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Abstract

A ready-to-use numerical model has been developed for the atomic ladder (cascade)
systems which are widely exploited in Rydberg Radio Frequency (RF) sensors. The
model has been explicitly designed for user convenience and to be extensible to
arbitrary N-level non-thermal systems. The versatility and adaptability of the model is
validated up to 4-level atomic systems by direct comparison with experimental
results from the prior art. The numerical model provides a good approximation to the
experimental results and provides experimentalists with a convenient ready-to-use
model to optimise the operation of an N-level Rydberg RF sensor. Current sensors
exploit the 4-level atomic systems based on alkali metal atoms which require visible
frequency lasers and these can be expensive and also suffer from high attenuation
within optical fiber. The ability to quickly and simply explore more complex N-level
systems offers the potential to use cheaper and lower-loss near-infrared lasers.

Keywords: Rydberg Atom-based Metrology; Numerical model; Simulation; RF
Sensing

1 Introduction

Recent developments in atom-based quantum sensing have received considerable atten-
tion with development of commercial gravitational sensing, magnetometer, and Rydberg
Radio Frequency (RF) sensors. Rydberg RF sensors have been shown to be International
System of Units (SI) traceable and provide a self-calibrated solution for electrometers [1].
Further to the electrometers Rydberg sensors have been used for RF, mm Wave imaging
[2] and Wireless communications [3].

Over the last decade atom-based RF electrometers have been shown to be capable of
working over a wide range of frequencies [4—6] with self-calibration to atomic energy lev-
els allowing for precision measurements. Further interest has been sparked in these re-
ceivers due to the sensitivity improvement in comparison to traditional dipole antennas
[7-9]. This potential for an increase in sensitivity below that of the thermal noise floor
has gained interest from communication engineers with a new focus on atom-based RF

communication using both analogue and digital encoding [3, 10—12]. Furthermore, this
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technology has been developed for the purpose of RF imaging in the terahertz regime
[2, 13], with applications ranging from building inspection to RF environment tracking.
Both the amplitude and phase of a weakly modulated RF field [3, 14] can be detected at
higher modulation rates limited only by the relaxation time of the atom. This limitation
can be improved upon by using multiple optical beam paths through the vapor cell or
multiple receiver cells [15]. The detection sensitivity can be improved by controlling laser
stability in terms of laser frequency locking and laser linewidth, together with using low
noise photodiodes, and using homodyne [16] and heterodyne [17] detection methods.
The state-of-the-art atomic sensors, RF sensitivity is a rapidly evolving field with sensitiv-
ity ranging from 3 ,uV/cm/\/m [18] down to 55 nV/cm/~/Hz [17] and a theoretical limit
of 100 pV/cm/~/Hz [18-20] for a variety of radio frequencies.

Although greater sensitivity can be achieved there is a trade-off with the RF modulation
rate [7, 21]. Other methods have also been researched for further enhancing the sensitivity
of these sensors such as using a split ring resonator [22]. This has displayed a two-fold
increase in sensitivity of the system.

This type of atom-based RF sensor exploits the properties of highly excited states in
alkali and alkaline-earth metallic vapor [23, 24] such as Rubidium (Rb) and Strontium
(Sr). To make Rb vapor sensitive to externally applied RF fields, the atomic system is pre-
pared by moving the valence electron from the ground state to the Rydberg state using an
optical two-photon transition. Once the two-photon transition has occurred, the atomic
medium which is opaque to the first optical transition is rendered transparent using the
second optical photon through the non-linear quantum optical effect of Electromagneti-
cally Induced Transparency (EIT) [25-27]. With the atomic system in the Rydberg state,
Autler-Townes (AT)-splitting [28—30] is exhibited when a resonant RF field is presented
to the system. This splitting takes the second optical absorption off-resonance and causes
electrons in the first excited state to decay back to the ground state to be re-absorbed.

In this work, numerical modelling of this complex system of atomic interactions is per-
formed by using Python modules such as QuTiP [31] and ARC (Atomic Rydberg Calcula-
tor) [32, 33] to obtain an accurate absorption spectrum for different parameter sweeps.

This paper comprises five sections: Sect. 2 describes the analytical model for a four-level
cascade system which is used to build the generic numerical model described in Sect. 3.
The model accepts the necessary information about the desired atomic system under con-
sideration such as transitions involved, Rabi frequencies, RF parameters, etc. The results
in Sect. 4 versatility of our model by validating it with the Cs and Rb atomic systems.
The results are further expanded by including other broadening mechanisms described
in Sect. 2 which increase the complexity of the model to solve analytically but can be im-
plemented simply into the numerical model. This allows for the results section to cover
a range of parameter sweeps and show the impact this has on the capability of the RF
sensor. Section 5 gives our concluding remarks and further work planned to expand the
capabilities of this model.

2 Theory

This section discussed the analytical approach to solve the master equation for a 4-level
cascade system. A typical experimental setup for such sensors is shown in Fig. 1 A) and
corresponding energy level structure is in Fig. 1 B). These equations can easily be adapted
to different experimental configurations such as Lambda, Vee, and Inverted-Y [34] scheme
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Figure 1 A) Shows a typical rubidium experimental a) i

set-up for using EIT for electric field sensing. B) Shows a 780nm Polarizer Photodetector
generalised ladder system for Rubidium, which is used
to develop the theoretical model and show the
interactions between the states. Here the probe
wavelength is 780 nm, and the coupling laser

Rb Vapour cell

wavelength is 480 nm b) A
13)
14y $re
480 nm
12)
780 nm
1)
~ J

with suitable modifications in the interaction Hamiltonian. The analytical solution devel-
oped in this section is used to develop a Python-based numerical model in Sect. 3.

