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ABSTRACT

We propose a novel approach for modeling chemical reactions within the particle-based Fokker—Planck framework for gas flow simulations
which conserves mass, momentum, and energy while retaining the performance advantages of the Fokker-Planck approach over the Direct
Simulation Monte Carlo (DSMC) method in areas of high density. We show an application of the approach to recombination and exchange
reactions, discuss verification results, and demonstrate performance advantages when compared to DSMC for applications in low Knudsen
number regimes. The developed method can be applied to simulation of flows in the continuum and transitional regimes as well as to multi-

scale coupled Fokker-Planck-DSMC simulations.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial-
NoDerivs 4.0 International (CC BY-NC-ND) license (https://creativecommons.org/licenses/by-nc-nd/4.0/). https://doi.org/10.1063/5.0271908

I. INTRODUCTION

Flows encountered in aerospace applications, like atmospheric
entry or thruster plume expansion and interactions, can be described
by the well-known Boltzmann equation. A common approach to solve
it numerically is the Direct Simulation Monte Carlo (DSMC) method
pioneered by Bird." The method is very efficient for moderate to high
Knudsen numbers but becomes increasingly computationally intensive
when approaching the continuum limit, thus limiting its applicability
for simulation of multi-scale flows arising in many applications of
interest. Various approaches exist to overcome this issue. These
include coupling of Navier-Stokes type solvers to DSMC,”” the use of
other particle-based approaches to model the flow in near-continuum
regimes,” or the use of micro-macro-decomposition.” Unlike the cou-
pling of Navier-Stokes type solvers to DSMC,”” such particle-based
hybrid methods do not encounter problems on model interfaces as the
hybrid methods only rely on switching between different modeling of
the collisional processes. Problems with the treatment of boundary
conditions are also not present as those are identical between for the
particles regardless of the velocity update used [DSMC, Fokker-Planck
(FP), or Bhatnagar—Gross-Krook (BGK)].

Particle-based methods for flow modeling in the continuum
regime include particle-based discretizations’ ~ of the Bhatnagar—
Gross-Krook (BGK) model'” and the kinetic Fokker-Planck (FP)
method.'" The latter, similar to DSMC, relies on simulated particles to

model the transport of mass, momentum, and energy through the flow
domain, but unlike DSMC does not resolve individual collisions,
replacing their effects by the drift and diffusion terms.

The hybrid FP/DSMC method provides a speedup of up to ~ 5
compared to pure DSMC simulations without notable loss of accuracy
even for complex simulation setups,’” ' which makes the approach a
powerful tool to investigate flows on a wide range of Kn numbers. In
the last few years, the FP model has been extended to describe
diatomic'®"” and polyatomic'® > gases for single species as well as for
mixtures.” > However, the modeling of chemical reactions in the
kinetic FP method remains an open research topic.

In rarefied regimes, the distributions of the particles’ velocities
and internal energies can deviate from the equilibrium Maxwell-
Boltzmann statistics, which in turn can affect reaction rates, and needs
to be accounted for in flow simulations. First theoretical works in the
field considered the impact of non-equilibrium velocity distributions
on chemical reaction rates” ° via the Chapman-Enskog method; this
impact was also observed in DSMC simulations.”” More recent results
for reacting flows with non-equilibrium velocity distributions include
the proof of the existence of a stable equilibrium solution of the
Boltzmann equation for reacting flows™* and development of moment-
based approaches.”” The approach based on the Chapman-Enskog
expansion has been also extended to polyatomic gas flows in thermal

BT 30 Telant 31,32
equilibrium™ and non-equilibrium.
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In the Direct Simulation Monte Carlo method, the most widely
used approach to simulation of chemical reactions remains the Total
Collision Energy (TCE) model,””” which aims to reproduce the
Arrhenius law in the equilibrium case. However, the model is not nec-
essarily valid outside of equilibrium; it also places restrictions on the
constant appearing in the Arrhenius law (thus, not every Arrhenius
curve fit can be represented in TCE) and the internal energies (which
are assumed to be continuous). Recent simulations coupling DSMC
and molecular dynamics simulations have confirmed the role of cou-
pling between internal energy relaxation and chemical reactions,”*
thus highlighting the need for chemical reaction models that account
for non-equilibrium effects. Various models for chemical reactions in
DSMC have been developed that account for this coupling.” ™ In
addition, it is possible to use molecular dynamics simulations directly
within the DSMC method™ or directly incorporate quasi-classical tra-
jectory simulation data into DSMC.”” However, the standard TCE
model remains widely used owing to its simplicity and dependence on
a small set of parameters.

Another approach for near-equilibrium simulations is the
Bhatnagar-Gross-Krook  (BGK) model'’  that simplifies the
Boltzmann collision operator. The BGK model equation has been
adapted to particle simulations;” " however, the approaches to simula-
tion of chemically reacting flows based on the BGK equation have so
far been applied only to continuum flows.”” *' In addition, these mod-
els also assume continuously distributed internal energies and cannot
account for strong deviations from equilibrium, "’ although they can be
coupled to DSMC simulations for flows with both near-equilibrium
and non-equilibrium regions.

In this paper, we propose a novel approach to modeling chemical
reactions for an arbitrary number of constituents via the cubic FP
method implemented in the SPARTA framework."” The model con-
serves mass, energy, and momentum while retaining the performance
advantages in areas of low Kn numbers. It is verified by comparing
with continuum-based analytical and numerical solutions. The main
advantage of the presented approach is that our model can work with
arbitrary reaction rates. Those can be formulated in a such a way as to
consider the internal energy distribution of the reactants, therefore
providing better modeling of thermal non-equilibrium compared to
BGK-based approaches. Since the model is based on macroscopic reac-
tion rates, it is also more amenable to incorporation of reaction models
used in continuum approaches, as no microscopic cross sections need
to be derived. However, the first implemented of the model used in
this paper to showcase and verify the novel approach uses reaction
rates which are based on equilibrium assumption without loss of gen-
erality. The implementation and development of reaction rates consid-
ering internal energy modes is left for future work.

The paper is structured as follows: first, an overview of the
Fokker-Planck method is given. Its extension to chemically reacting
flows is then proposed. Comparisons to analytical and numerical solu-
tions are then presented for various testcases. Finally, an analysis of the
computational performance of the model in comparison to DSMC is
presented.

Il. METHOD

This section is organized as follows. We begin by introducing the
fundamental concepts necessary for understanding the subsequent
developments. Next, we provide a brief overview of the kinetic Fokker—
Planck method and highlight the key challenges associated with
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extending this framework to chemical reactions. We then present the
newly proposed chemistry algorithm, detailing its implementation and
its capability to conserve the lower-order moments of the velocity distri-
bution function. Finally, we demonstrate the application of the proposed
method to representative dissociation and exchange reactions.

A. Fundamentals

This section introduces key definitions and notations required for
the understanding of the remainder of the paper.

The velocity distribution function f,(x,v,,t) of a species p is
defined such that the integration over the phase space yields the num-
ber of particles of said species N, of that species within the integration
domain at time t,

N, :r Jﬁ,(x,vp,t)dxdvp. 1)

Hydrodynamic quantities of each species p are calculated based on
velocity moments .# (v,) of the distribution function, using the fol-
lowing general form:

00

(A (vp)|fp) :J fo(X,vp, t). A (v,)dv,. )

Using this definition, we can calculate the number density 7, and the
average species velocity u, as

np = (1), ©)
1

u, = n—p(vpb;). 4)

Furthermore, using the definition for thermal particle velocity c,
=V, — U, (5)

we can calculate further quantities of interest as follows:

np = (1lf), (6)

1
uy = ;(%Vp% (7)

P
p= anp G 8)
Ppii = mp(cpicplfp), )]
q, = My(CpCp,icplfp)- (10)

Here, m;,, is the particle mass, T), is the temperature, p;, ;; is the pressure
tensor, and g, is the heat flux of species p, with kg being the
Boltzmann constant.

