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Abstract: The anisotropic mechanical behaviour of multi-phase TiAl alloys is intrinsically 
governed by the anisotropic crystal properties and morphology of their constituent 
phases, which control the initiation of local plasticity. To advance the understanding of 
macroscopic plastic anisotropy in multi-phase alloys, this study presents a comprehensive 
numerical investigation of a two-phase (α2-Ti3Al + γ-TiAl) lamellar TiAl alloy, with a focus 
on the evolution of plasticity across multiple structural scales. Utilizing the crystal plas-
ticity finite element method (CPFEM), the influence of lamellar orientation (φ) and ap-
plied loading angles (θ) on plastic deformation and yield surface evolution was analysed 
in both the individual phases and in the combined two-phase system. The findings reveal 
that phase-specific anisotropy stems from the activation of distinct slip systems in the α2 
and γ phases, with the activation closely tied to the type of loading (e.g., proportional 
biaxial loading) and the direction of the load path. Furthermore, the anisotropy of the two-
phase system is significantly influenced by the alignment between the lamellar interface 
orientation and the load-path direction. Analysis with varying load-path directions across 
different stress planes clarifies how local deformation constraints within the embedded 
phases modulate slip system activation, leading to either the enhancement or suppression 
of specific deformation mechanisms. This, in turn, alters the overall yield behaviour of the 
material. Based on these simulation results, this study provides a detailed understanding 
of the internal constraints within embedded phases and their role in the evolution of plas-
ticity. It elucidates how anisotropy develops under diverse loading conditions and under-
scores the importance of hierarchical plasticity in shaping the global anisotropic response 
of TiAl alloys. 

Keywords: plastic anisotropy; PST-TiAl alloy; crystal plasticity; yield surface; two-phase 
alloy; lamellar microstructure 
 

1. Introduction 
Titanium aluminides (TiAl) alloys have emerged as highly promising materials in 

the field of advanced structural applications, particularly within the aerospace, automo-
tive, and power generation industries. Among various types of titanium aluminides, the 
γ-TiAl and its derivatives, especially those with the two-phase lamellar structure com-
prising α2-Ti3Al and γ-TiAl phases, have attracted significant interest due to their excel-
lent combinations of ductility and strength [1,2]. These alloys are increasingly utilized in 
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low-pressure turbine (LPT) blades of aeroengines, where a critical balance between duc-
tility and strength is essential to prevent failure under complex loading conditions. Ad-
vances in additive manufacturing (AM) have enabled the production of near-net-shape 
LPT blades with intricate geometries, offering the ability to tailor microstructures for lo-
calized property enhancements [3]. However, AM-processed TiAl components exhibit 
heterogeneous microstructures with significant morphological variations that strongly in-
fluence their mechanical behaviour [4]. The layer-by-layer processing also leads to graded 
microstructures, resulting in direction-dependent properties such as variations in stress-
strain responses, yield strength, and strain hardening [5]. 

The heterogeneous microstructure of γ-TiAl alloys consists of polycrystalline aggre-
gates comprising duplex grains (single-phase γ-TiAl) and lamellar colonies (multi-phase 
regions with α2-Ti3Al and γ-TiAl lamellae). The mechanical responses of these alloys are 
intrinsically linked to the morphological variations. Duplex γ-grains contribute to single-
phase behaviour, while lamellar colonies drive multi-phase interactions. Macroscopic an-
isotropy in stress-strain curves arises from the deformation of polycrystalline grains with 
preferred orientations, reflecting process-induced texture. Furthermore, the TiAl phases 
exhibit anisotropic crystal properties at the microscale, amplifying the direction-depend-
ent mechanical behaviour. Developing a comprehensive understanding of plasticity 
across length scales—from the phase to the component level—remains a significant chal-
lenge. 

In this context, the two-phase lamellar structure plays a critical role in balancing the 
ductility, strength, and directional mechanical properties. Extensive studies on lamellar 
single crystals, referred to as Polysynthetically Twinned Titanium Aluminide (PST-TiAl) 
crystals, revealed the fundamental micromechanisms of plasticity arising from the inter-
actions of multi-phase constituents [6–8]. These studies have demonstrated pronounced 
directional dependencies in mechanical properties, including yield strength and strain 
hardening, due to phase anisotropy of these phases, as well as their preferred deformation 
slip activity with respect to the loading direction. Nano- and micromechanical experi-
ments [9–12] have further elucidated the roles of brittle and ductile phases, as well as their 
oriented structural organization, in governing plasticity in this multi-phase alloy. 

Computational studies employing crystal plasticity finite element method (CPFEM) 
have provided additional insights into the deformation mechanisms, considering factors 
such as alloy composition, phase constituents, morphological variations, texture, and the 
inherent variability of mechanical properties [13–17]. The anisotropy observed in these 
alloys arises from two primary sources: crystallographic factors, where direction-depend-
ent crystal properties of the α2 and γ phases govern distinct slip system activation [18–20], 
and microstructural factors, such as lamellar spacing, domain size, and orientation, which 
significantly influence the global stress-strain response and contribute to a pronounced 
direction-dependent evolution of plasticity [7–9,21–23]. 

The formation of plasticity in γ-TiAl alloys has been extensively studied under uni-
axial loading conditions [7,24–26]. However, polycrystalline aggregates in these alloys ex-
perience multiaxial constraints at the local level, resulting in inherently anisotropic me-
chanical responses. This raises critical questions about how locally arranged grains re-
spond to anisotropy and how effective properties exhibit orientation-dependent stress-
strain behaviour. Despite its significance for practical loading scenarios, the anisotropic 
plastic deformation of γ-TiAl alloys under multiaxial conditions remains insufficiently ex-
plored. 

Under multiaxial constraints, the interplay between crystallographic, morphological, 
and hierarchical factors becomes critical, as phase orientations and lamellar boundaries 
selectively activate or suppress distinct slip systems, thereby altering the evolution of 
plastic deformation [27,28]. In this regard, the study of yield loci, geometric 
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representations of yield points under various stress combinations, offers valuable insights 
into the anisotropic response of materials [29]. The Yield loci depict stress states, at which 
a material is plastically deformed, with their shape and orientation reflecting the mate-
rial’s yielding behaviour under complex stress configurations. The contours of the yield 
loci can be generated by applying systematic radial-loads over θ ∈ [0°, 360°] load-path 
angles in a 2D stress-plane, e.g., (σ1-σ2) or (σ3-σ2). This approach enables the exploration 
of instantaneous yielding behaviour under incremental plastic deformation, offering a 
deeper understanding of material performance under multiaxial stress conditions [30]. A 
similar approach has been employed to estimate anisotropic yield functions for BCC and 
FCC materials [31], as well as HCP materials [32], considering anisotropic crystal defor-
mation computed within the framework of CPFE modelling. 

In an earlier study, Schlögl et al. [33] computed the anisotropic yield of PST-TiAl us-
ing a simplified CPFE model that considered limited slip interactions within the α2 and γ 
phases. However, the anisotropic yield response has not been comprehensively examined 
or evaluated using 3D microstructural models that incorporate most of the relevant oper-
ative slip systems. Investigating yield anisotropy under a full loading spectrum, including 
multiaxial stress states across all three principal stress planes, remains an important and 
intriguing area of study. 

In the pursuit of understanding macroscopic anisotropy, several critical aspects need 
further investigation: (a) the role of phase-specific slip systems in driving plastic anisot-
ropy under complex multiaxial loading conditions; (b) the impact of local deformation 
constraints, such as lamellar interfaces and phase boundaries, on macroscopic anisotropy; 
and (c) the interactions between structural features, including lamellar orientations and 
phase-boundary alignments, with crystallographic anisotropies and their collective influ-
ence on the evolution of equivalent von Mises stress and yield surface contours. 

This study seeks to address these gaps by systematically investigating the anisotropic 
plasticity in α2 and γ phases, both in their bulk forms and in their combined configuration 
of two-phase (α2 + γ) PST-TiAl crystal. The aim is to establish perceptible connections be-
tween slip interactions within the individual phases and overall anisotropic yield re-
sponse of the PST-TiAl crystal, thereby deepening our understanding of the hierarchical 
factors that govern anisotropic behaviour of TiAl alloys. These objectives will be pursued 
through a series of investigations outlined as follows: 

1. Characterization of slip system activity in TiAl phases under biaxial loading: This 
objective involves a detailed examination of the operative slip systems in γ-TiAl and 
α2-Ti3Al phases, and within the lamellar PST-TiAl structure. Biaxial loading with var-
ied load-path angles will be applied to analyse the contribution of specific slip sys-
tems to the anisotropic plastic deformation. 

2. Correlation between slip system activity and yield surface evolution: This analysis 
will explore how slip system activation in α2 and γ phases influences the formation 
and evolution of 2D plane-stress yield surfaces, both in single-phase and combined-
phase scenarios. The study will explore the roles of crystallographic deformation 
modes and involved slip systems in shaping the yield loci contours. 