2.1 The master equation

The master equation shown in Equation (1) is used to describe the interactions and dy-
namics of the 4-level atomic system shown in Fig. 1 B). This equation is employed to de-
scribe the time evolution of the atomic system in a probabilistic combination of states in
which the electron undergoes transitions between various atomic states. This represents
a solution to the Schrodinger equation.

p= %[H,p] —~ Li(p) (1)

Here, p is the density matrix for our four-level ladder system, H is the interaction Hamil-
tonian and £;(p) is the Lindblad super-operator which contains information on the de-
phasing and broadening mechanisms involved. Using the rotating wave approximation
(RWA) [35] which is a change in bases to eliminate both time and phase components of
the Hamiltonian. The Hamiltonian is simplified to the matrix shown in Equation (2).

0 Q 0 0
-h|Q, -2A Q 0
H=— |7 r ‘ ()
210 Q  -248,+A0) Qf
0 0 Qy =2(Ap + Ac+ Ayy)

The Hamiltonian shown in Equation (2) describes a system of interaction where transition
can only occur between energy levels. i.e. |1) = |2), |2) = |3) and |3) = |4). Further to this
these transition must obey Hund’s rules. In Equation (2), the off-diagonal elements €2,, .,
are the Rabi frequency for a given transition and the A, ., are the interaction dephasing

from the resonance of the transition. From Equation (1) £;(p) can further be described as,
‘Cz(p) = £spon + £laser (3)

Here, Lo is Einstein A coefficient damping (also known as the spontaneous decay),
Lizser is the dampening caused by the laser linewidth [36]. Their corresponding matrices
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are shown in equations (4) & (5).

—Asp2 Az;lz A3§>13 A4;14
oo A—Zém Agpar — Aspss 7(‘42“;3) 023 0 @
spon — A3§31 (A2+x;3),032 Aspsz — Agpua (A3+1;4);034
A4§41 0 (A4+f;3)p43 Aspas
0 YpP12 (Vp +YIP13 (Vp + Ve + Vif)P14
YpP21 0 VeP23 (Ve + Vif) P24
Elaser = v ¢ ¢ ! (5)
Vp + Ve VeP32 0 Yif P34
Vp + Ve +Vir)par (Ve + Vif)paz Yif P34 0

In Equation (4), A; is the Einstein A coeflicient for level transition between the i and j
states. Note that the zero value are due to dipole forbidden transitions. In Equation (5),
Vp.cf are the respective laser linewidths. This equation can be simplified by setting y,r to
zero as the RF field doesn’t not have an associated linewidth.

2.2 The steady state solution
To solve for the steady state, the density matrix equation can be written as a set of 10 linear

equations. For ease of the derivation we have only considered the case where the Lindblad
Super-operator contains information on the Einstein A coefficient.

i,
P11 = 7(1021 - p12) + A2 02

i, i,
022 = 7(,012 —p21) + T(,ng — p23) — A2022 + A3p33

. iQr i
P33 =— (a3 — p34) + T(st = p32) + Agpaq — A3 33
iy
Pas=— (34 — pa3) — A4 pay
.9, A iQ,
P12 = ——(p22 — p11) + ((Ap — —)p12 — —p13
2 2 2 ©)
S NI IR Y. o
=2 +((Ap + -= - -
P£1,3 5 P23 P C 5 P13 5 P12 ) P14
i, , A i
P14 = T(PM) +((Ap+ Ac+ Ay) — ?),014 - P
R Ayt Ay iQ iQ
P23 = Tp(pl?;) +({Ac - f)ﬁm - er P2y + TC(/O&% - p22)

i, , i i
P24 = 7(014) +((Ac + Apy))p2a — — Ps 7(;034)

3+ Ay
2

Lo i , A i,y
P34 = 7(,024) + (A~ P34 + T(/m ~ p33)

The equation shown in (6) can be simplified further for the system by assuming that
all the population is initially in state |1) i.e. ground state thus, p;; & 1 and py ~ p33 ~
paa = 0. By using the weak probe approximation, all terms which are proportional to Q;
can be dropped out. If one applies the steady state approximation, the left-hand side of the
equations in (6) can be set to zero. It is possible to then find py4 and py3 are equal to zero as

Page 4 of 24
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these equations are linearly proportional to €2,,. This leaves 3 linear equations of motion
which can be solved numerically or analytically. To solve these analytically the next step
is to write these 3 linear equations in matrix form shown in Equation (7) and solve them

for the steady state.

. . A i
P12 (iAp—F) -5 0 P12
. ; , i,
P3| = ~5 i(Ap+Ac) =3 -~ P13
. i, .
01,4 90 _sz i(Ap+Ac+ Apy) - % 014
i
2
+1 0 )
0

By setting the time derivative of the density matrix element equal to zero (left hand side)
of Equation (7), it is then possible to solve these three linear equations of motion for the
steady state in terms of the density matrix elements.

The next step is to determine which of these 3 linear equations yield the required infor-
mation relating to the macroscopic and microscopic electric susceptibility. This is deter-
mined by taking the partial trace of the density matrix multiplied by the dipole operator
matrix shown in Equation (8).

11 P12 P13 P1a 0 oo O 0
P21 P22 P23 P2 a1 0 g3 O
P31 P32 P33 P34 0 g 0 @ (8)
Pal Pa2 Pa3 Paa 0 0 g3 O

Tr{pp} =Tr

= P12§721 + 0218212 + 0236732 + 0326223 + 34§43 + P436734

Using the solution to Equation (8), and the definition of the electric susceptibility come
the relation of the macroscopic and microscopic description of the dielectric polarization
of the system [37], this allows us to write the analytical solution shown by Equation (9).