Mixture properties, denoted by (s),. are calculated through
mass-weighted averaging

(.)mix :%Z(')pppv (11)

mix  p

with p, = mpn, is the mass density of species p, and the total mixture
density p,;, is given by

Pmix = pr' (12)
p
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It is important to point out here that the calculation of the mixture
temperature Ty leads to additional terms

2

3 1
Tmix = mzp: (Ean‘DTP + Epp(up,d . up,d))7 (13)

due to relative velocity u, 4 of the species p to the mixture velocity u
defined as

Wy =u,—u (14)

The temperature of internal energy modes of each species is
defined through the definition of their energy. It is assumed that each
internal mode of species p has the energy

1
Cintp = kg Tint pine ps (15)

where Tiy p is the temperature of said mode and &, is the number of
degrees of freedom. In the present work, we neglect electronic excita-
tion, and consider only rotational and vibrational degrees of freedom.
The rotational degrees of freedom &,y , are equal to 2 for linear mole-
cules and 3 otherwise, and ., in the present work is defined based
on the infinite harmonic oscillator model with a Boltzmann distribu-
tion with vibrational temperature Ty,

20p/ Tyivp
exp(0p/ Tvibp) — 17
where 0, is the characteristic vibrational temperature of molecular spe-

cies p. The vibrational energy of vibrational level j for a harmonic oscil-
lator is

Ei(Tuibyp) = (16)

evibpj = jka0p, (17)
and the overall vibrational energy is
S S
exp(0p/ Tvibp) — 1°

Based on Eq. (18), the vibrational temperature can be computed from
energy as

Evibp = (18)

Op

TS 1 OWESE (19)

Tvib,p =
It should be noted that such a definition of temperature holds only for
an equilibrium vibrational distribution and the infinite harmonic oscil-

lator model. The vibrational temperature of a gas mixture Ty, mix 1S
defined as

Ty — 2P (20)
vib,mix — .
Zp NP

B. Cubic Fokker-Planck method

We base our further discussion on the cubic formulation of the
Fokker-Planck method, which is covered in detail in the litera-
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Even though the chemistry algorithm presented in the present work
was implemented using the cubic FP method, it can be applied to other
formulations, like the entropic FP™* as well.

The well-known Boltzmann equation describes the evolution of a
scalar distribution function f due to intermolecular collisions in rare-
fied flows

Df

E = SBOltZ7 (21)

where t is time and Spy, is the Boltzmann collision integral. One
approach to reduce the computational complexity of the integrodiffer-
ential Eq. (21) is to approximate Sgoy, by a Fokker-Planck collision
operator,'" Sgp,

0 1 o
SBoltz & Spp = v (Af) +

2
i 20v,0V, (D), (22)

where the drift coefficient A; and the diffusion coefficient D of Eq. (22)
are model parameters chosen in such a way that production terms cal-
culated using the Boltzmann collision operator are reproduced in the
continuum limit. According to It0’s lemma, Eq. (22) can be written as
a set of stochastic differential equations

dx

— =V 23
T ) (23)
dv dw

—=A+D—+F 24
dt * dt +F (24)

with X denoting particle position, V is the particle velocity, and dW is
the Wiener process with zero expectation. Thus, the resulting Fokker—
Planck equation can be solved through stochastic motion which in
turn can be modeled using a particle method.

The choice of the order of the reproduced production terms
defines the structure of the chosen model parameters. For the cubic
approach, production terms up to the heat flux are recovered in the
continuum limit. Using the definition for thermal velocity
M =V — U, where U is the bulk or center of mass velocity of the gas
for a single species gas, the drift A; and the diffusion coefficient D are
chosen as

1 3kgT 2q;

(25)

b /szT7 06
™™

where 7 = 2u/p is the relaxation time, y and ¢ are the coefficient
matrices, kg is the Boltzmann constant, T is the temperature, m is the
mass, q is the heat flux vector, and p is the (mass) density. The param-
eter A is chosen to assure stability of the model. Integrating Eq. (24)
leads to the equation describing the motion of the particles in the form

n+1 1 n At At n
Vit =— M exp| —— | + {1 —exp| —— | |TN;
o T T

ture'*'”** and thus will be only briefly summarized here. The imple-
mentation of chemistry requires additionally a formulation of = Ar
mixtures in the FP framework which was derived for hard sphere 4 lp’\/ —’L’(l —exp (_2 _)) + U (27)
(HS)' as well as variable hard sphere (VHS)* interaction potentials. 2 T
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where the exponent #n denotes the nth time step and ; are indepen-
dent standard normal variates. Here, N designates the non-linear term

T 2q;
3kg >+A<Mg1\4;1v1;——q). (28)
m p

Nt" = éijM; + 7 <]\/[Jf“]\/[j" _

The factor o is a parameter used to scale particle velocities to ensure
energy conservation for arbitrary time steps. To be compatible with
DSMC, a simple integration scheme for particle positions is chosen as

X" = X" 4 VAt (29)

C. Modeling of internal degrees of freedom in the
Fokker-Planck method

This section provides a brief summary on the Master Equation
Ansatz, which is used in this work to model the internal degrees of
freedom. The model conserves mass, momentum, and energy and is
shown to satisfy the H-theorem. The approach was originally proposed
by Hepp'’ for a diatomic single species gas and was later extended to
polyatomic gases™’ and gas mixtures.” It is important to point out that
other methods exist to model the relaxation of internal degrees of free-
dom in the FP framework,'®'*'***

The base idea behind the Master Equation Ansatz is to extend the
FP equation by a master equation that models the change in internal
energy states of the molecules. This extended FP equation can be writ-
ten in the form

Df,
Dt

=Sep + Y (Riufy — Ruff), (30)
j

where Spqy, is the F9kker—Planck collision operator with a modified
diffusion coefficient D defined as

D =+D? + 2K, (31)
with K being a function dependent on the energy relaxation model.
For the Landau-Teller (LT) based relaxation K can be expressed as

1

K=-—
3””Tint

(eiegt - eint) . (32)

Here, Rj; are rate coefficients which for this work are based on the
Landau-Teller (LT) relaxation. The rotational energy is modeled
assuming a harmonic oscillator with a continuous energy distribution
which leads to the following rate constant:

b exp(—pe). (33)

Tint

R(¢) =

For the vibrational mode, a discrete energy distribution is assumed.
The rate constant can be expressed as

R = Tierxp(—ﬁsj), (34)

where the coefficient f3 is

1
ﬁ:kB_T7 (35)

and & = kg0 is the spacing between adjacent energy levels assuming a
harmonic oscillator with Q being the partition function
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B 1
T T—exp(—fe)”

The relaxation time or the internal energy modes 7, can be expressed
as

Q (36)

Zint ( T)

Veoll

(37)

Tint =

where Zi(T) is the temperature-dependent collision number as
defined by Bird' for rotational and vibrational relaxation and v is
the collision frequency. For this work, we used collision frequency
based on the Variable Hard Sphere (VHS) model which is defined
between two species p and g as

T[kB(Tref) T 1=
Vpo = A(def)> 11 P4 , (38)
Pa ( f)pq q m, (Tref)pq

where dref, Tref, and @ are model parameters representing the refer-
ence diameter, reference temperature, and the VHS parameter, respec-
tively. Here, m, = mymgy/(my, + my) is the collision-reduced mass.
Inter-species values () ,, are calculated by averaging

(39)

Based on the approach introduced by Gillespie,** the rate coeffi-
cients can now be used to formulation a probability for the change of
energy of an internal mode. This is technically the same approach as
used to derive reaction probability for the chemistry model presented
in this work and is further explained in Sec. II F. This process of chang-
ing internal energies is done by first sampling two uniformly distrib-
uted random numbers %; € (0, 1) and then evaluating the probability
P(At)

P(At) =1— exp(—TA—t), (40)
int
where At is the time step. For the case %1 < P(At), a new energy for
the internal mode can be obtained. For the internal energies assumed
to be distributed in discrete levels, the new energy state can be sampled
as j= —|In(%,)]/(Pe). For a continuously distributed mode, the
new internal energy can be evaluated as ¢ = —In (%,) /.

D. Modeling of gas mixtures

The cubic FP model has been extended to gas mixtures using the
HS”' and VHS™ interaction models. Due to the comprehensive nature
of the formulation, only the core concept is presented here. The exten-
sion involves a system of Boltzmann equations, one for each species, in
which the relaxation is governed by interactions with all species in the
mixture, rather than being limited to self-collisions

Dﬁ?
— =3 . 41
Dt FP.p ( )

As before, the equations are reformulated as a set of stochastic differ-
ential equations to model the motion of individual particles

dvp =A,+ /2D aw (42)
dt ~ °F LT
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where the drift A, and diffusion coefficients D, are now species depen-

dent. For brevity, the equations presented here correspond to the HS

model; however, the VHS extension retains the same general structure.
The drift coefficient for species p can be expressed as

Ay = —s,¢, + Hp + N, (43)

which closely resembles the structure of the single-species drift term.
Here, s, can be interpreted as the inverse of the species-specific relaxa-
tion time and is defined as

_> mp
= gZqum> (44)
q

with Y, being a function of the interspecies collision frequency.