3. Phase-specific contributions to plastic anisotropy in PST-TiAl alloy: By investigating 
distinct deformation mechanisms and yield loci of the single-phases and combined 
two-phase structures, this objective will clarify how the co-deformation constraints 
and slip interactions contribute to local plastic evolution within the lamellar micro-
structure. 

4. Yield loci sensitivity due to oriented load-paths along different stress-planes: The 
yield anisotropy in oriented lamellar microstructures under varying multiaxial load-
ing conditions will be investigated by analysing the evolution of yield loci in PST-
TiAl structures across different stress planes, e.g., (σ1-σ2) and (σ3-σ2). This study will 
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evaluate the sensitivity of radial load paths and its impact on the contours of the yield 
loci. Emphasis will be placed on understanding the interplay between structural 
alignments and crystallographic anisotropies in governing the anisotropy of Mises 
equivalent stress. 

2. Materials and Methods 
2.1. Deformation Behaviour of Multi-Phase (α2 + γ) Lamellar PST-TiAl Alloy 

The PST-TiAl alloy is characterized by a two-phase crystal comprising of α2-Ti3Al 
and γ-TiAl phases in the form of lamellar structure [34]. The α2-Ti3Al lamellar phase has 
a hexagonal ordered D019 crystal structure, while the γ-TiAl lamellar phase has a face-
cantered tetragonal L10 crystal structure (Figure 1a,b). The fully lamellar structure is 
formed by alternating layers of these two phases, where multiple γ-phases are inter-
spersed between two α2-phases. The γ-phases consist of matrix and twin lamellae where 
numerous γ-phase domains are coherently attached (Figure 1c,d). The closely packed 
(0001)α2- and {111}γ-planes, as well as the closely packed directions <11-20>α2 and <110>γ, 
are parallel [10]. A specific crystallographic orientation relationship, named Blackburn 
Orientation Relationship [35], is found among γ-domains and α2-phases. The matrix-do-
main variants exhibit 0°, 120°, and 240° orientations, while the twin variants display 180°, 
300° and 60° orientations. The overall deformation of the lamellar structure is averaged 
by individual γ-domain deformation and the deformation of adjacent α2-lamellae. 

 

Figure 1. Crystal structures and slip systems of (a) α2-Ti3Al phase and (b) γ-TiAl phase, (c) SEM 
image of lamellar structure in a PST-TiAl alloy, consisting of α2-Ti3Al phase, γ-matrix, and γ-twin 
phases, adapted from [26], 2015, Elsevier, (d) domain structures in a γ-lamellae, adapted from [36], 
2003, Elsevier. 
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The yield stresses of PST-lamellar alloys vary significantly with lamellar orientations. 
The degree of variation depends on the alloy compositions and key microstructural pa-
rameters, such as lamellar spacing and domain size [6–9,14,15]. Figure 2 illustrates the 
yield anisotropy with respect to the lamellar plane angle, φ under uniaxial loading condi-
tions. The general trend reveals a U-shaped variation in the yield stress. At φ = 0° and φ = 
90° lamellar orientations higher yield stresses are observed, while lower yield stresses oc-
cur for intermediate lamellar orientations, φ = 15–75°. The lowest yield stress is recorded 
at φ = 45°. Lamellar orientations associated with higher yield stresses are referred to “hard 
orientations”, while those resulting in lower yield stresses are termed “soft orientations”. 

Detailed study revealed how the plastic deformation and anisotropic yield behaviour 
in PST-TiAl alloys are governed by the micromechanical processes within the α2 and γ 
phases. Ductility is mainly attributed to the γ-phase, while the α2-phase is associated with 
brittleness. In γ-TiAl, dislocations manifest as ordinary, twinning, or super dislocations, 
with {111}γ-planes being the primary slip planes (Figure 1b). Ordinary dislocations, char-
acterized by ½<110> Burgers vectors, are prevalent, while super dislocations in the <011> 
direction involve higher energy. At ambient temperatures, ordinary dislocations, and me-
chanical twinning, which involves shear along the ⅙<11-2> direction with a 180° rotation 
about the {111}γ-plane, are the main deformation mechanisms. Conversely, the α2-Ti3Al 
phase, being less deformable, features only three independent slip systems: basal {0001}, 
prismatic {1-100}, and pyramidal {11-21} planes (Figure 1a). 

 

Figure 2. Experimentally obtained yield anisotropy in different PST-TiAl with respect to lamellar 
orientation from the work of Inui, adapted from [7] 1992, Elsevier, [34], 1990, Taylor&Francis, [37], 
1999, Technische Universität Hamburg. 

The macroscopic deformation in this alloy is driven by the activation of distinct slip 
systems, which vary with the loading direction. Based on the experimental observations, 
Lebensohn and co-workers [14] proposed a classification of crystallographic deformation 
modes in lamellar systems, namely “Longitudinal”, “Mixed”, and “Transverse”. In the 
Longitudinal mode, slip occurs parallel to the lamellar boundary on {111}γ-planes. The 
Mixed mode involves slip inclined to the lamellar boundary, running along the longitu-
dinal direction and across the lamellar width. In the Transverse mode, slip occurs along 
the inclined lamellar boundary, across the lamellar thickness. 

Figure 3 illustrates the active slip systems in γ-TiAl and α2-Ti3Al phases, grouped 
according to the deformation modes. The activation of these slip systems depends on the 
loading angles relative to the lamellar plane. 
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Figure 3. Slip systems in γ-TiAl and α2-Ti3Al phases, grouped according to three deformation 
modes, adapted from [14], 2003, Elsevier. 

2.2. Deformation Behaviour of γ-TiAl and α2-Ti3Al Single Phases 

The micromechanical deformation and anisotropic yield behaviour of multi-phase 
PST-TiAl alloys have been extensively studied due to their significance in structural ap-
plications. However, the specific contributions of the individual phases, α2-Ti3Al and γ-
TiAl, to the overall yield anisotropy within the lamellar PST-TiAl structure remained in-
sufficiently understood. Fundamental studies have reported that both the face-centred te-
tragonal L10 structure of γ-TiAl and the hexagonal D019 structure of α2-Ti3Al exhibit ani-
sotropic elastic constants and direction dependent deformation behaviour [18,38]. How-
ever, a systematic investigation into the nature of anisotropy in these bulk crystals, spe-
cifically regarding both elastic and plastic deformation, remains lacking. 

Within the lamellar microstructure of PST-TiAl alloys, these phases α2-Ti3Al and γ-
TiAl co-deform and are subjected to complex multi-axial stress conditions. Modelling the 
yield surfaces under multi-axial conditions the role of phase-specific deformation and the 
locally evolving anisotropy can be well understood. 

2.3. Micromechanical Modelling of TiAl Deformation 

2.3.1. Unit Cell FE Model of Two-Phase PST-TiAl and Bulk TiAl Phases 

The lamellar microstructure of PST-TiAl alloys is characterized by several structural 
parameters, including the volume fractions of α2 and γ phases, lamellar thickness, γ-do-
main size, and the distance between α2-lamellae. To accurately simulate this microstruc-
ture, a cubic FE unit cell model was constructed, as proposed by [17]. In this model, the 
volume fraction of α2 phase was set at 4%, with the spacing between α2-lamellae main-
tained as a constant to represent an ideal lamellar spacing. The microstructure was further 
defined by the ratio of domain size to lamellar thickness, where a higher ratio implies 
larger γ-domains. Assuming large γ-domains a lamellar unit cell was constructed. It 
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required seven representative volume elements (RVEs), one for the α2-phase, three for γ-
matrix domains, and three for γ-twin variants, as depicted in Figure 4a,b. 

 

Figure 4. (a) Idealized two-phase lamellar microstructure, (b) A unit cell consisting of seven RVEs 
representing a two-phase lamellar microstructure. 

To capture the deformation behaviour of the lamellar PST model more accurately, 
the Blackburn Orientation Relationship was applied to the γ-domains within the unit cell. 
The Taylor assumption was employed for obtaining homogenized properties of the two-
phase lamellar structure. Under this assumption, an intralamellar deformation is charac-
terized by the uniform distribution of strain within each lamella, resembling Voigt 
isostrain model. 

The unit cell model can be rotated within its local coordinate system for a given la-
mellar orientation φ. Thus, anisotropic responses of the oriented lamellae under various 
loading conditions can be investigated. 

Effective mechanical properties, such as stress and strain of the lamellar structure, 
were derived by homogenizing the phase-level stress-strain responses of the RVEs over 
the whole unit cell. A finite element-based two-scale (FE2) multiscale approach was used 
to localize external loads to the RVEs and homogenize stresses across them [17]. 

For the simulation of α2-Ti3Al or γ-TiAl single phases, the lamellar unit cell (Figure 
4b) was modified to a single-phase cubic unit cell such that only one phase (1-RVE) is 
present over the whole unit cell. The unit cell was then discretized into a mesh of 5 × 5 × 5 
cubic finite elements. Using the same FE2 approach, the stress-strain behaviour of these 
single phases was evaluated across various oriented configurations. 

Comparing the plastic deformation responses resulted from single-phase and multi-
phase unit cell models, a clear distinction of the micromechanical responses of the α2 and 
γ phases in their bulk and embedded states will be made. 

