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Abstract—Line spectral estimation is an important technique
widely used in signal processing, e.g., radio channel param-
eter estimation. However, the current machine learning-based
methods for line spectral estimation are incomplete, and many
problems still need to be addressed. We propose an Artificial
Neural Network (ANN) architecture that can directly estimate the
radio channel delay parameters, including the number of delays
present in the radio channel measurements. We propose a robust
noise regularization technique, which successfully mitigates the
problem of ANN overfitting. Finally, we propose a novel loss
function significantly improving the achievable precision of the
radio channel parameter estimation. We compare our results
with the theoretical limit Cramer-Rao Lower Bound (CRLB) and
classical approaches such as the Space-Alternating Generalized
Expectation-maximization (SAGE) and Superfast Line Spectral
Estimation (SLSE). Our results show that this novel loss function
enables the ANN-based delay estimator to approach the CRLB
for a single delay case. The proposed method still achieves a
super-resolution performance for larger model orders. The ANN-
based approach can be approximately 24 times faster than the
SAGE algorithm and 180 times faster than the SLSE.

Index Terms—Artificial Neural Network, Convolutional Neural
Network, Machine Learning, Noise Regularization, Line Spectral
Estimation, Radio Channel Parameter Estimation.

I. INTRODUCTION

Although the idea of Artificial Neural Network (ANN)
occurred already in the 1940s [1], the real boom started with
the success of a deep learning architecture AlexNet in 2012
[2]. This established a new standard for solving classification
problems. Since that, the ANN has spread to many other fields
of science, e.g., into many areas of computer graphics simula-
tions [3], [4], reinforcement learning [5] [6], and biochemistry
[7]. The experiments using ANN for radio channel estimation
are a recent addition to this growing ecosystem.

One of the first experiments shows Convolutional Neural
Network (CNN) application for Angle of Arrival (AoA) esti-
mation in acoustics systems [8] . This method is a dictionary-
based approach, where one AoA is extracted as an index of
the output layer maximum, limiting the achievable precision
and number of possible signal sources. The latter approach
in [9] solves the single AoA limitation by using ANN to
preprocess the received signal. The resulting pseudo-spectrum
is processed by the MUltiple SIgnal Classification (MUSIC)
algorithm to obtain multiple AoAs. Since the number of ANN
outputs does not limit the MUSIC algorithm resolution, the
presented method is no longer a dictionary-based approach.

Similar ideas are used in the following research aiming for
the line spectra estimation in [10]–[12]. An ANN preprocesses
the received signal, and the output is then processed by
classical frequency estimation algorithms like MUSIC or root-
MUSIC.

For the ANN, it is a challanging problem to directly
estimate desired radio channel parameters like AoA, Time of
Arrival (ToA), Time Difference of Arrival (TDoA), or Doppler
frequency. This approach was briefly studied in [10] where
some open problems were highlighted, e.g., how to output
a variable number of radio channel parameters with a fixed
ANN architecture and how to compare this set of outputted
parameters with the ground truth to obtain a loss function for
the ANN training. The ANN-based direct estimation of the
Line-of-Sight (LoS) component delay in the multipath radio
channel is proposed in [13].

In the paper, we present several novel contributions to the
state-of-the-art of ANN-based line spectral estimation.

1) The comparison of the ANN-based estimator precision
with the theoretical limit given by the Cramer-Rao
Lower Bound (CRLB) and with the benchmark algo-
rithms approaching this theoretical limit.

2) We propose a method to solve the problem of unknown
model order.

3) We introduce a novel loss function for the ANN training.
4) We propose a noise regularization technique, which adds

noise to the input dataset with the same variance as the
noise present in the radio channel.

5) Finally, we propose three different methods for the data
association of the ANN outputs with the true values,
which is vital for the ANN training.

II. THEORETICAL BACKGROUND AND CONCEPTS

This section describes the general concepts and approaches
necessary for modeling a Channel Impulse Response (CIR)
and estimating its parameters. The classical Maximum Like-
lihood (ML) estimation approach helps to understand the
parameter estimation problem. In particular, it can show us the
theoretical limits for parameter estimation, provide an intuition
for building the training dataset, and help us design a custom
loss function improving the ANN training.

A. Multipath propagation

The transmitted signal propagates towards the receiver
through a medium that distorts it due to its physical properties.



The most common source of distortion is Additive White
Gaussian Noise (AWGN) added to the received signal by
the receiver. Also, the transmitted signal propagates with a
finite speed through the medium, causing a delay between
transmission and reception. This delayed replica of the trans-
mitted signal is called the LoS component. Additionally, the
transmitted signal can be reflected and scattered by obstacles
present in the medium creating replicas of the transmitted
signal received with an additional delay.

This process is modeled using a multipath radio channel.
All of the received replicas, including the LoS component, are
scaled and added together at the receiver side. The multipath
radio channel can be described by its impulse response called
CIR

h (τ) =

L∑

ℓ=1

αℓδ (τ − τℓ) , (1)

where all L replicas of the transmitted signal are called
Multipath Components (MPCs) [14]. Each MPC is received
with a delay τℓ and scaled by a complex amplitude αℓ. Each
delay is described as a deterministic parameter given by delta
distribution δ (·). Finally, the received signal is given as a
convolution between the transmitted signal r (t) and CIR as

s (t) = r (t) ∗ h (τ) + ν (t) = s̃ (t) + ν (t) , (2)

where ν (t) is a normally distributed uncorrelated random
process with zero mean and constant variance σ2 (t).