A key addition in the multi-species formulation is the term H,,
which accounts for momentum and the interspecies heat flux. The
term N, denotes a nonlinear contribution that depends on higher-
order velocity moments, similar to the structure of the cubic model.
The diffusion coefficient is extended to account for interspecies
velocities

10 mp 2 kBTp kBT 1 2
D‘D:ZZY‘Dq(i) |:+q+3(uPuq) .
q

My g ) | mp My
(45)
The extension of the model to polyatomic molecules™ follows the
same general approach as in the single-species case, employing a mas-

ter equation framework. This leads to a modified drift coefficient of
the form

N‘Z
1 mg

Ky, = (€ — €int), (46)

3myn,Ny o~ Tintg

which incorporates additional energy relaxation effects. As in the origi-
nal formulation, the relaxation is based on the Landau-Teller model,
but now explicitly accounts for interspecies collisions, thereby model-
ing the energy exchange between different molecular species.

E. Proposed algorithm

In the past, the FP equation has been used to model chemical
reactions and was shown to be an adequate approximation of the
chemical master equation.47 However, to the authors knowledge, it has
not been applied to model flow problems including chemical reactions
by the means of a particle method.

The kinetic FP method achieves its linear scaling in terms of the
Knudsen number by resolving an evolution of the individual particle
velocities without choosing and evaluating particle interaction pairs as
it is done in the DSMC method. However, this approach poses a prob-
lem for the modeling of chemical reactions as no information is avail-
able during the reaction step about a potential reaction partner and
their properties like momentum or energy. To solve this problem, we
propose a novel algorithm that keeps the Knudsen number-
independent scaling of FP but extends its modeling capability to chem-
ically reacting flows.

The DSMC approach relies on particle pairs to evaluate reaction
energies, determine post-collision states, and conserve the moments of
the velocity distribution function. In contrast, continuum methods

ARTICLE pubs.aip.org/aip/pof

consider only the state of the local (cell-averaged) system when evalu-
ating chemical processes. Our approach aims to leverage as much
information as possible from the available particles during the reaction
step to retain some aspects of the local velocity distribution function.
This is achieved while adhering to the linear particle processing
scheme of the FP method, where particles are processed sequentially.
Specifically, we utilize the properties of the currently selected particle
in the cell, along with those derived from the cell’s “background” par-
ticles. This method presents several challenges. First, there is insuffi-
cient information to accurately evaluate the reaction energy for each
particle-background pair in a manner that strictly conserves energy.
Second, the reaction probability must be calculated based on the inter-
action between the selected particle and the background gas. Finally,
determining which background particle will participate in the reaction
poses a nontrivial problem. A detailed overview of the algorithm as
implemented in each cell is illustrated in Fig. 1.

F. Derivation of reaction probability

Our first concern is to evaluate the probability for a reaction to
take place for a given particle. We base our approach on Gillespie’s
direct simulation method."*"* A very similar approach was utilized in
calculating the transition probabilities of internal energy states using
the master equation ansatz to model diatomic'” and polyatomic”’ mol-
ecules in FP.

Gillespie assumes that the mixture under consideration is well-
stirred, confined to a constant volume €, and is in thermal (but not
chemical) equilibrium at some constant temperature. The chemical
reactions are modeled as instantaneous processes.

In the kinetic FP model, moments of the distribution function are
evaluated on a cell-based level under the assumption that gas proper-
ties remain constant throughout the cell and do not change during the
time step. This assumption aligns with the premise of the mixture
being (locally) well-stirred and confined to a constant volume. Since
the FP model is applicable primarily in conditions close to the contin-
uum regime, the assumption of thermal equilibrium is considered
valid. Consequently, the temperature is treated as constant over the
duration of a given time step.

According to Gillespie, the main premise of stochastic chemical
kinetics is the definition of the so-called propensity function a; of the

—

reaction j. Namely, a;(3)dt is the probability that given the state of the
system, described by vector of particle numbers of individual species

F (t) = 3 at time 1, one j reaction will occur somewhere inside the
system volume in the next infinitesimal time interval [t, t 4 dt).*

The rest of the theory can be derived from the definition of a; via
the laws of probability. Gillespie provides a physical rationale for the
propensity function applying it to unimolecular and bimolecular reac-
tions. Here, we will only focus on the bimolecular ones. If the reaction j
is bimolecular and of the form S; + S, — product(s), Gillespie states
that there exists a constant ¢; such that ¢;dt gives the probability that a
randomly chosen pair of S; and S, molecules will react according to j in
the next infinitesimal time df. Assuming the number of S particles in
volume Q is 3, the probability that some of the S;-S, pairs in the volume
will react according to j is 31 3,¢;dt and the propensity function is

4(3) = 6313 (47)

For a reaction of the type S; + S; — product(s), it is accordingly
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=

calculate propensities for each species pair

calculate minimal internal energy of each species

select particles for reactions

calculate properties and energies of selected particles

destroy selected particles

use calculated properties to create new particles

e

FIG. 1. Chemistry process performed in each cell.

z 1
a(3) = 5931(31 = 1).
The constant ¢; is numerically equal to

ki

. Q7 1 27
7 k

2—j Sl—Sz

Q7 )

(48)

(49)

where k; is the reaction-rate constant of conventional deterministic

chemical kinetics.

pubs.aip.org/aip/pof

Since we are dealing with simulated particles of which every parti-
cle represents a number w of real particles as

31’ = WNi7 (50)

we can write the propensity function for §; # S, as

- k
ai(3) = W2N1N2é7 (51)
and
- ki
ai(3) = w'Ni(N; — 1)517 (52)

otherwise. We want to check or “divide” the probability between
batches of particles, namely, particles that fulfill the requirement for
the given reaction j to have sufficient energy to pass the test ejnk
+ min(einep) < Ae as defined under energy conservation. The number
of these particles is 3, = wN, which leads to the propensity functions

- k:
a(3) = WNII\’];IZ(—]Z, (53)
- ~ Dk
o(3) = w =I5 (54)
2N

The definition of the propensity function can be used to derive a

probability to model trajectories of ¥ (¢). This is not the same as solv-
ing chemical master equation numerically, which would give the prob-

ability density function of Z (f). This new probability is defined as

p(1.j13.1) = a;(3) exp(—ao(3)7), (55)
where
— M —
a(3) = Zaj,(g,). (56)
j=1

The probability is a joint probability density function of the two ran-
dom variables “time to the next reaction,” 7,
p(rl3,1) = ao(3) exp(—ao(3)7), (57)
and “index of next reaction,” j,
3 a(3)
p(il3,1) = = (58)
aop (3 )

This probability can now be evaluated for every particle in a cell that
fulfills the energetic requirement of a given reaction.

GC. Conservation of moments

For a model to be physically applicable, it must conserve the rele-
vant moments of the velocity distribution function. In this work, we
focus exclusively on the lower moments: mass, momentum, and energy.
To achieve full consistency with the cubic FP approach, conservation
of moments up to the heat flux would be required. However, in this
paper, we limit our attention to the first three moments. As a result,
regions of the flow where a significant portion of particles engage in
chemical reactions could lead to inaccuracies in the heat flux
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calculation. However, for most types of flows in space engineering
applications, such as those around space entry vehicles at very high
Mach numbers and exhaust flows from space propulsion devices out-
side the combustion chamber, the proportion of reacted particles to
total particles in a simulation cell is anticipated to be small
Consequently, the development of a method to conserve higher-order
moments will be addressed in future work.

1. Mass conservation

To ensure a strict mass conservation a mass balance is kept for each
species s; present in a cell as outlines in Table I. This balance tracks the
number of available particles for each species Ny (s;), as well as the num-
ber of particles of each species that have been chosen for reaction but not
yet accounted for, N (s;). At the beginning of each iteration, the number
of particles for each species is calculated. As the loop processes the particles
in the cell, the count of available particles for a given species is reduced by
one whenever a particle of that species is encountered. Each time a reaction
occurs, the counter N; for the reacted partner species s, is incremented by
one. When a particle of species s, is next encountered, it is removed from
the particle list, and the counter is decremented accordingly.

This approach ensures that reactions occur only when sufficient
particles are available. Particles that have already participated in a reac-
tion are removed and prevented from reacting multiple times within
the same time step.

