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Abstract

Compliant actuators, such as variable stiffness actuators (VSA), series elastic

actuators (SEA), variable impedance actuators (VIA), etc., are increasingly used in

robotics for applications requiring adaptability to different task requirements, energy

efficiency, and safe interaction with humans and the environment. These actuators

are widely employed in applications such as human-robot interaction, wearable

assistive devices, and highly dynamic-legged robots. Among the various control

strategies, impedance control has emerged as a favored approach for achieving safe

and adaptive interaction. The upcoming humanoid robot in our institute, Claudia,

designed with SEA-based flexible joints, highlights the integration of compliant

actuation for energy-efficient and high-performance locomotion.

This thesis primarily focuses on proposing concepts for evaluating impedance-

controlled SEA systems while also developing a new testbed for actuator parameter

identification. Several metrics are introduced to assess system performance from

three featured perspectives: apparent passive impedance, torque/velocity transmis-

sibility, and energy efficiency under distrubance. The contributions of the concepts

for evaluation include extending the passive impedance region (Z-region) from force-

cascaded impedance control to the feedback equivalence based control (e.g., ESPi),

enabling the parameter selection of impedance controller by direct and indirect

retrieval methods based on Z-region, adapting the torque/velocity transmissiblity

from force control to force cascaded impedance control, unification of torque/veloc-

ity transmissibility and Z-region for force cascaded impedance control. The findings

provide a structured methodology for selecting optimal control parameters and

actuator configurations, forming a foundation for future advancements in compliant

robotic actuation.
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1 Introduction

1.1 Motivation / Background

In recent years, compliant actuators have gained signi�cant popularity in the

development of robotic systems and are extensively studied and widely utilized

in applications such as human-robot interaction [1], energy-e�cient motion [2],

wearable assistive devices [3], humanoid robots [4], and highly dynamic legged

robots [5]. Alongside compliant actuators, various control strategies have been

implemented, including force control [6], impedance control [7], and passivity-based

control [8] and so on. Among these, impedance control has become particularly

favored for human interaction and adaption to unknown environments.

The upcoming humanoid robot, Claudia, developed at the institute, aims to

achieve energy-e�cient and high-performance legged locomotion through compliant

actuation, as shown in Fig. 1.1a. The lower ankles, highlighted in the �gure, feature


exible joints driven by series elastic actuators (SEAs), which absorb impacts

during locomotion and exploit potential energy to reduce input power. The upper

limbs of Claudia are primarily composed of similar actuator modules, with glass

�ber serving as the elastic transmission element, as illustrated in Fig. 1.1b and 1.1c.

To ensure accurate torque control and compensate for variations in the elastic

transmission, these actuators require testing on the testbed prior to installation on

Claudia.

This thesis develops a testbed for actuator parameters identi�cation upon the

presented modeling. The testbed is designed to accommodate various actuator

con�gurations, supporting future design iterations. Additionally, we also aim to

establish uni�ed metrics for evaluating impedance-controlled SEA systems, currently

focusing on the concept of evaluation from three featured perspectives: apparent

1



1.2 Outline

(a) Claudia robot (b) Tested Actuator (c) Tested Actuator

Figure 1.1: The new upcoming humanoid robot and its actuators.

passive impedance, torque/velocity transmissibility, and energy e�ciency. These

evaluations provide a basis for selecting optimal controllers, ensuring performance

and interaction requirements in applications such as humanoid locomotion and

energy-e�cient robotic actuation.

1.2 Outline

The overall structure of this thesis, as illustrated in Fig. 1.2, is as follows: The

theoretical foundation for compliant actuators, identi�cation methods, control

strategies, and metrics for evaluation is introduced in chapter 2. The concept

for evaluation from three featured perspectives, along with related metrics and

analyses, are presented in chapter 3. User cases of the metrics and the related

approaches based on the mentioned metrics for impedance controllers design are

discussed in chapter 4. The design of the testbed, including its hardware and

software components, as well as the identi�cation results and corresponding analysis,

is covered in chapter 5. The summary and outlook of the thesis are provided in

chapter 6.
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1 Introduction

Figure 1.2: Overall structure of the thesis. The lines indicate the relationships

between the section contents.

1.3 Contribution

This thesis advances the evaluation and control of impedance-controlled SEA

systems by analyzing their performance and proposing structured methodologies

for controller selection. The key contributions are as follows.

Apparent impedance of impedance controlled system is commonly evaluated

by passivity whereas a regional representation of passive impedance (Z-region)

enhances assessment in speci�c operational regions. This concept has been widely

applied to force cascaded impedance control (CIC), where the constraint on desired

impedance sti�ness shrinks the passive impedance region. In this thesis, we extend

this concept to feedback equivalence based control independent of force control, i.e.

ESPi by Keppler [9] (section 3.1). Theoretically, ESPi allows unrestricted parameter

selection, leading to a larger passive impedance region. The Z-region concept enables

direct and indirect retrieval methods to select impedance controllers based on the

passive impedance region for CIC and ESPi control proposed in section 4.1.

However, the desired passive impedance in CIC can deviate due to limitations in

controlled force �delity, which arise from the nominal maximum continuous torque

and permissible velocity. To address this, torque and velocity transmissibility

metrics were adapted from simple force control to CIC, resulting in an evaluation

3



1.3 Contribution

de�ned by feasible frequency width and maximum torque generation constraints

(section 3.2). Consequently, a higher impedance sti�ness and a lower torque control

gain are preferable to a larger feasible frequency width. This enables the uni�cation

of torque and velocity transmissibility and Z-region to preserve the maximum

torque generation (section 4.2).