_2N|pn |

9
Epéq P12 )

The result shown in Equation (9) can be broken into the real and imaginary components,
where the real part describes the dispersion of the vapor, and the imaginary part is propor-
tional to the absorbance of the vapor. p;; is the density matrix element between the ground
state and the first excited state, so it describes the interaction of the atomic medium with
the probe laser. The probe laser excites the valence electron from the ground state to the
first excited state and is absorbed in the process. So a measurement of changes in the probe
absorption profile scales directly with p15. Assuming a narrow probe linewidth and a low
probe power, there will be negligible interactions between the atomic ground state and
higher level excited states so only p;, will drive the atomic medium’s susceptibility. N is
the number of atoms involved in the interaction area. | 12 | is the magnitude of the dipole
moment. E, is the field strength of the probe. ¢ is the permittivity of free space. Finally,

P12 is used to describe the steady state solution in equation (7).

Page 5 of 24
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To convert absorbance to transmittance, the Beers absorption coefficient [38] is used
for the probe laser, shown in Equation (10).

2 1
wo X m{y} (10)
Ap
where 1, is the wavelength of the probe laser and Im{} is the imaginary component of
the electric susceptibility.

3 Numerical model and python packages

In recent years Python packages for more specialised scientific computing have been de-
veloped in parallel to the work presented in this paper. This work allows users to perform
complex calculations and model parameters such as electric susceptibility in an atomic
vapour [39]. An example of the toolboxes available to solve some of these light-atom in-
teractions are QuTiP [30, 31], mbsolve [40], MaxwellBloch [41] and Simple Python tools
for modelling few-level atom-light interactions [42]. Our numerical model differs from the
work shown in [42] by providing a ready made software toolkit for users which builds on
the work presented in their paper. To further distinguish this work, our numerical model
is suitable for the study of an arbitrary N-level system. The work presented in this gitlab
[43] is specific to Rubidium 87 in a lambda configuration for study of the zeeman splitting
in an optical cavity, whereas our numerical model is designed for ladder configurations in
N level systems. This work presented in [44] considers the population dynamic in a fixed
4 level scheme when considering a pulsed laser whereas our work assumes a continuous
wave system in the steady state.

Due to the complexity of the equations presented in Sect. 2, it becomes increasingly diffi-
cult to solve analytically for systems that extend above 4 atomic energy levels and when the
dephasing mechanism becomes more complex, even when using assumptions to simplify
the system of equations. Using the equations presented in Sect. 2, the numerical model
is built with the aim of being able to analyse multi-level systems with complex dephasing
mechanisms for a range of atom-based RF sensors.

The numerical model uses a combination of Python libraries to calculate the electric
susceptibility. For this paper, the ARC (Atomic Rydberg Calculator), QuTip, NumPy [45]
and SciPy [46] are used together with custom scripts to take user information on the sys-
tem configuration.

First, to build a numerical model that can study multiple atoms and energy level config-
urations, a method of acquiring and storing information from the user is required. Using
the equations presented in Sect. 2, the numerical model needs the following inputs from
the user, which will be used to extract the relevant data from the ARC to be processed
using QuTiP: The numerical model requires information on the number of energy levels
in the system, the principal quantum number for each state n, the quantum number of
the angular momentum /, the total angular momentum /, and the projection of the total
angular momentum #; along the z axis. Next, the user needs to define what type of inter-
action is occurring between each transition, this could be either a laser or RF interaction.
If the field is a laser interaction, then the following information is required: the power of
laser field in mW, the beam waist, the polarisation of the field, whether the field is on-
resonance, if the field is scanning, dephasing scan range and the laser linewidth in kHz if
applicable. If the field is RF, then: the strength of the electric field in V'/m, the polarisation
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1 def get_rabi(atom_list: list[arc.Rubidium85], feild: str, nl: int, 11: int, jil:
float, mji: float, n2: int, 12: int, j2: float, q: int, p: float, w: float,
p_rf: float, linewidth: float) ->list[float]:

2 """Gets the Rabi Frequency for the defined tranision using ARC
getRabiFrequency ¢ or ‘getRabiFrequency2 ¢

¢

4 Args:

5 atom (list[arc.Rubidium85]): This is a list containing the ARC object of
Rb85, but may contain any relevant atomic species. This must be an ARC atom
class.

6 feild (str): If the field is a laser field ’L’ this will use ¢
getRabiFrequency ¢ else it will use ‘getRabiFrequency2‘ for Radio frequency ’R’

7 nil (int): Lower principal quantum number.

8 11 (int): lower orbital angular momentum quantum number.

9 j1 (float): lower total angular momentum.

10 mjl (float): lower second angular momentum number.

11 n2 (int): Upper principal quantum number.

12 12 (int): Upper orbital angular momentum quantum number.

13 j2 (float): Upper total angular momentum.

14 q (int): The polarisation state of the field, from the set {-1, 0, 1}.

15 p (float): The power of the laser beam in mW.

16 w (float): The width of a laser beam in um.

17 p_rf (float):Field strength of an RF wave, in V m~(-1).

18 linewidth (float): laser linewidth. not used in this function

19

20 Returns:

21 list[float]: Returns the rabi frequency for a given transition in rad s
“(-1)

2
3 if (feild == °L’):
|

return [(atom_list[i].getRabiFrequency(n1, 11, ji, mji,

26 n2, 12, j2,

27 q, p, w)) for i in range(len(
atom_list))]

30 else:

31

32 return [(atom_list[il].getRabiFrequency2(nil, 11, ji, mji,

33 n2, 12, j2,q,

34 p_rf)) for i in range(len(

atom_list))]

Figure 2 This show how the information on the transition states taken from the user is then used to calculate
the Rabi frequency for either as laser or RF field by interfacing with ARC

of the field, whether the field is on resonance, if the field is scanning, and finally upper and
lower dephasing values.