2.3.2. Crystal Plasticity (CP) FE Modelling for TiAl Deformation Behaviour 

To simulate the micromechanical responses of the PST-TiAl alloy, a rate-dependent 
crystal plasticity constitutive model was employed for each phase. In the CPFEM, the on-
set of plastic slip was governed by Schmid’s law, which asserts that slip initiates when the 
resolved shear stress on a given slip system exceeds a critical threshold known as the crit-
ical resolved shear stress (CRSS). The magnitude of this resolved shear stress depends on 
the applied stress and the orientation of the slip system in relation to this stress. 

The rate-dependent constitutive behaviour defines the shear rate on a slip system as 
a function of both the resolved shear stress, τ, and the slip strength, g0. Deformation twin-
ning was incorporated into the model using a critical shear stress criterion analogous to 
Schmid’s law, which is applicable to crystallographic slip. 



Metals 2025, 15, 132 8 of 31 
 

 

Various integration methods for crystal plasticity have been proposed for finite ele-
ment analysis of single crystals and polycrystals. In this study, the implicit integration 
formulation proposed by Pierce et al. [39] has been utilized. The model has been imple-
mented in ABAQUS through a Fortran-based user material subroutine (UMAT) following 
the approach described by Huang [40]. The application of this CPFEM to characterize the 
slip-induced crystallographic deformation of the α2 and γ-phases has been comprehen-
sively discussed in prior research [15,41–43]. 

For the present PST-TiAl alloy, the CP parameters were calibrated by fitting experi-
mental yield anisotropy data (Figure 2) to the lamellar orientation of the material. The 
details of the experiments and fitting procedures were described elsewhere [43,44]. For 
modelling the anisotropic elastic behaviour of the crystals, the elastic constants C{ijkl} were 
taken from [45], as presented in Table 1. 

Table 1. Theorical estimation of elastic constants, Cij (GPa) of γ-TiAl and α2-Ti3Al crystals. 

γ-TiAl 
C11 C33 C12 C23 C44 C66 
190 185 105 90 120 50 

α2-Ti3Al 
C11 C33 C12 C31 C44 C66 
221 238 71 85 69 69 

The initiation of slips corresponding to various deformation modes (as shown in Fig-
ure 3) was examined by calibrating the slip strength, g0 and hardening modulus, h0. Since 
the evolution of resolved shear stresses on the slip systems depend on the angle between 
the load and lamellar plane, the CP modelling over a range of lamellar orientations, φ, 
from 0° to 90° allow one to model direction dependent yield of the lamellar microstruc-
ture. The predicted anisotropic yields were then fitted with the corresponding yield points 
determined experimentally. It was demonstrated that, depending on the lamellar orienta-
tion, certain deformation modes dominate, with specific slip system groups playing a piv-
otal role in the plastic deformation process [14]. Thus, the orientation-dependent active 
slip systems and their corresponding CP parameters can be estimated. The validated pa-
rameters for slip strengths and hardening modulus are summarized in Table 2. 

In the present study, the validated parameter sets from Tables 1 and 2 were further 
utilized to simulate the plastic deformation and yield loci behaviour of the α2 and γ-
phases. 

Table 2. Estimated CP parameters for TiAl phases validated from PST-TiAl alloy behaviour. 

 Longitudinal-Mode Slips Mixed-Mode Slips Transversal-Mode Slips 
γ-TiAl 

 Ordinary Super Twin Ordinary Super Ordinary Super Twin 
Slip strength g0, MPa 45 90 45 85 170 150 300 150 
Hardening h0, MPa 310 350 180 

α2-Ti3Al 
 Basal Prismatic Pyramidal 

Slip strength g0, MPa 330 100 910 
Hardening h0, MPa 150 150 150 
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2.4. Modelling of Plane Stress Yield Locus 

The unit cell model was employed to simulate 2D instantaneous yield surfaces over 
a (σ1-σ2) stress-plane. Periodic boundary conditions (PBCs) were applied with specific 
nodal arrangements to facilitate the calculation of shape changes from the displacement 
of the corner nodes (Figure 5a). The unit cell was deformed by applying external stresses 
along a radial loading path. The radial load-path direction was determined by the ratio of 
the principal stresses, defined as σ2/σ1 = arctan(θ), where θ represents the load-path angle 
(Figure 5b). The ratio σ2/σ1 remained constant along each load path, allowing for system-
atic exploration of the yield surface evolution. 

By varying the load-path angle θ, the proportionality between σ2 and σ1 was ad-
justed, thereby altering the imposed stress components over the unit cell outer surfaces. 
For a comprehensive characterization of the anisotropic yield behaviour within the (σ1-σ2) 
stress-plane, multiple radial loading paths were defined, covering the entire angular range 
of θ ∈ [0°, 360°]. For this work, 24 radial load paths were defined by incrementing the load 
angle, θ in 15° steps, each corresponding to an instantaneous yield point calculated for a 
distinct equivalent plastic strain, εpq, value. For increased equivalent plastic strains, corre-
sponding yield stresses represent the strain hardening behaviour. Yield loci contours were 
constructed by connecting the yield stress points associated with the isostrain values. Fig-
ure 5b schematically illustrates yield surfaces composed of several yield loci contours, 
highlighting the stress states across different quadrants. 

 

Figure 5. (a) Periodic boundary conditions defined at the outer surface of the unit cell, (b) 2D sche-
matic of yield loci under biaxial loading for θ ∈ [0°, 360°] load-path angle. 

The yield surface in lamellar TiAl alloy is shaped by both the microstructural and 
phase induced anisotropy. Additional numerical simulations are essential to elucidate the 
complex interactions of slips when considering the orientation of the lamellae and the 
loading direction. To clarify this relationship, a schematic illustration of the slip planes 
and slip directions with respect to the orientation of the lamellae and load-path direction 
over a 2D stress plane is shown in Figure 6. 

In Figure 6a, the angle of σ2 direction varies with the lamellar plate normal, where 
the σ1-direction is always parallel to transverse to the lamellar plane. The applied propor-
tional stress, σ, acts on (σ1-σ2)-plane. In Figure 6b, the loading angle of σ2 and σ3 both 
changes with respect to the oriented lamellar normal. The applied proportional stress, σ, 
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acts on (σ3-σ2)-plane. Thus, the plane stress yield surface behaviour at (σ1-σ2) plane and 
(σ3-σ2) plane, obtained by applying radial load-path stress, σ, will not be the same. This 
assessment of yield surface behaviour over different stress-planes provides information 
how plasticity evolves for differently oriented lamellar microstructure under the multi-
axial loading. 

 

Figure 6. Lamellar orientation and slip directions with respect to the load-path angle, θ (a) for load-
ing on (σ1-σ2)-plane and, (b) for loading on (σ3-σ2)-plane. 

3. Result and Discussion 
3.1. Plastic Anisotropy of TiAl Phases in Terms of Yield Surface Behaviour 

3.1.1. Yield Loci of γ-TiAl Single Phase 
The plastic anisotropy of bulk γ-TiAl was systematically investigated by analysing 

the yield surface behaviour on a (σ1-σ2)-plane using the unit cell model. For this purpose, 
the γ-phase was defined such that the {111}γ-plane is aligned parallel to the loading axis. 
This configuration corresponds to the “hard orientation” (φ = 0°) of a lamellar PST-TiAl. 
For this investigation, four FE models were described for four sets of CP parameters, 
namely Model-γA, Model-γB, Model-γC, and Model-γD, as listed in Table 3. 

Table 3. CP parameter set for γ-TiAl. 

Parameter Set Model Name Longitudinal-Mode Slips Mixed-Mode Slips Transversal-Mode Slips 
  Ordinary Super Twin Ordinary Super Ordinary Super Twin 
  g0, MPa g0, MPa g0, MPa g0, MPa g0, MPa g0, MPa g0, MPa g0, MPa 

Base Model-γA 45 90 45 85 170 150 300 150 
Longitudinal Model-γB 60 120 60 85 170 150 300 150 

Mixed Model-γC 45 90 45 200 400 150 300 150 
Transversal Model-γD 45 90 45 85 170 225 440 225 

Here, the Model-γA was assigned with the “base parameters” of the bulk γ-TiAl, 
derived from a validated CPFE analysis [42]. Then, the slip system parameters for ordi-
nary, twinning, and super slips were incrementally increased from the base parameter 
sets. The Model-γB featured increased slip strength parameters for the longitudinal 
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deformation modes, while the Model-γC emphasized higher slip strength parameters for 
the mixed deformation, and the Model-γD as increased slip strengths for the transverse 
deformation. With this systematically varying CP parameters, this study aimed to under-
stand how different slip systems influence the formation and evolution of the yield sur-
face. 

For all the models, several yield loci were calculated within the equivalent plastic 
strain range from εpq = 0.0002 to εpq = 0.002 (Figure 7). The load-path angles θ = 0° and θ = 
90° correspond to the uniaxial loading along σ1 and σ2 axes, respectively, while the first 
quadrant (0° < θ < 90°) represents tensile biaxial loading. Selected load-path directions θ 
= 0°, 30°, 45°, 90° were investigated to understand the evolution of yield loci as a measure 
of anisotropic response due to parameter variations. 