If the CIR is finite, we can perform sampling of the received
signal without loss of information [15] . Hence, the sampled
received signal can be written in a vector form as

s = [s0, . . . , sm, . . . , sM−1]
T
, (3)

where T marks transpose function, and m is indexing the
samples with sampling period T . The total number of samples
is M . The sampled transmitted signal r, CIR h, and noise ν
are obtained similarly to (3).

The model parameters consisting of all delays
τ = [τ1, . . . , τℓ, . . . , τL]

T and all complex-valued amplitudes
α = [α1, . . . , αℓ, . . . , αL]

T describe the radio channel obser-
vation

x = B (τ )α+ n, (4)

where B (τ ) is a nonlinear function describing the multipath
radio channel structure, and the radio channel observation is
obtained from the frequency spectrum of the transmitted R
and received S signals r and s, respectively, as

x = R⊘ S, (5)

where ⊘ represents Hadamard division. Note that the param-
eters of the noise vector in (4) depends on r since

n = N ⊘R, (6)

where N is a frequency spectrum of ν. This work assumes
r with unit energy and constant complex envelope. Hence the
noise transformation in (6) preserve its properties.

B. ML multipath radio channel parameter estimation

In the previous section, we described the mathematical
model of the received signal. A sparse set of parameters
θ =

[
τT,αT

]T
can parameterize the multipath radio channel.

The CRLB gives the minimum variance any unbiased esti-
mator can achieve. The derivation for a delay estimation is well
studied and can be found, e.g., in [16]–[18]. According to [18],
the minimum variance that any nonlinear channel parameter
estimator can achieve is given as

CRBτ̂ =
σ2

∥α∥2
6

M (M2 − 1)
, (7)

while the minimal variance of the linear parameter magnitude
estimator is

CRB ˆ∥α∥ =
σ2

2M
, (8)

and the minimal variance of the linear parameter phase esti-
mator is

CRB∠α̂ =
σ2

∥α∥2
1

2M
. (9)

For a sufficiently large Signal-to-Noise Ratio (SNR), the
CRLB performance is achievable by an ML estimator. The
likelihood function

p
(
x|θ, σ2

)
=

1

(πσ2)
M

exp

(
− 1

2σ2
(x− x̂)

H
(x− x̂)

)
,

(10)
where H marks conjugate transpose and

x̂ = B (τ̂ ) α̂, (11)

can be used to derive ML estimators τ̂ and α̂ as

τ̂ = argmax
τ

xHB (τ ) α̂, (12)

α̂ =
(
BH (τ )B (τ )

)−1

BH (τ )x, (13)

where (13) is a Best Linear Unbiased Estimator (BLUE) of
linear parameters α [18].

Solving (12) is a multidimensional optimization problem,
which is generally hard to solve. However, the problem can
be separated and each nonlinear parameter optimized indepen-
dently and iteratively in a round-robin schedule. This approach
is used by the Space-Alternating Generalized Expectation-
maximization (SAGE) algorithm [19]. SAGE can asymptoti-
cally approach the CRLB, when the number of MPCs is known
a priori. If the model order is not known, the model order and
parameters have to be estimated jointly as in [20], to approach
CRLB.

C. Artificial Neural Network

In general, an ANN approximates some unknown and
possibly intractable nonlinear function by another nonlinear
parametric function. In other words, if we have a dataset{
x(i), t(i)

}
of observation x(i) and target t(i) variable pairs

we desire to find a relation between observation and target
given by a function

t = f (x) . (14)



Since the function f (·) is generally unknown, we can try to
find its parametric approximation as

t ≈ q (W ,x) , (15)

where the nonlinear function q (·, ·) has to be selected, and the
weights W have to be estimated.

Selecting the q (·, ·) architecture is based on the core idea
of the ANN, which is to chain simple linear functions with
well-defined nonlinear activation functions.

The process of estimating the weights is also called ANN
training. The locally optimal weights are usually obtained
using gradient approaches, where a backpropagation method
can efficiently evaluate the gradient of any feed-forward ANN
architecture [21] .

Practically, the most used training method is the Adam
optimizer [22]. Compared to the Stochastic Gradient Descent
(SGD), the Adam optimizer also calculates the exponential
moving averages of past squared gradients, which was shown
to be modeling a diagonal approximation of the Fisher Infor-
mation Matrix (FIM) [23], [24] .

Almost arbitrary architecture, without loops, is achievable
using generic ANN libraries like TensorFlow [25], Caffe [26],
and PyTorch [27]. These libraries can automatically obtain
the gradient of the designed ANN and use one of the standard
optimizers to find the weights fitting the training dataset.

III. DATASET GENERATOR

This section describes the dataset generator that generates
examples of the multipath radio channel observations and the
corresponding MPC parameters describing the multipath radio
channel..

The number of MPCs is selected before generating the
training dataset by the nMPC parameter. However, it is pos-
sible to have a random number of MPCs in each generated
measurement by switching on the rndVis parameter. Then, the
nMPC serves as the maximal possible number of MPCs. The
actual number of MPCs is selected randomly and uniformly
between 1 and nMPC. The SNR of each MPC is randomly and
uniformly selected between SNRmin and SNRmax. Note that
the SNR is selected uniformly in the dB scale; hence, the SNR
distribution in linear scale follows the log-uniform distribution.
The minSep parameter gives the minimal separation between
two MPCs.