Additionally, robustness quanti�es the system's response to disturbances, while

energy e�ciency under disturbance is crucial for maintaining the desired impedance

under constrained energy supply. To analyze this, the robustness from ESPi were

adapted to CIC [10], providing a basis for discussing absolute power consumption

and control input peaks (Section 3.3). Theoretically, the disturbances have less

in
uence on the control input for both controllers at the anti-resonance of the

controlled system, which coincides with the natural frequency of uncontrolled

system. Two di�erent disturbance cases are simulated in section 4.3.

To pursue an empiric selection and categorization of existing actuators upon

versatile purposes and mechanical speci�cation, a testbed aligned with conceptual

evaluation methods are developed in mechatronics department. Finally, the actuator

parameters have been identi�ed based on the proposed modeling with designed

experiments (chapter 5).
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2 Theoretical Background

2.1 Motor Identi�cation

In general, motor inertia, damping, friction, and sti�ness are the key parameters

to be identi�ed in actuator models. Accurate identi�cation enables the model to

provide reliable predictions of the system's behavior under external torques. In the

following, the common identi�cation approaches will be discussed in subsection 2.1.1,

followed by the basics of friction in subsection 2.1.2.

2.1.1 Identi�cation Methods

Identi�cation methods can be broadly categorized into o�ine and online approaches.

O�ine methods include physical experiments, CAD-based inference, and input-

output behavior analysis, while online methods often utilize adaptive control or

neural networks. A detailed overview of robotic dynamic parameter identi�cation

is provided in [11]. The primary objective of identi�cation is to estimate the

parameters using a minimal set of linear equations while accounting for measurement

noise. Key steps involve exciting the system dynamics through speci�c trajectories

[12, 13] and sampling input-output data to solve the equations.

Separate Parameter Identi�cation

In this thesis, individually targeting speci�c parameters through separate experi-

ments is adopted to simplify the identi�cation process. The motor torque constant

(kT ) is determined by comparing torque sensor measurements withkT i in under

sinusoidal excitation [14]. Elastic sti�ness (K ) is identi�ed by analyzing behaviour

and hysteresis during actuator motion [15].
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2.1 Motor Identi�cation

Friction models (� f ric ) are identi�ed using constant velocity measurements for

static friction [15, 16, 17] and chirp signals for dynamic friction [14]. Motor inertia

(B ) is estimated by free rotation under constant torque with friction compensation

[15], cross-correlation at maximum acceleration [14, 18], or a full-state observer

with a PI speed observer [19], though the latter requires careful gain tuning and

may compromise stability.

General Identi�cation Concepts and Methods in a Single Experiments

Compared to the above-targeted experiments, identifying the entire parameter set

in a single experiment is also widely used. The critical aspect lies in the di�erent

approaches to solving equations using input-output data.

Linear least squares (LS) assumes negligible noise, while weighted least squares

(WLS) and maximum likelihood estimation (MLE) address noise using weighting

matrices and likelihood maximization, respectively [20, 13, 12]. Advanced methods,

including algebraic approaches for oscillatory systems [21] and �ltered regression

models to reduce noise [22], enhance accuracy. For nonlinear e�ects like friction

and backlash, grey-box identi�cation combines physical modeling with optimization

[23, 24, 25], while black-box methods (e.g., NARX, ARX, RNN) rely solely on data

but face computational and interpretability challenges [26].

Most methods operate o�ine, yielding static parameters. Real-time updates

are crucial for handling varying parameters during operation. Iterative search

routines o�er a solution but often converge to local minima [27]. Achieving a global

minimum relies on well-informed initial guesses, which require an understanding of

parameter constraints and initial structures, making the process time-intensive.

2.1.2 Friction Basics

Friction in actuators is typically induced by mechanical gearing. Generally, classical

friction models can be categorized into static and dynamic types and formulated

accordingly, as discussed in [28, 29]. The following content provides a brief intro-

duction to static and dynamic classical friction models, along with one of their

variations.

6



2 Theoretical Background

Static Friction

Friction modeled statically describes the relationship between friction and contact

velocity. The Coulomb friction model, as shown in Appendix A.1, represents the

simplest form, with a constant frictional force depending only on the direction of

motion [30]. Despite its simplicity, it fails to capture dynamic behaviors and is

inaccurate near zero velocity [29].

Improved models, such as those incorporating Stribeck curves, account for

nonlinear dynamics like stick-slip motion. A common Stribeck formulation uses

a Gaussian expression [31], as shown in Appendix A.2, explicitly modeling the

additional force needed to overcome static friction. Stick-slip occurs due to higher

friction at rest compared to motion. While Stribeck models often cannot fully

capture hysteresis [32], necessitating dynamic friction models for greater accuracy.

Dynamic Friction

Dynamic friction models address complex dynamics like hysteresis by incorporating

di�erential equations with internal state variables, leveraging memory e�ects.

The LuGre model [33], an extension of the Dahl model [34], introducesz as an

internal state variable to represent the average de
ection of bristles [35], detailed in

Appendix A.3. This model captures rate-dependent characteristics and hysteresis

but lacks reversal point memory [36].

Variation of classic models

To complement the drawbacks of other models, Wojewoda et al. introduced

a friction model incorporating stochastic e�ects, capable of capturing complex

dynamics with uneven hysteresis behavior [29]. This model, shown in Fig. 2.1 and

detailed in Appendix A.4, describes irreversible motion while preserving stochastic

features. A comprehensive formulation is provided in [29].

Observations across friction models

In Fig. 2.1, the ideal friction models are depicted in two views: friction versus

velocity and friction versus time. On the left (Fig. 2.1a), the LuGre model exhibits

a smooth hysteresis loop, while the Wojewoda model displays an uneven loop with

7



2.2 Compliant Actuators

distinct acceleration and deceleration paths. On the right (Fig. 2.1b), the Stribeck

curve shows sharp corners when the force direction changes, whereas the LuGre

and Wojewoda models exhibit a single corner in opposing directions.

