S2;

2
kj
X
; S1 ¼ S2;

8>><
>>: (49)

where kj is the reaction-rate constant of conventional deterministic
chemical kinetics.

Since we are dealing with simulated particles of which every parti-
cle represents a number w of real particles as

Zi ¼ wNi; (50)

we can write the propensity function for S1 6¼ S2 as

ajð~ZÞ ¼ w2N1N2
kj
X
; (51)

and

ajð~ZÞ ¼ w2N1ðN1 � 1Þ kj
X
; (52)

otherwise. We want to check or “divide” the probability between
batches of particles, namely, particles that fulfill the requirement for
the given reaction j to have sufficient energy to pass the test eint;k
þminðeint;bÞ � De as defined under energy conservation. The number
of these particles is Zp ¼ wNp which leads to the propensity functions

ajð~ZÞ ¼ w
N1N2

Np

kj
X
; (53)

ajð~ZÞ ¼ w
N1ðN1 � 1Þ

1
2
Np

kj
X
: (54)

The definition of the propensity function can be used to derive a

probability to model trajectories of ~Z ðtÞ. This is not the same as solv-
ing chemical master equation numerically, which would give the prob-

ability density function of ~Z ðtÞ. This new probability is defined as

pðs; jj~Z; tÞ � ajð~ZÞ expð�a0ð~ZÞsÞ; (55)

where

a0ð~ZÞ �
XM
j0¼1

aj0 ð~ZÞ: (56)

The probability is a joint probability density function of the two ran-
dom variables “time to the next reaction,” s,

pðsj~Z; tÞ ¼ a0ð~ZÞ expð�a0ð~ZÞsÞ; (57)

and “index of next reaction,” j,

pðjj~Z; tÞ ¼ ajð~ZÞ
a0ð~ZÞ

: (58)

This probability can now be evaluated for every particle in a cell that
fulfills the energetic requirement of a given reaction.

G. Conservation of moments

For a model to be physically applicable, it must conserve the rele-
vant moments of the velocity distribution function. In this work, we
focus exclusively on the lower moments:mass,momentum, and energy.
To achieve full consistency with the cubic FP approach, conservation
of moments up to the heat flux would be required. However, in this
paper, we limit our attention to the first three moments. As a result,
regions of the flow where a significant portion of particles engage in
chemical reactions could lead to inaccuracies in the heat flux

FIG. 1. Chemistry process performed in each cell.
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calculation. However, for most types of flows in space engineering
applications, such as those around space entry vehicles at very high
Mach numbers and exhaust flows from space propulsion devices out-
side the combustion chamber, the proportion of reacted particles to
total particles in a simulation cell is anticipated to be small.
Consequently, the development of a method to conserve higher-order
moments will be addressed in future work.

1. Mass conservation

To ensure a strict mass conservation a mass balance is kept for each
species si present in a cell as outlines in Table I. This balance tracks the
number of available particles for each species NavðsiÞ, as well as the num-
ber of particles of each species that have been chosen for reaction but not
yet accounted for, NrðsiÞ. At the beginning of each iteration, the number
of particles for each species is calculated. As the loop processes the particles
in the cell, the count of available particles for a given species is reduced by
one whenever a particle of that species is encountered. Each time a reaction
occurs, the counter Nr for the reacted partner species sp is incremented by
one. When a particle of species sp is next encountered, it is removed from
the particle list, and the counter is decremented accordingly.

This approach ensures that reactions occur only when sufficient
particles are available. Particles that have already participated in a reac-
tion are removed and prevented from reacting multiple times within
the same time step.

2. Momentum conservation

The conservation of momentum is done on an integral basis.
This means the momentum is conserved on average per particle and is
strictly conserved per cell. The condition for this conservation is that
the sum of the momenta of all reacted particles,~pe is equal to the sum
of the momentum of the products of each reaction,~pp. This require-
ment can be formulated asX

e

~pe ¼!
X
p

~pp: (59)

As we already have ensured mass conservation, Eq. (59) is equivalent
to the conservation of the center of mass velocity~vcm between the reac-
tants and the products of each reaction that took place

~vcm;e ¼! ~vcm;p: (60)

To satisfy Eq. (60), each product is assigned~vcm;e as their base velocity.