2. Momentum conservation

The conservation of momentum is done on an integral basis.
This means the momentum is conserved on average per particle and is
strictly conserved per cell. The condition for this conservation is that
the sum of the momenta of all reacted particles, p, is equal to the sum
of the momentum of the products of each reaction, p - This require-

ment can be formulated as
b= 5, (59)
e P

As we already have ensured mass conservation, Eq. (59) is equivalent
to the conservation of the center of mass velocity V., between the reac-
tants and the products of each reaction that took place

T

Veme = Vemyp- (60)

To satisfy Eq. (60), each product is assigned V¢ . as their base velocity.

3. Energy conservation

To perform endothermic reactions, only particles with sufficient
energy should be selected to participate. Since the energies of all reac-
tion partners are not known during the selection process, particles are

TABLE I. Mass Balance.

Species Available particles Reacted particles
$1 Nav(Sl) Nr(Sl)
-.52 Nav.(sz) Nr (SZ)
SN Nay(sn) N:(sn)

ARTICLE pubs.aip.org/aip/pof

chosen based on the information available for the selected particle in
the loop and the average energy values calculated for each species.

For a given particle, the energy available for a reaction is assumed
to be the sum of its internal and thermal energy, along with the average
thermal and internal energy of the background

€react = €therm,p + €int,p + €xinp + Cint,b- (61)

Here, the subscript p denotes the quantities associated with the par-
ticles, whereas subscript b denotes quantities associated with the back-
ground. The individual terms can be expressed as

1 3
Creact = 3 pCIZ, + €intp + ikBTb + €int,b, (62)
where ¢, = v, — v, is the thermal velocity of a particle p of species .
The total energy balance can then be written as

!
Ep + Etherm‘c + Eint,c =Ep+ {hermAc + Ei,nt,c + AE. (63)

Here, Ey is the total energy of all particles selected for chemical reac-
tions. Ep represents the total energy of the reaction products, including
particles that participated in the reaction but did not themselves react.
AE is the total energy released or absorbed by all reactions during the
time step. Etherm,c and Eipye . denote the total thermal and internal ener-
gies of all other particles in the simulation cell.

Due to the momentum conservation constraints, the center of
mass velocity (and consequently the energy) of the reaction products is
determined by the center of mass velocity of the particles selected for
the reaction. The energy balance can therefore be reformulated as

!
Er + Etherm,c + Eint,c = Eéoll + Eém + E:herm,c + Ei,ntc + AEa (64)

where E, = 1v2 3" m, is the total center of mass energy of all reac-
tion products, and E,; denotes their remaining collision energy.

The total energy contribution of the chemical reactions to the
energy balance AE is determined by the number and type of reactions
that have taken place. However, since particles are selected partly based
on average energy assumptions, a correction for these assumptions is
required. To maintain the energy balance, we adjust the thermal energy
of the particles in the cell after the reactions have occurred, while the
internal energies of non-reacting particles remain unchanged. This is
achieved by introducing a linear scaling factor g for the energy, given by

!

Er + Etherm,c = E

coll + Eém + E{ +AE (65)

herm,c

9(Er—EL,) qEtherm,c

After all reactants have been selected, the scaling factor g can be calcu-
lated as

AE

- (66)
ER - Eém + Etherm

q=1
where Eg — E. represents the actual total available reaction energy of
the selected particles.

H. Energy of created particles

The chemical process can produce both monatomic and poly-
atomic species. Therefore, the correct energy distribution among the
products must be modeled. To achieve this, the remaining collision
energy, Eo is distributed as follows:
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(1) The products’ internal energy is sampled from the Boltzmann
distribution with temperature T°? which is assumed to be the
same for all products.

) Collision energy E.q is updated as Eqo = Ecoll — ZP ep.int (T¢9).

) The energy E is used to calculate the “thermal velocity” of the
products in the same manner as in DSMC for elastic collisions.

@
€

To calculate the equilibrium temperature T¢4, we assume that the
collision energy can be expressed as

Ecol = €therm (T°) + Y _ €prot(T*9) + D evrat(T9). (67)
p p

1. Thermal energy

The thermal energy is taken to be

etherm (T°Y) = %mr(<|§|>(Teq))27 (68)

where (|g|*)(T) is the average relative velocity as a function of the
equilibrium temperature T°1 and m, is the reduced mass of the react-
ing species. The average relative velocity can be calculated as

. L L . R, 8Tk
(gl = JJ [V1 = Vsl (V1) (V2)dvidV, = nt, (69)

r

which leads to the expression for the thermal energy in the form
4
€therm ( Teq) = kB Teq. (70)
T

2. Rotational energy

To calculate the equilibrium temperature of the products, fully
excited rotational degrees of freedom are assumed. Therefore, the rota-
tional energy can be written as

€rot ( Teq) -

@kﬂm, (71)

with dof ; denoting the number of rotational degrees of freedom.

3. Vibrational energy

The vibrational energy of the particles is modeled with an infinite
harmonic oscillator

0;/ T
T =TS e i 0

where 0; is the characteristic vibrational temperature and g; is the
degeneracy of the ith vibrational mode. Since Eq. (72) cannot be solved
directly for T°1 a linearization is used instead in the form

8e ib
. eq. — e v eq _

ev1b(T 7T0) - ev1b(T0) + aTeq TO(T TO) (73)
o aevib eq aevib
= ﬁ . T + evib(TO) - T . To (74)

0 0
N —
Deyi Gvib

- aevib x T + qvib - (75)

For the linearization point, the classical assumption is made that
energy is distributed with %kBT per degree of freedom which leads to
the equation

4 1
Ecot = kpT | —+ 2> (dof oy + dofvibp)] : (76)
p
which, using Dof = > " dof, can be solved for Tj as
ECO
T, = L . (77)

4 1 1
kB |:* + = DOfrot + = DOfVib]
T 2 2

4. Total energy

Using the definition of the linearized vibrational energy
evib(T; T ), the collision energy can be written as

4 dof
E.on = —kgT
— +z[

4
= kgT + 3 DOfrothT + OrEyib X T+ Quib, (79)

rotp k T+ 8Tev1bp x T+ qvib p:| (78)

where OrEp, = ZP Oreyibp and Qup = ZP Qyib,p- Using this deriva-
tion, we can now calculate the equilibrium temperature

coll Qv1b

) .
E kB + E kBDOfmt + aTEvib

T = (80)

The remaining energy which is split between the created particles to
calculate their kinetic energy can now be expressed as

~coll Econ — Z{erotp + evlbp(T q)} (81)

l. Considered reaction types

The proposed chemistry model is independent of the specific
reaction types and rate coefficients used. In this paper, we focus on
reactions that are relevant in the context of shocks in hypersonic flows,
specifically dissociation and exchange reactions.

1. Exchange reactions

Probably the most straightforward reaction type to model in
particle-based methods, the exchange reaction describes the exchange
of a component B of a polyatomic molecule AB with a collision partner
C given a rate constant k in the form

AB+C-5 A + CB. (82)

Following the approach described by Bird," to conserve momentum
the products are assigned the velocities:

- - mca -

VA =Vem +——m—4, 83
A o mA+mCBg (83)

- - ma -

Vep =Vem ———4, 84
B ¢ mA+mCBg (84)

where ¢ is the relative (thermal) velocity vector which orientation
is randomly distributed on a unit sphere. The magnitude of g is com-
puted as
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gl =1/— (85)

with E.y being the approximated collision energy defined in Eq. (81)
and m, is the reduced mass

mamcp

m, = (86)

 mp+mcp
Created particles belonging to polyatomic species are assigned rota-
tional and vibrational energies based on T¢! defined in Eq. (80). For a
discussion of other possible post-collisional velocity choices, the reader
is referred to Ref. 29.

2. Dissociation reactions

Dissociation reactions describe the decomposition of a poly-
atomic molecules into its components. In this paper, we focus on colli-
sion induced dissociation with a polyatomic molecule AB breaking
into two components via a collision with an interaction partner M,

M+ ABE M+ A+B. (87)

The process is very similar to the one described for exchange reactions.
The difference is that now three particles are created instead of two. In
this case, both the products A and B are assigned the same thermal
post-reaction velocity calculated as

VM= g, 88
M Vem + at + MABg ( )
- - m N
VA =Vem — M (89)
mm + Map
173 - 1_;A- (90)

Again the internal energies of the products can be sampled using T*1.