Using the information provided above, the numerical model extracts the required in-
formation from the ARC Libraries to form the Hamiltonian shown in Equation (2). The
information needed to form the Hamiltonian is the Rabi frequency for each transition el-
ement in the off-diagonal elements. The Rabi frequency is calculated using information
provided by the user by interfacing with the ARC Python libraries to retrieve this for each
state, as shown in Fig. 2.

The retrieved value is converted from rads™! to Hz. The value is then stored in a data
frame ready for use, with the diagonal element being the laser or RF dephasing combined
for each laser or RF frequency in the transition. If a transition is off resonance this would
also appear in the diagonal term in the Hamiltonian.

Figure 3 shows an extract of the numerical model used to build the Hamiltonian given
in Equation (2). The Hamiltonian builder can be used to generate an N-level ladder matrix
based on the number of states and parameters provided by the user as described above.

As described in Sect. 2, the Hamiltonian only describes part of the process. It is neces-
sary to add the dephasing mechanism. This is done by taking the information present in
the Lindblad £;(p) super-operator shown in equations (4) and (5) and forming them into
the collapse operator which is used by the QuTiP steady-state solver. For a more detailed
description of the collapse operator, please refer to QuTiP’s API [47].
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1 def Hamil_builder (number_states: int, Trans_wave: pd.DataFrame, dephasing: list[
float]) -> np.array:

2 """This Function is used to build an NxN hamiltionian in cascade configuration,
where N is the number_states in the atom. The off diagonal element discribe
the jump operation using rabi frequency. the diagonal terms discribe the
dephasing across the transition.

4 Args:

5 number_states (int): This is the interger value for the total number of
atomic state in the system.

6 Trans_wave (pd.DataFrame): Dataframe with the expanded information on the
excitation pathway gathered using ARC

7 dephasing (list[float]): This is a list of floats containing the dephasing
scanning range and number of steps

9 Returns:

10 np.array: This 2D array contains the an nxn Hamiltionian

11 W

12 Hamiltonian = np.zeros(shape=((number_states), (number_states)))
### NxN matrix of zeros to form the base Hamiltonian

1z

14

15  #### how to build this a function builder

16 for i in range (number_states- 1):

18 Hamiltonian[i][i+1] = -(1/(4*np.pi))*(Trans_wave.iloc[i]l[’rabi Freq rads/s’
1) ### fills the upper off diagonal element for an NXN matrix
19 Hamiltonian[i+1]1[i] = -(1/(4*np.pi))*(Trans_wave.iloc[i]l[’rabi Freq rads/s’

1) ### fills the lower off diagonal element for an NXN matrix

21 for i in range (number_states):
22 if i == 0:

23 Hamiltonian[i][i] = 0.0
24 else:

2

Hamiltonian[i][i] = dephasing[i-1]
# forms the diagonal element of the system

W

return(Hamiltonian)

W

N

Figure 3 Show the extract of code used to form the Hamiltonian for a N level cascade system

The collapse operator has two components: the first comes from the Einstein A coeffi-
cient for the spontaneous emission of an electron from a given energy state. This is calcu-
lated by passing the required information on the atomic state through the ARC to calculate
the transition rate. This is then passed into a N-by-N matrix with the transition rate for
each transition occupying the element points shown in Equation (4). Figure 4 shows how
this matrix is built within the numerical model.

When considering the theory shown in Sect. 2, the Lindblad super-operator can be ex-
panded in the numerical model to include laser linewidth broadening as shown in Equa-
tion (5). To inculde this we implement the same matrix approach shown in Fig. 5 by using
the information provided by the user at the input stage.

Having laid out the three main equations needed to run the numerical solver; the steady
state solution is found using a LU decomposition through QuTiP’s steady state solver. This
solver uses the direct method of solving the steady state of the Hamiltonian, which requires
a large system memory to solve. This is due to the reducing algorithm used in QuTiP to
fill in the non-zero elements. Once the steady state for the system has been solved, more
information on the transition of interest is required.

In most cases, the probe transition is from the ground to first excited state. The steady-
state solution for all states is used and multiplies this by the atomic basis operator which
describes which transition state is being considered. The final answer yields the com-
plex electric susceptibility which contains information on the dispersion and absorbance
shown in Equation (9).

To further expand this numerical model shown in the Additional file 1 to a higher order
of N the user would need to changed the number_state parameter. This parameter is
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Figure 4 Show the method used to generate the collapse operator for the spontaneous emission Lindblad

def collapse_op(number_state: float, basis: list[qp.Qobjl, decay_wave: pd.DataFrame

) -> np.array
"""Natrual Decay collapse operator

Args:

number_state (float): This is the interger value for the total number of
atomic state in the system.

basis (list[gp.Qobjl): List of N = number_states Fock states

decay_wave (pd.DataFrame): This a Dataframe with the expanded information
on the decay pathway gathered using ARC.

Returns:
np.array: This return an array of collapse operature generaterd using the
natural decay taken from ARC
natural_line =[]
for i in range (number_state - 1):
#spontaneous decay in Hz
natural_line.append((decay_wave.iloc[i][’Transition Rate (Hz) with BBR for

Rb>1))

1s = [1

dim = number_state

n_l = []

for j in range (1, dim):
op = np.zeros((dim, dim))
natural_line_value = natural_line[j-1]
oplj-1,j] = natural_line_value

1s.append (op)
ls = np.array(ls)

return(ls)

super operator

-

AW N

[

10
11
12
13
14

16

"""Laser linewidth collapse operator, allow for the braodening of the transition
based on the laser linewidth, this will set the RF linewidth to =zero

Args:

number_state (float): This is the interger value for the total number of
atomic state in the system.

laser_trans (list[laser_parameter]): This is a list of field parameter
object, all of the key experimental parameters are used here. These will also
set the numerical ’experiment’ parameters, e.g. which wavelengths are being
scanned over.

basis (list[qp.Qobjl): List of N = number_states Fock states

Trans_wave (pd.DataFrame): This a Dataframe with the expanded information
on the excitation pathway gathered using ARC.