3. Energy conservation

To perform endothermic reactions, only particles with sufficient
energy should be selected to participate. Since the energies of all reac-
tion partners are not known during the selection process, particles are

chosen based on the information available for the selected particle in
the loop and the average energy values calculated for each species.

For a given particle, the energy available for a reaction is assumed
to be the sum of its internal and thermal energy, along with the average
thermal and internal energy of the background

ereact ¼ etherm;p þ eint;p þ ekin;b þ eint;b: (61)

Here, the subscript p denotes the quantities associated with the par-
ticles, whereas subscript b denotes quantities associated with the back-
ground. The individual terms can be expressed as

ereact ¼ 1
2
mpc

2
p þ eint;p þ 3

2
kBTb þ eint;b; (62)

where cp ¼ vp � va is the thermal velocity of a particle p of species a.
The total energy balance can then be written as

ER þ Etherm;c þ Eint;c ¼! EP þ E0
therm;c þ E0

int;c þ DE: (63)

Here, ER is the total energy of all particles selected for chemical reac-
tions. EP represents the total energy of the reaction products, including
particles that participated in the reaction but did not themselves react.
DE is the total energy released or absorbed by all reactions during the
time step. Etherm;c and Eint;c denote the total thermal and internal ener-
gies of all other particles in the simulation cell.

Due to the momentum conservation constraints, the center of
mass velocity (and consequently the energy) of the reaction products is
determined by the center of mass velocity of the particles selected for
the reaction. The energy balance can therefore be reformulated as

ER þ Etherm;c þ Eint;c ¼! E0
coll þ E0

cm þ E0
therm;c þ E0

int;c þ DE; (64)

where E0
cm ¼ 1

2 v
2
cm

P
r mr is the total center of mass energy of all reac-

tion products, and Ecoll denotes their remaining collision energy.
The total energy contribution of the chemical reactions to the

energy balance DE is determined by the number and type of reactions
that have taken place. However, since particles are selected partly based
on average energy assumptions, a correction for these assumptions is
required. To maintain the energy balance, we adjust the thermal energy
of the particles in the cell after the reactions have occurred, while the
internal energies of non-reacting particles remain unchanged. This is
achieved by introducing a linear scaling factor q for the energy, given by

ER þ Etherm;c ¼! E0
coll|{z}

qðER�E0cmÞ

þ E0
cm þ E0

therm;c|fflfflffl{zfflfflffl}
qEtherm;c

þDE: (65)

After all reactants have been selected, the scaling factor q can be calcu-
lated as

q ¼ 1� DE
ER � E0

cm þ Etherm
; (66)

where ER � E0
cm represents the actual total available reaction energy of

the selected particles.

H. Energy of created particles

The chemical process can produce both monatomic and poly-
atomic species. Therefore, the correct energy distribution among the
products must be modeled. To achieve this, the remaining collision
energy, Ecoll is distributed as follows:

TABLE I. Mass Balance.

Species Available particles Reacted particles

s1 Navðs1Þ Nrðs1Þ
s2 Navðs2Þ Nrðs2Þ
..
. ..

. ..
.

sN NavðsNÞ NrðsNÞ
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(1) The products’ internal energy is sampled from the Boltzmann
distribution with temperature Teq which is assumed to be the
same for all products.

(2) Collision energy ~Ecoll is updated as ~Ecoll ¼ Ecoll �
P

p ep;intðTeqÞ.
(3) The energy ~Ecoll is used to calculate the “thermal velocity” of the

products in the same manner as in DSMC for elastic collisions.

