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Abstract

Free-space optical communication is a promising technology that enables secure and high
throughput for inter-satellite and direct-to-Earth communication links and helps achieve
global connectivity. One of the challenges for free-space optical communication systems
with signals passing through the atmosphere is synchronizing the sender and receiver
sampling times under strongly and quickly varying channel conditions, for example, due
to scintillation caused by atmospheric turbulence. During periods of low signal quality,
the sampling time should not be lost and in case it is, it should be recovered as soon as
possible to limit data loss.

This thesis aims to provide a novel approach for all-digital timing recovery aimed at free-
space optical communication systems by combining the Lee algorithm, a feed-forward
timing error detector, with a Kalman filter followed by an interpolator. The approach
combines information from the channel conditions under which the timing error measure-
ment was made with the estimate based on a physical model and previous measurements.
The Kalman filter is first derived from the general Kalman filter equations. This is
followed by a Python implementation and verification of the filter against a simulated
typical free-space optical channel resulting into distortions of the timing error detection.
The simulations show improved performance of the timing error detection during fading
and during low signal-to-noise ratio when using a Kalman filter.

The simulations are followed by an real-time implementation of the Kalman filter on an
field programmable gate array (FPGA) as part of an all-digital timing recovery chain
based on the Lee timing error detection algorithm. The FPGA is connected to an ex-
perimental test setup sending a single- and receiving a dual-polarized optical quadrature
phase-shift keying (QPSK) signal at 2 GBaud with an optical fading testbench to validate
timing recovery performance during signal fading.

The results show that the Kalman filter implementation does not constrain system speed,
uses only 4 % of the total used resources for timing recovery and improves the bit-error-
rate during fades when compared to using the Lee algorithm without the Kalman filter.
The thesis therefore recommends using a Kalman filter when using the Lee algorithm in

context of free-space optical communication with links passing through the atmosphere.






1 Introduction

As demand for global broadband connectivity keep increasing, the requirements for cov-
erage, throughput, reliability and latency of communication networks also become more
demanding. Terrestrial networks become less economically viable in sparsely populated
areas as the installation costs of cable stay largely the same, but the number of cus-
tomers decreases [DLRa]. Providing connectivity via satellite networks scales does not
suffer from this limitation, as the same satellites can be used everywhere on the globe.
In terrestrial networks, optical fiber has increasingly replaced copper-based networks.
For satellite networks, optical links between satellites and even in direct-to-earth (DTE)
links provide an attractive option, complementing or in parts replacing radio frequency
(RF) systems. An advantage of optical links when compared to RF links is magnitudes
higher bandwidth, allowing for higher throughput. For DTE links using automatic repeat
requests, 200 GBit/s throughput has been demonstrated [SRBT23].

Specifically in free-space optical communication (FSO), the links are highly focused. A
model for optical beam divergence is the Gaussian beam. The radius W at which the
beam intensity falls to 1/e, and within which 1 —1/e? = 86.5 % of the transmit power is

concentrated, in distance z from the sender is given as

1/2

z 2 ™
W(z) =W, 1+<z—0>] , 20 = ng (1.1)

where W is the radius of the sender aperture, usually the optical lens. Plugging in zg

yields for large distances due to z — oo

A 9 1/2 A 2 1/2
W(z) =W, 1+<W27T> ] ~ Wy [<W27T> ]
0 0
A

Assuming a typical optical wavelength, A = 1500 nm and a modestly sized aperture of
30 mm which is able to even fit a small CubeSat of 10 x 10 x 10 cm? at a typical low
Earth orbit (LEO) height of 500 km yields by Equation (1.2) a beam radius W(z) =
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Figure 1.1: Optical groundstation at DLR KN institute, [DLRb]
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Figure 1.2: OSIRISv3 FSO satellite terminal, [DLRc]



1.1 FSO DTE channel

%—1_03:3 500 x 103 m = 8.22 m. The low beam divergence means that interference to

and from other systems is reduced. This is potentially one of the reasons why no frequency
filing at International Telecommunications Union is to date required for free-space optical

links.

To better understand how DTE optical free-space terminals can look like on space and
on Earth, Figure 1.1 depicts an optical ground station and Figure 1.2 the OSIRISv3 FSO
terminal that is the size of a 3U CubeSat, 30 x 10 x 10 m?.

Another consequence of the narrow beamwidth is increased security of the communication
link. If a satellite sends down an optical signal to a ground station or to another satellite,
in order for a bad actor to be able to listen in on the transmission, it would have to be
located approximately within 10 m of the receiver. This means that the communication

is more secure, as it is more difficult for a third party to listen in on the transmission.

1.1 FSO DTE channel

For FSO DTE links, in which light propagates through the atmosphere, the refractive
index of the air changes due to atmospheric turbulence. This can be modelled by a

lognormal distribution with mean p = 1 and variance o2 defined as

o2 =e% — 1 (1.3)

according to [GPST17] and illustrated in Figure 1.3 [Con17]. The coherence time of the
channel disturbed by turbulence is in the order of milliseconds. Within the coherence
time the channel is assumed to be constant. For symbol rates of several Gbaud this
corresponds to millions of symbols having same channel conditions. Therefore, within
the scope of this thesis the channel is assumed to be quasi-static within a burst of data

containing up to a million symbols.

Another effect important for the link is the Doppler shift as this contributes to the amount
of frequency difference that needs to be compensated by the receiver. The orbital speed

of a satellite flying at height h is given as

[ GM
v= Ro i h (1.4)

with Earth radius Rg = 6378 km, gravitational constant G = 66.7 x 10712 m3/(kg s?)
and Earth mass M = 5.97 x 10** kg.

Using the velocity, the relative Doppler shift can now be derived
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Ea- % (1.5)

with light speed ¢ = 300 x 10° m/s.

To get a worst-case estimate for the Doppler shift between a ground station (GS) and
a satellite, the highest velocity difference is chosen. According to Equation (1.4), the
velocity of a satellite increases the lower the satellite’s orbit. A lower bound for a typical
LEO satellite orbit height of 400 km is therefore chosen. This yields

B \/66.7 x 10~12-5.97 x 1024

6.378 % 106 400 x 108 /s = 7665 m/s

s
fo

When observing intersatellite links, the worst case is when the satellites are flying in op-

7665 m/s

— OS5 9556 ppm (1.6)
GS—sat 300 x 106 m/s

posite directions. The Doppler shift compared to a satellite-GS link is therefore doubled,

resulting in
I
Jo
As the Doppler shift is much slower than the fading, the assumption of a quasi-static
channel still holds.

= 2-25.5651 ~ 51 ppm. (1.7)

sat—sat

1.2 Receiver architecture

With FSO there are several different modulation techniques available. Using coherent
modulation schemes based on phase modulation allows for higher sensitivity than am-
plitude modulation schemes while offering higher data rates. However, this requires a
coherent receiver as the receiver to be synchronized with the sender [KT08]. This results
in increased complexity of the communication system. Designing coherent receivers to
work under the constraints set by the FSO DTE link is an ongoing field of research.

In this thesis, the receiver used is an optical intradyne dual polarization receiver, as
depicted in Figure 1.4. The received optical signal is first divided by a polarization beam
splitter (PBS) into its x and y components. They enter their corresponding 2x4 90°
hybrid which in addition to the input signal component also takes in the optical local
oscillator signal. The signal path continues to the balanced receiver (BD), which feeds
the output of the hybrid first into four diodes and consequently adds the signals. The
BD outputs the I and () components as two electrical signals, which are amplified and



1.2 Receiver architecture
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Figure 1.3: Fading in a typical DTE FSO link, [Con17]

finally converted into the digital domain by an analog-to-digital converter (ADC). As the
receiver is intradyne, compensation for distortions is done in the digital domain, after the
ADCs.

In the digital domain, it is commonly assumed that the symbols are sampled at the opti-
mal points. However, this might in practice not be true. In the context of this thesis, the
ADCs are integrated into the digital signal processing (DSP) unit, the field programmable
gate array (FPGA), and the sampling time of the ADCs can not be adjusted. Instead,
they run freely and therefore the sampling time is not ideal. In addition, the sampling
time also changes over time, as the ADC sampling frequency does not exactly match that
of the sender in real systems. Consequently, the assumption of ideal sampling time does
not hold.

Thus, the DSP must also take care of timing recovery, a process after which the symbol
timing is close to optimal. In theory the timing recovery does not need to be placed at
the first step, however the amount of samples usually decreases by a factor of two or
more, depending on the timing error detection method used. Therefore, it is common
to place the timing recovery towards the beginning of the DSP chain. The method used
also determines the minimum sampling rate of the ADC. More details on timing error
detection can be found in Chapter 2. An overview of the whole DSP chain is shown in



1 Introduction

Figure 1.5. The focus of this thesis is on the timing recovery, which is highlighted in the
diagram.