The measurements are generated directly from the multipath
propagation model (4) in the frequency domain as

x = B (τ )α+ n = e−j2πFτT (
∥α∥ ⊙ e−jϕ

)
+ n, (16)

where F = [0, . . . ,m, . . . ,M − 1]
T, delays τ are randomly

sampled from a uniform distribution on the interval [0, 1)
but assured that no pair of delays is closer than minSep,
MPC magnitudes ∥α∥ are obtained from randomly sampled
SNR, ⊙ is Hadamard product, MPC phases ϕ are sampled
from a uniform distribution on the interval [0, 2π), and n is
multivariate normally distributed noise

n ∼ N
(
0, 2π2I

)
(17)

with identity matrix I and rank (I) = M . Finally, the
generated measurements representing the CIR are obtained
from (16) using the Inverse Fast Fourier Transform (IFFT).
The real and imaginary parts of the CIR are appended before
being inputted to the ANN.

IV. ANN ARCHITECTURE AND TRAINING SCHEDULE FOR
DELAY ESTIMATION

The architecture and training of the ANN consist of many
hyperparameters having a massive impact on the achievable
precision of the estimation. In this section, we describe all the
aspects taken into account when designing the ANN archi-
tecture and configuring the training schedule of the proposed
ANN. We use the TensorFlow library [25] to design our ANN
architecture in an organized manner and leverage the automatic
differentiation that simplifies the design of custom ANN loss
functions we need. We aim to find an ANN architecture with
minimal design choices and hyperparameters to tune while
assuring robust convergence properties.

The proposed ANN architecture consists of a Gaussian noise
layer, normalization layer, four convolutional layers, and two
fully connected layers. All convolutional layers and the second
last fully connected layer use the Rectified Linear Unit (ReLU)
activation function. The last fully connected layer has twice
as many outputs as the maximum expected number of MPCs.
The first nMPC outputs represent estimated delays τ̂ and use
the ReLU activation function. The remaining nMPC outputs
represent estimated weights ŵ and use a logistic sigmoid
activation function

σ (x) =
1

1 + e−x
. (18)

The logistic sigmoid activation function assures that each
weight in ŵ is scaled to the interval (0, 1), where 0 denotes
that the MPC is inactive and 1 denotes that the MPC is active.
Thus, it can be used as a probability that the corresponding
delay is active or inactive. The weights ŵ provide a simple
method for coping with a changing number of MPCs while
the ANN architecture is fixed.

When the ANN architecture is large enough, consisting of
enough tunable parameters, it assures that it can learn an
arbitrary function from the training data. On the other hand, the
ANN architecture is flexible enough to memorize the training
set perfectly, which leads to severe overfitting. The standard
ANN architecture usually contains some regularization method
[21] to resist overfitting. However, the most common regular-
ization methods like weight or activity regularization, early
stopping, or dropout are hard to tune to reduce overfitting but
not cause underfitting.

Experimentally, we found out that overfitting and underfit-
ting is a severe problem that causes the ANN not to get closer
to the CRLB. With a significant amount of activity regulariza-
tion tuning, it was possible to achieve delay precision about
ten times worse than CRLB for one MPC in noise. However,
assuming a different number of MPCs, or any model change
caused a significant drop in precision. Interestingly, also the



batch size influences the achievable precision. The achievable
precision decreased when the batch size was larger than 32,
probably due to ANN converging to a local minimum. This
behavior is undesirable since it is not possible to fully utilize
the parallelization of the ANN using a Graphics Processing
Unit (GPU).

We found that the noise regularization [28] is significantly
more robust to small changes of the ANN architecture or
change of MPCs number. Therefore, only noise regularization
is assumed in this work. Generally, the noise regularization
method adds a small amount of Gaussian noise to the input
or output of an ANN layer. We use the TensorFlow layer
GaussianNoise to add Gaussian noise with zero mean and
Standard Deviation (STD) stdIn to the input data.

We use a trick for the ANN training where the inputted
CIR is noise-free, but then the Gaussian noise layer adds noise
with the variance set to achieve the desired SNR. Intuitively,
it can be seen as generating an infinite size training dataset
since the noise added to the noise-free CIR is different in each
training epoch. Thanks to this, the ANN is not overfitting the
training data. Moreover, this approach solves the batch size
problem. We found out that the batch size no longer influences
the achievable precision with the noise regularization. Thanks
to the noise regularization technique, we can fully utilize the
GPU used for training (NVIDIA GeForce GTX 980 Ti) and use
batch size nBatch = 258 without getting stuck in local optima.

The Gaussian noise layer is followed by the normalization
layer, which normalizes all noisy CIRs to unit energy. This
step is required. Otherwise the model order might be estimated
based on the CIR energy, which is undesirable. Normalization
of the input of the ANN is always preferable, and the proposed
normalization to the unit energy is a logical choice for the
signal processing task.

For training, we use the Adam optimizer [22] with expo-
nential decay defining learning rate lr at each training step
as

lr = lrInit · lrRatestep/lrStep, (19)

where the initial learning rate lrInit, the decay rate of the
learning rate lrRate, and the decay step of the learning rate
lrStep are adjustable parameters of the Adam optimizer.

The ANN loss function for the delay estimation aims
to minimize Mean-Square Error (MSE) error between the
predicted and true delays

L2 (τ , τ̂ ) = (τ − τ̂ )
T
(τ − τ̂ ) . (20)

However, this straightforward error evaluation is not possi-
ble since any delay ordering in vector τ yields the same CIR.
This is a problem because, while τ is an unordered set, the τ̂
outputted from the ANN is always an ordered set. Moreover,
the number of delays is unknown and possibly differ for each
CIR, but the cardinality of the ANN output |τ̂ | is fixed.

Setting the maximum number of output delays large enough
can fix the cardinality problem. However, we need the possi-
bility to inactivate some of the delays to allow a lower number
of delays than the number of ANN outputs. This is achieved

by doubling the number of ANN outputs, where half of the
outputs represent delays τ̂ , and the second half represents the
activation probability or weight ŵ of each delay.