To calculate the equilibrium temperature Teq, we assume that the
collision energy can be expressed as

Ecoll ¼ ethermðTeqÞ þ
X
p

ep;rotðTeqÞ þ
X
p

ev;rotðTeqÞ: (67)

1. Thermal energy

The thermal energy is taken to be

ethermðTeqÞ ¼ 1
2
mrðhj~g jiðTeqÞÞ2; (68)

where hj~g j2iðTeqÞ is the average relative velocity as a function of the
equilibrium temperature Teq and mr is the reduced mass of the react-
ing species. The average relative velocity can be calculated as

hj~g ji ¼
ð ð

j~v1 �~v2jf1ð~v1Þf2ð~v2Þd~v1d~v2 ¼
ffiffiffiffiffiffiffiffiffiffi
8TkB
pmr

s
; (69)

which leads to the expression for the thermal energy in the form

ethermðTeqÞ ¼ 4
p
kBT

eq: (70)

2. Rotational energy

To calculate the equilibrium temperature of the products, fully
excited rotational degrees of freedom are assumed. Therefore, the rota-
tional energy can be written as

erotðTeqÞ ¼ dof rot
2

kBT
eq; (71)

with dof rot denoting the number of rotational degrees of freedom.

3. Vibrational energy

The vibrational energy of the particles is modeled with an infinite
harmonic oscillator

evibðTeqÞ ¼ kBT
eq
X
i

gi
hi=Teq

expðhi=TeqÞ � 1
; (72)

where hi is the characteristic vibrational temperature and gi is the
degeneracy of the ith vibrational mode. Since Eq. (72) cannot be solved
directly for Teq a linearization is used instead in the form

evibðTeq;T0Þ ¼ evibðT0Þ þ @evib
@Teq

����
T0

ðTeq � T0Þ (73)

¼ @evib
@Teq

����
T0|fflfflfflffl{zfflfflfflffl}

@evib

Teq þ evibðT0Þ � @evib
@Teq

����
T0

T0|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
qvib

(74)

¼ @evib � Teq þ qvib: (75)

For the linearization point, the classical assumption is made that
energy is distributed with 1

2 kBT per degree of freedom which leads to
the equation

Ecoll ¼ kBT
4
p
þ 1
2

X
p

dof rot;p þ dofvib;p
� �" #

; (76)

which, using Dof ¼Pp dof p, can be solved for T0 as

T0 ¼ Ecoll

kB
4
p
þ 1
2
Dof rot þ 1

2
Dofvib

	 
 : (77)

4. Total energy

Using the definition of the linearized vibrational energy
evibðT;T0Þ, the collision energy can be written as

Ecoll ¼ 4
p
kBT þ

X
p

dof rot;p
2

kBT þ @Tevib;p � T þ qvib;p

	 

(78)

¼ 4
p
kBT þ 1

2
DofrotkBT þ @TEvib � T þ Qvib; (79)

where @TEvib ¼
P

p @Tevib;p and Qvib ¼
P

p qvib;p. Using this deriva-
tion, we can now calculate the equilibrium temperature

Teq ¼ Ecoll � Qvib

4
p
kB þ 1

2
kBDof rot þ @TEvib

: (80)

The remaining energy which is split between the created particles to
calculate their kinetic energy can now be expressed as

~Ecoll ¼ Ecoll �
X
p

erot;pðTeqÞ þ evib;pðTeqÞ� �
: (81)

I. Considered reaction types

The proposed chemistry model is independent of the specific
reaction types and rate coefficients used. In this paper, we focus on
reactions that are relevant in the context of shocks in hypersonic flows,
specifically dissociation and exchange reactions.

1. Exchange reactions

Probably the most straightforward reaction type to model in
particle-based methods, the exchange reaction describes the exchange
of a component B of a polyatomic molecule AB with a collision partner
C given a rate constant k in the form

ABþ C!k Aþ CB: (82)

Following the approach described by Bird,1 to conserve momentum
the products are assigned the velocities:

~vA ¼~vcm þ mCB

mA þmCB
~g ; (83)

~vCB ¼~vcm � mA

mA þmCB
~g ; (84)

where ~g is the relative (thermal) velocity vector which orientation
is randomly distributed on a unit sphere. The magnitude of~g is com-
puted as
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j~g j ¼
ffiffiffiffiffiffiffiffiffi
~Ecoll

mr

s
; (85)

with ~Ecoll being the approximated collision energy defined in Eq. (81)
andmr is the reduced mass

mr ¼ mAmCB

mA þmCB
: (86)

Created particles belonging to polyatomic species are assigned rota-
tional and vibrational energies based on Teq defined in Eq. (80). For a
discussion of other possible post-collisional velocity choices, the reader
is referred to Ref. 29.