(a) Ideal friction models versus
velocity

(b) Ideal friction models versus time

Figure 2.1: Comparison of three friction models under ideal conditions: the Stribeck

curve, the LuGre model, and the Wojewoda friction model. (a) Friction

force as a function of velocity. (b) Friction force as a function of time.

2.2 Compliant Actuators

In general, compliant actuators di�er from rigid actuators by incorporating elastic

elements, such as springs or deformable materials, enabling greater adaptability,

energy storage, and impact resistance, particularly in dynamic or uncertain en-

vironments [37]. Nowadays, there are numerous mechanisms to integrate elastic

elements into actuators, whether nonlinear, linear, constant, or variable. This

section reviews the most common and widely used mechanisms.

2.2.1 Series Elastic Actuator (SEA)

The simplest mechanism is Series Elastic Actuator (SEA), which incorporates a

constant elastic element to provide inherent compliance and is extensively utilized

8



2 Theoretical Background

in various �elds. SEAs were �rst introduced by Pratt in 1995 [38]. This design

has gained popularity and has become a preferred choice for applications such

as assistive robots (e.g., exoskeletons and prostheses), humanoid robots, and

rehabilitation devices.

SEAs o�er several advantages, including increased energy e�ciency, as the spring

stores and releases energy during operation [39], improved impact absorption, as

the elastic element acts as a low-pass �lter for external forces [40], and enhanced

control robustness [41]. A detailed comparison of di�erent types of SEAs, in terms

of the displacement of the spring and the gear in SEAs, is provided in [42].

2.2.2 Parallel Elastic Actuator (PEA)

Complementing the series con�guration in subsection 2.2.1, Parallel Elastic Ac-

tuators (PEAs), introduced by Mettin in [43], o�er an alternative approach to

improving actuator performance. By incorporating elastic elements in parallel

with the actuator, PEAs reduce the control input required for speci�c motions by

e�ectively utilizing the energy storage and return capabilities of the parallel springs

[44, 45, 2, 46].

2.2.3 Variable Sti�ness Actuator (VSA)

In addition to constant sti�ness which have already mentioned in subsection 2.2.1

and 2.2.2, variable sti�ness actuators (VSAs) have emerged as another mechanical

design solution to address mentioned challenges, �rst introduced by Tonietti in [47].

VSAs are designed to adapt a system's natural dynamics by controlling its sti�ness

[48]. One example is the DLR Hand Arm System, which combines Floating Spring

Joints (FSJ) for the �rst four arm joints and Bidirectional Antagonistic Variable

Sti�ness (BAVS) joints for the wrist and forearm, as shown in Fig. 2.2.

The FSJ, illustrated in Fig. 2.2(b), achieves variable sti�ness through a single


oating spring mechanism positioned between two cam disks, without being attached

to the housing. The sti�ness is adjusted by the relative motion of the cam disks

[50]. In contrast, the BAVS joint, shown in Fig. 2.2(c), employs two antagonistic

actuators to adjust sti�ness and generate bidirectional torque by controlling the

de
ection of elastic elements via cam discs [51].
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2.3 Compliant Control

Figure 2.2: (a) DLR Hand Arms System [49] (b) The �rst four arm joints, namely

the elbow and the three shoulder joints, are implemented by Floating

Spring Joints (FSJ) [50] (c) Under arm rotation is realized by a Bidi-

rectional Antagonistic Variable Sti�ness (BAVS) joint[51]

2.2.4 Variable Impedance Actuator (VIA)

Building on the concept of VSA, Variable Impedance Actuators (VIAs) were

proposed as an extension, enabling adaptation to unknown environmental dynamics

by varying both sti�ness and damping1. A detailed review of di�erent types of

VIAs and their applications can be found in [52].

2.3 Compliant Control

Interaction control is generically de�ned as control in an environment with kinematic

and/or dynamic constraints, in contrast to motion control. There are two main

categories: passive and active interaction control. Passive interaction control

primarily relies on position control, where the compliance arises from the inherent

structure or mechanism of the system. In contrast, active interaction control

generates compliance through the actions of the controller [6]. Active interaction

strategies can generally be grouped into two categories: direct force control and

indirect force control. The main distinction is that the former explicitly closes the

force feedback loop, while impedance/admittance control belongs to the latter.

However, when considering compliant actuators, the classi�cation cannot be

fully aligned with this logic. New classi�cations, as illustrated in Fig. 2.3, were

1Although impedance generally encompasses inertia, damping, and sti�ness, current imple-
mentations of VIAs primarily focus on varying sti�ness and damping.
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2 Theoretical Background

introduced by Calanca in [53]. Compliant control forms the foundation of control

strategies designed to handle unstructured environments safely. It is widely applied

to both sti� and compliant joint systems. Generally, these controllers aim to shape

the mechanical impedance of the system, which de�nes the relationship between

output force and output velocity or position [7].

Figure 2.3: New interaction control classi�cation. The explicit/implicit node indi-

cates the presence/absence of force feedback [53].

In this section, the SEA system modeling is �rst presented in subsection 2.3.1,

followed by the foundations of force control in subsection 2.3.2. Finally, impedance

control for compliant actuators is discussed in subsection 2.3.3, along with an

introduction to the controllers that will be implemented in this thesis.