1.3 Thesis structure

The thesis is structured as follows. First, the concept of timing error is introduced in
Chapter 2. The chapter continues with an overview of timing error detection algorithms
and follows up with a brief introduction to using interpolation to correct the timing er-
ror. Afterwards, the Lee timing error detection algorithm that is taken as a basis for
this thesis, is analyzed in more detail with corresponding simulations in Python. The
introduction of timing error detection and correction is followed by an analysis of the
bounds for timing error detection accuracy in Chapter 2.3. After obtaining a better
understanding of the timing error and its estimation as well as the limits of the esti-
mation, the Kalman filter is introduced in Chapter 3. Here, the general form Kalman
filter equations are specialized for the specific case for timing error filtering based on
a linear system model for the timing error. The behaviour during a fade as well as in
general under noisy conditions is simulated in Python and the results showcased. The
full timing recovery system is presented in Chapter 4, which also specifies the constraints
under which the timing recovery must function. After the overview, Chapter 5 focuses
on the implementation considerations for an FPGA. The Kalman filter equations in ma-
trix formulation are broken down into their components and simplified. This allows the
computational complexity of the individual operations to be estimated and the results
are illustrated in a computational graph. Additional care is taken to analyze possible
fixed-point division algorithms needed to implement the Kalman filter. In Chapter 6, the
very high speed integrated circuit hardware description language (VHDL) tools used are
introduced. The implementation is functionally verified by using the free, open-source
VHDL simulation software G Hardware Design Language (GHDL). After the functional
standalone verification of the Kalman filter, the resource usage and timing of the Kalman
filter as part of the full DSP system are analyzed. Finally, an experimental setup using
a fading testbench is showcased, analyzing the performance in a running system during
fades. The central findings are summarized in Chapter 7 together with a future outlook

of applying a Kalman filter in the context of DSP for FSO.
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Figure 1.4: Optical dual polarization intradyne coherent receiver
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Figure 1.5: Digital signal processing steps
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2 Timing recovery

2.1 Timing error

The purpose of a timing error detector (TED) is to estimate the timing error between
a sender and a receiver. In digital receivers, the timing error can be interpreted as the
misaligment of the receiver’s ADC sampling time compared against the digital-to-analog
converter (DAC) sampling time of the sender. This initial misalignment changes primarily
due to the ADC sampling frequency offset with respect to the DAC of the sender. This
causes a linear change in the timing error over time. A qualitative example of the timing

error evolution can be seen Figure 2.1.

4 1
Timing error 6(t) |
3.5
7 3
2
g
B 25
s L,
—
S
5
o L5
g
e
=17
0.5 |
0

t

Figure 2.1: Linear timing error 6(¢) due to an initial positive phase offset and a positive
frequency offset, causing a linear increase over time
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2 Timing recovery

When the timing error increases over 1, the currently processed sample may be skipped
by the receiver. Consequently, the timing error goes back one sample. Therefore, the
evolution of the timing error is periodic and behaves much like a phase, as depicted in

Figure 2.2.

L4 Timing error #(t) mod 1 |

1.2

0.8 |

0.6 |

0.4

0.2 1

o

Timing error #(f) mod 1, [Samples]

|
<
N

|
<
e

Figure 2.2: Linear timing error 6(t) taken to modulo 1, the timing error becomes periodic

The effect of the timing error on the sampled values is illustrated in Figure 2.3 with a
binary phase-shift keying signal consisting of a {+1, —1,41, —1,...} symbol sequence.
Moreover, the timing error is influenced potentially due to the Doppler shift typical to
satellites in LEO as discussed in Chapter 1. Finally, the timing error is influenced by
the frequency drift due to temperature variation. As these effects change slowly when
compared to the evolution of the timing error due to the frequency offset, they can
be considered constant for the purpose of the timing error detection window which is
measured in micro- or milliseconds. These effects are thus of secondary importance and
not considered in the timing error detection process within the scope of this thesis.

The timing error can then be used to correct the timing error in the received samples
for example by using interpolation as discussed in Section 2.2. For the TED, there are

different algorithms to choose from. The design criteria considered are

e Required number of samples per symbol (SPS)

12



2.1 Timing error

ADC timing error, drift=0.085 samples/sample

1.00 N— y(x)
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ADC timing error, drift=-0.085 samples/sample
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Figure 2.3: Timing error’s effect on sampled values at receiver. Up: ADC frequency is
lower than that of the DAC. Down: ADC sampling frequency is higher than
that of the DAC. Crosses mark samples that are either skipped or repeated.

Robustness to fading

Robustness to noise

Data-aided / non-data aided

Computational complexity

The design criteria are motivated in the following. First of all, the required number of
SPS. The higher the required number of SPS, the faster the ADC must run. This becomes
especially relevant at high symbol rates where the ADC speed commonly is a bottleneck.
In the context of optical communication and therefore by extension FSO, this is especially
relevant due to the inherently high data rates.

Robustness to fading is the second crucial factor when choosing the TED algorithm for
timing recovery. As discussed in 1, the FSO channel is highly susceptible to fading. The
system must therefore be able to minimize performance degradation during the fade and
as soon as the fade is over and the signal comes back, continue nominal operation as
quickly as possible.

The third design criteria considered is the timing recovery’s robustness to noise. As with
any channel and especially with wireless channels, the FSO channel is noisy. Therefore,
the TED must be able to cope with noise, which in first approximation is assumed to be

zero-mean Gaussian.

13



2 Timing recovery

With a data-aided TED, training symbols or equivalent must be sent in addition to the
useful data. This reduces the throughput of useful information, also known as the good-
put, when compared against a non-data aided approach where any sufficiently random
data can be used. Therefore, non-data aided TEDs are preferred.

The last design criteria is computational complexity. The selection of algorithms can be
optimized more heavily on accuracy rather than speed when the algorithms are run in an
offline context. Practically, this is done by measuring samples for a certain period of time,
storing them and processing them later with a potentially different signal processor with
more power and a less-constrained environment. An example for such an environment is
as a computer running a MATLAB script or a Python program. Notably, the time for the
evaluation is not strictly bounded. However, when running timing recovery online, the al-
gorithm must operate quickly and reliably enough to process the incoming sample stream
in real-time. The deadline is given by the next incoming sample or batch of samples and
ultimately determined by the speed of the ADC. In addition, the execution environment
is often more constrained, for example the algorithms may be implemented on an FPGA
or on an application-specific integrated circuit. Therefore, low computational complexity

is preferred.

2.2 Interpolation

A classical textbook approach to correcting the timing error is by adjusting the sampling
speed of the ADC. As discussed previously, in some systems such as the one presented
within this thesis, adjusting the sampling of the ADC is not possible. For example, the
ADC might run at a fixed speed that cannot be changed. In this case, the timing needs
to be corrected via some other method. Instead of changing the ADC sampling time, the
values of the samples can be adjusted as well to achieve the same effect [Gar93]. How this
is done is by conceptually fitting a function to a set of received samples or interpolating
between them. Then, by using the function, the value of each sample can be changed to
either move forwards or backwards in time. The shift is limited by the increasing error,
as at some point the fitted function is too far away from the received signal. Practically,
when the shift in time increases to more then the time between two samples, then the
indexes of the samples are increased or decreased and the shift reset.

Different methods can be used for interpolation. Piece-wise linear interpolation is the eas-
iest, however using a higher order polynomial gives more accurate results. Trigonometric
interpolation can also be used to further increase accuracy, however the computational
effort is increased. Within this thesis, cubic interpolation with Lagrange polynomials is
used as a middle-ground. A computationally efficient way of calculating this is to use the

14



2.3 Theoretical estimation limits

Farrow structure [ZC11].

This means that the remaining aspect to remove the timing error is detecting it. After
the detection, the error can be given to the interpolator which will invert the shift in
time, resulting in optimally sampled symbols.

A practical note to interpolation is that the skipping and repeating of samples needs to
be taken care of. The prevent design considerations for the interpolator, this logic is

implemented after the TED and before the interpolator.

2.3 Theoretical estimation limits

In order to assess the quality of any parameter estimator, which includes any TED as
well, their mathematical qualities such as bias and variance may be used. It is desired
that the estimator is unbiased and that the variance is minimized.

In the case of the Lee TED, it is proven|[Lee02] that the estimator is approximately
unbiased for a large number of samples. As the symbol rates are in the order Gbaud,
using even thousands of samples takes only microseconds during which the channel stays
quasi-static. Therefore it is assumed that the Lee algorithm is sufficiently unbiased in
the context of this timing error estimation problem.

For the variance of estimators, a popular tool is the Cramér-Rao bound (CRB), which

provides a lower limit for the variance

Var[\] > CRB()\) (2.1)

where A is the parameter to be estimated. How difficult the equation for CRB bound is
to evaluate, depends on the estimation problem. The estimation problem of the receiver
is described in the following.

The received complex waveform within a time interval T is described as
r(t) = s(t) + w(t)

with received signal r(t), sent signal s(t) and Gaussian noise w(t). The received signal is
mostly known, but has unknown parameters including carrier phase 6, symbol duration
T, carrier frequency error v as well as the transmitted data.

It is common that only one of 8, 7 and v is estimated, the data is assumed to be a so-called
unwanted parameter. A single parameter to be estimated is chosen from set {0, T, v} and
the chosen parameter is called A. The two other parameters as well as the data are put
inside vector u with probability density function p(u) which is independent from .

It is assumed that r(¢) can be represented with enough accuracy using a finite-dimensional
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2 Timing recovery

vector r. Given A(u) is an unbiased estimator, a lower bound to the error is given by the
CRB bound [DMRY4]

1
CRB()) = 5 (2.2)
E |:(8lnp(r|)\)) ]
r [22)
where the conditional probability p(r|\) is given by the integral [DMR94]
[ee]
p(r|\) :/ p(rju, \) du (2.3)

The difficulty in calculating this bound typically arises because an analytical solution for
Equation (2.3) may not exist, or the expectation in Equation (2.2) may be computation-
ally infeasible to evaluate. As evaluating the CRB can be challenging, alternative bounds
such as the modified Cramér-Rao bound (MCRB) may be used to determine bounds of
frequency, phase and timing error estimation. To this end, the MCRB bound is derived

within the following.