2. Dissociation reactions

Dissociation reactions describe the decomposition of a poly-
atomic molecules into its components. In this paper, we focus on colli-
sion induced dissociation with a polyatomic molecule AB breaking
into two components via a collision with an interaction partner M,

Mþ AB!k Mþ Aþ B: (87)

The process is very similar to the one described for exchange reactions.
The difference is that now three particles are created instead of two. In
this case, both the products A and B are assigned the same thermal
post-reaction velocity calculated as

~vM ¼~vcm þ mAB

mM þmAB
~g ; (88)

~vA ¼~vcm � mM

mM þmAB
~g ; (89)

~vB ¼~vA: (90)

Again the internal energies of the products can be sampled using Teq.

III. VERIFICATION

In this section, we provide verification results for our chemistry
model based on comparisons to analytical solutions as well as 0D sim-
ulation results created using multi-temperature continuum models as
well as the SPARTA DSMC code.42 For the verification process, unless
otherwise specified, we use Arrhenius-type rate constants k of the form

kðTÞ ¼ ATB exp � Ea
kBT

� �
; (91)

where A and B are the Arrhenius coefficients, T is the kinetic tempera-
ture, and Ea is the activation energy. Our proposed chemistry model is
agnostic to the choice of rate constant. This means that other formula-
tions of rate constants, such as Bird’s Quantum-Kinetic model (QK)49

or tabulated values, can be used. Since the FP model is valid near the
continuum regime, we use the Arrhenius equation for consistent com-
parisons with established Navier–Stokes models.

A. Calculation of rate constants

As the first step of the verification process, we demonstrate that
our model correctly reproduces the provided rate constants. To
achieve this, a 0D FP simulation is run multiple times for selected tem-
perature points using different random seeds. The number of evaluated
reactions is then averaged over all executions and used to calculate the

“effective” rate constant produced by our simulation. This rate con-
stant is subsequently compared to the rate constant predicted by the
Arrhenius model, as shown in Eq. (91).

The chemical process in this case is a system of two coupled dis-
sociation reactions

O2 þ O2 !r1 O2 þ 2O; (92)

Oþ O2 !r2 3O; (93)

with the reaction rates being

r1 ¼ k1ðTÞ O2½ 	 O2½ 	; (94)

r2 ¼ k2ðTÞ O½ 	 O2½ 	: (95)

The simulation domain is a cube with a volume of V ¼ 1� 10�12 m3.
We used a time step of Dt ¼ 1� 10�10 s, and a particle weight of
w ¼ 1� 105. The number densities at the beginning of the simulation
where nOðt0Þ ¼ 1� 1021 m�3 and nO2ðt0Þ ¼ 9:9� 1022 m�3. The
used Arrhenius parameters can be found in Table V. The results for
each temperature point were averaged over 100 samples.

The evaluated results of the simulations can be seen in Fig. 2. The
rate constants calculated from the FP simulations match very well the
ones predicted by the Arrhenius equation showing that the evaluation
of the reaction probabilities is correctly implemented.

B. Reaction kinetics, k5const

To investigate whether the chemical kinetics are reproduced cor-
rectly, as well as if the lower moments are conserved as expected, we
consider a dissociation reaction of diatomic nitrogen

N2 þ N!k 3N; (96)

where the reaction rate has the form of

r ¼ k N2½ 	 N½ 	: (97)

Assuming an isolated system with a constant volume, a temperature-
independent rate constant, and the reaction being neither endo- nor
exothermic, an analytic solution for the time dependent number den-
sity can be found

nN2ðtÞ ¼
nN2ðt0ÞQ

2nN2ðt0Þ � ðnN2ðt0Þ � ntotðt0ÞÞ expðQk tÞ ; (98)

where

Q ¼ ðnN2ðt0Þ þ ntotðt0ÞÞ; (99)

and
ntotðt0Þ ¼ nN2ðt0Þ þ nNðt0Þ: (100)

For the verification test case, a rate constant of k ¼ 1� 10�15 s�1 m6

was chosen. The remaining simulation parameters are summarized in
Table II. It should be noted that this test case serves only as a first veri-
fication step of the chemical kinetics and conservation properties of
the developed method, and has no direct physical meaning, as a
temperature-independent rate constant is chosen, and the reaction is
assumed to be thermoneutral.