I1l. VERIFICATION

In this section, we provide verification results for our chemistry
model based on comparisons to analytical solutions as well as 0 D sim-
ulation results created using multi-temperature continuum models as
well as the SPARTA DSMC code.”” For the verification process, unless
otherwise specified, we use Arrhenius-type rate constants k of the form

B Ea
k(T) = AT exp( kBT)’ 91)
where A and B are the Arrhenius coefficients, T is the kinetic tempera-
ture, and E, is the activation energy. Our proposed chemistry model is
agnostic to the choice of rate constant. This means that other formula-
tions of rate constants, such as Bird’s Quantum-Kinetic model (QK)*’
or tabulated values, can be used. Since the FP model is valid near the
continuum regime, we use the Arrhenius equation for consistent com-
parisons with established Navier-Stokes models.

A. Calculation of rate constants

As the first step of the verification process, we demonstrate that
our model correctly reproduces the provided rate constants. To
achieve this, a 0 D FP simulation is run multiple times for selected tem-
perature points using different random seeds. The number of evaluated
reactions is then averaged over all executions and used to calculate the

ARTICLE pubs.aip.org/aip/pof

“effective” rate constant produced by our simulation. This rate con-
stant is subsequently compared to the rate constant predicted by the
Arrhenius model, as shown in Eq. (91).

The chemical process in this case is a system of two coupled dis-
sociation reactions

0, + 0,20, + 20, 92)
0+ 0,230, (93)

with the reaction rates being

r = k1 (T) [02} [02], (94)
r, = ky(T)[O][0]. (95)

The simulation domain is a cube with a volume of V =1 x 107> m3.

We used a time step of At =1 x 10'%s, and a particle weight of
w =1 x 10°. The number densities at the beginning of the simulation
where 1o(t)) =1 x 1022 m~ and no, () = 9.9 x 102 m~3. The
used Arrhenius parameters can be found in Table V. The results for
each temperature point were averaged over 100 samples.

The evaluated results of the simulations can be seen in Fig. 2. The
rate constants calculated from the FP simulations match very well the
ones predicted by the Arrhenius equation showing that the evaluation
of the reaction probabilities is correctly implemented.

B. Reaction kinetics, k=const

To investigate whether the chemical kinetics are reproduced cor-
rectly, as well as if the lower moments are conserved as expected, we
consider a dissociation reaction of diatomic nitrogen

N, + N5 3N, (96)
where the reaction rate has the form of
r = k[N,][N]. (97)

Assuming an isolated system with a constant volume, a temperature-
independent rate constant, and the reaction being neither endo- nor
exothermic, an analytic solution for the time dependent number den-
sity can be found

ny, (£
) = o) - (nNzujﬁ(—o eaEy O
where
Q = (nx,(to) + 1ot (f0)), (99)
and
tor(to) = n, (fo) + nn(to). (100)

For the verification test case, a rate constant of k = 1 x 107° s7! m®

was chosen. The remaining simulation parameters are summarized in
Table IL It should be noted that this test case serves only as a first veri-
fication step of the chemical kinetics and conservation properties of
the developed method, and has no direct physical meaning, as a
temperature-independent rate constant is chosen, and the reaction is
assumed to be thermoneutral.

The simulation was performed 5 times, each time using a differ-
ent seed for random numbers. The results displayed in Fig. 3 are aver-
aged over these 5 simulations. Very good agreement is observed
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FIG. 2. Computed (‘FP”) and analytic (“Arrhenius”) dissociation rates of O, as a

function of temperature.
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FIG. 3. Computed (FP) and analytic (“analytic’) temporal evolution of the number
densities of N, and N with N, + N dissociation using a constant rate constant
ofk=1x10""s"mb.

obtain an analytical solution for the system of master equations
describing the thermochemical relaxation of the gas mixture.
Therefore, a numerical solution of a multi-temperature system of mas-
ter equations™ as well as simulation results produced by the SPARTA
DSMC code with the Total Collision Energy (TCE) model are used as
reference solutions against which the proposed Fokker-Planck chemis-
try algorithm is verified. The system of master equations was solved
for the number densities of the species, the total energy, and the vibra-
tional energies of the molecular species, which were modeled by the
infinite harmonic oscillator model. The fifth-order Kennedy-
Carpenter method”' was used to integrate the system of ordinary dif-
ferential equations. The vibrational relaxation in the master equation
approach was modeled using the Landau-Teller equation with vibra-
tional to translational (VT) relaxation times for molecular species ¢
colliding with molecular species d determined as

x1078

e LIyl G20z eunr L

between the analytic result and the averaged simulation results pro- 2F
duced by our chemistry model. Mass and momentum are exactly con- I
served. The energy is conserved but the output is subject to noise as
seen in Fig. 4. The reason for the noise is that energy is a second order 1k
moment of the velocity distribution function, coupled with SPARTA’s
output format for floating point values being restricted to 7 decimal

digits by default. S
V O [~ -

< 3

C. Reaction kinetics, k=f(T) [

Even for a spatially homogenous gas, in the presence of vibra- il

tional relaxation and/or multiple reactions, it is no longer possible to

TABLE II. Simulation Parameters Used for Analytical Dissociation Test Case.

n, (t) /m ™

9.8 x 10%

At/s V/m? w nn(tp)/m—3

2 x 10%°

I/S X1077

I1x1071%  1x1072 1x10°

FIG. 4. Relative change in total energy over the course of the simulation.

Phys. Fluids 37, 066126 (2025); doi: 10.1063/5.0271908 37, 066126-10

© Author(s) 2025


pubs.aip.org/aip/phf

Physics of Fluids

z
T e (101)

where v, is the collision frequency of species ¢ with species d com-
puted using the VHS potential,' and the vibrational relaxation num-
bers were determined according to Bird'

Z. = %exp(CZT_l/3). (102)
Here, w is the VHS potential exponent, and the values of the constants
C, and C, were taken from Ref. 1. Such an expression was used for the
vibrational relaxation times in the master equation approach to
improve consistency with the DSMC simulations. It should also be
noted that in the master equation approach, the rotational and transla-
tional degrees of freedom are assumed to be in equilibrium and are
described by a single temperature 7. Within the DSMC simulations,
we used the extension of the DSMC algorithm introduced by Zhang
and Schwartzentruber’” to model energy relaxation for gas mixtures.
The relaxation of internal degrees of freedom in the FP model
was modeled by the master equation ansatz for VHS gas mixtures.”’
Temperature-dependent relaxation collision numbers Z for both rota-
tional and vibrational relaxation were used;’ the values of the coeffi-
cients used to determine the collision numbers are given in Table IV.
Collision numbers for the relaxation between two species o and f§ were
taken as averages between the individual species’ collision numbers

Z,(T) +Z,;(T).

Zyp(T) = 5

(103)

We investigate exchange and dissociation reaction sets individu-
ally to verify the functionality. For all cases, the simulation domain
for the DSMC and FP simulations is a cube with a side length of
1 x 107> m and periodic boundary conditions. The starting tempera-
ture of each simulation is chosen to be 7' = 10 000 K with a total num-
ber density of n = 1 x 10* m~3. The mole fraction of each species is
set to be equal to x = 0.2. A particle weight of w =1 x 107° and a
time step of At = 1 x 107% s are used.

1. Exchange

We consider the exchange reactions presented in Table VII of the
Appendix.

Very good agreement between all models can be observed for the
temporal development of the number densities of the participating species
as can be seen in Fig. 5. In all figures, REF refers to the continuum, multi-
temperature model. While the temperature profile agrees very well between
DSMC and FP, small deviations can be observed in relation to the multi-
temperature model as seen in Fig. 6. These minor differences may be
attributed to differences in the modeling of vibrational relaxation between
DSMC and the continuum approaches, as well as to the fact that in DSMC
and FP, the vibrational temperatures are defined on the basis of the energy
according to Eq. (19), whereas in the multi-temperature master equation
approach, the equation for the vibrational energy is solved for directly.
Thus, any deviation from an equilibrium distribution in the DSMC and
FP simulations will lead to discrepancies in the vibrational temperature.