Replacing the expectation Eyr — E, y yields according to [DMR94]

1
[8lnp(r|u,)\)] 2
Ery |=— 5=

MCRB(\) = (2.4)

22N

To note is that MCRB < C'RB and therefore less strict as both are lower bounds. The
discrepancy is highest at low SNR and becomes small for large SNR. Lower bound to
obtain for carrier frequency v yields

3T 1

MCRB() = 5 rrs (2.5)

with symbol duration 7', number of symbols L, energy per symbol to noise power spec-
tral density Es/No which for QPSK is (Es/No)qrsk = Ep/Nology(M = 4) [DMR94].
Similarly applied for carrier phase 6 yields

1 1 BrT
MCRB(0) = — = 2.
CRBO) = 3L BoNe ~ Bu/No (26)
and finally for timing error
MCRB(r) = = — r_ Lo T (2.7)
") T 9L E,/Nodn2e ~ 4n%e B, /Ny '
with ) e )
< T2 G d
R TPIGOE 5)

2 IG)I? df
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2.3 Theoretical estimation limits

Figure 2.4: Raised cosine filter with varying 8, H(f) = |G(f)|* as stated in Equation
(2.9)

defined as a constant which depends on the pulse shape. For our use case the pulse shape

|G(f)|? is defined as a raised cosine function

\.H
-
INA
BN
'ﬂ"

GUP =S4 [1+eos(F [171-52])] % <
0

, else

with pulse shaping parameter 5 € [0,1]. The function for different 3 is depicted in Figure
2.4. The resulting € is derived in the Appendix in Section 7.1 and the result in Equation
(7.9) is stated as

1 5 (1 2
E(ﬁ)—ﬁ‘Fﬁ (Z—F>

which also matches the equation stated in [D’A15].
Summarizing the results from Equation (2.7) and Equation (7.9) yields the MCRB for
the timing error and therefore for any timing error estimator as

1 1 T2

MCRB(r) = 5L BN, i
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2 Timing recovery

with € defined as 1 1 5
2 ~
S - = ) 131
e(ﬂ) 12—|—B ( 2) G[O 083,0.13 ]

2.4 Timing error detection algorithms

Table 2.1: Timing error detection algorithms

SPS Input PLL?
Gardner 2 Received symbol amplitude Yes
Mueller and Miller 1 Received and decided symbol amplitude Yes
Oerder and Meyr 4 Received symbol phase No
Absolute Value Nonlinear 4 Received symbol phase No
LogN 4 Received symbol phase No
Lee 2 Received symbol phase No

Table 2.1 shows different existing timing error detection algorithms. As stated in Section
2.1, the required SPS is a central design criteria, as the ADC sampling rates often are a
bottleneck within high data rate receivers. Consequently, the lower the required SPS, the
better. From the required SPS, Gardner, Mueller and Miiller and Lee stand out the most.
Although Mueller and Miiller offers the best performance in terms of data, it has a severe
limitation of needing the decided symbol amplitudes, therefore implicitly requiring the
decided symbols [Conl7]. As the proceeding logic of the timing error correction should
not be influenced to allow more freedom in research, the Mueller and Miiller is not further

considered.

The two algorithms left, Gardner and Lee, differ in the timing recovery structure around
them. The Gardner algorithm requires a phase-locked loop (PLL), which in a digital
system may be realized by a numerically controlled oscillator (NCO) and an interpolator
which can be implemented as a digital resampling filter. These components are put into a
feedback configuration, which is illustrated in Figure 2.5. The feedback structure implies
that the algorithm needs some cycles to obtain the correct timing error. In contrast to the
Gardner algorithm, the Lee algorithm gives out a phase directly, which can be directly
used in the interpolator. Therefore, it does not require a PLL thus it does not need
time to synchronize itself to the received signal. In order to account for the Lee TED
delay, the incoming samples need to be buffered until the detector is ready. Due to the
feedforward nature of the Lee algorithm and therefore not needing a PLL, it is chosen as
the algorithm to be further evaluated within this thesis.
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2.4 Timing error detection algorithms

NCO TED

ADC Interpolator

Figure 2.5: Timing recovery with a feedback structure, for example when using the Gard-
ner TED algorithm

TED

ADC Buffer Interpolator ——

Figure 2.6: Timing recovery with a feedforward structure, for example when using the
Lee TED algorithm

2.4.1 Lee timing error detector
The received complex signal r(t) at time ¢ is defined as
r(t) = z(t — T)ej¢(t—7) + n(t) (2.10)

with the sent sample amplitude z(t), signal delay 7, sample phase ¢(t) and complex
Gaussian random noise n(t). Using these received samples, the Lee timing error estimator,

which is operating at two samples per symbol, according to [Lee02] is defined as

~ 2L
=g u {Z [IP(KT2) e 7% 4+ Re [r(KT)r* (k — 1)) e‘”'('“_o'm]} 21
k=1
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2 Timing recovery

with the timing error estimate 7, sample duration Ty = T'/2 and number of observed
samples 2L + 1.

Lee algorithm performance under varying signal-to-noise ratio (SNR) conditions is simu-
lated by modeling an additive white Gaussian noise (AWGN) channel and implementing
the algorithm in Python. The simulation results of the Lee TED show the normalized
variances o212 plotted against different SNR levels for different input lengths L. The
results are depicted in Figure 2.7 against the MCRB, which is discussed in more detail in
Section 2.3. The modulation scheme used is quadrature phase-shift keying (QPSK) and
the pulse shape is root-raised cosine with g = 0.35.

Potentially due to simulation inaccuracies in either the AWGN channel, the Lee algorithm,
or the MCRB bounds, the graphs depicting the MCRB do not lie below the variance
curves of the Lee algorithm for all SNR values. For lower SNR values the discrepancy
can be explained due to the timing error being measured in samples and taken to modulo
one. The error can never be larger than 0.5 and therefore the normalized variance is also
limited to values below one. For the SNR range between -20 and 10, the bounds hold
well. For high SNR values, the bounds do not hold for larger window size. Therefore, for
SNR values above 10 dB, the results should be critically interpreted. As a suggestion for

further work, these simulations should be verified for the higher SNR values.
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3 Kalman Filter

3.1 Motivation

As the timing recovery and by extension the timing error detection is run online under
real-time constraints, the samples are received one after another, therefore iterative esti-
mation is required. A Kalman filter is an estimator that takes in measurements observed
over time, which matches the application. It is the best possible linear estimator in the
sense that it minimizes the mean square error. In addition, if the system model is linear
and known apriori, the measurement noise zero mean, independent and jointly Gaussian,
the Kalman filter is also the optimal estimator overall in the minimum mean square error
sense [MYXF19].

3.2 Derivation

3.2.1 System model

The generic system model for a Kalman filter is given by
xi = Fix 1 + Brug 1 + wy (3.1)

with state xy, state transition model Fy, control input model By and process noise wi.
In the use case of timing recovery as part of a digital receiver, the Kalman filter is used
to track the timing error and its change over time. This corresponds to the timing
error model as discussed in Section 2.1. As the timing error is used for aligning the
sampling time, tracking the timing error phase with respect to the sample period T is
sufficient. Consequently the error always lies within [—7"/2,7/2) or equivalently, due to
its periodicity t + T = t, within [0,7") where T is the sample period. The Kalman filter
therefore tracks the timing error phase, noted as 6. It is important that when tracking
the timing error phase instead of the whole timing error with the Kalman filter, the
implementation skips or repeats samples as the timing error phase wraps.

The change of the timing error over time can be thought of as the first derivative with

respect to time of the timing error phase, or simply put, the timing error frequency. The
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3 Kalman Filter

timing error frequency is denoted as f and defined as f = %. The timing error frequency
can be both positive and negative. A positive value corresponds to the ADC sampling
slower than the sender, a negative value to the ADC sampling faster than the sender. Its
absolute value is assumed to be small, within the range of 0.1 ppm to 100 ppm which
should cover typical sources of error such as imperfect clock sources e.g. quartz crystals,
temperature drift, as well as Doppler shift. Combining the timing error phase 6 and the

timing error frequency f, the state of the Kalman filter is obtained and denoted as

— gk
Xk = [fk] (32)

Furthermore, a state transition is the change in frequency and phase transition model
between the previous and current step. It is given by

P —F— | 1] (3.3)

01

which implies that the next frequency is equal to the frequency in the previous step,
or in other words it stays constant. The matrix also implies that the phase depends is
the previous phase of the system plus the change due to frequency. This makes sense
physically, as with a constant frequency the phase changes linearly. Put into a differential
form, the frequency is the first derivative of the phase w.r.t. time: %Sf) = f. This
formulation also shows that the system model does not change over time and therefore

the dependency on the current step k is omitted.
As there is no control input, the control input model B = 0 and can be left out.

The system noise w, ~ N(0, Qy) statistics do not change overtime, and therefore the

covariance matrix of the process noise Qy stays constant

2
o; 0
0 o F

Consequently, wy, = w ~ N(0,Q). The system model assumes that the temperature
drift, over minutes or hours, and degradation for example due to radiation, over months
or years, are modelled by the random walk of the timing error frequency. The system
model is thus given by

Xk = FXk_1 + Wi (3.5)
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3.2 Derivation

3.2.2 Observation model
The generic observation model for the Kalman filter is given by
7z = Hyxy + v (36)

with observation model Hy and zero mean Gaussian observation noise v, ~ N(0, Ry).

As only the phase is observed by the Lee timing error detector, the observation z, and

its noise vy become scalar and the covariance matrix Ry reduces to scalar variance 037 o
Zy = 2k, VK=, Ry= O‘ik (3.7)
with v, ~ N (0, 02’ i) The observation matrix is constant H and simplifies to a row vector
H,—H=h-= [1 o} (3.8)

This leads to the simplified observation model
2k = hxy + v = 0 + i (3.9)

Furthermore, the observation noise is time-variant as the channel conditions change. This
is modelled by keeping vy, dependent on k. In the real system, this observation noise will
depend on the SNR.

v = v(SNR)

In the following sections, the steps of a single update Kalman filter are described and

specialized for the specific case of timing error estimation.