2.3.1 SEA Modeling

The SEA equipped a linear spring can be illustrated in Fig. 2.4(a) and structured

in a block diagram shown in Fig. 2.4(b). The equations of motion utilizing a linear

sti�ness K s, is give by,

� m � � f ric = ( Bs2 + Dms)� + N � 1� s = P � 1
m � + N � 1� s;

� s + � ext = ( Ms2 + D ls)q = P � 1
l q;

� s = K s(N � 1� � q) (2.1)

with

Pm (s) =
1

Bs2 + Dms
; Pl (s) =

1
Ms2 + D ls

; (2.2)

where� m represents the motor torque serves as the control input, while� f ric and

� ext denote the friction at the motor side and the external torque at the link
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2.3 Compliant Control

side, respectively.� s represents the spring torque, and� and q correspond to the

motor and link displacement. For compactness,Pm and Pl have been introduced

to describe the motor-side and link-side dynamics, respectively, whereB and M

represent the motor inertia and link inertia, whileDm and D l denote the motor

and link damping, respectively. N represents the gear ratios.

Figure 2.4: (a) A schematic diagram of the SEA, and (b) its block diagram

Alternatively, a SEA incorporating a nonlinear elastic element, the force/torque

is generated by,

� s = � s(N � 1� � q) (2.3)

where� s presents a nonlinear mapping between spring de
ection and force/torque.

Thus, equation(2.3) replaces the� s in equation (2.1). In this thesis, our discussion

primarily focuses on the linear spring.

2.3.2 Force/Torque Control

The early work on force control can be found in [54, 55, 56]. Implementing a force

controller requires the adoption of a stabilizing PD control action on the force

error, in addition to the usual nonlinear compensation. With the force control

system, the closure of an outer force regulation feedback loop is guaranteed, often

accompanied by an inner position/velocity loop [57]. The force control loop can be

de�ned as,

F = Cf (f des � f out ); (2.4)
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whereCf is the force controller PD gain,f des represents the desired force reference,

and f out is the system output force. Force/Torque control is widely used in human-

robot interaction [1], compliant actuators [58, 59], exoskeletons [60], and other

applications.

2.3.3 Impedance Control

In this subsection, we focus on impedance control, where impedance is mathemati-

cally de�ned as,

Z imp = �
� ext

sq
or �

� o

sq
(2.5)

where � ext and � o represent the external torque and output torque, respectively,

and sq denotes the output velocity with Laplace operators.

Impedance control, �rst introduced by Hogan [7], regulates the dynamic rela-

tionship between a desired trajectory and the interaction forces. Its 
exibility in

adapting to varying application requirements has made it a widely adopted strategy

for controlling 
exible joints. This adaptability allows impedance control to meet

diverse demands in robotics, ranging from safety-critical tasks to precision-driven

operations. For example, softer impedance is crucial in safety-critical applications

such as rehabilitation devices or humanoid robots [1, 61], while sti�er impedance

is preferred in scenarios requiring high-precision motion or e�ective disturbance

rejection.

Force Cascaded Impedance Control (CIC)

Force cascaded impedance control structures shown in Fig. 2.5, are widely utilized

to achieve robust and adaptive performance in robotic systems [62]. This control

architecture typically consists of two hierarchical layers: an inner loop and an

outer loop. The inner loop, which is commonly a velocity controller [61] or a

torque controller [4, 63], is implemented using simple control strategies, such as

proportional (P) or proportional-derivative (PD) controller. The outer loop serves

as the impedance controller, which renders the desired impedance. To ensure

system stability and responsiveness, control theory suggests that the inner loop

should operate with a signi�cantly higher control bandwidth than the outer loop

[64], commonly using a factor of ten [65].
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2.3 Compliant Control

Figure 2.5: Force Cascaded Impedance Control block diagram

For torque controlled inner loop, the CIC control law

� m = Cf (Zdesq � � s) (2.6)

with torque controller Cf = K p + K ds and desired impedanceZdes = � K q � Dqs

is taken for example.

Elastic Structure Preserving Impedance Control (ESPi)

Elastic Structure Preserving (ESP) control is one of the feedback equivalence based

control, which is designed to preserve the elastic structure of the system's original

plant by introducing a new coordinate on the motor side, allowing direct damping

implementation on the link side [66]. One particularly notable feature of ESP

control is that the proportional (P) control gain for the link side corresponds

directly to the intrinsic sti�ness K s of the system, eliminating the need for gain

tuning.

Elastic Structure Preserving Impedance (ESPi) control is an inversion of the

ESP control structure, as depicted in Fig. 2.6. This approach enables users to

directly implement the desired impedance on the link side, facilitating desired task

execution or interaction scenarios [67]. The control law is formulated as,

� m = �u + NK � 1
s (P � 1

m + N � 2K s)Zdesq

= D � _� + NK � 1
s Zdes(B •q+ Dm _q+ N � 2K sq) (2.7)

where �u = D � _� represents the new control input from the motor side, and�

represents the new coordinate on the motor side, de�ned by the transformation
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� = � � NK � 1
s � . Here, � represents the desired impedance force, de�ned as

� = Zdesq with Zdes = � K q � Dqs.

Figure 2.6: (a) Graphical representation of a single linear-elastic joint (b) ES�

control achieves a full Impedance behavior directly on the link. (c)

ESP control achieves damping directly on the link. [67]

2.3.4 Other Control

In addition to torque and impedance control, several methods can be applied to

compliant actuators. Passivity-based control ensures stability by preserving system

passivity [8, 68], while adaptive control with appropriate adaptation laws e�ectively

stabilizes the system even with unmodeled behavior [69]. Controllers incorporating

a disturbance observer (DoB) reject undesired disturbances, signi�cantly enhancing

robustness in both force controllers [58, 1, 70] and impedance controllers [63, 4, 71].
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2.4 SEA Performance Evaluation

2.4 SEA Performance Evaluation

2.4.1 Performance under Force Control

In the context of force controllers, several indices have been proposed to evaluate

actuator performance. Transmissibility is introduced to quantify how e�ectively

motor force is transmitted to the load, compliance measures the reaction force with

respect to an external force, and force sensitivity assesses how much spring force

(i.e., spring deformation) is generated in response to an external force [42].