The simulation was performed 5 times, each time using a differ-
ent seed for random numbers. The results displayed in Fig. 3 are aver-
aged over these 5 simulations. Very good agreement is observed
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between the analytic result and the averaged simulation results pro-
duced by our chemistry model. Mass and momentum are exactly con-
served. The energy is conserved but the output is subject to noise as
seen in Fig. 4. The reason for the noise is that energy is a second order
moment of the velocity distribution function, coupled with SPARTA’s
output format for floating point values being restricted to 7 decimal
digits by default.

C. Reaction kinetics, k5f ðTÞ
Even for a spatially homogenous gas, in the presence of vibra-

tional relaxation and/or multiple reactions, it is no longer possible to

obtain an analytical solution for the system of master equations
describing the thermochemical relaxation of the gas mixture.
Therefore, a numerical solution of a multi-temperature system of mas-
ter equations50 as well as simulation results produced by the SPARTA
DSMC code with the Total Collision Energy (TCE) model are used as
reference solutions against which the proposed Fokker–Planck chemis-
try algorithm is verified. The system of master equations was solved
for the number densities of the species, the total energy, and the vibra-
tional energies of the molecular species, which were modeled by the
infinite harmonic oscillator model. The fifth-order Kennedy–
Carpenter method51 was used to integrate the system of ordinary dif-
ferential equations. The vibrational relaxation in the master equation
approach was modeled using the Landau–Teller equation with vibra-
tional to translational (VT) relaxation times for molecular species c
colliding with molecular species d determined asFIG. 2. Computed (“FP”) and analytic (“Arrhenius”) dissociation rates of O2 as a

function of temperature.

TABLE II. Simulation Parameters Used for Analytical Dissociation Test Case.

Dt=s V=m3 w nNðt0Þ=m�3 nN2ðt0Þ=m�3

1� 10�10 1� 10�12 1� 106 2� 1020 9:8� 1021

FIG. 3. Computed (FP) and analytic (“analytic”) temporal evolution of the number
densities of N2 and N with N2 þ N dissociation using a constant rate constant
of k ¼ 1� 10�15 s�1 m6.

FIG. 4. Relative change in total energy over the course of the simulation.
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sVTc;d ¼ Zc

�cd
; (101)

where �cd is the collision frequency of species c with species d com-
puted using the VHS potential,1 and the vibrational relaxation num-
bers were determined according to Bird1

Zc ¼ C1

Tx
exp C2T

�1=3
� �

: (102)

Here, x is the VHS potential exponent, and the values of the constants
C1 and C2 were taken from Ref. 1. Such an expression was used for the
vibrational relaxation times in the master equation approach to
improve consistency with the DSMC simulations. It should also be
noted that in the master equation approach, the rotational and transla-
tional degrees of freedom are assumed to be in equilibrium and are
described by a single temperature T. Within the DSMC simulations,
we used the extension of the DSMC algorithm introduced by Zhang
and Schwartzentruber52 to model energy relaxation for gas mixtures.

The relaxation of internal degrees of freedom in the FP model
was modeled by the master equation ansatz for VHS gas mixtures.23

Temperature-dependent relaxation collision numbers Z for both rota-
tional and vibrational relaxation were used;1 the values of the coeffi-
cients used to determine the collision numbers are given in Table IV.
Collision numbers for the relaxation between two species a and b were
taken as averages between the individual species’ collision numbers

Za;bðTÞ ¼ ZaðTÞ þ ZbðTÞ
2

: (103)

We investigate exchange and dissociation reaction sets individu-
ally to verify the functionality. For all cases, the simulation domain
for the DSMC and FP simulations is a cube with a side length of
1� 10�5 m and periodic boundary conditions. The starting tempera-
ture of each simulation is chosen to be T ¼ 10 000K with a total num-
ber density of n ¼ 1� 1023 m�3. The mole fraction of each species is
set to be equal to x ¼ 0:2. A particle weight of w ¼ 1� 10�6 and a
time step of Dt ¼ 1� 10�8 s are used.