3.2.3 A priori state estimate
The state is first predicted as follows
X1 = FiXp 1)1 + Bruk—1 (3.10)

Again, as there is no external control, B = 0. In addition, with the simplified state

transition model from Equation (3.3) and the equation simplifies to

Xk—1 = FXp_1jx—1 (3.11)
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3 Kalman Filter

3.2.4 A priori covariance estimate

The Kalman filter approach first makes a prediction called the a priori state estimate

using only information from the previous step.
Pyt = FiPio i1 F + Qi (3.12)
which with Equation (3.3) and Equation (3.4) simplifies to
Py 1 =FP_ F' +Q (3.13)

3.2.5 Innovation

The innovation, which represents the error between the predicted and observed value, is
given in its generic form as

Y = zx — HiXyq (3.14)

the observation is scalar according to Equation (3.7). When in addition using the sim-

plified observation matrix from Equation (3.8), the equation simplifies to a scalar form
Uk = 2k — Xy (3.15)
which when plugging in the a priori state estimate from Equation (3.11) yields
Uk =2k — hFx g
o [1 O] [1 1] [9k_1|k—1 — [1 1} lek_”k_l]
0 1] | fum1jx—1 Je—1k—1

O = 2 — (Oeop—1 + fumik—1) (3.16)
—~
TEDj

For the observation, z, any TED can be used. The choice of the TED is discussed in a

later chapter.

3.2.6 Innovation covariance
Sk = HyPy_ H{ + Ry (3.17)

with Equation (3.8), Equation (3.7) and using notation

P | Pxjk=1,00 Pxk—1,01
k|k—1 ‘=
Px|k—1,10 Pk|k—1,11
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3.2 Derivation

the equation can be simplified

1

2
0 + Uz,k'

s = th|k_1hT +U§,k _ [1 0] Pk|k—1,00 Pk|k—1,01
Px|k—1,10 Pk|k—1,11

1

_ . . 2
= [pk|k—1,00 Pk|k—1,01] T Ok

which finally yields the simplified innovation covariance, or simply innovation variance

Sk = Pijk—1,00 + 02 & (3.18)

3.2.7 Kalman gain
Ky =Py H S, * (3.19)

which simplifies with Equation (3.8) and Equation (3.16) to

T 1
ki = Py1h sy

Using
Px|k—1,00 Pk|k—1,01
Pyi1:= | |
Pxjk—1,10 Pk|k—1,11
gives
_ _ 1
Ky = Pxjk—1,00 Pklk—1,01 31:1
Pklk—1,10 Pxk—1,11] |0
and thus
ky = |PRlko100) o1 (3.20)
Pxk—1,10

3.2.8 State update

This estimate is then updated based on a new scalar measurement ¢ yielding the a

posteriori state estimate. In our case there is no external control, thus
Xk = FX1p-1 + Kiyx (3.21)

which when using the Kalman gain to Equation (3.20) and the innovation from Equation

(3.16) reduces to
Xk = FXy -1 + ki (3.22)
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3 Kalman Filter

3.2.9 A posteriori covariance estimate

After the update, the covariance estimation is updated
Py = (I — kihy) Py
as h = hy, this simplifies to

Py = (I—kih) Py (3.23)

3.2.10 Summary

1. Predicted a priori estimate covariance
Py 1 =FP,_ F' +Q (3.24)

with constant state transition model F, constant system noise covariance matrix Q and

the a posteriori covariance matrix estimate Py_y;_1.
11 Q- o5 0
0 1|’ 0 of

Uk =2k — hFx 1 (3.25)

F=

2. Innovation

with constant observation matrix h = [1 ()] and previously estimated state X _ k1

0
with its initial state §c0|0 = [fol
0
3. Innovation covariance

Sk = th|k_1hT + O'ik (326)

with the observation noise variance ai ;. that depends on the SNR.
4. Kalman gain
ki = Py jh's.? (3.27)

5. State update
Xy = FXi 11 + ki (3.28)

6. The a posteriori estimate covariance

Py = (I - kihy) Py (3.29)
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3.3 Simulation

3.2.11 Initial state

For the initial state, there is no information about the timing error at the receiver, which
could lie anywhere within the interval [0,7). For this reason, the initial timing error
distribution is assumed to be uniformly distributed between [0, T) with variance T2/12.
The initial timing error is arbitrarily chosen to be 0, however any other value between
[0,7) also suffices.

The initial change in timing error over time, f, is unknown as well. The distribution of
the initial value for the change in the timing error over time, f, should be zero mean and
therefore assumed zero. The variance should lie within the constraints of the system, for
example if the ADC runs at half the speed as it is supposed to, the Nyquist criterion
would be violated. The intended operating range of the system is within range of tenths
of parts per million up to parts per thousand. Larger deviations are assumed to be
less common than small ones, and a Gaussian distribution is therefore chosen as a first

approximation for the deviation.

0
)A( = s P =
0 [0] 0l0

where 2, = E[(fa/fo)?] is the normalized variance of the zero-mean distribution for the

T2/12 0

0 (3.30)
n

initial frequency difference fa and 72/12 is the variance of the uniform distribution of

the initial timing error or the initial phase error of the system.

3.3 Simulation

The behaviour of the Kalman filter during fading can be seen in Figure 3.1. In this figure,
the timing error is modelled by a simple lincar equation and thought of as a phase and
a frequency, as was similarly done in Section 2.1 in which the timing error is introduced
as well as in Section 3.2.1, where the system model of the Kalman filter is derived. The
true timing error phase is depicted as phase in Figure 3.1. It is measured in samples and
has a range of [0, 1), due to it wrapping around. The true timing error is unknown to the
receiver. Instead of seeing the true timing error, the receiver uses the TED to estimate
the timing error. The quality of this estimate depends on the SNR, as shown in Figure
2.7 and can be modelled by an AWGN channel. The distorted phase, which in practice
is the output of the Lee TED, is depicted in Figure 3.1 as the observed phase.

In the figure, the initial channel conditions are good, meaning that the SNR is high and
consequently the estimation of the timing error by the TED is of good quality. The
effect of the good SNR conditions can be seen in the low phase error of the Kalman filter
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3 Kalman Filter

output when compared against the undistorted phase, which decreases over time. This
is due to the more accurate synchronization of the Kalman filter as it converges towards
the correct frequency and therefore the output gets more accurate. In addition, in this
model it is assumed that the receiver knows that the channel is of good quality which
increases the convergence speed. This can in practice be realized by a power detector
which observes the strength of the input signal. This reading is converted to an SNR
if the channel is understood well enough, which can then be mapped to an expected
observation noise at the output of the Lee TED. One way to approach the mapping from
SNR to the observation noise is to use the mapping as illustrated in Figure 2.7. After
obtaining the observation noise, it is passed on to the Kalman filter.

After the initial period of good channel conditions, the conditions become worse. This is
models a period of strong fading, which can be seen as the increased noise in the input
signal. During this time, the phase error slowly increases, but still stays relatively low
and importantly stays below the initial phase error, even though the fading lasts for a
long time that is longer than the acquisition period. The third phase contains shows that
as soon as the conditions improve, the error starts decreasing again.

What this effectively means is that a) errors are smaller during fading and b) the reac-
quisition time is decreased compared to not using a Kalman filter. This is a central
takeaway of this thesis, as it suggests that adding a Kalman filter does indeed provide a
benefit for timing error detectors within context of receivers placed after channels that
are prone to strong fading. The trade off is computational complexity, which in context
of hardware, such as an FPGA, translates into higher resource, such as power and size,
usage. More concrete implications for a generic hardware implementation are discussed
in the following section whereas more detailed analysis for a FPGA implementation are
covered in Chapter 5.

Analyzing Figure 3.2 yields further insights to the Kalman filter functionality, especially
during low SNR. The top row of the figure describes the constant, undistorted frequency
as well as the phase, which depicts a sawtooth like wave due to it wrapping around at its
maximum value, which during this simulation is arbitrarily set to 100 in order to make
the wrapping less frequent while keeping the system frequency at 1, increasing readability.
Below the frequency on the left hand side, the number of phase loops counts up every
time a phase wraps around. Below the phase loops is the observation noise variance. This
is both used at the input of the Kalman filter as well as the variance of the noise added
to the phase.

The resulting distorted phase can be seen in the second top most plot on the right,
which is labeled as observed phase. This is the phase seen by the Kalman filter and the
distortions by noise are clearly visible.
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Below the observed phase are the errors calculated by the Kalman filter between the
prediction and the observed phase. These errors are labeled in the figure as Kalman
errors. Notably, the scale is 50 as in a modulo 100 numerical system the maximum
distance between two numbers is 50. Using modulo calculus for calculating the errors
is crucial, as otherwise the system suffers from strong non-linear jumps on phase wraps
which lead to severe degradation of the Kalman filter performance.

In the row below the observation noise variance and Kalman errors are the Kalman
gains for the phase and frequency, respectively. The Kalman gains are responsible for
weighting the Kalman errors, in one extreme cases trusting the errors completely, in the
other, ignoring them. In the beginning, it can be seen that the gains increase and, after
reaching their maximum, start decreasing again. The Kalman gain for the phase reacts
much faster and thus the increase and decrease look more like a spike. The response of
the Kalman gain looks smoother.

Below the Kalman gains are the states that are tracked by the Kalman filter. On the left
side is the phase that is tracked by the Kalman filter, on the right is the frequency. It
can be seen that the Kalman phase has again the same sawtooth form as the undistorted
phase. There are some observable distortions during the first 400 updates, but the phase
becomes increasingly smoother. The Kalman frequency can be seen to get get closer and
closer to one, matching the original system frequency.