Several characteristic features emerge from the analysis of yield loci contours: 

1. For all the models, the yield loci contours exhibit an elliptical or biased elliptical 
shape. In the Model-γA and γB, the major axes align at θ = 30°, producing a narrow 
yield loci contour. The Model-γC displays broader yield loci contour, also aligned at 
a θ = 30° load path, while the Model-γD exhibits narrow, elongated yield loci contour 
aligned at θ = 45°, corresponding to equibiaxial tension. Variations in shape and ma-
jor-axis rotation reflect the anisotropic characteristics induced by the deformation 
modes activated through CP parameters. 

2. Yield evolution varies with increasing equivalent plastic strain depending on the 
load angle. For a load path at θ = 0° (uniaxial tension), the Model γC shows a more 
substantial increase in σ1 stresses over the εpq range from 0.0002 to 0.002 compared to 
the models γA, γB, and γD. This difference is highlighted by comparing the widths 
of the yield loci contours along the σ1 and σ2 axes, denoted as w1 and w2 in the figure. 
The variations in yield loci evolution with εpq increments indicate distinct strain-
hardening behaviour among the models. 
The characteristic features of the yield loci obtained for γ-TiAl show behaviour sim-

ilar to that of other FCC-type crystals [46,47]. However, the tetragonality of γ-TiAl crystals 
results in more pronounced anisotropy compared to conventional FCC crystals. 

To compare stress evolution under incremental εpq, stress differences at θ = 30° and 
θ = 45° load paths within the contours of εpq = 0.0002 and 0.002 were projected onto the σ1 
and σ2 axes. These differences, depicted as εpq1Δσ1, εpq2Δσ1, εpq1Δσ2, and εpq2Δσ2, show that 
the models γA, γB, and γC exhibit greater σ1 stress variation compared to σ2 (i.e., εpq2Δσ1 
> εpq2Δσ2), indicating that material yielding is predominantly influenced by σ1 stresses. In 
contrast, the Model-γD shows the reverse behaviour, with the yield loci’s contour ellipti-
city and width suggesting a distinct anisotropic yield response relative to the other mod-
els. 
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Figure 7. The yield loci behaviour of γ-TiAl-single phase, showing the anisotropic yield surfaces 
due to different operative slip system activations related to different deformation modes (a) Yield 
surface from the Model-γA with base parameter study, (b) from the Model-γB with longitudinal 
parameter-set variation, (c) from the Model-γC with mixed parameter-set variation, and (d) from 
the Model-γD with transverse parameter-set variation. 

3.1.2. Yield Loci of α2-Ti3Al Single Phase 

The unit cell models of α2-Ti3Al single phase was described such that the (0001)α2-
plane is parallel to the loading direction. This configuration corresponds to the “hard ori-
entation” (φ = 0°) of a lamellar PST-TiAl, where the (0001)α2-basal plane of α2-Ti3Al phase 
is consistently aligned parallel to the lamellar interface. In this configuration, the plane 
stress yield surfaces of the α2-Ti3Al single phase were analysed. The simulation parameter 
sets are outlined in Table 4. 

Table 4. CP parameter set for α2-Ti3Al. 

Parameter set Model Name 
Longitudinal-Mode Slips Mixed-Mode Slips Transversal-Mode Slips 

Basal Prismatic Pyramidal 
g, MPa g, MPa g, MPa 

Base Model-α2A 50 75 150 
Basal Model-α2B 100 75 150 

Prismatic Model-α2C 50 100 150 
Pyramidal Model-α2D 50 75 200 

The base parameter set in Model-α2A was taken from the validated CPFE analysis 
described in [25]. The CP parameters were systematically adjusted for the basal, prismatic, 
and pyramidal slip systems by specific scaling factors from this base set, creating varia-
tions designated as the Model-α2B, Model-α2C, and Model-α2D, respectively. 

The yield surfaces generated from these models are shown in the (σ1-σ2) stress plane 
in Figure 8. Here, the inner and outer loci represent equivalent plastic strains, εpq, of 0.0002 
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and 0.002, respectively. The elongated yield contours depict the yield surface evolution 
with increasing εpq, while the expansion of these loci contours indicates the strain harden-
ing behaviour specific to each model: α2A, α2B, α2C, and α2D. 

Figure 8a,b display yield loci contours for the Models α2A and α2B as narrow, elon-
gated hexagons with varying arm lengths. For the Model-α2C, the yield loci contours are 
rounded and widened, whereas the Model-α2D presents slightly narrower contours that 
revert to a hexagonal shape with modestly rounded arms. Correlating these shapes with 
slip strength parameters in Table 4, the basal slip parameters appear to have minimal im-
pact on the yield loci evolution. However, along the σ1 and σ2 axes (representing uniaxial 
tensile cases), contours expand more for the Models α2C and α2D, likely due to the higher 
average slip strength, g0, for the prismatic and pyramidal slip systems. The Model-α2C 
yields more rounded contours due to a higher prismatic slip parameter, while the Model-
α2D shows only slight changes in shape due to increased pyramidal slip strength. 

The yield loci characteristics of hexagonal α2-Ti3Al are similar to those of typical HCP 
crystals [47,48]. The observed shape changes are attributed to the predominant activity of 
specific slip systems. However, α2-Ti3Al exhibits less pronounced anisotropy compared to 
the HCP crystals in Mg-alloys [32]. 

In all models, the major axes of the yield loci align with the load angle θ = 45°, corre-
sponding to equibiaxial tension. This alignment suggests that anisotropy in the α2-Ti3Al 
phase remains consistent across basal, prismatic, and pyramidal slip variations. Compar-
ing stress components projected along the σ1 and σ2 axes for load angles θ = 30° and θ = 
45°, the incremental stress changes (Δσ1 and Δσ2) are similar across models for both low 
and high εpq values. Thus, the stress changes εpq1Δσ1 and εpq2Δσ2 (along σ1-axis) and εpq1Δσ2 
and εpq2Δσ2 (along σ2-axis) remain consistent across all models. This uniform response 
contrasts with the γ-TiAl single phase, where the major axis shifts from θ = 30° to θ = 45° 
under changing load angles, with Δσ1 and Δσ2 variations dependent on CP parameters. 

 

Figure 8. The yield loci behaviour of α2-Ti3Al showing the influence of deformation modes on the 
yield anisotropy due to slip strength parameter variation (a) for the Model-α2A with base parame-
ters, (b) for the Model-α2B with basal parameters, (c) for the Model-α2C with prismatic parameters, 
and (d) for the Model-α2D with pyramidal parameters. 
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3.2. Anisotropy of Equivalent Mises Stress of the TiAl Phases 

3.2.1. Equivalent Mises Stress Variation of γ-TiAl Single Phase 

The variation of equivalent Mises stress, σV with the changes of load-path angles pro-
vides a quantitative measure of the material’s effective anisotropy approximated for uni-
directional loading. In this analysis, the σV was calculated for plane stress condition at an 
equivalent plastic strain, εpq = 0.001, spanning the entire load-path angle range, θ ∈ [0°, 
360°], regarding the Q1 to Q4 quadrants of (σ1-σ2) stress-plane. Figure 9 shows the results 
for the Models γA through γD, corresponding to the variations of CP parameters regard-
ing longitudinal, mixed, and transversal deformation modes. 

For the Models γA and γB, where the base and longitudinal parameter sets were 
assigned, the σV exhibits similar periodic, wavelike behaviour. As load-path orientation 
progresses from 0° to 90°, the σV initially increases in Q1, then decreases from Q1 to Q2. 
This pattern corresponds to the loading conditions transitioning from uniaxial tension 
along the σ1-axis, to biaxial tension with the proportional σ2/σ1 loading, then again to uni-
axial tension along the σ2-axis. Minimum yield stress is observed at θ = 150° and the max-
imum at θ = 30°, with a phase shift of 120°. 

 
Figure 9. Anisotropic nature of the equivalent Mises yield stress with respect to load-path angle 
variations from 0–360° over the Q1 to Q4 quadrants of the (σ1-σ2) stress-plane. Corresponding equiv-
alent plastic strain is εpq = 0.001. The curves for Model-γA and Model-γB are overlapping. 

In the Model-γC, characterized by higher mixed parameters, the σV shows a shift 
across the entire load-orientation domain. Yield stress decreases in Q1 and increases from 
Q1 to Q2, with minimum yield stress at θ = 60° and maximum at θ = 150°, occurring at a 
phase shift of 90°. Notably, this model exhibits a higher maximum yield stress level than 
Models γA and γB. 

The Model-γD, configured with higher transversal parameters, also shows decreas-
ing yield stress in Q1 and increasing yield stress from Q1 to Q2, with the minimum yield 
stress at θ = 150° and maximum at θ = 45°, displaying a phase shift of 105°. This model’s 
maximum yield stress level surpasses that of the Model-γA and is comparable to the 
Model-γC. 