Returns:
list: returns a list of collapse operator for the laser linewidth
#laser linewidth in Hz
laser_line =[]

for i in range (number_state - 1):
if Trans_wave.iloc[i][’feild’] == ’R’:
laser_line.append (0)
else:
laser_line.append ((Trans_wave.iloc[i]l[’linewidth’]))
1s = []
dim = number_state
q_1 =[]
op = np.zeros ((dim, dim))

for j in range (1, dim):
op = np.zeros ((dim, dim))
laser_line_value = laser_linel[:j]
laser_line_value.reverse ()

for i in range(0, j):
opli, jl = (np.sum(laser_line_valuel[:(j-i)1))

1s.append (op)
return ls

Figure 5 Shows the numerical method for generating the laser linewidth collapse operator

Page 9 of 24
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an integer value for the total number of atomic states in the system. By changing this value
the user would be required to supply additional information about the system.

4 Results and discussion

This section explores the results generated by the numerical model and compares them to
published experimental data. To demonstrate the versatility and adaptability of the model,
we will look at two different atomic species using different energy-level configurations in a
cascade set up. For each atom, we will do a parameter sweep and show the effects changing
one of the variables has on the operation and capability of the sensor.

It is assumed the user knows the quantum numbers of each atomic state of interest, i.e.
n, I, j, and m;. This data is used to create a state_describing_object that, when
used in sequence, forms an excitation pathway. The order of the atomic states in the lad-
der scheme are fed in as a list into the transition_generator_excitation and
transition generator decay functions. These yield two dataframes that contain
the information that characterises all of the transitions in the ladder scheme, as calculated
by ARC. The laser input data, namely the power, beam waist, linewidth, direction and
polarisation is captured in a list formed from the instance of the laser params class,
with one other input that is the separation between the laser frequency and the resonant
frequency of the targeted transition. This is set with an upper and lower bound that also
dictates whether the parameter is swept through, or if they are equal, is held constant. The
RF field is characterised similarly, however the beam waist and direction is not set for the
model. Finally, the excitation and decay pathway dataframes, along with the laser and RF
parameters, are passed to the EIT builder function which produces the scanned fre-
quencies, and a list of arrays that contain the electric susceptibilities of the ladder system
at the desired wavelengths. This data is then plotted using any standard plotting library.

4.1 Transmission profiles for '33Cs

The numerical model is first validated against the experimental parameters from Rydberg
Atom-based RF power measurements [48]. In this paper the Author chose to use 133Cs,
targeting the following atomic transitions 6S;/s — 6Ps/3 — 35D5/5 — 36P5/,. The probe
laser used to excite the 6S;); to the 6Pz, was operated at 3.2 £'W with a beam diameter
of 0.708 mm. The coupling laser operated in a counter-propagating set-up to the probe is
used to move the electron from the 6P5/; to the 35D3/, with a laser power of 17.3 mW and
a beam diameter of 0.708 mm. The final transition is an RF field coupled to the system at
17.86 GHz with a field strength of 0.75 Vm~™".

The section is split in to three. Section 4.1.1 will consider how changes in the Rabi fre-
quency effect the System. Section 4.1.2 will look at how the laser linewidth broadening
effects the sensor and Sect. 4.1.3 will look at how RF frequency detuning could increase
the atomic RF sensor sensitivity for direct detection.

4.1.1 Rabi frequency dependence on RF sensitivity

When operating at or near saturation intensity, this should produce an absorption
linewidth close to the D2 transition natural linewidth (27 x 5.2 MHz [49]). As the probe
power increases, the power broadening effect is observed; this causes an increase in the
absorption linewidth. Figure 6 A) shows the power broadening effect using experimental
parameters from [48] (solid black line) and simulating the increase of probe power. This
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Figure 6 A) Shows the effect of probe power on probe transmission spectra. B) EIT contrast as function of
probe power (at constant coupling power of 17.3 mW). C) Show the effect changes in probe power has on

the RF splitting (at constant coupling power of 17.3 mW and constant RF field strength at 0.75Vm™)
N J

results in a broadening of the EIT contrast shown in 6 B) and a broadening in the splitting
used for RF sensing shown in Fig. 10 C). If the RF field is significantly weaker or the power
broadening is greater than this, then this causes a significant reduction in the sensitivity
of the RF sensing when measuring the field strength.

Figure 6 C) shows the separation of the EIT peak into two peaks, due to Autler-Townes
splitting. By measuring the separation of the two peaks it is possible to calculate the in-
tensity of the applied RF field using Equation (11).