To more closely observe the differences between the undistorted phase and frequency with
the filtered phase and frequency, the absolute phase errors and the relative frequency
errors are plotted on the bottom row. The phase errors are taken as absolute values,
as the phase regularly becomes zero, which requires special handling when using relative
errors to avoid division by zero. After about four hundred updates, the phase error stays
below 1, which is 1 % of the maximum phase value. If the maximum phase was 360°, this
would correspond to 3.6° of error. The frequency error converges to around 100 x 1076,
All in all, the figure shows that given enough samples and that the noise is zero-mean, the
Kalman filter converges to the given system frequency after approximately four hundred

updates, even though the observed signal is significantly distorted.
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Scenario: Fading, n_updates=5000

1.0 1 1.0 4
—— phase —— observed phase
N
0.8 1 © 081 7 i
n
@©
e
@ 0.6 O 0.6
o k5
= >
0.4 5 041
wn
Ke)
0.2 1 O 42
0.01 0.01
1.0 ) 1073 : :
—— filtered phase | _ —— phase estimation error
% m 10~%
©08 5
o m HOIm 4
©
0 0.6 B
pud © HOlm J
2 £
= 0.4 % 1077 4
m ]
= 3 1078
< 0.2 ©
<
X a 1079
0.0 : : : : : . . . . . .
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
Update n Update n

Figure 3.1: Python simulation of the phase of the timing error before and after filtering during fading. Top left: Phase of the
timing error, or the timing error in modulo one, in samples. Top right: Observed timing error in samples, which is

the timing error that has been distorted by an AWGN channel.
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4 System

The timing recovery system aims to detect the timing error and then apply the correction
to the incoming samples.
4.1 Constraints

The system must fulfill the timing recovery under the following constraints which are

motivated by the design criteria introduced in Section 2.1:

1. Each of two ADCs present on the FPGA used within this thesis produces 4 x 10°

samples every second
2. The system is able to run continuously and process the samples in real-time

3. In case of distortions only caused by the sampling frequency offset, the bit-error-rate
(BER) is 0 after acquisition

4. The filtered output is close to the Lee output during good channel conditions
5. The filtered output has a lower BER than the Lee algorithm during fading
6. The system handles 100 ppm frequency difference, 50 ppm coming from the
Doppler shift and 50 from a pessimistic upper limit for the ADC clock offset
4.2 Overview
The system consists of three major parts
e Timing error detection
e Kalman filter

e Timing error correction via interpolation
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4 System

The Kalman filter is designed to work as an add-on to the Lee TED. This means that
the output of the Kalman filter should have an identical interface to that of the Lee
algorithm to allow streamlined integration into the rest of the system. Moreover, values
at the output of the filter should be identical to the Lee in case the SNR is high, meaning
that the input signal quality is good and that the output of the Lee TED can be well

trusted.

Ou—15 fujk—1

ék|k> fk|k

Lee TED Interpolator

Figure 4.1: Timing recovery system with Kalman filter

The phase error typically changes over time. This often is due to a, potentially drifting,
sampling frequency offset. Thus, when correcting a large amount of samples, the amount
of correction also needs to change over time. One option is to apply the correction so
often that the change of the timing error within the corrected window is negligible. The
other possibility is to apply linear interpolation. This is done by taking the last, and
therefore statistically most accurate timing error estimation of the Kalman filter and
shifting it back in time according to the estimated change over time. In this thesis, the
first mentioned approach is used due to its easier implementation. In the future, and
especially for very high sampling frequency offsets due to which the timing error changes
rapidly, it might be worth considering to switch to the linear interpolation approach.
Another possibility to cope with faster changing timing errors is to do use a smaller
number of samples for the Lee algorithm as well as updating of the Kalman filter more
often, yielding to smaller time steps which in turn allow for larger changes as the change

within a single time step is kept reasonably small.
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After obtaining an overview of the timing recovery system based on the Lee algorithm,
Kalman filter and interpolation, the cost due to the implementation are analyzed in more
detail within the following section. An FPGA in general offers an attractive platform
to validate the implementation of the Kalman filter in an experimental setting due to
its reconfigurability. Due its sophisticated parallel execution model and existing library
support, VHDL is chosen as the language for the describing the hardware implementation
of the Kalman filter for the FPGA. As a reference platform, a Xilinx UltraScale RFSoc
FPGA is chosen, however the following analysis methodology is not limited to a specific

hardware device.

5.1 Timing constraints

The ADC of the target FPGA runs at 4 GSPS. The interface of the ADC is designed
such that on each clock cycle, 16 samples are delivered at once in parallel. In addition,
the ADC provides the clock output signal which is fed into an asynchronous first in, first
out (FIFO) inside the FPGA to allow transferring data from the ADC clock domain to
the internal clock domain of the FPGA.

FPGA components can generally be designed using an asychronous or a synchronous
design. Synchronous designs generally have the advantage of having timings that are
simpler to model. As less complex systems are easier to verify and by extensions to make
reliable, a synchronous design approach in chosen. The most straight forward approach
is to run the FPGA design from a single clock to avoid additional clock synchronization
apart from the necessary transformation between the ADC and the FPGA clock. Using a
synchronous single clock design means that every operation within the FPGA logic must
complete within a clock cycle. Especially computationally expensive operations such as
divisions may be of concern. Notes on division are handled in a later section.

Using a synchronous single clock approach for the FPGA design, the FPGA needs to run
at least at the ADC speed of 4 GSPS divided by 16, the number of samples taken in
parallel into the FPGA per FPGA clock cycle, resulting in 4/16 GHz = 250 MHz clock
speed. Adding a buffer to allow to react for slight deviations, a frequency of 330 MHz
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is considered as the target goal for the Kalman filter, accounting for some buffer when
integrating the Kalman filter into the rest of the system as the design tool will have less
freedom to optimize timing of the circuits due to the FPGA design having to accomodate

for more components.

5.2 Fixed-point arithmetic

For an online implementation running on an FPGA, numerical operations are more con-
strained. Floating point operations take longer and require more resources than integer
operations. In addition, the values from the ADC are integers and would thus require con-
version to floating-point numbers before further processing. Therefore, integer arithmetic
is preferred over a floating-point implementation and consequently fixed-point arithmetic
is chosen as the number format for the Kalman filter within the scope of this thesis. When
doing fixed point arithmetic, careful consideration of the value ranges and bitwidths of
numbers is needed. The VHDL 2008 language offers a fixed point package! to have an

easier way of describing fixed-point numbers.

5.3 Lee

The implementation of the Lee algorithm is not part of the scope of this thesis. How-
ever, to show that the Kalman filter is capable of interfacing with the Lee algorithm,
understanding the interfaces and timing of the Lee module is necessary. The algorithm
is used twice, once for the  and once for the y component. For simplification, only the
x component of the received signal is considered in this section. As the ADCs run at 4
GHz and the FPGA roughly at 250 MHz, each ADC outputs 16 samples per FPGA clock
cycle. The resolution of the ADC is 12 bits, therefore yielding an interface to the Lee
that takes in 16 [ samples and 16 @) samples per clock cycle, with each sample having 12
bit resolution.

To be able to handle the throughput, the inputs are processed in parallel. As the Lee
algorithm is a sum of multiplications, the multiplications are first done in parallel, and
then summed up together using an adder tree.

The output of the specific Lee algorithm implementation within the scope of this thesis

is within range of [-1, 1) samples and has a width of 10 bits.

"Mttps://freemodelfoundry.com/fphdl/Fixed_ug.pdf
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5.4 Buffer

The design uses buffers to implement skipping and repeating in addition to compensate
for the TED delay. This means that shifts by one must be possible. However, shifting
large amounts of data with high speed and granularity requires a lot of FPGA resources.
Therefore, the tasks are split between two buffers of different sizes. The larger buffer is
able to store hundreds or thousands of samples. However, it is only able to shift by 16
samples at a time. The larger buffer feeds into a smaller buffer, which while only being
able to hold 16 samples, is able to shift by one sample at a time. The implementation
uses a ring buffer for the larger one and a shift register for the smaller one.

The interface to the buffer requires signals to trigger the skipping and repeating logic.
These signals are particularly relevant, because they must be triggered by the Kalman
filter.

5.5 Kalman

As the Kalman filter evaluation and implementation is in the focus of this thesis, the
different components of it are analyzed in more detail in the following sections in terms
of numerical accuracy as well as estimating their computational complexity using the

metric introduced in the following section.

5.5.1 Estimating computational complexity

A possible way to estimate more accurately how much computation different numerical
operations take relative to each other is to compare the operations as if they were to run
on a central processing unit (CPU). To this end, Table 5.1 lists how large the latencies

are for different numerical operations executed on a typical CPU.

Table 5.1: Typical processor latencies

CPU cycles
add 1
multiply | 10
divide 70

5.5.2 State

As per Equation (3.2)
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where 6y is the phase of the timing error and it is measured as a fraction of the sample
period. This unit is chosen as it matches the output of the Lee algorithm implementation
as introduced in Section 5.3. The output range of [-1, 1) samples of the Lee algorithm is

linearly mapped to a convenient numerical range of
O €10,1) (5.1)

avoiding signed integer numbers and being closer to the timing error model assumed in
earlier Python simulations. The output of the Kalman filter is linearly mapped back to
the range of [-1, 1) samples to preserve the original interface and to allow easier integration

to the following components. The resolution of
AG =220 <107° (5.2)

is chosen in a way which allows for an efficient representation by extending the standard
18 x 18 bit signed integer multipliers from Xilinx by utilizing extension techniques as
described in [Cha08]. Due to increasing relative errors when approaching A#, the phase
estimate of the Kalman filter is sufficiently accurate down to 100 - A@ < 10~%, which
is enough for the timing recovery even when including a magnitude of margin as the
resolution of the interpolator input is 10 bits. Therefore the numerical inaccuracies of
the Kalman filter timing error estimation are assumed to be negligible. The number of
symbols per update determines what the frequency is scaled by, as in the end the phase

change is frequency multiplied by the time between symbols. Af/Ngymbols-per-update With
Ngymbols-per-update € [16,1024] (5.3)
The frequency fi is in the range of
f € [—100,100] ppm (5.4)
as stated in the constraints in Chapter 4. The frequency has a resolution of
Af =271 ppm <1 x 1073 ppm (5.5)

however in practice the value is somewhat larger due to large relative numerical errors for
numbers approaching 271° ppm. Allowing for some buffer, 0.1 ppm should be achievable
using this resolution. Updating every Ngymbols-per-update Symbols yields a maximum step
size of

Abmax = Nyymbols-per-update, max * Jmax = 1024 - 100 x 107% = 0.124
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Therefore, the given widths for the fields are sufficient to achieve 0.1 ppm frequency
resolution with a maximum frequency compensation of £100 ppm resulting to a maximum

phase change per update of 0.124 or 12.4 % of the maximum normalized phase value.