The training of an ANN architecture requires a loss function
that needs to be minimized. The minimization of the loss
function is usually implemented using an effective backpropa-
gation algorithm [29]. We propose and evaluate three possible
solutions for comparing the predicted delays with the training
dataset to obtain a loss function allowing reliable training of
the proposed ANN.

The first and most straightforward solution is to sort the
dataset delays and let the ANN learn to output the delays
sorted. Then the delay MSE loss function is

L2 = (τ − τ̂ )
T
((τ − τ̂ )⊙w) + Lbce (w, ŵ) , (21)

where the weights are trained using the binary cross-entropy
function [30] defined by

Lbce (w, ŵ) = − 1

|w|
(
wT log (ŵ) + (1−w)

T
log (1− ŵ)

)
.

(22)
Notice that the true weight vector w is used to omit the

influence of nonactive delays in the first member on the right
hand side (r.h.s.) of (21). Thanks to this, the delay estimation is
not dependent on the precision of weight estimation. Weight
estimation is based on the second part of the loss function,
the second member on the r.h.s. of (21). We refer to this loss
function as the ordered loss (Ord).

The following two proposed loss functions aim to remove
the task of ordering the delays from the ANN and encode the
unordered nature of delays directly to the loss function. The
first proposal implements a suboptimal association between
the members of τ and τ̂ . It takes the first delay τ1 from τ
and finds the best corresponding delay in τ̂ as

j = argmin
ℓ

(τ1 − τ̂ℓ)
2
, (23)

then τ̂j is removed from τ̂ , and the process is repeated for
the following members of τ . This algorithm does not provide
optimal associations between τ and τ̂ , but it scales linearly
with the model order |τ | = nMPC. Note that the same
indexing is used to evaluate weight loss. The pseudocode is in
Algorithm 1. However, the actual function can be implemented
to apply over the whole batch, and (τℓ − τ̂i)

2 is evaluated only
once. The provided pseudocode aims for readability and not
optimality.

The last proposal is to perform an optimal assignment of
estimated delays τ̂ with the ground truth delays τ . Finding
the optimal ordering of τ , so that (21) is minimized is a well-
known assignment problem with exponential complexity if a
naive approach is selected. We use the assignment algorithm
known as the Hungarian algorithm or the Munkres assignment
algorithm, which complexity is polynomial [31]. Concretely,
we use a Python implementation that runs in O

(
n3

)
time.

1 The text refers to the Munkres assignment algorithm-based
loss function, ordering τ as the Munkres loss (Munk).

1available: http://software.clapper.org/munkres/



Comparing the proposed ANN architecture performance
with the CRLB, we found that the ANN struggles to approach
this theoretical limit even in a simple single MPC scenario
with a constant SNR in the whole dataset. This leads us to
propose a novel ANN loss function improving the learning
convergence in the vicinity of the CRLB. The proposed loss
function is inspired by the ML solution to channel parameter
estimation in (12). This correlation loss is defined as

LC = −xHB (τ̂ ) α̂, (24)

where the amplitudes are estimated using BLUE

α̂ =
(
BH (τ̂ )B (τ̂ )

)−1

BH (τ̂ )x. (25)

There are two application notes regarding the proposed
correlation loss function. In some cases, the Tensorflow can-
not handle complex numbers while using GPU. Hence, all
complex-valued variables have to be implemented using real
numbers. E.g., the Moore-Penrose pseudo-inverse in (25) is
implemented using two real-valued Moore-Penrose pseudo-
inverses as [32]. Also, to improve the precision, we use the
Numpy implementation of the Singular Value Decomposition
(SVD) in a double-precision floating-point rather than the Ten-
sorflow implementation. Finally, the standard Moore-Penrose
pseudo-inverse uses a cutoff parameter to omit weak eigen-
values obtained by the SVD. However, for correct gradient
backpropagation, the weak eigenvalues are substituted by Inf
rather than zero.

Interestingly, the correlation loss can be viewed as un-
supervised learning since we do not need the ground truth
parameters to evaluate it. On the other hand, it cannot be
used alone for the training. If the error between the true
and estimated delay is larger than the 0.5 sampling period,
the radio channel observation x is weakly correlated with
the estimated replica. Moreover, the first derivative of the
correlation function is not guaranteed to point towards the true
delay for delay error larger than the 0.5 sampling period of
the radio channel observation. Hence, the ANN cannot learn
to estimate delay using only (24).

The use of correlation loss for ANN-based channel parame-
ter estimation is a promising novel idea. We train the proposed
ANN architecture using a total loss

L = L2 + lossW · LC . (26)

Combining of one of the proposed L2 loss functions with
ordering of the τ̂ and correlation loss shows superior perfor-
mance that was impossible to achieve using only (21).

V. ACHIEVED RESULTS

The main results are comparing the ANN-based channel
parameter estimation method with the theoretical limits given
by CRLB and with the ML estimation method SAGE [19]
and the Superfast Line Spectral Estimation (SLSE) [20]. The
comparison is made in three stages with an increasing level
of generalization.