A comparison across all the models reveals that the range of σV (max-min stress lev-
els) and the phase shifts in the wavy stress curves demonstrate yield anisotropy, primarily 
governed by the different activation of slip systems under varying deformation modes. 
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3.2.2. Equivalent Mises Stress Variation of α2-Ti3Al Single Phase 

The equivalent Mises yield stress for the α2-Ti3Al single phase under the deformation 
modes involving basal, prismatic, and pyramidal slips is shown in Figure 10. Across all 
models, the σV curves exhibit peak values in the Q1 and Q3 quadrants, where biaxial ten-
sion or biaxial compression is applied along 45° (Q1) or 225° (Q3) load angles. Conversely, 
the minimum values occur in the Q2 and Q4 quadrants, where biaxial tension-compression 
loading is applied along 135° (Q2) or 315° (Q4). 

 

Figure 10. Anisotropic nature of the equivalent Mises yield stress with respect to load-path angle, 
at an equivalent plastic strain of 0.001. The curves for Model-α2A and Model-α2B are overlapping. 

Notably, uniaxial yield stress along σ1 at θ = 0° or along σ2 at θ = 90° varies among 
models, with the Model-α2D (higher pyramidal slip parameter) showing the lowest yield 
stress and the Model-α2C (higher prismatic parameter) the highest. The Model-α2D dis-
plays the largest σV range (max–min) across the full load-path angle θ ∈ [0°, 360°], while 
the Model-α2B, with a higher basal slip parameter, shows a moderate σV range, and the 
Model-α2C exhibits the least σV variation. Each curve reaches maximum yield stress at θ 
= 45° in the Q1 quadrant and minimum yield stress at θ = 135° in the Q2 quadrant, with the 
Model-α2D indicating greater yield stress asymmetry under biaxial tension-tension and 
tension-compression loading. For all models, the σV curves display a phase shift of 180°. 

3.3. Role of Operative Slips on the Yield Anisotropy 

3.3.1. Slip Activity of γ-TiAl Single Phase Causing Yield Anisotropy 

The plastic contribution of slip systems was assessed by calculating their ‘relative 
activity,’ defined as the ratio of shear strain in a given slip system to the total shear strain 
in the model. Plotting relative activity against applied load illustrates slip evolution with 
incremental loading. For this analysis, Models γC and γD were chosen due to their dis-
tinct yield loci behaviour, broad and narrow yield loci contour, respectively (Figure 7). 

Figure 11 illustrates the ‘slip activity’, associated with three deformation modes, lon-
gitudinal, mixed, and transverse, corresponding to the first quadrant of the yield loci dia-
gram (Figure 7c,d). Applied load orientations include θ = 0°, 30°, 45°, 60°, and 90°, all 
under biaxial tension. Slip evolution is plotted over a stress range of 0 to 1000 MPa, incre-
mentally applied along the radial load path. As shown in Figure 11a–e, initial slip evolu-
tion occurred below 400 MPa, which changed their courses within a transition stress zone 
(400–600 MPa), followed by a shift beyond 600 MPa. The role of slips in the Model-γC and 
γD can be characterized as follows: 
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Figure 11. Evolution of slips for models γC and γD in terms of relative slip activity under applied 
stress for load-angles, θ = 0°, 30°, 45°, 60°, 90°, shown in (a)–(e) respectively. Transition of slips are 
shown within the stress zone, 400–600 MPa. 

For the Model-γC under uniaxial tension at θ = 0° (Figure 11a), the σ1 stress compo-
nent was operative. Here, transverse deformation assisted by the twinning, Twin(Trans), 
is predominant at lower stress levels but diminishes beyond the 400–600 MPa range. In 
contrast, the super dislocation, Sup(Trans), becomes increasingly active in this range and 
continues to intensify beyond 600 MPa. The higher strength parameters of the mixed slips 
facilitated the initiation of transversal slips somewhat earlier because the mixed slips were 
deformed elastically so far. 

In the Model γD, the primary contribution to plastic deformation below 400 MPa is 
from the super dislocation along the mixed deformation mode, Sup(Mix), with minor 
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contributions from the twinning in the transverse mode, Twin(Trans). Beyond 400 MPa, 
Sup(Mix) becomes increasingly active, while the super dislocation in the longitudinal di-
rection, Sup(Long), initiates at stresses above 600 MPa. Higher slip strength of transverse 
parameters favours the mixed slips to be dominant. Minor twinning in transversal direc-
tion and the super dislocation in longitudinal direction were also activated due to slightly 
lower strength values. 

Under uniaxial loading at a 90° orientation, where the σ2 stress component prevails, 
slip activity varies between the Models γC and γD due to (111)γ-plane orientation. For 
the Model-γC, the longitudinal twinning dominates below 400 MPa. Minor contributions 
of the ordinary dislocation along transversal direction were also present. But after the 
transition zone, 400–600 MPa only the ordinary dislocation along transverse direction was 
dominant. In the Model-γD, the longitudinal twinning complements Sup(Mix) at lower 
stresses, with increased Sup(Mix) activity at higher stress levels. 

For equibiaxial loading at θ = 45°, σ1 and σ2 stress components are proportionally 
applied. Here, both models initially deform through the longitudinal twinning, 
Twin(Long), below 400 MPa, with the ordinary dislocation in the transverse mode, 
Ord(Trans), dominating post-400 MPa. At θ = 30°, with non-proportional stress (σ1 > σ2), 
the Model-γC’s slip evolution resembles the θ = 0° loading pattern, while in the Model-
γD, the longitudinal twinning, Twin(Long), predominates initially, and the Sup(Mix) pre-
vails beyond the higher stress zone. For an intermediate load-orientation, θ = 60° (Figure 
11d) with σ1 < σ2, the evolving slips for the Model-γC are dominated by the twinning, 
same as for the loading direction, θ = 90°. For both the Model-γC and Model-γD, the twin-
ning at the lower stress regime and the ordinary dislocation at the higher stress regime 
were dominant. 

This study demonstrates the complex interactions between different slip systems and 
their roles in anisotropic yield behaviour across γ-TiAl load-path angles. Variations in 
shear strain across models and for different load paths elucidate the critical role of specific 
slip systems in defining yield loci contours. 

3.3.2. Slip Activity of α2-Ti3Al Single Phase Causing Yield Anisotropy 

Slip activity of α2-Ti3Al single phase has also been studied to characterize yield ani-
sotropy observed in the Model-α2C and Model-α2D (Figure 12c,d). In these models, only 
the prismatic and pyramidal slips were found to be active for the load angles between θ 
= 0° and 90°. 

For uniaxial loading at θ = 0° (σ1-aligned), plastic deformation primarily occurs 
through the prismatic slips in both models, with the Model-α2C featuring higher prismatic 
slip strength and the Model-α2D higher pyramidal slip strength. The prismatic slips were 
active initially, even though their strengths were lower than that of the pyramidal slips. 
At θ = 90°, where loading aligns with σ2, the prismatic slips again dominated, while the 
pyramidal slips are activated only at stress levels above 600 MPa, contributing minimally 
to the plastic deformation. 

Under proportional equibiaxial loading at θ = 45°, where σ2/σ1 = 1, anisotropy was 
driven by the pyramidal slips along the transverse direction. In this configuration, the 
equal contributions of σ1 and σ2 favour the pyramidal slip activation in both models, de-
spite the high slip strength parameters associated with these systems. For non-propor-
tional biaxial loading at θ = 30° and 60°, the prismatic and pyramidal slips both contrib-
uted to plastic deformation. At θ = 30°, σ1 > σ2, and at θ = 60°, σ2 > σ1, resulting in active 
mixed prismatic and pyramidal slips, with the prismatic slips contributing more signifi-
cantly to plastic deformation. Below 400 MPa, the prismatic slips dominated with minor 
pyramidal activation. Beyond 400 MPa, the pyramidal slip activity increased while the 
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prismatic slip contributions decreased, reflecting a transition driven by the activation of 
mixed and transverse deformation modes. 

 

Figure 12. Relative activity of slip systems of α2-Ti3Al phase for distinct deformation modes. Plots 
show the relative activity with respect to the load orientations: θ = 0°, 30°, 45°, 60°, 90°, shown in 
(a)–(e), respectively. 

From this analysis, the roles of prismatic and pyramidal slips in influencing the plas-
tic deformation within hexagonal crystal structures can be well-characterized. Prismatic 
slips are predominant in uniaxial loading, while pyramidal slips gain significance under 
biaxial loading configurations, emphasizing the contributions of slip-system behaviour to 
yield anisotropy. 

3.4. Yield Loci and Plastic Anisotropy from Single to Multi-Phases Lamellar Structure 

3.4.1. Phase-Specific Contribution to the Yield Loci of Two-Phase PST-TiAl 

In the two-phase lamellar structure of α2-Ti3Al and γ-TiAl, the phases undergo mu-
tual constraint and co-deformation under external loading. Slip activations in these phases 
are driven by local stresses, which contribute to the overall homogenized behaviour ob-
served at the macroscopic level. To elucidate the influence of single-phase plasticity on 
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the effective plastic deformation of the two-phase PST crystal, a comparative analysis of 
yield surface contours was conducted on both bulk and multi-phase configurations of α2-
Ti3Al and γ-TiAl. 