5.5.3 A priori covariance estimation

From Equation (3.13)
Py 1 =FP_ ,F' +Q

with convenience notation

A B
P i1 :=
k—1[k—1 o D
this yields
1 1{[A Bl |1 O A+C B+D||[1 0
P _1 = —|— e _|_
k'1‘1[0101711](‘2 c D 11]Q

A+B+C+D B+D
C+D D

+Q

and with Q as defined in Equation (3.4) this yields

A+B+C+D+o0; B+D

P.. =
kfie—1 C+D D—|—J]2c

with the amount of operations stated in Table 5.2. To note is that C'+ D needs to be

only calculated once, therefore one operation is saved.

Table 5.2: Operations required for a priori covariance estimation

add | multiply | divide
a priori covariance | 6 0 0

5.5.4 Innovation

The simplified innovation is stated in Equation (3.16) as

O = 2k — (O—1—1 + fro1x—1) (5.6)

where the predicted phase is the previous phase plus the change due to frequency. This
is compared against the observed phase. To note is that here the time between updates
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is assumed to be one symbol. In reality, this needs will by tens, hundreds or thousands
of symbols. This frequency scaling leads to an additional multiplication.

As the phase is modulo 1, this leads to at most two further additions/subtractions as
the input of the respective operation is assumed to be within the modulo range. The

operations for prediction and innovation are listed in Table 5.3.

Table 5.3: Operations required for innovation

add | multiply | divide
innovation | 4 1 0

5.5.5 Innovation variance

As per Equation (3.18), the innovation variance is defined as

_ 2
Sk = Pk|k—1,00 T O

from which the single addition can directly be read

Table 5.4: Operations required for innovation variance

add | multiply | divide
innovation variance | 1 0 0

5.5.6 Kalman gain

Eq. Equation (3.20) defines the Kalman gain as

Px|k— _
Ky = k|k—1,00 Skl
Pxlk—1,10

from which the required operations can directly be derived

Table 5.5: Operations required for Kalman gain

add | multiply | divide
kalman gain | 0 0 2
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Division

The Kalman gain computation contains the numerically most expensive operation, the
division. A first implementation that uses the default division operator ’/’ for fixed-point
numbers, results into a maximum FPGA speed of 21 MHz as reported by the synthesis
tool. This is an order of magnitude below the requirement. This could be due to the
simulator not being able to pipeline the operation, resulting in a low maximum clock
cycle.

To meet the requirements a simple binary division algorithm, the long division?, is im-
plemented. The long division algorithm consists of bitshifts, additions and subtractions
and after first simulations runs at 400 MHz. The full algorithm as described in [AF09] is

stated as follows

1. Align the most significant bit of the numerator with that of the denominator. The
shifted numerator value is denoted as D. Set remainder R and quotient () to zero
and ¢ to the number of bits shifted. T is a register large enough to hold the in-

between calculation results.

2.T=R-D
a) ForT>0,Q0) =1, R=T
b) Else, Q(0) =0

3. Shift ) by one bit to the right and D by one bit to the left. Subtract ¢ by one.

4. If i = —1, Q is the resulting quotient and R is the resulting remainder.

However, the algorithm takes tens of cycles to complete due to its runtime of 2n, where n is
the numbers of bits in the numerator. For 20 bit wide numbers, the division delay results
in approximately 40 cycles of delay using the long division algorithm implementation. In
comparison, an addition and a multiplication of sufficiently small integers only takes a
single cycle.

As part of future work, the division algorithm can at a later point be switched to a
restoring, non-restoring or a Newton-Rhapson [PSC21] based division algorithm, which
needs additional hardware resources due to multiplication [BK23]. A manufacturer spe-
cific hardware implementation may be used as well. Due to implementation complexity,
these options are not further evaluated within the scope of this thesis.

*nttps://en.wikipedia.org/wiki/Division_algorithm#Long_division
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5.5.7 State update
The simplified is earlier stated in Equation (3.22)
Xk = FXp_q-1 + ki

_ [91<—1|k—1 + frem1k—1 + K

Je—1k—1

Assuming the result from the prediction Equation (5.6) can be used, the number of

operations amounts to

Table 5.6: Operations required for state update

add | multiply | divide
state update | 2 2 0

5.5.8 A posteriori covariance estimate

As per Equation (3.23)

Py = (I - k¢h) Py

with

ky = k.0
ki1

)

—(1— kik’() [1 O] Pk|k_1 _ 1 0 _ kkp 0
ki1 0 1 0 ki1
_ 1-— kk,o 0 p
0 1 kk,l kjk—1

A B
Cc D

) Py

with notation

Pr_qjk—1 =

this can be rewritten as

A B
C D

Py = '
01—k
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and finally
(1—Fkxo) A (1 —Fkeo) B

(1—hke1)C (1—kg1)D 5.1)

Py =

which yields the required operations as stated in Table 5.7.

Table 5.7: Operations required for a posteriori covariance estimate

add | multiply | divide
a posteriori covariance | 2 4 0

5.5.9 Summary

The total number of generic CPU cycles needed using mappings from Table 5.1 is listed
in Table 5.8 and the computational graph is illustrated in Figure 5.1. The total number

of cycles amounts to 189.

Table 5.8: Estimated number of operations required for the Kalman filter update using
latencies from Table 5.1

add | multiply | divide | cycles
a priori covariance 6 0 0 6
innovation 4 1 0 14
innovation variance 1 0 0 1
Kalman gain 0 0 2 140
state update 2 2 0 22
a posteriori covariance | 2 4 0 42

5.5.10 Covariance limits

The a priori and a posteriori covariances are continuously updated. The covariance
update step is integrative in nature, so there is potential of a rapid increase of the matrix
elements. To better understand how fast the elements grow and potentially provide limits
on the element value ranges, the change of these values is analyzed.

The element growth of the a posteriori covariance estimate, and thereby the a priori
estimate, is determined by the Kalman gain. This allows determining the fastest and
slowest rate of growth of the values by setting the extreme values, which are zero and
one, for the respective Kalman gains.

For the first limit, Kalman gain is set to ki, = k = 1. Thus, the a posteriori covariance
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14

innovation
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a posteriori
covariance
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covariance variance

Figure 5.1: Computational graph, weights along the longest path are underlined

estimate as stated in Equation (3.23) becomes

and consequently the a priori covariance from Equation (3.13) reduces to

Puyk1=0+Q=Q.

This means that the matrix elements keep their initial values.

For the second special case, the Kalman gain is set to ky = 0, the covariance matrix
values grow the fastest. In addition, the a priori and a posteriori covariance estimates
become equal.

Pirp—1 = Py

Now using notation

Ay By
Cx Dy

P _ | Pooklk—1  Po1kk—1
klk—1 =

P1okk—-1 Pi1kk-1

Ax-1+ Byx-1+Cx—1+ Dx1+03 Bix1+ Dy
Cx1+ Dy D1 + 0%
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This allows for an easier analysis of the convergence of Py.

The last element, Dy depends on its previous value so that Dy = Dy_1 + Dy, k €
N, Dy = O'ch. This results into a linear dependency of k

Piigk—1 = Dx = (k+1) - 0% (5.8)
The second and second last element are identical By = C} and equal to

{@
%

corresponding to the triangular number sequence?. Therefore, it can be written in com-

ke NO} ={0,1,3,6,10,15,...}

pact form as

k(k+1)

Po1 kk—1 = P1okk—1 — By =Cx = 9 Oy (5.9)

Finally, Ay consists of the non-linear frequency contribution Ay ; as well as the linear
phase contribution (k + 1) - ag. As Ay y = By_1 + Cx—1 + Dx_1, it can be written as the

sum of two tetrahedral number?® series plus a triangular one. This can be written out as

{ Ak’f
2
95

and the closed form corresponds to

k € No} = {0,1,5,14, 30,55, ...}

s m [2_ Kk —1)(k+1) | k(k+ 1)] )

6 2 |7
Combining the phase and frequency contributions yields

k(k—1)(k+1)  k(k+1
pOO,k|k-1=Ak=[2, ( E)i( )Jr (2 )

] o+ (k+1)-0j (5.10)

The values for O'g and 0]20 should be small, as it expected that the change in the timing
error frequency is due to drift is slow and that the phase jitter of the sender is minimized.

For the first implementation, it is assumed that 03 = 2710 and O'J% = 2710 ppm?.

27100
- 0] -

Shttps://en.wikipedia.org/wiki/Triangular_number
‘https://en.wikipedia.org/wiki/Tetrahedral_number
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The initial values for Py are given in Equation (3.30). Here, T'= 1, and therefore

which leaves the parameter f%, to be determined. As f3, = E[(fa/f0)%] = Var[fa/fo
due the distribution being zero mean. As a first estimation, the timing error frequency
variance is set to a small value of 271° ppm? = 1/1024 ppm?. For a Gaussian distribution
this would mean a standard deviation of 27° = 1/32 ppm. The initial a posteriori

covariance matrix is thus given as

Pojo = [1/12 ’ ] (5.12)

These values are to be refined after experimental verification.