1. Exchange

We consider the exchange reactions presented in Table VII of the
Appendix.

Very good agreement between all models can be observed for the
temporal development of the number densities of the participating species
as can be seen in Fig. 5. In all figures, REF refers to the continuum, multi-
temperaturemodel.While the temperature profile agrees very well between
DSMC and FP, small deviations can be observed in relation to the multi-
temperature model as seen in Fig. 6. These minor differences may be
attributed to differences in the modeling of vibrational relaxation between
DSMC and the continuum approaches, as well as to the fact that in DSMC
and FP, the vibrational temperatures are defined on the basis of the energy
according to Eq. (19), whereas in the multi-temperature master equation
approach, the equation for the vibrational energy is solved for directly.
Thus, any deviation from an equilibrium distribution in the DSMC and
FP simulations will lead to discrepancies in the vibrational temperature.

2. Dissociation

For the dissociation test case, O2 and N2 reactions are used from
the Appendix Table V. Good agreement can be observed between all

models for O2 and O kinetics (seen in Fig. 7). The agreement is also
very good between FP and the multi-temperature model as seen in
Fig. 8 and shows slightly larger deviations in respect to the DSMC
results. This should not distract from the fact that the relative devia-
tions are still small. The same holds true for the temporal development
of the translational temperature as displayed in Fig. 9. The slightly
larger differences between the models in the temperature profile com-
pared to results from exchange reactions are expected as now a consid-
erably larger number of reactions is considered with a much larger
temperature drop over the run of the simulation. Due to this rapid
evolution of the system, the differences in the modeling of vibrational
relaxation between the considered approaches are exacerbated, leading
to more noticeable differences in the temperature. In addition, the use
of the temperature-dependent collision numbers with the Larsen–
Borgnakke model may lead to the model not satisfying detailed

FIG. 5. Temporal evolution of the number densities of air species using both
exchange reactions. REF denotes the solution obtained by solving the system of
master equations, FP denotes the solution computed the approach developed in
the present work, and DSMC denotes the solution computed using the TCE model
in DSMC.

FIG. 6. Temporal evolution of the translational–rotational temperature using both
exchange reactions. REF denotes the solution obtained by solving the system of
master equations, FP denotes the solution computed the approach developed in
the present work, and DSMC denotes the solution computed using the TCE model
in DSMC.
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balance,53 an issue which is not present in the continuum-based
approach, thus further affecting the evolution of the temperature. An
additional reason for the discrepancy in the computed vibrational tem-
peratures is attributed to the fact that in the FP and DSMC approaches,
an effective vibrational temperature is computed based on the average
vibrational energy in the cell, which may not be a valid approach in
case the vibrational distributions deviate from a Boltzmann distribu-
tion. On the other hand, in the master equation approach, the multi-
temperature approach is explicitly fixed, and therefore, the vibrational
temperature is well-defined and no deviations from a Boltzmann
vibrational distribution are possible. However, this should not distract
from the fact that the relative deviations both in the number densities
and the temperature are still small.

IV. PERFORMANCE ANALYSIS

The advantage of the FP approach compared to DSMC is that its
computational cost scales with the number of simulation particles

rather than with the collision frequency, making the model computa-
tionally more efficient in regions with low Knudsen numbers. In this
section, we investigate how the computational cost of our chemistry
model scales as the Knudsen number decreases, and compare this scal-
ing to the DSMC TCE model implemented in SPARTA. The simula-
tion of the exchange reaction

O2 þ N ! Oþ NO (104)

was performed in a fixed volume cube with the side length L ¼ 1
�10�4 m with specular reflective boundary conditions. The initial
temperature of the simulation was set to Tðt0Þ ¼ 20 000K. The
Knudsen number was modified by varying the initial number density
of the mixture while retaining the mole fractions xO2 ¼ xNðt0Þ ¼ 1