These analyses were performed on a unit cell model of two-phase PST-TiAl crystal, 
as described in Section 2.3.1. In the present case, the CP parameters of the α2 and γ-lamel-
lar phases are chosen from the bulk α2 and γ-phase models. The reference model for the 
α2-Ti3Al bulk phase, labelled the Model-α2A (Figure 13b), served as the baseline for α2-
Ti3Al lamellar phase. For γ-TiAl lamellar phase, two types of bulk γ-TiAl phase models 
were considered: one is the Model-γC, primarily influenced by mixed slip systems (Figure 
13a), and the other is the Model-γD, with slip systems dominated by transverse slip pa-
rameters (Figure 13c). Thus, two parametric PST-TiAl lamellar models were generated, 
namely, (i) Model-α2A + Model-γC (Model-PST1) and (ii) Model-α2A + Model-γD (Model-
PST2). Both the models maintain a consistent phase composition of 10% α2-Ti3Al and 90% 
γ-TiAl and a lamellar orientation of φ = 0°. Yield surfaces for these PST models were then 
derived using the methodology established for single-phase models. 

Figure 13 presents the yield loci contours in the (σ1-σ2) plane for the individual phase 
models and their combined lamellar configurations in the models PST1 and PST2. The 
inner and outer loci correspond to equivalent plastic strain of εpq = 0.0002 and εpq = 0.003. 
The isostrain contours at these strain levels revealed distinct differences in yield contour 
evolution in the model PST1 and PST2. 

For the bulk α2-phase, the single-phase model exhibited a narrow, elongated hexag-
onal yield surface, consistent with its HCP crystal structure (Figure 13b). In contrast, the 
bulk γ-phase showed elliptical yield loci contours with shapes ranging from wide to nar-
row, and sizes from normal to elongated, with notable rotation in the major axes and ver-
tices (Figure 13a–c). The yield surfaces of the two-phase (α2 + γ) PST models reflected an 
averaged response of these bulk phases, predominantly governed by the γ-phase behav-
iour, resembling the yield surfaces of Models γC and γD more closely than the yield be-
haviour of the α2-phase from the Model-α2A (Figure 13d,e). The slightly narrow yield sur-
face contours of the PST1 and PST2 models reflect a minimal influence from the α2-phase. 
The overall response of the PST1 and PST2 involve co-deformation effects of the embed-
ded (α2 + γ)-phases, but given the minor volume fraction of α2, its impact on the overall 
yield behaviour is limited. 

 

Figure 13. Yield surface representation of bulk α2-Ti3Al and γ-TiAl phases, and of their combined 
multi-phase PST-TiAl lamellar structure, named the model PST1 and PST2. Single γ-phase yield 
surfaces are shown in (a) and (c), for single α2-phase in (b), and for two-phase PST in (d) and (e). 



Metals 2025, 15, 132 20 of 31 
 

 

3.4.2. Operative Slips on Embedded Phases During Co-Deformation 

Slip Activities of Co-Deformed γ-Phases 

Figure 14 compares the slip evolution in the γ-phase for two types of PST models: 
the PST1, characterized by a higher mixed parameter, and the PST2, characterized by a 
higher transverse parameter. For comparison, the slip evolution in the bulk γ-phase in 
Figure 11 can be recalled. Analysing the curves in Figures 11 and 14, it is evident that the 
operative slip systems and their evolution within the embedded γ-phase differ from those 
observed in the bulk phase. 

 

Figure 14. Evolution of slips in the embedded γ-phases in the PST1 and PST2 model under local 
deformation constraints from neighbouring phases. Relative slip activities for active slip systems 
are plotted in (a)–(e) with respect to the load orientations: θ = 0°, 30°, 45°, 60°, 90°. 

When the loading angle θ = 0° (along σ1), the slip evolution in the embedded γ-phase 
closely resembles that of the bulk phase. However, at other orientations, the embedded γ-
phase slip activity diverges significantly from the bulk response. 

For instance, at θ = 30°, the ordinary slip systems, Ord(Trans), and the twinning, 
Twin(Trans), are equally active below a stress level of 400 MPa, after which Twin(Trans) 
becomes increasingly dominant. In contrast, additional slips are activated in the bulk γ-
phase. At θ = 45°, the difference is more pronounced. For both PST1 and PST2, the ordi-
nary slips, Ord(Trans), are active in the embedded γ-phase, whereas in the bulk γ-phase, 
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Twin(Long) is initially activated below 400 MPa, with Ord(Trans) taking over above 400 
MPa. 

At θ = 60°, the PST1 model primarily activates Ord(Trans), while the PST2 exhibits 
activity in both super and ordinary slips, specifically Sup(Mixed) and Ord(Trans). For the 
load angle of θ = 90°, the ordinary slips, Ord(Trans), were active in the PST1, while the 
super slips, Sup(Mixed), were operative in the PST2. 

The slip activity in bulk and embedded γ-phase was compared to demonstrate the 
effect of local constraints exerted by the neighbouring α2-Ti3Al-phase. Table 5 summarizes 
the most active slip systems in the γ-phase for bulk and embedded states across load-path 
angles of 0° to 90°. It compares the active slip systems below 400 MPa and above 600 MPa 
for the embedded γ-phases in the PST1 and PST2 models, and for the bulk γ-phases in the 
Model-γC and γD. This quantitative assessment reveals that operative slips evolve differ-
ently depending on load-path orientation. The distinctive nature of slip activity in the γ-
phases indicates the transition of slips during plastic deformation for the bulk to embed-
ded γ-phase, under the co-deformation constraints of the neighbouring α2-Ti3Al phase. 

Table 5. Most active slip systems in γ-phase (in bulk and embedded conditions) with respect to the 
load-path angle and applied stress level. 

Model-γC/PST1 
 Bulk Crystal Embedded Crystal Bulk Crystal Embedded Crystal 
θ Applied Load < 400 MPa Applied Load < 400 MPa Applied Load > 600 MPa Applied Load > 600 MPa 
0 Twin (Trans) Twin (Trans) Sup (Trans) Sup (Mix) + Ord (Trans) 

30 Twin (Trans) 
Twin (Trans) + Ord 

(Trans) Sup (Trans) + Ord (Trans) Twin (Trans) 

45 Twin (Long) Ord (Trans) Ord (Trans) Ord (Trans) 
60 Twin (Long) + Ord (Trans) Ord (Trans) Ord (Trans) Ord (Trans) 
90 Twin (Long) + Ord (Trans) Ord (Trans) Ord (Trans) + Sup (Long) Ord (Trans) + Sup (mix) 

Model-γD/PST2 
 Bulk Crystal Embedded Crystal Bulk Crystal Embedded Crystal 
θ Applied Load < 400 MPa Applied Load < 400 MPa Applied Load > 600 MPa Applied Load > 600 MPa 
0 Sup (Mix) + Twin (Trans) Sup (Mix) + Twin (Trans) Sup (Mix) + Sup (Long) Sup (Mix) 

30 Twin (Long) + Twin (Trans) Twin (Trans) + Ord 
(Trans) 

Sup (Mix) Twin (Tans) 

45 Twin (Long) Ord (Trans) Ord (Trans) + Sup (Long) Ord (Trans) 
60 Twin (Long) Sup (Mix) + Ord (trans) Ord (Trans) + Sup (Long) Sup (Mix) + Ord (trans) 
90 Sup (Mix)+ Twin (Long) Sup (Mix) Sup (Mix) + Sup (Long) Sup (Mix) 

Slip Activities of Co-Deformed α2-Phases 

Similarly, the slip evolution in α2-Ti3Al phase under bulk and embedded situation 
elaborates the deformation constraint effects on the plastic deformation in multi-phase (α2 

+ γ)-TiAl system. Figure 15 compares the slip evolution in the α2-phase for two PST mod-
els, the PST1 and PST2, with the bulk α2-phase slip evolution provided in Figure 12 for 
reference. 
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Figure 15. Evolution of slips in the embedded α2-phases in the PST1 and PST2 model under local 
deformation constraints from neighbouring phases. Relative slip activities for active slip systems 
are plotted in (a)–(e) with respect to the load orientations: θ = 0°, 30°, 45°, 60°, 90°. 

At a loading angle of θ = 0° (Figure 15a), where only σ1 is applied, the prismatic slips 
are active in the co-deformed α2-phase at stress levels below approximately 400 MPa, in-
fluenced by the neighbouring γ-phase. In the PST1 model, a transition occurs beyond 400 
MPa, where the prismatic slip activity diminishes and the pyramidal slips gradually dom-
inate as stress levels exceed 600 MPa. By contrast, in the PST2 model, influenced by the 
neighbouring γ-domain with higher transverse slip strengths, slip activity remains pri-
marily driven by the prismatic slips. 