In order to provide practical number ranges for the initial implementation, a number
of assumptions are made. Firstly, the initial values are assumed as stated in Equation
(5.12). In addition, it is assumed that 1000 update steps are enough for the frequency
to converge and that the elements decrease afterwards. Under these assumptions, the
values of the a priori covariance elements lie within the ranges as stated in Table 5.9.
In the table, the column "min > 0” means the smallest non-zero value that needs to be
represented. For the number of minimum fractional bits it is important to note that the
actual numbers depends on the numerical error tolerated. The more bits are used, the
lower the error. Visualization of the logarithmic value range can be seen in Figure 5.2,
Figure 5.3 and Figure 5.5. Only the initial value is visible in Figure 5.3, as the values go
to 0 after the first iteration. Therefore they are not visible on the logarithmic y-axis. For
illustration, Figure 5.4

The values for the a posteriori elements are the same or lower as the a priori ones

Table 5.9: A priori covariance estimate ranges, k € [0,1000]

min >0 max min fractional bits min integer bits
Pooxk—1 1071 106 4 20
Poijk—1 1072 102 10 10
Progk—1 1072 108 10 10
Prig—1  107° 100 10 1

according to Equation (5.7), therefore the same ranges can be used.
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6.1 Verification of VHDL implementation using GHDL

In order to test the components of the Kalman filter as well as the filter’s functionality,
the free open-source VHDL synthesis and simulation software GHDL! is used to together
in combination with an open-source testing framework cocotb?. In practice, this allows
writing testbenches in Python that test the VHDL code, utilizing the vast amout of
Python libraries available as well as being easy to integrate to the existing Kalman filter
Python simulations introduced earlier within this thesis. In addition, to later allow easy
switching to other design and simulation software frameworks such as Vivado that are
able to translate the VHDL description to an actual hardware platform, the free open-

3 is utilized. As no license is required for any

source VHDL package manager fusesoc
of these tools, this allows to run unit- and system level tests automatically in an easily
reproducible continuous integration environment on code changes to prevent accidental
breaking changes. Especially testing the interface of the Kalman filter is crucial in or-
der to make the integration to the rest of the timing recovery between the Lee output
and the interpolation input, to the full receiver and ultimately to the whole DSP system
as streamlined as possible. In summary, this approach brings the VHDL development
process closer to modern software development practices, increasing productivity espe-
cially with increasing system complexity. In the following, the most significant GHDL
simulation results are summarized.

Figure 6.2 shows the input and output phase of the Kalman filter over 1000 updates.
There is no noise added to the input signal, however the Kalman filter is set to believe
that the input has a relatively large observation variance of 0.25, meaning that for the
first tens of updates a small difference can be observed as the filter converges to the
input frequency. Looking at Figure 6.3 reveals that the full convergence takes around
200 updates, after which the absolute value of the error between the input and output
stays at around 10 x 10~°, which is close to the numerical limits of 20 bits used by the

implementation for tracking the phase.

"https://ghdl.github.io/ghdl/about.html
“https://www.cocotb.org/
https://github.com /olofk/fusesoc
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The design shows and the simulation results using GHDL verify that the required number
of FPGA clock cycles for a single Kalman filter update is 50. The update includes the
division and fits to the assumed 40 cycles in Section 5.5.6, as the integers used for the
division are 20 bits wide. The duration for all the components are depicted in Figure 6.1.
Notably, the the total number of cycles along the critical path reduces from 189 to 50 and
the critical path goes through the state update, not through the a posteriori covariance

when compared to 5.1.

14

innovation

innovation a posteriori

covariance

a priori
covariance

variance

Figure 6.1: Computational graph for FPGA, weights along the longest path are under-
lined

6.2 FPGA resource usage and timing verification

After confirming the component level functionality, the FPGA resource usage is ana-
lyzed when the Kalman filter is integrated into the whole system. The system contains
the digital sender and receiver on the same FPGA. The sender generates a random bit
sequence, maps the bits to IQ symbols, shapes the pulses and interfaces to the DACs,
which are integrated onto the same FPGA system-on-chip. The receiver includes inter-
facing with the on-chip ADCs, static equalization, polarization demultiplexing, timing
recovery, carrier phase and frequency recovery, as well as bit and frame detection. Due to
the matched-filter at the receiver degrading performance, it is not included. The reason
for this could be that the pulses arriving have been distorted in some way and this they
do not fit the matched filter. The first significant result is that the whole system passes
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Table 6.1: FPGA resource utilization

Total LUTs DSP Blocks
System 110933 (26.08 %) 708 (16.57 %)
Receiver 81367 (19.13 %) 708 (16.57 %)
Timing recovery 32007 (7.53 %) 200 (4.68 %)
Kalman filter 658 (0.15 %) 8 (0.19 %)

the resource usage verification, meaning that the system does indeed fit onto the FPGA.
The full resource utilization, both in absolute terms as well as relative to the total amount
of available resources, can be seen in Table 7.1 and Table 7.2. The usage of the resource
categories using the highest relative amount of resources are the look-up tables (LUTS)
and the DSP blocks. Their usage is summarized in Table 6.1.

As part of the timing recovery, the Kalman filter uses 658/32007 ~ 2 % of the LUTs
and 8/200 =~ 4 % of the DSP blocks. This means that not only does the Kalman filter
fit onto the whole system, it also does not utilize a significant amount of resources even
when compared against the utilized timing recovery resources. In other words, the cost
of including a Kalman filter as part of a digital receiver are low.

When the synthesis tool, in this case Vivado, generates the bitstream, it verifies in ad-
dition to the resource constraints that the timing constraints are met. The final system
containing the FPGA is able to be generated with the clock frequency constraint set to
over 260 MHz, ultimately proving that it is possible to run a Kalman filter fast enough
on an FPGA to be able to be utilized as part of a FSO DSP chain.

6.3 Experimental results using a fading testbench

To show that the Kalman filter integrates onto the whole FPGA logic and also provides
an improvement to the Lee algorithm results in practice, a fading testbench is used. All
in all, the setup is conceptually depicted in Figure 6.4. The QPSK signal is generated
by the FPGA, which using the integrated DACs generates an x polarized signal with its
corresponding I and ) components. The two signals from the DACs are connected to a
Mach-Zehnder modulator (MZM) with an integrated laser. The MZM is connected via
fiber to a fading testbench, which for the purpose of the test functions as a programmable
attenuator taking in a power vector and is therefore marked as attenuator within Figure
6.4. Effectively, this allows to set periodic fades lasting up to several ten or hundred
milliseconds. The fading testbench is further connected to an optical receiver outputting
both polarizations, and its four outputs are connected to the same FPGA where the
sender is located. As the fiber and components change the polarization, in order to
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Figure 6.2: VHDL logic simulation showing the input and output phase of the Kalman

filter. The phase, as expected, wraps around when reaching one. There is no
noise, but observation variance is set to 1/4 resulting in slower convergence.
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and output phase of the Kalman filter. There is no noise, but observation
variance is set to 1/4 resulting in slower convergence.
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capture the changes, a dual-polarized receiver is used. The original, single polarization
is recovered and therefore timing recovery results are only shown for one polarization.
The experiment is depicted in Figure 6.5. On the bottom center standing on the floor
is the fading testbench. There is a screen connected to the fading testbench which is
on top of the desk on the left side showing the currently programmed channel which for
the purpose of the setup is set be a rectangular-shaped wave, creating a fade which lasts
for 500 milliseconds and resulting in about three orders of magnitude less power being
received at the ADC of the FPGA. On the top shelf on the right, there is a stack of two
devices with eight cables running to and from the FPGA and two cables running to and
from the fading testbench. The device on the bottom of the stack is the MZM, the top
device is an optical receiver. The FPGA is placed in the middle of the desk. There are
four cables coming from and to the FPGA, however only two of them are used to transmit
information as only the signals « polarization is transmitted during the experiment. The
FPGA board has a computer connected to it with a screen attached. The screen is
placed on the right-hand side of the desk and showing the Vivado software used to create
the bitstream for the FPGA as well as to program it. In addition, the computer is
remote-controlled via a laptop which can be seen on top of the fading testbench. It runs
interactive plots in Python which show a green-coloured 1Q plot, a blue-colored BER plot
as well as a red-coloured timing error plot. All the plots are updating in real-time and
the data is fetched from the receiver running on the FPGA.

The interactive plots of the fading testbench and the computer connected to the FPGA
further allow the adjustment and observation of the channel, receiver and sender param-
eters during in real-time. The exact SNR, at the ADC is not available due to lacking time
as well as measurement equipment during the testing, however as the SNR follows the
power, the relative SNR difference is measured to be around 20 dB.

The results of the experiment are seen in the two screenshots of the computer connected
to the FPGA, Figure 6.6 and Figure 6.7. The plot in the bottom right corner in both
figures depicts the clock offset, which is the timing error in samples, over time. The plot
in the middle on the right in turn depicts the BER over time. The timing error is observed
to be close to zero as part of the experiment illustrated. However, setting the offset to
another constant value by adjusting the sender delay digitally provides similar results.
The timing error does not change over time, as this feature is not currently implemented
within the scope of the experimental setup. In the future, this could be tested by utilizing
an arbitrary waveform generator, by implementing the effect into the channel simulator,
or by adding a digital implementation onto the FPGA.

The configuration of the observation variance differs between the two figures. The figures
correspond to the two extreme cases of the observation variance for the Kalman filter.
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The first configuration in Figure 6.6 shows a scenario where the observation variance of
the Kalman filter is set to zero, its smallest value. Setting the observation variance to
zero leads to the Kalman filter blindly following the timing error at its input and not
relying on its internal prediction of the timing error. What this means in practice is
that the output of the Lee TED is passed right through the Kalman filter. This allows
to observe the performance of the Lee TED algorithm to provide a baseline to compare
against when using the Kalman filter. This is done in Figure 6.7, where the observation
variance is set close to 100 x 103, close to its maximum. In this case the input is largely
ignored and the Kalman filter primarily relies on its internal prediction.