Additionally, to account for actuator limitations, such as maximum permissible

velocity and maximum continuous motor torque, Chan proposed two new metrics:

maximum torque transmissibility (MTT� ) and maximum velocity transmissibility

(MTTv) in [72, 73]. These metrics represent the maximum torque transmissibility

based on torque and velocity limitations, respectively. Furthermore, similar met-

rics can be derived to evaluate the maximum torque bandwidth, considering the

constraints of � and v.

2.4.2 Performance under Impedance Control

The performance of impedance control can be described using several metrics.

In haptic devices, the Z-width is often used to represent the range of achievable

impedance through frequency analysis [74]. To further assess performance, the

Z-region, which combines Z-width and Z-depth, where Z-depth represents the

achievable frequency range [4], provides a more comprehensive view by including

both impedance and frequency considerations [4],[71], as shown in Fig. 2.7. Ad-

ditionally, independent metrics like M-width, D-width, and K-width are used to

describe the rendered mass, damping, and sti�ness, respectively, allowing for a

more detailed analysis of system dynamics [75].
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2 Theoretical Background

Figure 2.7: Z-region surrounded by the highest impedance controller (HIC) and the

lowest impedance controller (LIC). This �gure shows achievable SEA

impedance ranges by modulating the gain scale GS =1 . The control

gains are solved using the critically damped gain design criterion. [4]
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3 Methodology and Analysis

SEA provides the torque source for robotic systems, and the impedance controller

allows the user to de�ne the desired impedance during interaction with the environ-

ment. One of the key control strategies is force cascaded impedance control (CIC),

which achieves this by minimizing the error between desired and actual torque. On

the other hand, elastic structure preserving impedance (ESPi) control is another

strategy that can also provide the desired impedance in di�erent approach.

In this chapter, the goal is to propose the concept of evaluation impedance-

controlled SEA system through three featured perspectives, each examining a

di�erent performance metric. These perspectives are outlined in Fig. 3.1, providing

an overview of the metrics and their relation to the applied controllers.

Figure 3.1: Overview of the structure in Chapter 3. The dotted lines represent the

relationships between the applied controllers and the metrics.

The �rst perspective focuses on the apparent passive impedance of impedance

controlled SEA system, looking into how impedance control sti�ness and torque

control proportional gain in
uence system passivity and the achievable passive
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impedance region for both CIC and ESPi control in section 3.1.

However, the desired impedance force cannot always be fully transmitted through

the controlled system due to actuator limitations speci�ed in the datasheet. The sec-

ond perspective examines the torque/velocity transmissibility of the CIC-controlled

SEA, considering the nominal maximum continuous torque and permissible velocity.

The evaluation results, de�ned by feasible frequency width and maximum torque

generation constraints for achieving the full desired output torque, are presented in

section 3.21.

Furthermore, robustness and energy e�ciency under disturbances are crucial

for overall robotic system design. The third perspective examines these metrics for

both controllers using transfer functions, as discussed in section 3.3.

It is noticeable that all system and controller parameters used in the analysis

throughout this thesis are listed in Table 3.1. Any non-identical parameters are

speci�cally marked in the contents.

Table 3.1: Parameter Values

Parameter Value Unit Parameter Value Unit

K s 300 Nm/rad N 1 {

B 0:05825 kg K p 3 {

M 1 kg K d 0:02 {

Dm 0:2 { Dq 2
p

BK q {

D l 1:1 {

1It is worth noting that ESPi, as a feedback equivalence based controller [76], cannot be
directly analyzed through force transmissibility.
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3 Methodology and Analysis

3.1 Impedance Evaluation under Impedance Con-

trol

3.1.1 Controlled Apparent Impedance

Force Cascaded Impedance Control

In general, the impedanceZ can be interpreted as the relationship between the

system's response and the external force, typically de�ned as the ratio of output

torque or external torque to the link's velocity or position, as shown in equation

(2.5). Based on the de�nition ofZ imp with output torque, which de�ned as spring

torque � s, the impedance at the spring port under the CIC framework, derived

from equations (2.1) and (2.6), is given as,

Z CIC
spring (s) =

� � s

sq
=

P � 1
m K s � N � 1K sCf Zdes

P � 1
m + N � 2K s + N � 1K sCf

1
s

; (3.1)

As is well known, ensuring system stability is paramount. A necessary condition

for stability is the passivity of the system. The passivity of the system can be

de�ned by the following criteria (for detailed derivations, refer to [77]):

ˆ The real part of the impedance should not be smaller than zero:Re(Z ) � 0.

ˆ The phase of the impedance should lie between� 90� and 90� .

The real part of the CIC impedance at the spring portRe(Z CIC
spring (s)) is given

as,

Re(Z CIC
spring (j! )) =

ND mK s (N � 1K s � K qK p + KK p)

(ND m ! + K sK d! )2 + ( K sK p + N � 1K s � NB! 2)2

+
NK dK s (BK s! 2 � BK q! 2 + K qN � 2K s)

(ND m ! + K sK d! )2 + ( K sK p + N � 1K s � NB! 2)2 ; (3.2)

which is evaluated withs = j! .