2. Dissociation

For the dissociation test case, O, and N, reactions are used from
the Appendix Table V. Good agreement can be observed between all

ARTICLE pubs.aip.org/aip/pof

FIG. 5. Temporal evolution of the number densities of air species using both
exchange reactions. REF denotes the solution obtained by solving the system of
master equations, FP denotes the solution computed the approach developed in
the present work, and DSMC denotes the solution computed using the TCE model
in DSMC.

models for O, and O kinetics (seen in Fig. 7). The agreement is also
very good between FP and the multi-temperature model as seen in
Fig. 8 and shows slightly larger deviations in respect to the DSMC
results. This should not distract from the fact that the relative devia-
tions are still small. The same holds true for the temporal development
of the translational temperature as displayed in Fig. 9. The slightly
larger differences between the models in the temperature profile com-
pared to results from exchange reactions are expected as now a consid-
erably larger number of reactions is considered with a much larger
temperature drop over the run of the simulation. Due to this rapid
evolution of the system, the differences in the modeling of vibrational
relaxation between the considered approaches are exacerbated, leading
to more noticeable differences in the temperature. In addition, the use
of the temperature-dependent collision numbers with the Larsen-
Borgnakke model may lead to the model not satisfying detailed

10000 1
e
™~ 9500 | .
&~

9000 1

t/s x1075

FIG. 6. Temporal evolution of the translational-rotational temperature using both
exchange reactions. REF denotes the solution obtained by solving the system of
master equations, FP denotes the solution computed the approach developed in
the present work, and DSMC denotes the solution computed using the TCE model
in DSMC.
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FIG. 7. Temporal evolution of the number densities of air species using 10 dissocia-
tion reactions. REF denotes the solution obtained by solving the system of master
equations, FP denotes the solution computed the approach developed in the present
work, and DSMC denotes the solution computed using the TCE model in DSMC.

balance,”” an issue which is not present in the continuum-based
approach, thus further affecting the evolution of the temperature. An
additional reason for the discrepancy in the computed vibrational tem-
peratures is attributed to the fact that in the FP and DSMC approaches,
an effective vibrational temperature is computed based on the average
vibrational energy in the cell, which may not be a valid approach in
case the vibrational distributions deviate from a Boltzmann distribu-
tion. On the other hand, in the master equation approach, the multi-
temperature approach is explicitly fixed, and therefore, the vibrational
temperature is well-defined and no deviations from a Boltzmann
vibrational distribution are possible. However, this should not distract
from the fact that the relative deviations both in the number densities
and the temperature are still small.

IV. PERFORMANCE ANALYSIS

The advantage of the FP approach compared to DSMC is that its
computational cost scales with the number of simulation particles

x10%?
202 T . 1
s 201 oo TR O
= i ——- Ny - DSMC
= { N - REF
N N - FP
200 L <4 ——- N -DSMC
\\‘—-» T
1.99 | M - b
0 1 2 3 4

t / s x107°

FIG. 8. Temporal evolution of the number densities of N, and N using 10 dissocia-
tion reactions (detail). REF denotes the solution obtained by solving the system of
master equations, FP denotes the solution computed the approach developed in
the present work, and DSMC denotes the solution computed using the TCE model
in DSMC.
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FIG. 9. Temporal evolution of the translational-rotational temperature using 10 dis-
sociation reactions. REF denotes the solution obtained by solving the system of
master equations, FP denotes the solution computed the approach developed in
the present work, and DSMC denotes the solution computed using the TCE model
in DSMC.

rather than with the collision frequency, making the model computa-
tionally more efficient in regions with low Knudsen numbers. In this
section, we investigate how the computational cost of our chemistry
model scales as the Knudsen number decreases, and compare this scal-
ing to the DSMC TCE model implemented in SPARTA. The simula-
tion of the exchange reaction

0, +N — O +NO (104)

was performed in a fixed volume cube with the side length L =1
x107*m with specular reflective boundary conditions. The initial
temperature of the simulation was set to T(ty) =20000K. The
Knudsen number was modified by varying the initial number density
of the mixture while retaining the mole fractions xo, = xx(to) = 3.
The particle number was kept constant at N = 100 000 for all simula-
tion by adjusting the particle weight. The Knudsen number was com-
puted as

o, +in

Kn ,
2L

(105)
with the mean free path 4 being calculated using the Variable Hard
Sphere (VHS) model

1

Tref o
2 2
\/—drefn( T)

(106)

Each simulation was executed for 100 time steps. The results were
averaged over 100 simulations each and normalized with the average
execution time of a FP simulation tpp = va tep;/N, with N = 100.

As seen in Fig. 10, the computational time rises for the DSMC
simulations with decreasing Kn number while staying constant for the
FP simulations. This shows that our chemistry extension retains the
performance advantage of the FP model. For the presented test case
the FP simulation becomes more efficient for Knudsen numbers of
Kn < 2.
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FIG. 10. Normalized average execution time of the DSMC and Fokker—Planck (FP)
simulations of the first 100 steps of the exchange reaction O, + N — O + NO as
a function of the Knudsen number.

V. MODELING OF AIR CHEMISTRY

In this section, we present results for a coupled air chemistry sim-
ulation using 15 dissociation reactions from Tables V and VI, along
with the two exchange reactions listed in Table VII. The simulation
setup was chosen to be the same as described in Sec. III C. For this
analysis, only the continuum model and the FP results were consid-
ered, as they share the closest modeling assumptions.

To confirm the validity of the selected time step a convergence
study was carried out. The results of the study in form of the relative
quadratic error err(u) of the investigated quantity u are presented in
Table III. The error is defined as

L h (wi(At) — ui(At/10)\?
err(u) = NZ (W) , (107)

where N is the number of evaluated points of the data set with smaller
time step. Values of the temporally coarser data set are linearly inter-
polated on the time evaluated by the finer set. Four simulation runs
were performed with time steps At € {1077,107%,107°,1071°}. It
was determined that the selected time step of At =1 x 10735 is
sufficient.

As in previous results, the development of translational tempera-
ture agrees very well between the two models, as shown in Fig. 11.
Also the development of the number densities, seen in Fig. 12, shows a
good agreement even in the very numerically stiff section at the begin-
ning of the simulation. However, the differences increase as the simu-
lation progresses. These differences can be better understood when
only looking at the reaction kinetics of NO, N,, and N as seen in

TABLE lll. Time Step Convergence Study.

At/s err(T) err(Typ) err(n)

4.230430 x 1074
5.431718 x 107°
1.396087 x 10~°

9.849763 x 10~*
3.004329 x 107°
2.163382 x 10°

1077 1.143181 x 1072
1078 2.466373 x 1074
107°  4.210380 x 10~
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FIG. 11. Temporal evolution of the translational-rotational temperature using the full
set of air reactions. REF denotes the solution obtained by solving the system of
master equations, and FP denotes the solution computed the approach developed
in the present work.

Fig. 13. While the reaction kinetics of NO and N show a very similar
qualitative behavior between the models, there is clearly a difference in
the decay of N,. Some of the reactions involving NO proceed on very
short time-scales, and the results are strongly affected by the choice of
time step and time stepping scheme, as this rapid evolution of the sys-
tem at the start of the simulation needs to be resolved. In addition,
even small differences in temperature can skew the kinetics. Those dif-
ferences in the translational temperature can be explained by differ-
ences in the relaxation of vibrational energies as seen in Fig. 14, which,
as discussed above in Sec. 111, is attributed to the differences between
the vibrational relaxation modeling between the continuum- and
particle-based approaches, as well as different definitions of the vibra-
tional temperature.

Nonetheless, our model is able to achieve a good agreement with
the continuum model even for this large and stiff system. The observed

NO - REF
- NO - FP
Oz - REF
- Oz - FP
Ny - REF
- Ny - FP

- REF
- FP

- REF
- FP

blolelele]

Z 200

0.0 0.2 0.4 0.6 0.8 1.0
t / s x107°

FIG. 12. Temporal evolution of the number densities of air species using the full set
of air reactions. REF denotes the solution obtained by solving the system of master
equations, and FP denotes the solution computed the approach developed in the
present work.
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t/s ><1075

FIG. 13. Temporal evolution of the number densities of NO, N,, and N using the full
set of air reactions. REF denotes the solution obtained by solving the system of
master equations, and FP denotes the solution computed the approach developed
in the present work.

10000
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8000 FP
& - REF
~ - FP
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4000 : : : :
0.0 0.2 0.4 0.6 0.8 1.0
t/s x107°

FIG. 14. Temporal evolution of the vibrational temperatures of NO, N,, and N using
the full set of air reactions. REF denotes the solution obtained by solving the system
of master equations, and FP denotes the solution computed the approach devel-
oped in the present work.

maximum relative differences between the different methods for the
number densities of all species apart from O, do not exceed 10%-13%.
For O,, the difference is larger (up to 100%) due to its number density
approaching zero as the simulation processes. Therefore, even minor
difference in reaction rates lead to large relative changes in the number
density; however, the absolute values remain negligibly small. The
maximum relative difference for the temperature is around 2%.