When looking at the clock offset in Figure 6.6, it can be seen that shortly after the
start, the output starts to vary a lot, suggesting that the performance of the clock offset
prediction is worse. This timepoint corresponds to a start of a fade generated by the
fading testbench. In addition, when the clock offset becomes worse, at the same time the
BER also goes up. The value of the BER is around 0.5. This means that the receiver is
unable to receive any bits and suggests a total loss of synchronization. After the fade,
the variance of the estimated timing error and the BER return back to their levels before
the fade.

When in turn looking at the clock offset in Figure 6.7, it can be seen that after the start,
the output starts to vary similarly to Figure 6.6. Again, this timepoint corresponds to a
start of a fade generated by the fading testbench. However, this time the variance is not
as strong. This implies that the performance of the clock offset prediction is still worse
during a fade, but better than when not using the Kalman filter. At the same moment
when the clock offset becomes worse, the BER. also goes up. The value of the BER is
notably below 0.5. This means that the receiver is still able to receiver at least some bits
and means that the synchronization is not lost during the fade. After the fade, similarly
to the case with zero observation variance, the variance of the estimated timing error as
well as the BER return to their levels before the fade.

Comparing the two experiments suggests that using the Kalman filter improves the per-
formance of the Lee algorithm during a fade while also recovering to the pre-fade BER
levels after the fade.

Observing the 1Q diagram deliveres additional insights. In both cases it has a slightly
elliptic shape with the middle looking slightly different. This does suggest that the timing
synchronization is at least in part working. However, as the 1Q) diagram collects samples
over a longer duration, the samples may originate before, during and after the fade. In
addition, the size of the opening is related to the number of samples captured. If the
number goes to infinity, the figure would end up completely green. Thus, the size or lack
of the opening is not directly related to the actual performance. However, the diagram
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looks slightly tilted, which potentially could be due to the sub-optimal bias control of the
MZM or some other systematic imperfection within the system likely unrelated to the
timing recovery.

Finally, the setup is running continuously over several minutes. The only limiting factor
is disk space of the computer connected to the FPGA, which if running the experiment
over days will eventually fill up of measurement data collected from the FPGA. This
suggests that the system is able to handle the high sampling rates of 4 GSPS per ADC.

FPGA MZM

Optical receiver Attenuator

Figure 6.4: Conceptual diagram of the experimental setup. The fading testbench is de-
picted as an attenuator.
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Figure 6.5: Experimental setup using a fading testbench
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Clock Offset

Clock Offset

Figure 6.6: System performance during fading, observation variance=0, corresponds to
trusting the output of the Lee algorithm completely.

BER

Clock Offset

Clock Offset

Figure 6.7: System performance during fading, observation variance=1e5, corresponds to
the Kalman filter using its internal linear model to predict the phase while
largely ignoring its input.



7 Conclusion and future outlook

7.1 Future outlook

This thesis shows that it is viable to use Kalman filters running on an FPGA as part
of a digital receiver used for systems with high data rates. They improve estimation
performance while not constraining the timing performance or resource usage compared
to the rest of the system.

As the VHDL implementation of the Kalman filter was only a part of the thesis and not
the full focus, the implementation quality of the Kalman filter can likely be improved.
First of all, the convergence speed of the Kalman filter can be improved if the observation
variance is optimally chosen. Second of all, the accuracy to which the filter converges
can potentially be improved as well. Furthermore, by using a more sophisticated division
algorithm, higher rates of change in the timing error can be achieved as the filter can be
updated more frequently.

In terms of system level verification, the experimental setup so far only tests static offsets.
It is suggested to experimentally confirm the timing recovery performance also when
having the timing error changing over time. Furthermore, it is recommended that to
more precisely quantify the timing recovery performance, optical SNR measurements
before the optical receiver as well as electrical SNR measurements before the ADCs are
conducted.

Finally, a way to improve future system integration and testing is to ensure that the
system components, be it lasers, modulators or VHDL components on the FPGA are
rigorously tested under controlled and reproducible environments before integration to

prevent unexpected sources of errors during test campaigns.

7.2 Conclusion

This thesis provides a closer look at using a Kalman filter in combination with the Lee
timing error detector as part of all-digital online timing recovery in context of FSO,
especially DTE links.

One of the main motivations for FSO DTE is providing global broadband connectivity,

61



7 Conclusion and future outlook

for which FSO DTE links are a promising technology offering higher throughput and
security compared to classical RF links with demonstrated data rates up to 200 GBit/s.
A central problem of FSO links DTE that effects the timing recovery algorithms, is fading
of the optical signal due to atmospheric turbulence leading to signal level variation of
several orders of magnitude with fade duration up to milliseconds. Fading must therefore
be considered in the receiver design and the Kalman filter promises improvement during
fading, utilizing information about the received power to weight the observations coming
from a TED.

After introducing the concept timing error in receivers, this thesis provides an overview
of digital timing recovery, showing that factors such as samples per symbol as well as
computational complexity play an important role when choosing a TED algorithm. The
theoretical limits of timing error estimation are briefly discussed as well. The final aspect
of timing recovery is introducing interpolation as a way to digitally achieve the same
effect as adjusting the sampling speed of an ADC in the analog domain.

The thesis continues by introducing the generic formulation of the Kalman filter and
specializing it for linear timing error estimation. The filter is simulated in Python and the
results show that the Kalman filter provides an improvement to timing error observations
that are disturbed by Gaussian noise during and after fading as well as when when the
system generally operates under low SNR. conditions.

The Kalman filter is then put into context with its interfacing components, the Lee
TED before the filter and the interpolator after the filter. Furthermore, the system level
constraints are stated under which the timing recovery algorithm must operate when
operating as part of an optical FSO receiver.

The system level considerations are followed by implementing the Kalman filter on an
FPGA. First of all, it is observed that the FPGA is able to run fast enough to process 1Q
samples in real-time coming from ADCs running at 4 GSamples/s, while using the Kalman
filter as part of the whole system. The Kalman filter does not provide a bottleneck for
the speed. In addition, it is shown that the relative usage of DSPs blocks when compared
to the total amount of DSPs blocks used for the timing recovery is 4 %, while the relative
usage of LUTSs is 2 % when compared against the full timing recovery. Furthermore, using
an optical fading testbench, it shown that using the Lee algorithm with the Kalman filter
improves the BER when compared against just using the Lee implementation without
the Kalman filter.

Summarizing the key findings, the results show that a Kalman filter, integrated into a Lee
algorithm-based all-digital online timing recovery chain running on a FPGA, does not
constrain FPGA clock speed, uses only 4 % of the resources needed for timing recovery
and provides an improvement in BER during fading when used to filter the Lee TED
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output.

Therefore, this thesis concludes that it is beneficial to use a Kalman filter within the
context of FSO DTE links for all-digital timing recovery when using the Lee algorithm for
timing error detection. By adopting suggestions outlined in Section 7.1, the performance
of the filter may be further improved. Using Kalman filters in FSO receivers is thus a
promising step towards realising FSO based communication networks that also include
DTE links.
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Appendix A

7.1 MCRB constant derivation

7.1.1 Evaluation of denominator

Case 1:
GAHIP =1, Ifl <=

| ewra= [T

as the integrand is symmetric, this can be written as

thus

1-8

=2-/02T1df=2-ﬂ

2T
and finally
[ enpa=2E i<t A
Case 2: . - s
2 T
G = |1+ eos( T 151157 )
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as symmetric ,
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=9 /12_;) 3 [l—i—cos(? [\f| RS ])] df
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b
_ / 1+ cos(c- (|f] — a)) df

due to
[20, a<f<b=|fl=f

together with splitting the integral yields

f=b
=(b—a)—|—/ cos(c- (f —a)) df

=a

substituting with
flo=Ff—a, df'=df

f'=b—a

=(b—a) +/f cos(c- f') df’

/:0
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finally yields

[ewra-L 22 tf (1)
Case 3: -
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Combining cases in Eq. 7.1, Eq. 7.2 and Eq. 7.3 yields

> 2 . B 1=-8_1
7.1.2 Evaluation of numerator
Case 1: 18
- _
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and as
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0 02 04 06 08 1
B

Figure 7.1: MCRB constant ¢(3) for 3 € [0, 1]

and finally

2 s . (B-2)8+1
/_Oon P = S T

7.1.3 Equation for constant

Combining numerator from Eq. 7.8 and denominator from Eq. 7.4 and plugging them

into Eq. 2.8 gives
(3-23)82+1
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T
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from which consequently follows
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as illustrated in Fig. 7.1 for different §.

7.2 FPGA Resource utilization
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Table 7.1: FPGA resource utilization, part 1. Values in parenthesis are relative to the
total amount of available resources.

Total LUTs Logic LUTSs LUTRAMs SRLs
System 110933 (26.08 %) 107186 (25.20 %) 248 (0.12 %) 3499 (1.64 %)
Receiver 81367 (19.13 %) 77939 (18.33 %) 0 (0.00 %) 3428 (1.60 %)
Timing recovery 32007 (7.53 %) 31044 (7.30 %) 0 (0.00 %) 963 (0.45 %)
Kalman filter 658 (0.15 %) 658 (0.15 %) 0 (0.00 %) 0 (0.00 %)

Table 7.2: FPGA resource utilization, part 2. Values in parenthesis are relative to the
total amount of available resources.

FFs RAMB36 RAMB18 URAM DSP Blocks
System 153783 (18.08 %) 100 (9.26 %) 0 (0.00 %) 0 (0.00 %) 708 (16.57 %)
Receiver 112796 (13.26 %) 35 (3.24 %) 0 (0.00 %) 0 (0.00 %) 708 (16.57 %)
Timing recovery 16276 (1.91 %) 7 (0.65 %) 0 (0.00 %) 0 (0.00 %) 200 (4.68 %)
Kalman filler 443 (0.05 %) 0(0.00%)  0(0.00%) 0(0.00%) 8(0.19 %)
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