Due to Re(Z CIC
spring (s)) � 0, the passivity condition can be further simpli�ed as,

K q

K s
� 1 =) K s � K q: (3.3)
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3.1 Impedance Evaluation under Impedance Control

It is evident that in CIC there is an upper bound on the impedance control

gain K q, regardless of the torque controller coe�cients (K p; K d). Under passivity

conditions, the desired target impedance sti�ness cannot exceed the physical

sti�ness K s of the system. This implies that a high rendered sti�ness would violate

the passivity condition. However, this strict limitation on K q can be relaxed if we

evaluate the impedance including the load dynamics at the load port [78].

The port concept, illustrated as a circuit diagram in Fig. 3.2 introduced in

[78], equates the mechanical system's inertia, damping, and spring to the circuit's

inductance, resistance, and capacitance. The two ports, representing the spring

and load, correspond to the observations at� s and � ext , highlighted in yellow in

Fig. 3.2. The power observed from the two plants,Pm and Pl , is derived as the

product of 
ow and e�ort, corresponding to the spring's ! m and � s, and the load's

! l and � l , respectively.

Figure 3.2: Port concept of the SEA system represented as a circuit. The green

color corresponds to the spring port, the orange to the load port, and

the outputs of both ports are highlighted in yellow.

Unlike Zspring observed from� s, another way that presents the impedance at

the load port, shortly Z load, additive with the load dynamicsPl is given as,

Z load(s) = Zspring (s) + Ms + D l : (3.4)

where the dampingD l and the load inertia M explicitly represent Pl . Hence, the

output of the overall system is treated as the external torque� ext .

In CIC framework, the real part of the impedanceRe(Z CIC
load (j! )) includes

the additional D l term compared to Re(Z CIC
spring (j! )), which provides a margin
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3 Methodology and Analysis

for increasing the upper bound ofK q. This means that, under this de�nition,

the rendered sti�ness can exceed the physical sti�ness. It is said to relax the

conservatism of the passivity condition for impedance-controlled SEAs.

In order to validate the theory and analyze the apparent impedance in impedance

controlled systems, we set the value of the parameters as shown in Table 3.1. We

de�ned a new variable� q as,

� q =
K q

K s
: (3.5)

(a) Impedance at spring port with respect to � q

(b) Impedance at load port with respect to � q

Figure 3.3: Comparison of apparent impedance at spring and load ports wrt.� q

under the CIC framework.

The impedance behavior under three di�erent cases is discussed here, speci�cally

the scenarios� q � 1 and� q > 1 at the spring port, and� q > 1 at the load port. First,

the overall tendency of impedance behavior corresponding to� q changes is shown in

23



3.1 Impedance Evaluation under Impedance Control

Fig. 3.3a and Fig. 3.3b. It is evident that, when considering the load dynamics, the

magnitude response exhibits a fold at certain frequencies, and the phase response

shows a signi�cant rise from certain frequencies onward. Furthermore, these speci�c

frequencies increase as� q increases.

Figure 3.4: Apparent Impedance in CIC.Dq = 2
p

BK q has been selected for criti-

cally damped impedance. Three cases are evaluated: (� q < 1) at the

spring port, and (� q > 1) evaluated at both the spring port and load

port.

The apparent impedance evaluated at spring port shows frequency-variant

characteristics dominated byK q and K p. The apparent impedance is dominated

by K q, referred to active impedance, in the low-frequency range, while in the high-

frequency range, the intrinsic sti�nessK s, namely passive impedance, dominates,

as shown in the �rst two columns of Fig. 3.4 highlighted by dashed and solid-

line alignments, whereK s is assigned as half and twice the physical sti�nessK s,

respectively, i.e� q � 1 and � q > 1. The apparent impedance evaluated at frequency

(left and right) extremities provides convergences,

Z CIC
spring js! 0 = K q

�
K p

K p + 1

�
; (3.6)

Z CIC
spring js!1 = K s

�
1 +

DqK d

B

�
: (3.7)

Equation (3.6) shows the stationary apparent impedance� K q, approaching to

K q if K p is su�ciently large. In contrast, the dynamical apparent impedance at
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3 Methodology and Analysis

right extremity in equation (3.12) � K s. The motor inertia B scales down the e�ect

from controlled dampingDq and K d, thus preventing the alignment to intrinsic

sti�ness.

The passivity of controlled impedance has been violated where the phase margin

clearly exceeds� 90� , as shown in the second column from Fig. 3.4 for� q > 1 case.

However, the additionalD l evaluated for load port impedance in equation(3.4)

provides a bu�er for K q, maintaining the phase within the passive region, illustrated

in the third column of Fig. 3.4. Therefore, considering load dynamics allowsK q in

desired impedance to exceedK s compared to impedance at spring port.

The apparent impedance evaluated at load port converges to the load inertia

M in the high-frequency domain while the impedance at low frequency has not

been in
uenced by load dynamics among three selected cases in Fig. 3.4.

Elastic Structure Preserving Impedance Control

The apparent impedance controlled by ESPi is given as2,

Z ESP i
spring (s) =

� � s

sq
= �

N 2P � 1
m (Zdes � K s) + ZdesK s

N 2P � 1
m + K s

1
s

=
N 2P � 1

m (K q + K s) + K sK q

N 2P � 1
m + K s

1
s

+ Dq (3.8)

Considering the passivity criterion for the system, the real part of the impedance

at the spring port is given as,

Re(Z ESP i
spring (j! )) =

DmN � 2K 2
s

(Dm ! )2 + ( N � 2K � B! 2)2
+ Dq: (3.9)

Obviously, Re(Z ESP i
spring (j! )) � 0; 8K q; K p; ! .

The passive impedance evaluated at the load port is referred to equation (3.4).

Hence, the real part of the impedance at the load port is given as,

Re(Z ESP i
load (j! )) =

DmN � 2K 2
s

(Dm ! )2 + ( N � 2K � B! 2)2
+ Dq + D l : (3.10)

Apparently, the same conclusion forRe(Z ESP i
load (j! )) will be derived asRe(Z ESP i

spring (j! )).