27 hp
prf)\c

| E|= Afm (11)

The strength of the applied electric field is calculated from Equation (11).6€,s is the dipole
moment for the RF transition. A is the reduced planks constant. i—i’ is the wavelength of
the probe laser divided by the wavelength of the coupling laser. This is given the value
of 1 for our system of study as we are not considering dipole shifting of the wavelength
caused by a thermal system. When considering a thermal system this can also be set to 1
when the coupling laser is the laser being scanned. Af,, is the peak separation caused by
the application of the electric field. In the example from Fig. 6 C) the splitting between
the two peaks is approximately 9.53 MHz or 9.497 MHz for the stronger probe laser. The
electric dipole moment for the RF transition is given as 994.18ae where 4y is the Bohr
radius and e is the charge of an electron. Using the above values, the strength of the electric
field is 0.749 Vm™ or 0.747 Vm™! both of which gives a very close approximation to

the input field strength taken from the experimental paper [48] for this system. However,
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Figure 7 Shows changes in the probe spectra when the probe power is kept constant at 3.2 uW. A) Shows
how the EIT contrast change in relation to the changes in the coupling laser power. B) How the effect the
change in coupling power has when monitoring the splitting introduced by the presence of a 0.75 Vm~" RF
field. (the solid black curve is generated using the experimental parameters shown in [48])

we can start to see the effect increasing the probe power has on both the EIT linewidth
broadening and this reduces the accuracy of the RF sensing.

Figure 7 shows how increasing the coupling power affects the EIT contrast in A) and the
effect this has on the RF sensing in B). By increasing the coupling power, the linewidth of
the transparency window increases as expected. The transmitted intensity is also seen to
increase with the coupling power increase. However there is a critical point where increas-
ing the coupling laser power will broaden the linewidths without increasing the transmis-
sion. When looking at Fig. 7 B) there is a change in the transmitted intensity of the peak
with the increase in coupling power and a broadening of the linewidth. This could have a
negative impact on the capability of the sensor directly detecting weaker RF fields.

In Fig. 8 the effect of changing the RF intensity and keeping the frequency fixed is ob-
served on the probe spectra for direct detection. By varying the RF electric field strength it
is seen that the separation of the two peaks changes, with the weakest field not completely
splitting the transparency window. By using Equation (11), the applied field intensity is es-
timated and compared to the input intensity. For the field which has not completely split
the transparency window then Equation (11) still holds true with the estimated RF power
at 0.052 Vm™!, The accuracy of this could be further increased by increasing the number
of steps in the scan as currently this is 16.65 kHz per step.

4.1.2 Laser linewidth broadening

To expand further on the work presented, the numerical model is developed to include
details on laser linewidth. As shown in equations (5), laser linewidth is treated in the
Lindblad super-operator meaning that this is an expansion of the collapse operator. By
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Figure 8 Shows how changes in the RF power when the probe and coupling laser power is kept fixed to the
values (3.2 uW and 17.3 mW). As the RF intensity increase the splitting in the atomic spectra increases, with

the solid black line matching to the experimental parameters shown in [48]
N J

including this it is possible to expand the model from considering monochromatic light
to laser light with a finite linewidth.

Figure 9 demonstrates the effect changing the probe laser linewidth has on the trans-
mission spectra for each stage of the RF sensor. A) show how increasing the probe laser
linewidth decreases on resonant absorbance and increase the full width half maximum
(FWHM) B) When the coupling laser is applied to the system, two effects are seen. Firstly,
as the probe laser linewidth increases the intensity of the transparency window decreases.
The second effect is the FWHM of the transparency window increases as the probe
linewidth increases. C) The RF sensor begins to lose sensitivity as the probe laser linewidth
increases. So ideally having a tight linewidth for the probe will result in an increase in sen-
sitivity for direct RF detection.

Figures 10 A) show the effect the coupling laser linewidth has, similar to that of the probe
laser, as the linewidth increases the EIT FWHM increases and the intensity of light passing
through reduces. B) The RF sensing is affected with a reduction in the peak intensity which
can cause broadening to occur leading to a decrease in the sensitivity of the RF splitting

measurement.

4.1.3 Off-resonance RF splitting

In Fig. 11 the effect of frequency detuning in the RF away from the resonance is shown to
increase system sensitivity, in agreement with the work presented in [19]. The first effect
to notice is that the peaks are asymmetrical. The second effect is that the separation in
the peaks increases the further off resonance the field is. This means to calculate the field
strength Equation (11) needs to be modified to account for this change. By replacing the
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Figure 9 A) Shows the effect of increasing the probe laser linewidth on the transmission spectra when the
coupling laser linewidth is kept fixed at 1 kHz. B) Shows the effect this increasing linewidth has on the EIT
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contrast. C) shows the effect this has on the capability of RF sensing with increasing linewidths
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Figure 10 A) shows the change in the EIT contrast when varying the coupling laser linewidth (with the probe

linewidth kept fixed at 1 kHz). B) shows the effect this change has on the RF sensor
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133Cs Absorption Spectra Changes for off Resonance RF
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Figure 11 Show how shifting the RF field on, and off resonance creates an asymmetry in the splitting seen in

the probe spectra
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Af,, with Afy shown in Equation (12) taken from [19] equation (2) then the relative field
strength can be calculated using this substitution,

Afo =/ AfF -8 (12)

For Equation (12) to be valid the splitting and detuning are measured in MHz. §, is
the amount the RF field is detuned from the central resonance of the RF transition. Af;
is the splitting seen in the probe spectra. Taking the value from this and substituting it
in Equation (11) it is possible to calculate the applied RF intensity. For + 10 MHz and +
20 MHz detuning the calculated field strength is 0.747 V m™'. Both values are within an
acceptable range of the input value of 0.75 V m~!. This RF detuning from the resonance of
the transition could give an enhancement to the sensitivity of the atom-based sensor for
wealker fields.