Algorithm 1: Adjacent loss (Adj)
Input: τ ,w, τ̂ , ŵ
Output: L

1 Lτ = 0, Lw = 0
2 for i = 1 : nMPC
3 j = argminℓ (τi − τ̂ℓ)

2

4 Lτ = Lτ + wi (τi − τ̂j)
2

5 Lw = Lw + Lbce (wi, ŵj)
6 τ̂ = τ̂ .remove (j) // remove j-th element
7 ŵ = ŵ.remove (j)

8 L = Lτ + Lw/nMPC

TABLE I
LIST OF ALL CONFIGURABLE PARAMETERS OF THE ANN TRAINING

SCHEDULE

nBatch batch size
stdIn STD of input regularization noise
lrInit initial learning rate
lrStep learning rate decay step
lrRate learning rate decay rate

nEpochs number of training epochs
lossFnc training loss functions
lossW weight of correlation loss function

valSplit fraction of dataset used as validation dataset

In the first stage, the performance is studied while estimat-
ing the delay of a single MPC in noise. In the second stage, the
complexity is increased by adding an additional MPC to the
CIR. The final stage is adding the last generalization step, the
unknown number of MPCs in noise. According to Section III,
all MPCs are generated with random delay, magnitude, and
phase .

All presented results are obtained using the same feed-
forward ANN architecture. The details of ANN architecture
configuration are summarized in Fig. 1.

The custom normalization layer normalizes the input im-
pulse response, including the regularization noise, so the
energy equals one. All convolutional layers and the following
dense layer use the ReLU activation function. The last dense
layer uses ReLU activation for delay outputs and sigmoid
activation for weight outputs. The weight outputs are active
only for training with an unknown number of MPCs.

Also, many hyperparameters are fixed for studied cases. In
this study, we focus on the estimation of well-separated MPCs.
For this reason, the minimum separation between two delays
is two samples of CIR. The study of performance for closely

CNN
1024, (5,1) Dense

(1024)
Dense

CNN
128, (32,1)

3 x CNN
( )h τ

( )nBatch,nSa,1,2

T
T T,é ùë ûWτ

( )CnBatch,2 nMP×

( )2 nMPC×

Fig. 1. The core of the ANN architecture including dimensions, number of
filters, kernel sizes, and number of units of individual layers. The normalized
noisy CIR is separated into the real and imaginary parts along the last axis.
Then, it is inputted to the first convolutional layer as h (τ ).



TABLE II
LIST OF FIXED PARAMETERS

nSa 64 nBatch 27

nData 217, 218 lrInit 10−4

SNRmin 15 dB lrStep 50 nData
nBatch

SNRmax 25 dB lrRate 0.9
minSep 2 nEpochs 1000

stdIn 2π/
√
2 · nSa lossW 0.1

separated and hence highly correlated MPCs is a target for
future work. The STD of regularization noise added during
training is adding the required amount of noise to obtain the
desired MPC SNR. The decay step is set as 50 times the ratio
between the training data size and the batch size. As a result,
the decay rate defines how much the learning rate decreases
every 50 epochs. The list of fixed parameters is summarized
in Table II.

After the training, the ANN model is saved and used to
evaluate a newly generated dataset. The same dataset is then
processed using the SAGE and SLSE algorithms. Note that the
SAGE algorithm cannot estimate the true number of MPCs and
is therefore provided with the number of MPCs. We do not
use model order estimation methods like Akaike’s Information
Criterion (AIC) or Minimum Description Length (MDL) to
support the SAGE algorithm [19]. The current state-of-the-
art approach to channel parameter estimation, the SLSE, is a
deterministic approximation approach, which provides Maxi-
mum A Posteriori (MAP) estimates of all channel parameters,
including the model order [20]. When multiple MPCs are
assumed, the Munkres algorithm [31] is used to associate the
predicted delays with its true values.

The precision evaluation is done using the Probability
Density Function (PDF) of error between the estimated delays
τ̂ and the true delays τ . The fair comparison for different SNR
values is achieved by normalizing error by the corresponding√
CRBτ̂ obtained from (7).

A. Performance for single MPC

First, the training of the ANN using a dataset with random
MPC SNR is performed. Then, 41 datasets with SNR between
15 dB and 25 dB are generated to evaluate the performance.
Each dataset has fixed SNR and consists of 217 impulse
responses with one random MPC delay.

The comparison of the MSE for different values of SNR is
shown in Fig. 2. The figure shows the MSE as a function of the
MPC SNR. The black line shows the theoretical limit given
by the CRLB. The blue τ̂Corr line shows the MSE achieved
by the ANN architecture trained with the combination of
the correlation loss function (24) and the delay MSE loss
function (20) combined according to (26). The green τ̂MSE
line shows the MSE achieved by the ANN architecture trained
with the delay MSE loss (20). Finally, the red τ̂SLSE and yellow
τ̂SAGE lines show the MSE achieved by the SLSE and SAGE
algorithms, respectively.

The SAGE and SLSE closely follow the theoretical limit
given by CRLB in the whole SNR span. The ANN archi-

16 18 20 22 24

10−7

10−6

15 25
SNR [dB]

M
S
E
(τ̂
)

CRBτ̂

τ̂Corr

τ̂MSE

τ̂SLSE

τ̂SAGE

Fig. 2. Performance comparison of the proposed ANN-based method with the
CRLB theoretical limit, the SAGE, and SLSE algorithms for a single MPC
in noise. The proposed ANN-based method using a combination of the delay
MSE and the correlation loss functions τ̂Corr is further compared with the
ANN using only the delay MSE loss function τ̂MSE for training.

tecture trained using only the delay MSE loss function does
not approach the CRLB. Moreover, with increasing SNR,
the performance gap between the CRLB and ANN is even
increasing since the ANN slowly learns to estimate the delay
with the high precision achievable for the higher MPC SNR.
This drawback of the ANN-based approach is successfully
mitigated using the newly proposed correlation loss function
(24) together with the delay MSE loss function (20). When
using the weighted combination of MSE and correlation losses,
according to (26), the delay estimation of one MPC in noise
is approaching the CRLB theoretical limit and is comparable
with both SAGE and SLSE algorithms.