VI. CONCLUSION AND OUTLOOK

A framework for modeling chemical reactions within the
particle-based Fokker-Planck framework has been developed. The
approach ensures the conservation of mass, momentum, and energy.
It allows for the modeling of various reaction types, such as exchange
and dissociation, as well as temperature-dependent reaction rates,
which are not necessarily limited to Arrhenius-based formulations.

The framework has been verified through model problems, dem-
onstrating good agreement with solutions derived from systems of
master equations as well as results produced by the SPARTA DSMC

ARTICLE pubs.aip.org/aip/pof

code. Additionally, it is shown to be computationally more efficient
than DSMC for moderate to low Knudsen numbers.

Planned future extensions include generalizing the framework to
account for recombination reactions and the use of equilibrium rate
constants for the correct modeling of backward rate coefficients.
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APPENDIX: CHEMISTRY DATA

Rotational and vibrational relaxation parameters. Air chemis-
try O, and N, dissociation reactions. Air chemistry NO dissociation
reactions. Air chemistry exchange reactions (Tables IV-VII).

TABLE IV. Rotational and Vibrational Relaxation Parameters.

Molecular species zx, T* Cl1 C

N, 18.1 91.5 9.1 220.0
0, 16.5 113.5 56.5 153.5
NO 7.5 119.0 9.1 220.0

TABLE V. Air Chemistry O, and N, Dissociation Reactions.

Reaction Al(m3s7IKB) B E,/]

0,4+N — 204N 1.660 x 1078 —15 —8.197 x 107"
0,+NO — 204+NO  3.321 x 107° —15 —8.197 x 107"
0,+N, — 20+N, 3.321 x 107° —15 —8.197 x 107"
0,40, — 20+0, 3.321 x 107° —15 —8.197 x 107"
0,+0 — 30 1.660 x 108 —15 —8.197 x 107"
N,+0 — 2N+O0 4980 x 1078  —16 —1.561 x 1078
N,+0, — 2N+0, 1.162 x 1078 —1.6 —1.561 x 107'8
N,+NO — 2N+NO  1.162 x 1078 —1.6 —1.561 x 107'8
N,+N, — 2N+N, 1.162x 1078 —16 —1.561 x 1078
N,+N — 3N 4.980 x 1078 —1.6 —1.561 x 107'8
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TABLE VI. Air Chemistry NO Dissociation Reactions.

Reaction A/(m’s'K™B) B E./]
NO-+N, — N+O+N, 8.302x 107" 0 —1.043x107'8
NO+0, — N+0+0, 8.302x 107 0 —1.043x107'®
NO+NO — N+O+NO  8302x 107 0 —1.043 x 10718
NO+O — N+20 1.862x 1073 0 —1.043 x 10718
NO-+N — 2N+0O 1.862x 1071 0 —1.043x 10718
TABLE VII. Air Chemistry Exchange Reactions.

Reaction Al(mPs71K ) B E./]
0,+N — NO+O  4.601 x 107>  —0.546 0
N,+0 — NO+N  1.069 x 1072 —1.0 —5.175 x 107

REFERENCES

G. A. Bird, Molecular Gas Dynamics and the Direct Simulation of Gas Flows
(Oxford University Press, NY, 1994).

2D. Hash and H. Hassan, “Two-dimensional coupling issues of hybrid DSMC/
Navier-Stokes solvers,” in 32nd Thermophysics Conference (AIAA, 1997), p. 2507.

3R. Roveda, D. B. Goldstein, and P. L. Varghese, “Hybrid Euler/particle
approach for continuum/rarefied flows,” J. Spacecr. Rockets 35, 258-265
(1998).

"]. Zhang, B. John, M. Pfeiffer, F. Fei, and D. Wen, “Particle-based hybrid and
multiscale methods for nonequilibrium gas flows,” Adv. Aerodyn. 1, 12 (2019).

5G. Dimarco and L. Pareschi, “Numerical methods for kinetic equations,” Acta
Numerica 23, 369-520 (2014).

®F. Fei, “A time-relaxed Monte Carlo method preserving the Navier-Stokes
asymptotics,” J. Comput. Phys. 486, 112128 (2023).

7M. Pfeiffer, A. Mirza, and P. Nizenkov, “Evaluation of particle-based contin-
uum methods for a coupling with the direct simulation Monte Carlo method
based on a nozzle expansion,” Phys. Fluids 31, 073601 (2019).

8. Fei and P. Jenny, “A hybrid particle approach based on the unified stochastic
particle Bhatnagar-Gross-Krook and DSMC methods,” ]. Comput. Phys. 424,
109858 (2021).

M. Pfeiffer, F. Garmirian, and M. H. Gorji, “Exponential Bhatnagar-Gross—
Krook integrator for multiscale particle-based kinetic simulations,” Phys. Rev.
E 106, 025303 (2022).

T0p, L. Bhatnagar, E. P. Gross, and M. Krook, “A model for collision processes in
gases. I. Small amplitude processes in charged and neutral one-component sys-
tems,” Phys. Rev. 94, 511 (1954).

. Jenny, M. Torrilhon, and S. Heinz, “A solution algorithm for the fluid
dynamic equations based on a stochastic model for molecular motion,”
J. Comput. Phys. 229, 1077-1098 (2010).

125, Kiichlin and P. Jenny, “Parallel Fokker—Planck-DSMC algorithm for rarefied
gas flow simulation in complex domains at all Knudsen numbers,” . Comput.
Phys. 328, 258-277 (2017).

135, Kiichlin and P. Jenny, “Automatic mesh refinement and parallel load balanc-
ing for Fokker-Planck-DSMC algorithm,” J. Comput. Phys. 363, 140-157
(2018).

%E. Jun, M. H. Gorji, M. Grabe, and K. Hannemann, “Assessment of the cubic
Fokker-Planck-DSMC hybrid method for hypersonic rarefied flows past a cyl-
inder,” Comput. Fluids 168, 1-13 (2018).

'3E. Jun, “Cubic Fokker-Planck-DSMC hybrid method for diatomic rarefied gas
flow through a slit and an orifice,” Vacuum 159, 125-133 (2019).

6M. H. Gorji and P. Jenny, “A Fokker—Planck based kinetic model for diatomic
rarefied gas flows,” Phys. Fluids 25, 062002 (2013).

7C. Hepp, M. Grabe, and K. Hannemann, “Master equation approach for model-
ing diatomic gas flows with a kinetic Fokker-Planck algorithm,” J. Comput.
Phys. 418, 109638 (2020).

ARTICLE pubs.aip.org/aip/pof

18]. Mathiaud and L. Mieussens, “A Fokker-Planck model of the Boltzmann
equation with correct Prandtl number for polyatomic gases,” J. Stat. Phys. 168,
1031-1055 (2017).

19A. Nagel, L. Basov, and M. Grabe, “Modeling of polyatomic gas flows within a
kinetic Fokker-Planck approach using a direct modeling method,” in Aerospace
Europe Conference 2023 - 10th EUCASS - 9th CEAS (EUCASS), 2023.

201, Basov and M. Grabe, “Modeling of polyatomic gases in the kinetic Fokker-
Planck method by extension of the master equation approach,” AIP Conf.
Proc. 2996, 060004 (2024).

21C. Hepp, M. Grabe, and K. Hannemann, “A kinetic Fokker-Planck approach to
model hard-sphere gas mixtures,” Phys. Fluids 32, 027103 (2020).

22C. Hepp, M. Grabe, and K. Hannemann, “A kinetic Fokker—Planck approach
for modeling variable hard-sphere gas mixtures,” AIP Adv. 10, 085219 (2020).

23C. Hepp, “A kinetic Fokker—Planck algorithm for simulating multiscale gas
flows,” Ph.D. thesis (JLU Giessen, 2022).

241, Prigogine and E. Xhrouet, “On the perturbation of Maxwell distribution
function by chemical reactions in gases,” Physica 15, 913-932 (1949).

25K. Takayanagi, “On the theory of chemically reacting gas,” Prog. Theor. Phys.
6, 486-497 (1951).

268, Shizgal and M. Karplus, “Nonequilibrium contributions to the rate of reac-
tion. I. Perturbation of the velocity distribution function,” J. Chem. Phys. 52,
4262-4278 (1970).

27A. Lemarchand and B. Nawakowski, “Perturbation of local equilibrium by a
chemical wave front,” . Chem. Phys. 109, 7028-7037 (1998).

28A. Rossani and G. Spiga, “A note on the kinetic theory of chemically reacting
gases,” Phys. A 272, 563-573 (1999).