4.2 Transmission profiles for 3°Rb

Following on from the work presented using **Cs, the numerical model is now adapted to
a different atomic species by changing the focus to ®Rb and comparing against the work
presented in [19]. In a similar approach to Sect. 4.1, the model is validated against the
experimental aspects of [19] and expands on that work by considering how the parameter
sweep affects the system and how this can be improved. As before this is a 4-level cascade
system and the atomic transitions considered are the 5513 — 5P3/3 — 26Ds/5 — 27P35.
The probe laser is a 780 nm laser which is operated at 17.5 £t W with a beam waist of 0.160
mm and the coupling laser at 480 nm is set up in a counter-propagating configuration with
a power of 32 mW and beam waist of 0.244 mm.
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The section is split in to three. Section 4.2.1 will consider how changes in the Rabi fre-
quency affect the System. Section 4.2.2 will look at how the laser linewidth broadening
affects the sensor and Sect. 4.2.3 will look at how RF frequency detuning could increase

the atomic RF sensor sensitivity for direct detection.

4.2.1 Rabi frequency dependencies of RF sensitivity

Figure 12 shows the change in the atomic spectra as the different lasers and RF fields are
applied to the system. In Fig. 12 A) each of the probe powers chosen give a linewidth
for this transition above the value reported in [50] at 27 x 6.069 MHz. This shows that
the atomic transition is being over-saturated. This is the result of power broadening [51].
Even with this power broadening present in the probe transition, Fig. 12 B) shows the
EIT window is still opened; however, depending on the intensity of the power broadening
the effect of over saturating the ground to first excited state is seen, with a widening of
the window and a reduction in sharpness. In Fig. 12 C) the splitting of the transparency
window is seen when the RF field is applied, however as the probe power is increased the
accuracy of the splitting reduces and causes an inaccuracy to appear when calculating the
applied RF intensity using Equation (11).

When calculating the input RF field strength by measuring the splitting in the peaks, the
splitting ranges from 23.672 MHz down to 21.22 MHz. With a dipole moment of 522.64
age. we find the calculated RF field strength which ranges from 3.54 Vm™ to 3.17 Vm™.
This demonstrates the importance of keeping the probe power weak as this will have a

significant effect on the RF sensor’s sensitivity.

85Rb Absorption Spectra Changes for Variable Probe Power
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Figure 12 A) Shows the effect of probe power on probe transmission spectra. B) EIT contrast as function of
probe power (at constant coupling power of 32 mW ). C) Show the effect changes in probe power has on the

RF splitting (at constant coupling power of 32 mW and constant RF field strength at 3.57 Vm™)
N J
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Figure 13 Shows how the system changes when the coupling laser power is changed but the probe and RF
are kept fixed (17.5 W and 3.57 Vm™). A) shows the change in the EIT contrast with increasing coupling

power. B) Show how this effects the RF splitting
N J

In Fig. 13 we keep the probe and RF field strength at the value stated in [19] so the system
is operating over the saturation intensity. A) shows a broadening of the linewidth in the
EIT contrast and a slight increase in the transmitted intensity of the 780 nm laser light. In
B) the accuracy of the RF splitting decreases with the increased coupling power; this is due
to the over saturation of the systems probe laser meaning the resolution of the splitting is
significantly reduced.

Figure 14 shows the effect of changing the RF intensity on the probe spectra for direct
RF detection. By varying the RF intensity, the separation of the two peaks changes with the
wealker fields but not completely splitting the transparency window. The splitting shown
gives a close approximation to the applied RF intensity and this could be further improved

by either reducing the probe power or increasing the beam diameter.

4.2.2 Laser linewidth broadening
Figure 15 shows how changes to the probe laser linewidth affect the capability of the RF
sensor being built, although this effect is less dominant in A) as due to the power broad-
ening there is an increase in the absorption linewidth. In B) the laser linewidth affects
the intensity of the EIT window which decreases with the increase in linewidth of the
probe. When operating the system as an RF sensor the laser linewidth further reduces the
accuracy of the RF sensor which has already been diminished by the presence of power
broadening.

In Fig. 16 the numerical model shows the effect changing the coupling laser linewidth
has on the Rydberg RF sensor. As the coupling laser linewidth increases the EIT contrast

shown in Fig. 16A) shows a reduction in the transmitted probe power in the transparency



Bussey et al. EPJ Quantum Technology

(2024) 11:77

' N
85Rb Absorption Spectra Changes for Variable RF Power
A) RF Sensing
1.0000 — 3.57 V/m, 2-22.979 MHz |
----- 0.50 V/m, 2rr-3.146 MHz
= 1.00 V/m, 2r- 6.345 MHz
- 1.50 V/m, 2n- 9.543 MHz
2.00 V/m, 211+ 12.742 MHz
0.9995
0.9990
=}
=}
2
-= 0.9985
g
12}
=]
g
=
0.9980
0.9975
0.9970
—-40 —.!’)0 —‘20 —iO 6 1‘0 Zb Bb 40
Ap (MHz)
Figure 14 Shows how changes in the RF power when the probe and coupling laser power is kept fixed (17.5
KW and 32 mW). As the RF intensity increase the splitting in the atomic spectra increases. With the green
dotted line matching to the experimental parameters shown in [19]
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Figure 15 Displays how changes to the laser linewidth in the probe laser affect each stage of the RF sensor.
For this the laser and RF power and beam diameter are constant at the values stated above, the coupling laser
linewidth is set to 1 kHz. A) the linewidth of the probe absorption increases as the laser linewidth increases. B)
shows how the EIT contrast changes with increasing the probes linewidth. C) With the increasing linewidth of
the probe laser reduces the accuracy of the RF sensing
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85Rb Absorption Spectra Changes for Variable Coupling Linewidth
A) EIT Contrast

T T
1.0000 —— 0.1 kHz, 2r-1.668 MHz

***** 1.0 kHz, 2r-1.668 MHz

0.9995 10.0 kHz, 2+ 1.671 MHz
—=- 100.0 kHz, 211+ 1.702 MHz
0.9990F \ 1000.0 kHz, 2r-1.866 MHz |