The impedance behavior of ESPi controlled SEA exhibits a similar trend to

that observed with CIC, with the exception occurring whenK q exceedsK s as

shown in Fig. 3.53. The �rst two columns in Fig. 3.5 validate that the real part of
2Here, �u = 0 in � m , refer to equation(2.7)
3Dq = 0 has been applied.
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3.1 Impedance Evaluation under Impedance Control

Z ESP i
spring does not impose any limitations on gain selection, even while adhering to

the passivity.

Figure 3.5: Apparent Impedance under the ESPi framework. The legend,Dq and

three discussed cases condition are same as Fig. 3.4.

The apparent impedance evaluated at spring port at frequency extremities

provides convergences,

Z ESP i
spring js! 0 = K q; (3.11)

Z ESP i
spring js!1 = K s + K q: (3.12)

The impedance approaches to exactlyK q at low frequency, unin
uenced by any

system parameters as impedance under CIC in(3.6). Meanwhile, the impedance

converges to summation of the sti�ness (gains) at high frequency, that di�ers from

the CIC in (3.7).

3.1.2 Passive Impedance Region

This subsection introduces passive impedance region based on the foundation of

the apparent impedance adhering to the passivity. The passive impedance region,

referred as "Z-region" [4], is composed of two metrics: Z-width and Z-depth. Z-

width represents the range of achievable impedance magnitude, a concept originally

adopted in haptic devices [74], while Z-depth represents the achievable frequency

range. The Z-region is de�ned as the area between the upper and lower boundaries
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of achievable impedance,Zu and Z l , over the frequency range between the upper

and lower frequency limits,! u and ! l ,

Zregion =
Z ! u

! l

W (! ) jlogjZu(j! )j � logjZ l (j! )jj d! (3.13)

=
Z 1

0
W (! )

�
�
�
� log

Zu(j! )
Z l (j! )

�
�
�
� d!; (3.14)

where W(! ) is a weighting function that can account for speci�c performance

requirements [4]. From here,W(! ) = 1 has been assumed for easy manipulation.

Force Cascaded Impedance Control

In our case, we set the frequency range from 0 to1 , whereZ l corresponds to the

rendered impedance whenK q = K imp
min;q = 0 and Zu corresponds to the maximum

passive sti�ness forK imp
max;q . This ensures a seamless design of target impedance

with preserving the passivity.

First, focusing on the Z-region at the spring port withoutPl , the result is

illustrated in Fig. 3.6a under the assumption of a �xed torque controller gain.

(a) Z-region at spring port (b) Z-region at load port

Figure 3.6: Comparison of Z-region at spring port (left) and load port (right) under

CIC framework.
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The maximum passive sti�ness related to Z-region at the spring port is adopted

asK s from sec. 3.1.1. The Z-region spanned byZ CIC
u and Z CIC

l indicates the range

of achievable impedance, illustrated in Fig. 3.6a. This visual representation provides

insight into how CIC-impedance behaves within these limits. A correspondent

user-case utilizing the Z-region will be provided later in section 4.1.

An example upper boundZ upper
load composed of dynamical transition fromK q to

K s evaluated at load port with preserving passivity is visualized in Fig. 3.6b, where

K q = 2K s has been applied. The �rst intersection ofZ upper
load and Z lower

load occurs

around 2.5Hz while no intersection appears in the Z-region evaluated at the spring

port, illustrated in Fig. 3.6a.

To increase versatility, the Z-region evaluated at the load port is extended to

3D by considering variousK p in the range [0:1; 100], as shown in Fig. 3.7b. The

passive impedance region slightly increases asK p increases, clearly illustrated in

2D plot with four sets of K p in Fig. 3.7a.

(a) Z-region with respect to K p in a 2D view. (b) Z-region with respect to K p in a 3D view.

Figure 3.7: Comparison of Z-region Bode plots with respect to variousK p in 2D

(a) and 3D (b) views.
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(a) Z-region evaluated at spring port (b) Z-region evaluated at load port

Figure 3.8: Comparison of Z-region at spring port (left) and load port (right) under

ESPi framework.

Elasitc Structure Preserving Impedance Control

The passive impedance region under ESPi provides a much larger achievable

impedance and frequency range since apparent passive impedance under ESPi has

no constraint of K q for preserving passivity theoretically in equation (3.10)4, as

shown in Fig. 3.8. This highlights the advantages of ESPi in terms of its extended


exibility in control parameters selection for maintaining passivity.

3.1.3 Summary

In subsection 3.1.1 and 3.1.2, it is concluded that CIC restricts the rendered sti�ness

to the physical sti�ness conservatively and possesses the upper-and lower-bound

constrained passive impedance region, mainly at low frequency. In contrast, ESPi

controller imposes no limitations on rendered sti�ness and achieves the larger

passive impedance region, theoretically only constrained by lower-bound5.

4D � = 0 has been applied due to the derivation of equation (3.8).
5The derivation of CIC and ESPi is based on ideal assumptions, excluding factors such as

friction, backlash, and actuator limitations, and utilizes frequency analysis. Additionally, the
damping terms in the ESPi controller are neglected.
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3.2 Force/Torque Transmissibility

In classical force control, force transmissibility quanti�es the e�ciency of transmit-

ting motor force to the load side through the transmission (e.g., spring deformation

in SEA) [42]. It is de�ned as,

T(s) =
� out

� m
; (3.15)

However, large torque demands in SEA systems often lead to performance

deterioration, known as the large force bandwidth problem (LFB) [72, 79, 80].