At θ = 90° (Figure 15e), under uniaxial loading along σ2, both prismatic and pyrami-
dal slips contribute to plasticity in the α2-phase of PST1, albeit with varying intensities. In 
the PST2 model, the prismatic slips remain consistently active. At an angle of θ = 45° (Fig-
ure 15c), under equal biaxial loading along σ1 and σ2, the pyramidal slips are exclusively 
active in both PST1 and PST2 models. This activation appears to be unaffected by the 
neighbouring phases, aligning with the observations in bulk phase (Figure 12c). 

For loading angles θ = 30° and θ = 60°, where the loading components σ1 and σ2 are 
unequal, a mixed activation of prismatic and pyramidal slips was expected, as previously 
observed in bulk α2-phase. (Figure 12b,d). However, in the co-deformed α2-phase, slip 
system activation differs; below 400 MPa, the prismatic slips dominate, while the 
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pyramidal slips are less active. Beyond 400 MPa, the pyramidal slip activity increases, 
surpassing the prismatic activity. Notably, at θ = 60°, both prismatic and pyramidal slips 
are equally active in the early loading stages below 400 MPa, but the pyramidal slips even-
tually dominate as stress increases. 

Table 6 summarizes the active slip systems for plastic deformation in bulk and em-
bedded α2-phases across loading angles θ = 0–90°. This analysis demonstrates how slip 
evolution in the α2-phase differs between bulk and embedded conditions due to con-
straints from neighbouring phases. The results show that the interaction between phases 
significantly influences the progression and nature of slip activity, underlining the role of 
these constraints on the mechanical response of multi-phase materials. This study indi-
cates that the slip-system evolution and resulting mechanical behaviour are influenced 
not only by the intrinsic phase properties but also by phase interactions, particularly un-
der constrained conditions. 

Table 6. Most active slip systems in α2 phase (in bulk and embedded conditions) with respect to the 
load-path angle and applied stress level. 

Model-α2C/PST1 
 Free Crystal Embedded Crystal Free Crystal Embedded Crystal 
θ Applied Load < 400 MPa Applied Load < 400 MPa Applied Load > 600 MPa Applied Load > 600 MPa 
0 Prismatic Prismatic Prismatic Prismatic + Pyramidal 

30 Prismatic Prismatic + Pyramidal Pyramidal Pyramidal + Prismatic 
45 Pyramidal Pyramidal Pyramidal Pyramidal 
60 Prismatic Prismatic + Pyramidal Pyramidal Pyramidal  
90 Prismatic Prismatic Prismatic Pyramidal 

Model-α2D/PST2 
 Free Crystal Embedded Crystal Free Crystal Embedded Crystal 
θ Applied Load < 400 MPa Applied Load < 400 MPa Applied Load > 600 MPa Applied Load > 600 MPa 
0 Prismatic Prismatic Prismatic Prismatic 

30 Prismatic + Pyramidal Prismatic + Pyramidal Pyramidal Pyramidal + Prismatic 
45 Pyramidal Pyramidal Pyramidal Pyramidal 
60 Prismatic + Pyramidal Prismatic + Pyramidal Pyramidal Pyramidal + Prismatic 
90 Prismatic Prismatic Prismatic Prismatic 

3.5. Yield Loci Behaviour of PST-TiAl Under Lamellar Orientation and Load Orientation 

Previous studies have examined the behaviours of yield loci with the lamellar plane 
oriented parallel to the load axis, corresponding to a lamellar angle of φ = 0°. In these 
cases, the shape of the yield loci, and thus the plastic anisotropy, was influenced solely by 
the direction-dependent active slip systems. In contrast, the uniaxial yield anisotropy ob-
served in Figure 3 results from the differential activation of slip systems due to inclined 
lamellae, specifically for angles φ ranging from 0° to 90°. The load-angle, θ = 90°, remained 
fixed while φ was rotated against σ1-axis. 

To understand the yielding behaviour of a randomly oriented lamellar structure un-
der multiaxial loading conditions, it is essential to analyse the yield loci as a function of 
both the load angle θ and the lamellar inclination angle φ. To achieve this, yield loci have 
been investigated for two sets of load angles on the (σ1-σ2) and (σ3-σ2) stress planes, con-
sidering systematic variation of lamellar orientations. For this analysis, the unit cell model 
of the two-phase lamellar PST-TiAl, as described in Section 3.2.1, was utilized. The CP 
parameters were determined from the validated PST-TiAl model, as listed in Tables 1 and 
2. 
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3.5.1. Yield Loci of PST-TiAl on (σ1-σ2) Stress Plane 

For the lamellar PST-TiAl, the plane stress yield loci were plotted on the (σ1-σ2)-plane 
for lamellar orientations φ ranging from 0° to 90°. The loading angles θ varied between 0° 
and 360° across the (σ1-σ2)-plane. 

In Figure 16, the instantaneous yield loci are presented for equivalent plastic strain 
values between εpq = 0.0002 and εpq = 0.002, using the base parameter set outlined in Table 
3. The corresponding orientations and loading angles are depicted in Figure 6a. It is evi-
dent that the yield loci exhibit distinct characteristics depending on both the orientation 
φ and the loading angle θ. 

At φ = 0°, the yield locus is narrow and elliptical (Figure 16a), with the major axis 
aligned along the load-path direction of θ = 45°. As the lamellar orientation shifts to φ = 
15°, the yield surface shape transforms to a quasi-parallelogram (Figure 16b), with the 
major axis now aligned along the load-path direction of θ = 30°. At φ = 30°, the yield sur-
face narrows further, resembling a narrow-width parallelogram (Figure 16c), with the ma-
jor axis aligned along the load-path direction of θ = 15°. The φ = 45° lamellar orientation 
maintains a similar shape to the φ = 30° model (Figure 16d). 

With further inclination of the lamellae to φ = 60°, 75°, and 90°, the yield surface 
width gradually increases, transforming from a parallelogram to rectangular and ulti-
mately to elliptical shapes (Figures 16e–g). The major axis of the yield loci contour rotates 
from 15° to 30° and then to 75° as the load-path angles change. 

This evolution of the yield loci indicates that for a hard orientation (φ = 0°), the loci 
contours maintain a narrow elliptical shape, while for soft orientations (φ = 15° to 75°), the 
shape transitions into a parallelogram or rectangular form. At the hard orientation of φ = 
90°, the yield locus becomes more rounded and elliptical again, with its major axis aligned 
along the σ2 axis. 

 

Figure 16. Yield loci evolution on (σ1-σ2)-plane with respect to lamellar orientation and load-path 
angle. The yield surfaces for the lamellar orientations: φ = 0°, 15°, 30°, 45°, 60°, 75°, 90° are shown in 
(a)–(g), respectively. 
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This analysis provides a clear understanding of the local variations in yield anisot-
ropy of the oriented lamellar grains under biaxial loading on the (σ1-σ2)-plane. Addition-
ally, applying biaxial loading on the (σ3-σ2)-plane allows for further evaluation of yield 
anisotropy, where the σ3 stress component remains parallel to the lamellar-plane normal. 

3.5.2. Yield Loci of PST-TiAl on (σ3-σ2) Stress Plane 

In this analysis, the load-path angle θ, spanning [0°, 360°], was rotated within the (σ3-
σ2) plane. The yield loci corresponding to lamellar orientations, φ ∈ [0°, 90°] are plotted in 
Figure 17. These yield surface contours differ markedly from the previously shown yield 
contours on the (σ1-σ2) stress plane. 

 

Figure 17. Yield loci evolution on (σ3-σ2)-plane with respect to lamellar orientation and load-path 
angles. The yield surfaces for the lamellar orientations: φ = 0°, 15°, 30°, 45°, 60°, 75°, 90° are shown 
in (a)–(g), respectively. 

In the present case, for hard orientations at φ = 0° and φ = 90°, the yield loci contours 
are elliptical. For φ = 0°, the major axis aligns with the load angle θ = 15° (Figure 17a), 
while for φ = 90°, it aligns with the load angle θ = 75° (Figure 17g). 

Conversely, for soft orientations at φ = 15° and φ = 75°, the yield loci contours follow 
a biased elliptical shape with sharp corners, with the major axis oriented along load-path 
angles of 30° and 60°, respectively (Figure 17b,f). For intermediate soft orientations, φ = 
30–60°, the yield loci become narrow and hexagonal, with the major axis aligned along the 
45° load path (Figure 17c–e). 

The results indicate that when the loading axis shifts directionally, e.g., from the (σ1-
σ2) to the (σ3-σ2) stress plane, the yield surface contours change remarkably. The 
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observation also suggests that the onset of plasticity and the corresponding evolution of 
yield surfaces are directional stress dependent under multiaxial stresses. 

3.6. Yield Stress Anisotropy Influenced by Lamellar Orientation and Biaxial Loading Angels 

To assess the anisotropic yield response due to load-angle variations across the (σ1-
σ2) and (σ3-σ2) orthogonal planes, the equivalent Mises yield stresses, σV, were evaluated 
for both the PST1 and PST2 models. This evaluation considered seven distinct lamellar 
orientations, φ ∈ [0°, 90°] in 15° increments, and 24 distinct load angles, θ ∈ [0°, 360°] in 
15° increments. By connecting all yield points across the θ and φ spectra, two “wavy” 
curves were plotted, representing yield points calculated on the (σ1-σ2) and (σ3-σ2) stress 
planes. In Figure 18, these curves are denoted as PST1_σV12 and PST2_σV32, respectively. 