If the
√
CRBτ̂ normalizes the delay estimation error, it

is possible to compare the error Cumulative Distribution
Functions (CDFs) of all approaches independently of the
SNR value. After normalizing the delay estimation error by
the corresponding

√
CRBτ̂ , the theoretically optimal error

CDF becomes the CDF of zero mean, unit variance normal
distribution N

(
µ = 0, σ2 = 1

)
. Fig. 3 shows the error CDF

of the delay estimation approaches and compares them with
the theoretically optimal error CDF. Note that Fig. 3 uses the
error rather than the absolute value of the error because the
deviation from the zero mean value would be better visible in
the CDF when the error is not in absolute value.

The SAGE and SLSE error closely follows the theoretical
error CDF given by the N

(
µ = 0, σ2 = 1

)
. The ANN-based

estimator error also follows a normal distribution. However, it
can be noticed that the normalized error variance of the ANN-
based approach using the delay MSE loss function is larger
than one. When the newly proposed correlation loss is utilized
during the ANN training, the variance decreases and is similar
to the optimal benchmark methods SAGE and SLSE.

Since the error CDF of all delay estimation methods closely
follow the normal distribution, we can compare the perfor-
mance quantitatively by comparing the first two moments
of the error PDF normalized by the

√
CRBτ̂ . The mean

and variance of all methods are included in Table III. The
experiments show that the ANN-based approach tends to



TABLE III
COMPARISON OF MEAN AND VARIANCE OF THE PROPOSED ANN-BASED

ESTIMATOR WITH THE THEORETICAL CRLB AND THE BENCHMARK
APPROACHES SAGE AND SLSE FOR A SINGLE MPC IN NOISE. THE

OVERALL MSE ESTIMATION IS OBTAINED AS µ2 + σ2 .

Method µ/
√
CRBτ̂ σ2/CRBτ̂ MSE/CRBτ̂

τ̂Ideal 0 1 1
τ̂Corr +1.5e-2 1.030 1.031
τ̂MSE -3.1e-2 1.281 1.281
τ̂SLSE +4.8e-4 1.022 1.022
τ̂SAGE +4.0e-4 1.014 1.014
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Fig. 3. Comparison of delay estimation error CDFs of all tested approaches
with the theoretical error CDF for a single MPC in noise. The

√
CRBτ̂

corresponding to the actual SNR normalizes the delay error obtained from all
41 datasets with different SNR values.

have a higher mean delay estimation error than the classical
approaches.

Usually, fine training with a reduced learning rate can
decrease the mean of delay estimation error. During the fine
training, the sign of the mean changes. Hence, the rather high
mean error might be linked with the Adam optimizer overshoot
issue. Using the AMSGrad [23] optimizer to improve the
convergence of the Adam Optimizer did not improve the
performance.

B. Performance for two MPCs

First, the training of the ANN using a dataset with random
MPC SNR is performed. Then, 41 datasets with SNR between
15 dB and 25 dB are generated to evaluate the performance.
Each dataset has a fixed SNR of both MPCs and consists of
215 CIRs with two random MPC delays. The minimal delay
separation is set to τ∆MIN = 2/nSa. The delay separation
assures that the MPCs can always be distinguished as separate
MPCs.

The datasets with constant SNR show the performance for
the given SNR, but it does not capture the proper performance.
In reality, each MPC in a CIR can have different SNR.
Therefore, we create an additional dataset where each MPC
has a random SNR. The SNR of each MPC is sampled
uniformly in a range between 15 dB and 25 dB. The random
SNR dataset serves to evaluate the overall performance of the
trained model. The random SNR dataset consists of 218 CIRs.

The comparison of the MSE for different values of SNR is
shown in Fig. 4. The figure shows that the SAGE and SLSE
closely follow the theoretical limit given by the CRLB in the
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Fig. 4. Performance comparison of the proposed ANN-based method with
the CRLB theoretical limit, the SAGE, and SLSE algorithms for two MPCs in
noise. The proposed ANN-based method using a combination of the MSE and
the correlation loss functions τ̂Corr is further compared with the ANN using
only the delay MSE loss function τ̂MSE during the training. Three different
methods of data association during the training are also compared.

whole SNR span. The ANN architecture trained using only the
delay MSE loss function (20) have again worse performance
than the architecture trained using the combination of the delay
MSE and the correlation loss functions in (21).

Three different methods of data association during the
training are compared. When using the ordered loss marked
as Ord, the ANN must learn to order the outputted delays in
ascending order.

The suboptimal data association method marked as Adj is
associating each true delay value with the best corresponding
prediction one at the time. The Adj data association method
performs better than the Ord method but needs a longer
training time.

The last data association method (Munk) uses an optimal
Munkres algorithm to associate the predicted delays with the
true values during the training. The ANN trained using the
optimal data association provides the best performance for the
cost of the slowest training.

Even after doubling the training dataset size, none of the
trained models follow the CRLB closely. At this point, it is not
obvious if further increasing of the dataset size can solve this
issue or fine-tuning of the model hyperparameters is required.

The random SNR dataset evaluates the performance of the
trained ANN models in a realistic scenario where each MPC
has a random SNR value. The delay error of each MPC is
normalized using the corresponding

√
CRBτ̂ . Fig. 5 shows

the normalized error CDF of the delay estimation approaches
and compares them with the theoretically optimal error CDF.

The SAGE and SLSE error closely follows the theoretical
error CDF given by the N

(
µ = 0, σ2 = 1

)
. The ANN-based

estimator error also follows a normal distribution. However, it
can be noticed in Fig. 5 that the normalized error variance of
the ANN-based approaches is larger than one.