29N. Sarna, G. Oblapenko, and M. Torrilhon, “Moment method for the
Boltzmann equation of reactive quaternary gaseous mixture,” Phys. A 574,
125874 (2021).

30F, Kustova and D. Giordano, “Cross-coupling effects in chemically non-
equilibrium viscous compressible flows,” Chem. Phys. 379, 83-91 (2011).

3IE. G. Kolesnichenko and Y. E. Gorbachev, “Gas-dynamic equations for spatially
inhomogeneous gas mixtures with internal degrees of freedom. I. General the-
ory,” Appl. Math. Modell. 34, 3778-3790 (2010).

32E, Kustova and G. Oblapenko, “Reaction and internal energy relaxation rates in vis-
cous thermochemically non-equilibrium gas flows,” Phys. Fluids 27, 016102 (2015).

33G. A. Bird, “Chemical reactions in DSMC,” AIP Conf. Proc. 1333, 1195-1202
(2011).

34M. S. Grover, E. Torres, and T. E. Schwartzentruber, “Direct molecular simula-
tion of internal energy relaxation and dissociation in oxygen,” Phys. Fluids 31,
076107 (2019).

35D. C. Wadsworth and 1. J. Wysong, “Vibrational favoring effect in DSMC dis-
sociation models,” Phys. Fluids 9, 3873-3884 (1997).

3S. F. Gimelshein, N. E. Gimelshein, D. A. Levin, M. S. Ivanov, and L J.
Wysong, “On the use of chemical reaction rates with discrete internal energies
in the direct simulation Monte Carlo method,” Phys. Fluids 16, 2442-2451
(2004).

571, B. Sebastido, M. Kulakhmetov, and A. Alexeenko, “DSMC study of oxygen
shockwaves based on high-fidelity vibrational relaxation and dissociation mod-
els,” Phys. Fluids 29, 017102 (2017).

38M. Macrossan, “A particle simulation method for the BGK equation,” AIP
Conf. Proc. 585, 426-433 (2001).

39M. Groppi and G. Spiga, “A Bhatnagar-Gross-Krook-type approach for chemi-
cally reacting gas mixtures,” Phys. Fluids 16, 4273-4284 (2004).

“OR. Monaco, M. P. Bianchi, and A. Soares, “BGK-type models in strong reaction and
kinetic chemical equilibrium regimes,” J. Phys. A: Math. Gen. 38, 10413 (2005).

“1c. Baranger, Y. Dauvois, G. Marois, J. Mathé, J. Mathiaud, and L. Mieussens,
“A BGK model for high temperature rarefied gas flows,” Eur. J. Mech.-B/Fluids
80, 1-12 (2020).

“Z5. J. Plimpton, S. G. Moore, A. Borner, A. K. Stagg, T. P. Koehler, J. R.
Torczynski, and M. A. Gallis, “Direct simulation Monte Carlo on petaflop
supercomputers and beyond,” Phys. Fluids 31, 086101 (2019).

“3M. H. Gorji, M. Torrilhon, and P. Jenny, “Fokker-Planck model for computa-
tional studies of monatomic rarefied gas flows,” J. Fluid Mech. 680, 574-601
(2011).

“*M. H. Gorji and M. Torrilhon, “Entropic Fokker-Planck kinetic model,”
J. Comput. Phys. 430, 110034 (2021).

Phys. Fluids 37, 066126 (2025); doi: 10.1063/5.0271908
© Author(s) 2025

37, 066126-15

e LIyl G20z eunr L


https://doi.org/10.2514/2.3349
https://doi.org/10.1186/s42774-019-0014-7
https://doi.org/10.1017/S0962492914000063
https://doi.org/10.1017/S0962492914000063
https://doi.org/10.1016/j.jcp.2023.112128
https://doi.org/10.1063/1.5098085
https://doi.org/10.1016/j.jcp.2020.109858
https://doi.org/10.1103/PhysRevE.106.025303
https://doi.org/10.1103/PhysRevE.106.025303
https://doi.org/10.1103/PhysRev.94.511
https://doi.org/10.1016/j.jcp.2009.10.008
https://doi.org/10.1016/j.jcp.2016.10.018
https://doi.org/10.1016/j.jcp.2016.10.018
https://doi.org/10.1016/j.jcp.2018.02.049
https://doi.org/10.1016/j.compfluid.2018.03.059
https://doi.org/10.1016/j.vacuum.2018.10.028
https://doi.org/10.1063/1.4811399
https://doi.org/10.1016/j.jcp.2020.109638
https://doi.org/10.1016/j.jcp.2020.109638
https://doi.org/10.1007/s10955-017-1837-4
https://doi.org/10.1063/5.0187658
https://doi.org/10.1063/5.0187658
https://doi.org/10.1063/1.5141909
https://doi.org/10.1063/5.0017289
https://doi.org/10.1016/0031-8914(49)90057-9
https://doi.org/10.1143/ptp/6.4.486
https://doi.org/10.1063/1.1673637
https://doi.org/10.1063/1.477685
https://doi.org/10.1016/S0378-4371(99)00336-2
https://doi.org/10.1016/j.physa.2021.125874
https://doi.org/10.1016/j.chemphys.2010.11.009
https://doi.org/10.1016/j.apm.2010.04.001
https://doi.org/10.1063/1.4906317
https://doi.org/10.1063/1.3562806
https://doi.org/10.1063/1.5108666
https://doi.org/10.1063/1.869487
https://doi.org/10.1063/1.1751332
https://doi.org/10.1063/1.4974056
https://doi.org/10.1063/1.1407592
https://doi.org/10.1063/1.1407592
https://doi.org/10.1063/1.1808651
https://doi.org/10.1088/0305-4470/38/48/012
https://doi.org/10.1016/j.euromechflu.2019.11.006
https://doi.org/10.1063/1.5108534
https://doi.org/10.1017/jfm.2011.188
https://doi.org/10.1016/j.jcp.2020.110034
pubs.aip.org/aip/phf

Physics of Fluids

455, Kim and E. Jun, “A stochastic Fokker-Planck-Master model for diatomic
rarefied gas flows,” ]. Comput. Phys. 506, 112940 (2024).

“6D, T. Gillespie, “A general method for numerically simulating the stochastic
time evolution of coupled chemical reactions,” J. Comput. Phys. 22, 403-434
(1976).

“7R. Grima, P. Thomas, and A. V. Straube, “How accurate are the nonlinear
chemical Fokker-Planck and chemical Langevin equations?,” J. Chem. Phys.
135, 084103 (2011).

“8D. T. Gillespie, “Stochastic simulation of chemical kinetics,” Annu. Rev. Phys.
Chem. 58, 35-55 (2007).

“9G. A. Bird, “The Q-K model for gas-phase chemical reaction rates,” Phys.
Fluids 23, 106101 (2011).

ARTICLE pubs.aip.org/aip/pof

SOF, Nagnibeda and E. Kustova, Non-Equilibrium Reacting Gas Flows: Kinetic
Theory of Transport and Relaxation Processes, Heat and Mass Transfer
(Springer, Berlin, Heidelberg, 2009).

51C. A. Kennedy and M. H. Carpenter, “Additive Runge-Kutta schemes for con-
vection-diffusion-reaction equations,” Appl. Numer. Math. 44, 139-181
(2003).

52C. Zhang and T. E. Schwartzentruber, “Inelastic collision selection procedures
for direct simulation Monte Carlo calculations of gas mixtures,” Phys. Fluids
25, 106105 (2013).

537. Eckert and M. A. Gallis, “Enforcing detailed balance in the Borgnakke-
Larsen redistribution method with temperature dependent relaxation models,”
Phys. Fluids 34, 066118 (2022).

e LIyl G20z eunr L

Phys. Fluids 37, 066126 (2025); doi: 10.1063/5.0271908 37, 066126-16

© Author(s) 2025


https://doi.org/10.1016/j.jcp.2024.112940
https://doi.org/10.1016/0021-9991(76)90041-3
https://doi.org/10.1063/1.3625958
https://doi.org/10.1146/annurev.physchem.58.032806.104637
https://doi.org/10.1146/annurev.physchem.58.032806.104637
https://doi.org/10.1063/1.3650424
https://doi.org/10.1063/1.3650424
https://doi.org/10.1016/S0168-9274(02)00138-1
https://doi.org/10.1063/1.4825340
https://doi.org/10.1063/5.0097076
pubs.aip.org/aip/phf