2.
The particle number was kept constant at N ¼ 100 000 for all simula-
tion by adjusting the particle weight. The Knudsen number was com-
puted as

Kn ¼ kO2 þ kN
2L

; (105)

with the mean free path k being calculated using the Variable Hard
Sphere (VHS) model

k ¼ 1ffiffiffi
2

p
d2refn

Tref

T

� �x�1
2

: (106)

Each simulation was executed for 100 time steps. The results were
averaged over 100 simulations each and normalized with the average
execution time of a FP simulation tFP ¼PN

i tFP;i=N , with N ¼ 100.
As seen in Fig. 10, the computational time rises for the DSMC

simulations with decreasing Kn number while staying constant for the
FP simulations. This shows that our chemistry extension retains the
performance advantage of the FP model. For the presented test case
the FP simulation becomes more efficient for Knudsen numbers of
Kn < 2.

FIG. 9. Temporal evolution of the translational–rotational temperature using 10 dis-
sociation reactions. REF denotes the solution obtained by solving the system of
master equations, FP denotes the solution computed the approach developed in
the present work, and DSMC denotes the solution computed using the TCE model
in DSMC.

FIG. 7. Temporal evolution of the number densities of air species using 10 dissocia-
tion reactions. REF denotes the solution obtained by solving the system of master
equations, FP denotes the solution computed the approach developed in the present
work, and DSMC denotes the solution computed using the TCE model in DSMC.

FIG. 8. Temporal evolution of the number densities of N2 and N using 10 dissocia-
tion reactions (detail). REF denotes the solution obtained by solving the system of
master equations, FP denotes the solution computed the approach developed in
the present work, and DSMC denotes the solution computed using the TCE model
in DSMC.

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 37, 066126 (2025); doi: 10.1063/5.0271908 37, 066126-12

VC Author(s) 2025

 17 June 2025 14:11:34

pubs.aip.org/aip/phf


V. MODELING OF AIR CHEMISTRY

In this section, we present results for a coupled air chemistry sim-
ulation using 15 dissociation reactions from Tables V and VI, along
with the two exchange reactions listed in Table VII. The simulation
setup was chosen to be the same as described in Sec. III C. For this
analysis, only the continuum model and the FP results were consid-
ered, as they share the closest modeling assumptions.

To confirm the validity of the selected time step a convergence
study was carried out. The results of the study in form of the relative
quadratic error errðuÞ of the investigated quantity u are presented in
Table III. The error is defined as

errðuÞ ¼ 1
N

XN
i

uiðDtÞ � uiðDt=10Þ
uiðDt=10Þ

� �2

; (107)

where N is the number of evaluated points of the data set with smaller
time step. Values of the temporally coarser data set are linearly inter-
polated on the time evaluated by the finer set. Four simulation runs
were performed with time steps Dt 2 10�7; 10�8; 10�9; 10�10f g. It
was determined that the selected time step of Dt ¼ 1� 10�8 s is
sufficient.

As in previous results, the development of translational tempera-
ture agrees very well between the two models, as shown in Fig. 11.
Also the development of the number densities, seen in Fig. 12, shows a
good agreement even in the very numerically stiff section at the begin-
ning of the simulation. However, the differences increase as the simu-
lation progresses. These differences can be better understood when
only looking at the reaction kinetics of NO, N2, and N as seen in

Fig. 13. While the reaction kinetics of NO and N show a very similar
qualitative behavior between the models, there is clearly a difference in
the decay of N2. Some of the reactions involving NO proceed on very
short time-scales, and the results are strongly affected by the choice of
time step and time stepping scheme, as this rapid evolution of the sys-
tem at the start of the simulation needs to be resolved. In addition,
even small differences in temperature can skew the kinetics. Those dif-
ferences in the translational temperature can be explained by differ-
ences in the relaxation of vibrational energies as seen in Fig. 14, which,
as discussed above in Sec. III, is attributed to the differences between
the vibrational relaxation modeling between the continuum- and
particle-based approaches, as well as different definitions of the vibra-
tional temperature.

