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An efficiency of the singular value decomposition (SVD) method and ordinary differential equation
(ODE) solvers in finding the reflection matrix are compared. A reflection matrix can be found by
solving the one-dimensional radiative transfer equation. The latter’s solution based on the discrete
ordinate method leads to the singular value decomposition (SVD) method. Alternative approach
consists in transforming the original problem into a matrix Riccati equation written specifically for the
reflection matrix. The matrix Riccati equation is solved using numerical integration techniques for
ordinary differential equations (ODEs). It is found that for a single layer case, the SVD approach is
faster than the ODE solvers by an order of magnitude. Yet as the number of layers increases, the ODE
solvers become more efficient than the SVD approach. In addition, they outperform the SVD method
when a solution for a set of optical thicknesses of the medium should be found or when retrieval of
optical thickness should be performed. The comparison between different ODE solvers is performed,
as well.
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1 Introduction

The radiative transfer is an important issue for astrophysics and engineering sciences. The
radiative transfer equation (RTE) describes the radiance field taking into account the multiple
scattering process occurring inside the turbid medium. Several numerical methods were developed to
solve the RTE (including the Monte-Carlo method, the spherical harmonics method and various
analytical models) which date back to the XX century (see, e.g., [1-10] and references therein for a
general review). The discrete ordinate method [11-13] is based on replacing the continuous
dependence of the radiance on direction by a dependence on a discrete set of directions (the so called
discrete ordinates). For a homogeneous layer, the discretized radiative transfer equation can be
converted into a system of linear first-order ordinary differential equations (ODE). The solution of the
ODE system can be expressed as a linear combination of characteristic solutions of the discretized
problem, while in the matrix exponential formulation the solution is found by analytical integration of
ODEs [14]. In both cases, the singular value decomposition (SVD) of the layer matrix incorporating
the scattering properties of the layer should be performed, which is relatively time consuming step in
the whole algorithm, as shown in [15-17].



Another approach involves the concept of invariant imbedding, which is due to Ambartsumian
[18]. The invariant imbedding principle is based on the fact that the reflection function remains
unchanged upon addition of a new layer. In Refs. [19, 20] it was showed that the reflection function
derived by using the invariant imbedding satisfies the matrix Riccati equation.

If the medium is inhomogeneous, it can be represented as a set of homogeneous layers and
then, the reflection and transmission matrices for all layers can be combined into the reflection and
transmission matrices for a stack of layers using the matrix operator method [21] which involves the
matrix multiplications and inversions.

The numerical integration of the matrix Riccati equation does not use the SVD step or the
matrix operator method in the case of a inhomogeneous medium. On the other hand, once the SVD is
performed, the rest computations are made analytically and do not involve any approximations,
whereas the ODE solvers are based on approximate differential schemes and can be not efficient for
stiff problems. In this regard, our goal in this paper is to compare efficiencies of SVD and ODE
approches for solving one-dimensional RTE. The rest of the paper is organized as follows. In Section
2 we briefly expose the mathematical background of the SVD method and outline the transformation
of the RTE into the matrix Riccati equation. In Section 3 we overview the ODE solvers chosen for the
comparison. Section 4 presents the numerical simulations. The paper is concluded with a short
summary.

2 Theory
2.1 The singular value decomposition approach

We consider a one-dimensional RTE for the radiance L :
uw Mﬂp(f,ﬂ',ﬂ,w—w)L(f,ﬂ',qf)dﬂ'd(p', (1)
dr Ar 57
where 7 is the optical depth, x and ¢ are the cosine of the polar angle and the azimuth angle,
respectively, @ is the single scattering albedo, while p is the single scattering phase function

describing the angular distribution of the radiance after a single scattering event. The numerical
solution of Eq. (1) based on the discrete ordinate method involves the following steps:
e The cosine azimuth expansion of the radiance field and the phase function which leads us to an

equation for the azimuth component L, (7, x).

=—L(z, 1, 0)+

o Discretization of the radiance field in the x -domain by considering N,, Gaussian points

{1} per hemisphere and corresponding weights {w;}, where i=1,...,N

oy Ny -
e Stratification of the inhomogeneous atmosphere as a system of N homogeneous layers:
7,<7,<..<7y,,Where 7,=0 and 7, =7,. Alayer | isbounded above by the level 7,

and below by the level 7,,;.

For layer | with the optical thickness 7, = z,,, —7, Eq. (1) is transformed into the system of
ODEs (hereinafter for simplicity we omit azimuth index m):
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where [i“(z’)]‘ =L, (7, %), 1=1,..,Ng,, while A and b are the so called layer matrix and

layer source vector, respectively (computational details can be found in [22]). The integral of Eq. (2)

is
i’ i’
—Ll}te“'“ L'“] J'e“b t)dt. (3)

Next, to evaluate e, we make use of the singular value decomposition of the A -matrix resulting
in the following expression for the matrix exponential:

M= vettvt, @
where V is the eigenvector matrix and A is the eigenvalues matrix for the |th layer. Then, using
Eqg. (4) and Eq. (2) and rearranging the entries, we relate the radiances at the layer boundaries as

follows:
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where R,N and T,N are the reflection and transmission matrices, respectively, while QlN is the

e Alt

source term (see exact formulas in [22]).
In the case of a multilayer system, an equation similar to Eq. (5) can be derived by using the
matrix operator method [23]. Indeed, for the I+1 th layer equation (5) takes the form

i IT+1 R IT+1 -I_ITrl I 1+1 Q IT+1
- ! D SN i P (6)
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Using Eq. (5), we exclude ilﬂl and iI+1 from Eq. (6) and obtain the equation for the larger
layer encapsulating layers | and I+1:
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E istheidentity N, x N, matrix while lower indices in brackets refer to encapsulated layers. Note
that the adding of the layer by going through Egs. (8)-(13) requires 6 matrix inversions and 19 matrix

multiplications.