While both the models showed slight variations in the lower and upper σV values, a 
notable shift in the wavy curve at lamellar orientation φ = 0° was observed for the 
PST2_σV32. As the lamellae orientation approached φ = 90°, the PST2_σV32 curve progres-
sively aligned with the PST1_σV12 curve. This convergence in yield behaviour occurs as 
the lamellar orientation becomes perpendicular to the loading axis for both the models. 

To analyse the variation of yield anisotropy in both the models, the curves were fitted 
with a Fourier series, providing a detailed assessment of anisotropic differences with re-
spect to combined load-path and lamellar orientations. The general form of the Fourier 
series is given by: 

fሺσvሻ =෍ቆa୬cos ൬2πnσvθ ൰+ b୬sin ൬2πnσvθ ൰ቇஶ
୬ୀଵ  (1)

The coefficients an and bn represent the even (symmetric) and odd (asymmetric) com-
ponents of each harmonic waveform. In the present context, these coefficients describe the 
contribution of each harmonic (corresponding to specific angular load-path values) to the 
yield stress variation. 

The fitted Fourier series curves, shown in Figure 18, closely match the wavy profile 
of the yield curves. Table 7 lists the cosine and sine coefficients for the first 10 harmonics 
for both models, the PST1_σV12 and PST2_σV32. The anisotropic characteristics of the two 
models can be distinguished by comparing these coefficient values, as outlined below: 

The first harmonic represents the primary anisotropic behaviour. The Model 
PST2_σV32 has a notably larger a1 value (139.01 vs. 96.96), indicating a more pronounced 
overall variation in yield stress with orientation compared to the Model PST1_σV12. This 
result suggests that the PST2_σV32 exhibits a stronger fundamental anisotropy (i.e., more 
significant directional yield stress variation). Additionally, the Model PST1_σV12 has a neg-
ative b1 value, indicating some asymmetry in its yield stress distribution, whereas the 
PST2_σV32 has a small positive b1, implying a more symmetric anisotropy. 



Metals 2025, 15, 132 27 of 31 
 

 

 

Figure 18. Anisotropic yield behaviour of lamellar PST-TiAl with respect to 24 load angles, θ = 0–
360°, with 15° increments, and seven lamellar orientations, φ = 0–90°, with 15° increments. 

In the second harmonic, the Model PST2_σV32 again has bigger coefficients, suggest-
ing more complex, higher-order variations in yield stress. The larger a2 and positive b2 
values in the PST2_σV32 imply finer angular variation details in yield stress, contrasting 
with the Model PST1_σV12, where the negative b2 value reflects asymmetry. The relatively 
small positive b2 in the PST2_σV32 indicates, while this higher-order anisotropy is present, 
it remains symmetric. 

For higher harmonics, the decreasing coefficient magnitudes indicate finer-scale ani-
sotropy, representing more localized yield stress variations. In the Model PST1_σV12, har-
monics 3 through 5 display relatively low an and bn values, suggesting that minor and 
simple anisotropy is present. From harmonic 6 onward, little fluctuations in an and bn co-
efficients indicate some localized features, although the higher harmonics remain overall 
weak. 

Table 7. Cosine and sine coefficients for the first 10 harmonics of the Fourier series fitted yield curves 
form the models, PST1_σV12 and PST2_σV32. 

 PST1_σV12 PST2_σV32 
Harmonics an bn an bn 

1 96.964542 −14.248266 139.008259 3.504769 
2 14.363645 −13.098787 24.972708 4.822557 
3 2.440508 −8.123727 0.727883 0.342684 
4 5.571881 −6.857440 −1.450206 −4.678004 
5 0.775485 −3.635532 −9.675343 −9.335495 
6 −18.609284 3.048943 −21.073787 −7.589412 
7 −1.308182 0.025884 1.213972 3.166239 
8 13.580293 −5.564829 19.098035 2.423240 
9 9.548064 −9.413125 5.760339 1.961615 

10 6.297542 −8.787289 −1.709833 −7.526640 
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In the Model PST2_σV32, the third harmonic yields minimal a3 and b3 values, suggest-
ing negligible fine-scale anisotropy at this level. However, from harmonic 4 onward, more 
negative values (e.g., a5 = −9.68, b5 = −9.34) appear, revealing significant localized varia-
tions. These higher harmonics suggest that the anisotropy in the PST2_σV32 is more com-
plex and less symmetric than in the PST1_σV12, especially at finer scales. 

The analysis shows that the Model PST2_σV32 exhibits more pronounced anisotropy 
at both global (first harmonic) and local (higher harmonics) levels compared to the Model 
PST1_σV12. This implies that yield stress in the PST2_σV32 varies more drastically with ori-
entation, indicating stronger anisotropic behaviour. In contrast, the Model PST1_σV12 ex-
hibits greater asymmetry in yield stress variation, especially in lower harmonics (negative 
bn values), indicating directionally biased anisotropy. Conversely, the PST2_σV32 has 
smaller bn values overall, suggesting a more symmetric anisotropy with some localized 
asymmetry in higher harmonics. 

Larger higher harmonic magnitudes in the Model PST2_σV32 further indicate more 
complex anisotropy patterns, whereas the PST1_σV12 shows less complexity and a more 
uniform anisotropic response. 

Now, to generalize yield stress variations across the full lamellar orientation spec-
trum, trendlines were also plotted for both the models regarding the orthogonal planes, 
(σ1-σ2) and (σ3-σ2). These curves exhibit a U-shaped yield stress anisotropy relative to la-
mellar orientation, consistent with anisotropic responses observed under uniaxial loading 
(Figure 2). The trendlines also show that anisotropy is more pronounced in the PST2_σV32, 
where loading occurs on the (σ3-σ2) plane. 

4. Summary and Conclusions 
This work presents an in-depth analysis of plastic anisotropy in α2-Ti3Al and γ-TiAl 

single phases, as well as in two-phase (α2 + γ)-PST-TiAl alloys. By examining the hierar-
chical progression of plasticity from the phase level to the overall structure, this work 
provides critical insights into the anisotropic mechanical responses across the scales of a 
two-phase lamellar structure. Based on these comprehensive analyses, the following con-
clusions can be drawn: 

1. The distinct anisotropic yield behaviour in PST-TiAl alloys is governed by the unique 
deformation mechanisms of α2-Ti3Al (hcp) and γ-TiAl (fcc) phases. The α2-phase ex-
hibits pronounced anisotropy with narrow, hexagonal yield loci contours, while the 
γ-phase shows varying anisotropy resulting in elliptical yield loci contours. In the 
multi-phase PST-TiAl model, interactions between these phases generate more 
rounded hexagonal yield loci contours, demonstrating the crucial role of phase inter-
actions in shaping the overall yield behaviour. 

2. Slip-system activation plays a critical role in determining the yield loci under varying 
load-path angles. In γ-phases, the mechanisms like twinning and super dislocations 
dominate under certain stress states, influencing yield stress and plastic deformation. 
In contrast, the α2-phases are predominantly governed by prismatic and pyramidal 
slips. The relationships between slip-system activities and yield loci contour shapes 
illustrate how crystallographic orientations and stress conditions govern the mechan-
ical response under complex loading scenarios. 

3. Co-deformation constraints in multi-phase PST-TiAl alloys restrict slip evolutions in 
the embedded phases compared to the single-phase conditions. Interactions among 
neighbouring phases vary consequently upon lamellar orientations. These con-
straints, together with microstructural alignments, play crucial roles in shaping the 
anisotropic stress responses and yield loci evolution. 

4. Depending on lamellar orientation, φ, the shape of the yield loci contours varies from 
ellipses to parallelograms or hexagons. The major axes of the yield loci also rotate 
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substantially. Additionally, the lamellar boundary angles introduce structural ani-
sotropy that interacts with the phase-specific anisotropy. This interplay between mi-
crostructure and crystallography controls the overall anisotropic response. 

5. Systematic changes in load-path angles within the (σ1-σ2) and (σ3-σ2) stress planes 
result in corresponding shifts in yield loci contour width and shape, driven by the 
activation of different slip systems. Changes in loading direction alter the stress ratio, 
causing the yield loci to vary across stress planes, with elliptical to parallelogram 
yield loci contour shapes emerging in the (σ1-σ2) plane and ellipses transitioning to 
hexagons in the (σ3-σ2) plane. The Fourier series fitting of equivalent Mises stress 
curves further elucidates the sensitivity of effective Mises stress to loading direction 
and stress ratios. 
It is important to note that the accuracy of the predictions may depend on the as-

sumptions made in the RVE-based unit cell and the selection of the CPFE model. How-
ever, since the presented models use validated parameters that have been calibrated for 
the anisotropic yield behaviour of PST-TiAl alloys within a classical CPFE framework, 
substantial improvements in prediction accuracy are unlikely. 
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