Nonetheless, our model is able to achieve a good agreement with
the continuummodel even for this large and stiff system. The observed

FIG. 12. Temporal evolution of the number densities of air species using the full set
of air reactions. REF denotes the solution obtained by solving the system of master
equations, and FP denotes the solution computed the approach developed in the
present work.

FIG. 10. Normalized average execution time of the DSMC and Fokker–Planck (FP)
simulations of the first 100 steps of the exchange reaction O2 þ N ! O þ NO as
a function of the Knudsen number.

TABLE III. Time Step Convergence Study.

Dt=s errðTÞ errðTvibÞ errðnÞ
10�7 1:143 181� 10�2 9:849 763� 10�4 4:230 430� 10�4

10�8 2:466373� 10�4 3:004329� 10�5 5:431718� 10�6

10�9 4:210380� 10�5 2:163382� 10�5 1:396087� 10�6

FIG. 11. Temporal evolution of the translational–rotational temperature using the full
set of air reactions. REF denotes the solution obtained by solving the system of
master equations, and FP denotes the solution computed the approach developed
in the present work.
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maximum relative differences between the different methods for the
number densities of all species apart from O2 do not exceed 10%–13%.
For O2, the difference is larger (up to 100%) due to its number density
approaching zero as the simulation processes. Therefore, even minor
difference in reaction rates lead to large relative changes in the number
density; however, the absolute values remain negligibly small. The
maximum relative difference for the temperature is around 2%.

VI. CONCLUSION AND OUTLOOK

A framework for modeling chemical reactions within the
particle-based Fokker–Planck framework has been developed. The
approach ensures the conservation of mass, momentum, and energy.
It allows for the modeling of various reaction types, such as exchange
and dissociation, as well as temperature-dependent reaction rates,
which are not necessarily limited to Arrhenius-based formulations.

The framework has been verified through model problems, dem-
onstrating good agreement with solutions derived from systems of
master equations as well as results produced by the SPARTA DSMC

code. Additionally, it is shown to be computationally more efficient
than DSMC for moderate to low Knudsen numbers.

Planned future extensions include generalizing the framework to
account for recombination reactions and the use of equilibrium rate
constants for the correct modeling of backward rate coefficients.
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APPENDIX: CHEMISTRY DATA

Rotational and vibrational relaxation parameters. Air chemis-
try O2 and N2 dissociation reactions. Air chemistry NO dissociation
reactions. Air chemistry exchange reactions (Tables IV–VII).

FIG. 14. Temporal evolution of the vibrational temperatures of NO, N2, and N using
the full set of air reactions. REF denotes the solution obtained by solving the system
of master equations, and FP denotes the solution computed the approach devel-
oped in the present work.

FIG. 13. Temporal evolution of the number densities of NO, N2, and N using the full
set of air reactions. REF denotes the solution obtained by solving the system of
master equations, and FP denotes the solution computed the approach developed
in the present work.

TABLE IV. Rotational and Vibrational Relaxation Parameters.

Molecular species Z1
rot T
 C1 C2

N2 18.1 91.5 9.1 220.0
O2 16.5 113.5 56.5 153.5
NO 7.5 119.0 9.1 220.0

TABLE V. Air Chemistry O2 and N2 Dissociation Reactions.

Reaction A/ðm3s�1K�BÞ B Ea/J

O2þN ! 2OþN 1:660� 10�8 �1.5 �8:197� 10�19

O2þNO ! 2OþNO 3:321� 10�9 �1.5 �8:197� 10�19

O2þN2 ! 2OþN2 3:321� 10�9 �1.5 �8:197� 10�19

O2þO2 ! 2OþO2 3:321� 10�9 �1.5 �8:197� 10�19

O2þO ! 3O 1:660� 10e�8 �1.5 �8:197� 10�19

N2þO ! 2NþO 4:980� 10�8 �1.6 �1:561� 10�18

N2þO2 ! 2NþO2 1:162� 10�8 �1.6 �1:561� 10�18

N2þNO ! 2NþNO 1:162� 10�8 �1.6 �1:561� 10�18

N2þN2 ! 2NþN2 1:162� 10�8 �1.6 �1:561� 10�18

N2þN ! 3N 4:980� 10�8 �1.6 �1:561� 10�18
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