0.9985

0.9980

0.9975

0.9970

0.9965

T T
1.0000 —— 0.1 kHz, 2n-22.926 MHz

----- 1.0 kHz, 2m-22.926 MHz
10.0 kHz, 2~ 22.766 MHz
——=- 100.0 kHz, 2r-21.460 MHz
1000.0 kHz, 2r-17.088 MHz ]

Transmission

0.9995

0.9990

0.9985

0.9980

—40 -30 -20 -10 0 10 20 3‘0 40

Ap (MHz)

Figure 16 Displays how changes to the laser linewidth in the coupling laser effect each stage of the RF
sensor for this we kept the laser and RF power and beam diameter constant to the value stated above, the
probe laser linewidth was set to 1 kHz. A) Shows how the EIT contrast changes with increasing the coupling
linewidth. B) Shows the effect coupling linewidth has on the RF induced splitting

window and a slight broadening in the linewidth of the transition. In Fig. 16 B) the effect of
the coupling laser linewidth reduces the RF induced splitting which consequently causes

a reduction in the sensitivity when measuring the absolute power of the applied RF field.

4.2.3 Off-resonance RF splitting

Figure 17 and Fig. 18 demonstrate how using RF detuning from the resonance of the tran-
sition could be used to improve the system sensitivity. In this system the probe is over
saturating the atomic transition which introduces an uncertainty in the measurement of
the RF amplitude. When comparing these results from these two figures to the results
shown in Fig. 14 it is clear there is a strong splitting caused in Fig. 18 with the weaker RF
field which was not present in Fig. 14. However, due to the detuning from resonance the
splitting induced by the weakest field cannot be calculated as this results in an imaginary
number from Equation (12). We are able to compare the RF field strength from 14 when
the applied RF field strength is 1 V. m~!. The splitting induced by this field in our system
seen in Fig. 14 is 6.345 MHz, which gives a field strength of 0.95 V m™. When we com-
pare this to the off resonance splitting of Fig. 18 which gives a splitting of 20.26 MHz, the
estimated field strength is 0.48 V. m~" which is significantly lower than the on-resonance
detection value. This is due to the field strength of the probe laser over saturating the

transition which causes significant power broadening unlike our Cs example seen earlier.
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Figure 17 Show how shifting the RF field on, and off resonance creates an asymmetry in the splitting seen in
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Figure 18 Shows how shifting off resonance by -20 MHz for different RF field strengths changes probe
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5 Conclusion and future work

5.1 Conclusion

By transitioning from a basic three-level ladder system to an N-level setup, the constraints
on laser frequencies for atomic RF sensors are eased, enabling the utilization of more eco-
nomical near-infrared sources. However, the complexity of optimizing an N-level system
solely through experimentation proves impractical due to the multitude of parameters in-
volved. To tackle this issue, we introduce a numerical model for analyzing N-level ladder
systems in Rubidium and Caesium. Validated against independent experimental data, the
model accurately reproduces observed spectra and RF-induced splitting, underscoring its
reliability and guiding potential for future experiments.

This investigation explores how changes in operational parameters, such as laser
linewidth and power, impact power broadening, sensor sensitivity, and bandwidth. More-
over, it demonstrates how frequency detuning of the RF from resonance can bolster system
performance in directly detecting weak RF fields shown in Fig. 18. The absorption pro-
file underlying these findings aligns with prior research on interactions within 2, 3, and 4
atomic energy level systems, with a focus on RF intensity measurement.

Harnessing this model aids in identifying the optimal operating regime to enhance sensi-
tivity in atomic radio receivers and sensors across diverse applications within the quantum
technology sector. With cost-effective near-infrared laser diodes readily available, the ex-
ploration of various N-level systems becomes feasible. This numerical model serves as a
valuable tool in pinpointing operational parameters for sensitivity optimization.

5.2 Future work

In order to detect RF signals within current commercial 5G frequency ranges (e.g. sub
6 GHz) requires the excitation of Rydberg states with a principal atomic number in the
range of n = 70 to 80. To couple between a ground state and a n = 80 Rydberg state using
just two frequencies requires the use of visible lasers (e.g. 480 nm blue and 780 nm red
using Rubidium). Such lasers are costly and suffer high attenuation within optical fiber,
so they are not ideal for use within a fiber network. It will be much more convenient to
use semiconductor lasers operating at standard telecomms wavelengths around 1300 nm
and 1570 nm. However if longer wavelengths are used, then at least three-laser [52] sys-
tems will be required to reach high Rydberg states, possibly even four-laser or five-laser
systems. This system offers the advantage of integration into a distributed long-range sen-
sor network, deployable through standard single-mode fiber used in telecommunications
networks. Our future work will delve deeper into this potential application within our
modelling framework.

Utilizing the techniques illustrated in Figs. 11, 17 and 18 for off-resonance RF sensing
can significantly enhance the sensitivity of the Rydberg receiver, particularly in weak field
regimes relevant to communication and RF sensing applications. Experimental validation
of these enhancements is imperative for further exploration.

In upcoming iterations of our numerical model, we aim to enhance user experience by
implementing a graphical user interface, streamlining data input, and transitioning away
from command line interfaces. Additionally, we plan to integrate dynamic field analysis
capabilities, leveraging QuTiP libraries known for modelling dynamic systems. This ex-
tension will build upon our established steady-state model, facilitating transient solutions
crucial for describing state transitions, such as those induced by amplitude modulations.
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From a commercial perspective, our model holds promise for simulating communica-
tion and radar systems. Future developments will expand its scope to include hyperfine
structure, enhancing state selectivity in RF detection. Moreover, we will investigate addi-
tional mechanisms of broadening, such as pressure and collisional broadening within the
vapor cell, particularly pertinent as we scale down the system’s vapor cell size.
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