The quantitative performance comparison is in Table IV.
Similarly to the single MPC experiment, the ANN-based
approach tends to have a higher mean delay estimation error
than the classical approaches. Interestingly, the performance



TABLE IV
COMPARISON OF MEAN AND VARIANCE OF THE PROPOSED ANN-BASED

ESTIMATOR WITH THE THEORETICAL CRLB AND THE BENCHMARK
APPROACHES SAGE AND SLSE FOR TWO MPCS IN NOISE. THE OVERALL

MSE ESTIMATION IS OBTAINED AS µ2 + σ2 .

Method µ/
√
CRBτ̂ σ2/CRBτ̂ MSE/CRBτ̂

τ̂Ideal 0 1 1
τ̂Corr Munk -5.0e-2 1.319 1.321
τ̂MSE Munk -3.3e-2 1.598 1.599
τ̂Corr Adj +1.7e-2 1.408 1.408
τ̂MSE Adj -9.5e-2 1.651 1.660
τ̂Corr Ord -6.2e-2 1.377 1.381
τ̂MSE Ord +9.2e-3 1.654 1.654
τ̂SLSE -1.0e-4 1.030 1.030
τ̂SAGE +3.0e-5 1.023 1.023
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Fig. 5. Comparison of delay estimation error CDFs of all tested approaches
with the theoretical error CDF for two MPCs in noise. The

√
CRBτ̂

corresponding to the actual SNR normalizes the delay error obtained from
the random SNR dataset.

is similar for all tested ANN-based methods. It seems that the
data association provides only a small improvement for the
two MPCs scenario. However, the combination of the delay
MSE loss with the proposed correlation loss always improves
the performance. Again, using the AMSGrad [23] option did
not improve the convergence of the Adam Optimizer.

C. Performance for an unknown number of MPCs

Similar to the previous approach, the ANN training is done
using a dataset with random MPC SNR. However, the number
of MPCs is unknown and random. In general, the number of
MPCs can be arbitrary, but the number of MPCs is randomly
chosen between one and two for this first study.

The evaluation uses 41 datasets with SNR between 15 dB
and 25 dB. Each dataset has a fixed SNR of all MPCs present
in the CIR and consists of 215 CIRs. The number of MPCs
is also randomly set to one or two MPCs. The minimal delay
separation is set to τ∆MIN = 2/nSa.

As in the scenario with a fixed number of MPCs, we create
an additional dataset where each MPC has a random SNR. The
SNR of each MPC is sampled uniformly in a range between
15 dB and 25 dB. The random SNR dataset consists of 218

CIRs.
The comparison of the MSE for different values of SNR

is shown in Fig. 6. The figure shows that the SAGE and
SLSE closely follow the theoretical limit given by the CRLB
in the whole SNR span. The combination of the MSE and
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Fig. 6. Performance comparison of the proposed ANN-based method with
the CRLB theoretical limit, the SAGE, and SLSE algorithms for an unknown
number of MPCs in noise. The proposed ANN-based method using a
combination of the MSE and the correlation loss functions τ̂Corr is further
compared with the ANN using only the delay MSE loss function τ̂MSE during
the training. Three different methods of data association during the training
are also compared.

correlation loss functions outperforms the ANN trained using
only the delay MSE loss function. The Adj data association
method performs better than the Ord method but needs a
longer training time. Moreover, the Ord method has varying
performance for different SNR values. This inconsistency
seems to be mitigated when the ANN does not need to learn
to order the MPCs on its own and uses one of the presented
association methods. Since this problem was not observed
for the fixed number of MPC scenarios, it seems that the
ANN cannot associate the MPCs and estimate the model
order jointly. The best performance is again obtained using
the optimal Munk association technique.

The presented performance was obtained using the training
dataset with 218 CIRs. The obtained performance is worse
compared to the known model order setting, but it still pro-
vides interesting precision. Even if the MSE is approximately
4.7 times larger than the CRLB for the 25 dB SNR, the
delay error STD is approximately 26.8 times smaller than
the spacing between CIR samples. This clearly shows that
the ANN-based multipath radio channel estimator provides a
super-resolution performance.

Fig. 7 shows the normalized error CDF of the delay es-
timation methods and compares them with the theoretically
optimal error CDF. Again, the random SNR dataset is used to
show a realistic performance in a case where each MPC in a
CIR has different SNR. The delay error of each MPC estimate
is normalized using the corresponding

√
CRBτ̂ .

The SAGE and SLSE error closely follows the theoretical
error CDF given by the N

(
µ = 0, σ2 = 1

)
. The ANN-based

estimator error also follows a normal distribution. Again, it
has larger variance than one.

The quantitative performance comparison is in Table IV.
It is interesting that the individual approaches’ performance
differences are more severe than for the fixed number of MPCs
scenarios. The data association improves the performance
significantly when the number of MPCs has to be estimated by
the ANN. Combining of the delay MSE loss with the proposed



TABLE V
COMPARISON OF MEAN AND VARIANCE OF THE PROPOSED ANN-BASED

ESTIMATOR WITH THE THEORETICAL CRLB AND THE BENCHMARK
APPROACHES SAGE AND SLSE FOR AN UNKNOWN NUMBER OF MPCS IN

NOISE. THE OVERALL MSE ESTIMATION IS OBTAINED AS µ2 + σ2 .