This occurs particularly at higher frequencies, where the transmitted torque is less

than the theoretically desired value as the desired output approaches the system's

maximum continuous motor torque6, shortly � mc;max . Chan et al. have proposed

metrics to address this problem in classical force control; for details, refer to [73,

72].

To address the LFB problem e�ectively, it is essential to account for actuator

limitations and understand how the control input � m in
uences the output torque

� s, motor velocity _� m , and link-side positionq. For clarity, u is used to denote

the control input, and ! m represents the motor velocity in this subsection. From

equation (2.1), these relationships are given as,

P� (s) =
� s

u
=

N � 1Pm

K � 1
s + Pl + N � 2Pm

; (3.16)

P! m (s) =
! m

u
=

Pm (K � 1
s + Pl ) s

K � 1
s + Pl + N � 2Pm

; (3.17)

Pq(s) =
q
u

=
N � 1PmPl

K � 1
s + Pl + N � 2Pm

; (3.18)

whereP� , P! m , and Pq represent the transfer functions relating the control inputu

to the output torque, motor velocity, and link-side position, respectively.

3.2.1 Maximum Torque Transmissibility, Maximum Torque

Bandwidth

To simplify the discussion of the actuator limitations, the integration ofP� , P! m ,

and Pq into the CIC block diagram is illustrated in Fig. 3.9. Two constraint

6In general, it can be found in actuator datasheet.
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equations for the ratio of the desired output torque� des to the control input u are

given as,

Inner force tracking loop (i.e., orange loop):

uinn =
N � 1Cf

1 + N � 1Cf P�
� des =

�
1 + K s(Pl + N � 2Pm )

�
Cf N � 1

1 + K s
�
Pl + N � 2Pm (1 + Cf )

� � des: (3.19)

Outer position regulation loop (i.e., blue loop):

uout =
K � 1

s + Pl + N � 2Pm

ZdesN � 1PmPl
� des: (3.20)

whereuinn and uout denote the control inputs derived from the inner and outer

loop control laws, respectively.

Figure 3.9: CIC block diagram with transfer function representations (P� ; P! m ; Pq),

where the blue loop represents the outer position regulation loop, the

orange loop represents the inner force tracking loop, and the green loop

represents the relationship fromu to ! m .

To address the LFB problem, the maximum desired output torque, denoted as

� des;max , is expected to approach the maximum continuous motor torque� mc;max .
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3.2 Force/Torque Transmissibility

When � des = � des;max is pursued, the ratios between the control inputu and � des;max

are rearranged from equations (3.19) and (3.20) as

uinn

� des;max
=

�
1 + K s(Pl + N � 2Pm )

�
Cf N � 1

1 + K s(Pl + N � 2Pm (1 + Cf ))
; (3.21)

uout

� des;max
=

K � 1
s + Pl + N � 2Pm

ZdesN � 1PmPl
: (3.22)

From Fig. 2.4, the gear ratio ampli�es the motor torque that

� des;max = N� mc;max ) � mc;max = N � 1� des;max : (3.23)

The maximum torque transmissibility, denoted asMTT� , is de�ned as,

MTT� (s) =
ju(s)j

� mc;max
; (3.24)

which serves as a metric to tackle the LFB problem.

Based on(3.24), inserting (3.23) into the constraint equations(3.21) and (3.22),

the MTT� for the inner and outer loop paths are derived as,

MTT inn
� (s) =

uinn

� des;max
=

�
�
�
�

(1 + K s(Pl + N � 2Pm ))Cf

1 + K s(Pl + N � 2Pm (1 + Cf ))

�
�
�
� ; (3.25)

MTT out
� (s) =

uout

� des;max
=

�
�
�
�
N (K � 1

s + Pl + N � 2Pm )
ZdesN � 1PmPl

�
�
�
� : (3.26)

If MTT� greater 1 (0 dB) at any location over an interested frequency range,

the control input u becomes insu�cient to achieve the desired output torque� des,

implying the actuator cannot deliver the full � des;max . Therefore, to ensure large

torque generation,MTT� must satisfy

MTT� (s) � 1: (3.27)

The maximum torque bandwidth, denoted as! MT � , is de�ned as the upper

frequency limit guaranteeing maximum torque generation. This concept was �rst

introduced for classical torque control in [72]. Since the CIC-controlled system

involves two loops in Fig. 3.9,! CIC
MT �

is de�ned as,

! CIC
MT �

= min( ! inn
MT �

; ! out
MT �

); (3.28)
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where

! out
MT �

= arg min
!

�
! : MTT out

� (j! ) = 1
	

; (3.29)

and

! inn
MT �

=

8
<

:

arg min!>! inn;lower
MT �

f ! : MTT inn
� (j! ) = 1 g; if ! inn;lower

MT �
is de�ned;

arg min! f ! : MTT inn
� (j! ) = 1 g; otherwise:

(3.30)

where

! inn;lower
MT �

=

8
<

:
arg min! f ! : MTT inn

� (j! ) = 1 g; if MTT inn
� (j! ) > 0 as! ! 0;

unde�ned; otherwise:

(3.31)

Here, s = j! is applied and! inn;lower
MT �

represents the lower frequency limit at which

maximum torque generation is guaranteed and solely appears in the inner control

loop.

Figure 3.10: MTT� Bode plot with desired impedanceK q = 250, Dq = 2
p

BK q.

Noticeably, equations(3.25) and (3.26) depend solely onK p and K q, which

correspond to the inner and outer control loop, respectively. Besides,! LF B is

introduced as a measure, representing a feasible width in frequency that ensures

generation of� max
des . This facilitates comparative experiments to determine and

validate the optimal gain (K p or K q) in CIC. These experiments are conducted in

three cases:
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