Method µ/
√
CRBτ̂ σ2/CRBτ̂ MSE/CRBτ̂

τ̂Ideal 0 1 1
τ̂Corr Munk -9.1e-3 2.924 2.924
τ̂MSE Munk +1.1e-1 7.005 7.018
τ̂Corr Adj +1.9e-1 4.656 4.691
τ̂MSE Adj +4.6e-2 7.463 7.466
τ̂Corr Ord +6.0e-3 6.677 6.677
τ̂MSE Ord -3.2e-1 5.667 5.770
τ̂SLSE +9.9e-4 1.024 1.024
τ̂SAGE -5.1e-4 1.034 1.035
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Fig. 7. Comparison of delay estimation error CDFs of all tested approaches
with the theoretical error CDF for an unknown number of MPCs in noise.
The

√
CRBτ̂ corresponding to the actual SNR normalizes the delay error

obtained from the random SNR dataset.

correlation loss function improves the performance signifi-
cantly when the optimal Munkres data association method is
used.

D. Comparison of the calculation complexity

During the ANN training stage, the algorithm has to eval-
uate the loss and gradients to update all the trained model
weights. For this reason, the training step is slower than the
evaluation using the pre-trained model. Hence, we compare the
speed of the ANN approach with the benchmark methods only
for the model evaluation. Additionally, we compare the relative
speed of the training for the presented training approaches
with different loss functions. Since all the trained ANN
models consist of the same number of trained parameters,
the comparison shows the complexity of the different loss
functions.

During the training stage, the Munkres algorithm-based
data association perform one training epoch with two MPCs
approximately 31% slower than the Ord approach, which does
not performs any data association during the training. The Adj
method is only 10% slower than the Ord training method.

However, if we use the additional correlation loss function,
the difference changes. With the combined loss functions, the
Munkres data association is approximately 17% slower than
the Ord approach, and the Adj method is 13% slower than the
Ord training method.

TABLE VI
THE COMPARISON OF THE TRAINING EPOCH DURATION OF DIFFERENT

ANN TRAINING METHODS IN SECONDS.

Ord Adj Munk
MSE 104 115 150
MSE and Corr 144 166 174

TABLE VII
COMPARISON OF THE EVALUATION TIME OF THE ANN-BASED APPROACH

WITH THE BENCHMARK METHODS

SLSE SAGE MSE MSE and Corr
CPU nBatch = 1 15.3 ms 2.02 ms 4.86 ms 5.02 ms
GPU nBatch = 1 4.52 ms 6.52 ms
GPU nBatch = 27 85.2 µs 106 µs
GPU nBatch = 28 69.2 µs 85.2 µs

The training with the additional correlation loss is slower,
but it provides a better performance than without it. Hence,
the training with the proposed correlation loss is preferred.

The duration of a training epoch with the maximal model
order of two MPCs using delay MSE loss and the combination
of the delay MSE and correlation loss with batch size equal
to 27 and dataset size of 218 is compared in Table VI.

The increase of the training complexity for a low number of
MPCs is almost negligible. However, it might be preferred for
a large number of MPCs to use the Adj association method,
which scales linearly with the number of MPCs.

Comparison of the evaluation time is difficult since the
benchmark algorithms are sequential optimization methods
utilizing CPU while the ANN approach leverages parallel
computing using GPU. The strength of the ANN comes from
the possibility to evaluate multiple CIRs in parallel while
evaluating a single measurement at the time can be slow.

For this reason, we show the evaluation speed for the
benchmark algorithms and the trained ANNs. We use different
batch sizes for GPU-based evaluation and a CPU to evaluate
the ANN. The average duration of processing one CIR is in
Table VII. Using the combination of the MSE and correlation
loss is slightly slower, which should not be since the loss
function calculation is performed only during the training.
The actual implementation of the method can cause this
discrepancy. However, the ANN output ordering type does not
affect the evaluation speed.

VI. CONCLUSION

This paper proposes an Artificial Neural Network (ANN)
architecture and a training schedule learning to estimate the
multipath radio channel parameters from a noisy Channel
Impulse Response (CIR). The presented results show that
the proposed ANN-based multipath radio channel estimator
can approach the theoretical limit Cramer-Rao Lower Bound
(CRLB) for a single Multipath Component (MPC) scenario.
Note that the CRLB gives the Mean-Square Error (MSE) of
a theoretically optimal estimator. When the multipath radio
channel model order is known and fixed to two MPCs,
the MSE is approximately 1.3 times larger than the CRLB.



Moreover, the proposed method can jointly estimate the mul-
tipath radio channel model order and delay parameters with a
super-resolution performance. The ANN combining the newly
proposed correlation loss function with the Munkres ordering
of the MPCs learns to estimate the model order and delays
with the MSE three times larger than the CRLB. The ANN
overfitting problem is successfully mitigated by using a noise
regularization-based approach. The calculation complexity is
comparable to the classical optimization approaches, Space-
Alternating Generalized Expectation-maximization (SAGE)
and Superfast Line Spectral Estimation (SLSE). However,
when parallel computing using Graphics Processing Unit
(GPU) is used, the evaluation is approximately 24 and 180
times faster than the SAGE and SLSE, respectively. The
possibility of parallelization is beneficial for a use case where
multiple different radio channel measurements have to be
processed simultaneously, e.g., for multipath assisted position-
ing where the Maximum Likelihood (ML)-based processing
is too slow for real-time deployment. The achieved results
extend the current state-of-the-art of the machine learning-
based line spectral estimation approach and show a promising
direction for further research. Further research could explore
the performance of the parameter estimation when Dense Mul-
tipath Components (DMCs) are present in the radio channel
or use a Recurrent Neural Network (RNN) to track the MPCs
over time. However, how the learning process scales for the
increasing number of MPCs needs to be studied first to show
if the ANN-based radio channel estimation method can be
faster than the classical approaches in a general setting while
approaching CRLB.
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