For a multi-layered atmosphere, the reflection matrix of the entire atmosphere is computed
recursively from the reflection and transmission matrices of each layer by using the adding algorithm.
Starting from the top of the atmosphere, we combine the first and second layers to create a thicker
single layer (a stack) with effective reflection and transmission matrices and source functions using
Egs. (8)-(13). The procedure is then repeated until the last layer is added to the stack. The application
of the boundary conditions gives the radiance at the top of the atmosphere.

Two comments are in order:

1. After putting all the layers into the stack, an equation similar to Eqg. (5) is obtained but with
parameters for the whole stack. Taking the downwelling radiance i at the top of the medium and
the upwelling radiance at the bottom of the medium from the boundary conditions, the reflected

and transmitted radiances ilT and ilﬂl can be readily found.

2. Even if we are interested only in the reflection matrix, the computations of both reflection R
and transmission T matrices as well as the sources Q have to be performed to go though Eqgs.

(8)-(13).

2.2 Riccati equation formulation

The matrix Riccati equation can be derived through the propagator P, [23, 24], such that

From Eq. (5) it follows that

.4 -4
[IIJF]-]:P {h :l (14)
. oyl
II+1 II
P ~ -I-IT—l _-I-IT—lR[L (15)
CRIT T -RITRS



On the other hand, from Eqg. (2), it follows that

dp-ap. (16)
T

Substituting Eqg. (15) into Eq. (16), we obtain for the reflection matrix R, :

di R'=b +aR’ +R'a, +R'bR!, (17)
T
where a, and b, are the sub-matrices of A, :
a b
A, { ! ! } (18)
b, —q

Eqg. (17) can be generalized to the case when the optical properties are smoothly changing with the
optical depth 7:

a

T

Then, by setting RT(O) =0, Eq. (19) can be integrated numerically as an ODE.

R'(r)=b()+a(@)R"(r) + R (r)a(r) + RT (1)b(r)R (7). (19)

3 Overview of ODE solvers

For the comparison we take the following ODE solvers: RK45, RK23, DOP853, BDF, LSODA.

1. RK45: the method of Dormand and Prince [25] of fifth order with embedded error estimator of
order four. It uses six function evaluations per integration step.

2. RK23: explicit Runge-Kutta method [26] in which error is controlled using the second order
method and it uses three function evaluation per integration step.

3. DOP853: embedded Runge-Kutta method of the eighth order with the dense output (seventh
order) and step control [27]. A fifth order estimation with third order correction is used. It does
twelve function evaluations per integration step.

4. BDF: implicit method with a variable step based on backward-differentiation formulas. This
solver [28] has an order that automatically changes from 1 to 5.

5. LSODA: method which allows to automatically switch between stiff and nonstiff methods [29]. It
has two regimes: Adams scheme and BDF scheme.

Note that in [30] the Riccati equation was derived for describing the transport of electrons in
solids and the BDF algorithm was applied to solve it.

4 Numerical simulations

The SVD solver has been implemented in C++ and python 3.9. The implementation is based
on the LAPACK and numpy libraries, respectively. The C++ implementation is about about 20 %
faster than that in python. To evaluate the computation time accurately, the computations are repeated



100 times and the resulting elapsed time is divided by the number of repetitions. Computations are
performed on a personal computer Intel Core i7-8700 CPU @ 3.20GHz (12 CPUs), 3.2GHz, 32GB
RAM.

4.1 Homogeneous medium

To validate the solvers, we consider a homogeneous plane parallel layer. The optical thickness
is 1, the single scattering albedo is 0.99, while the phase function is Henyey-Greenstein with the
asymmetry parameter of 0.8. The phase function expansion coefficients are scaled following the

delta-M procedure [31]. The computations are performed for the following values of N, : 4, 8, 16
and 32. The result of computations is the reflection N, by N, matrix. The computation times of

the solvers together with the mean and maximum relative errors (¢, and ¢, respectively) are

mean max !

shown in Table 1. When computing ¢,.., , the error is averaged across all elements of the reflection

matrix.

Unlike the SVD method, which provides an accurate solution to equation (2), the ODE solvers
are based on the approximate schemes of integration. In this regard, as the reference solution, we take
the reflection matrix computed by the SVD method. Although, the SVD solver appears to be an order
of magnitude faster than the ODE solvers, the latters provide an accurate solution within 0.1 %
relative error in most cases. The RK23 solver gives the lowest accuracy, though being faster than
DOP853, BDF and LSODA. The example of results obtained by the SVD solver and the ODE solvers

for the N, =16, the optical thickness 1 and the normal angle of incidence are shown in Figure 1.
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Figure 1: Comparison of results obtained by the SVD solver and the ODE solvers. (left) The
reflection function for a normal incidence; (right) relative difference in percentage between the ODE
solvers and the SVD solver.

Table 1: Computation time and the error of the SVD and ODE solvers. Homogeneous layer

|SVD |RK45 |RK23 |DOP853 |BDF LSODA




Ndo 4

Time, ms 0.2 2.0 3.0 3.9 8.9 3.0
Enean » Y0 — 0.05 0.02 7E-4 6.9E-3 1.2E-2
Enaxr Y0 — 0.45 0.45 0.45 0.46 0.45
Ny, 8

Time, ms 0.5 6.3 5.1 6.9 9.3 59
Enean » Y0 — 1.2E-5 | 6.54E-6 | 3.4E-5 3E-4 3E-4
Enaxr Y0 — 0.07 0.017 0.02 0.03 0.03
Ny, 16

Time, ms 1.0 29.9 249 28.9 36.9 51.9
Enean » 0 — 4E-7 7.3E-6 | 4E-8 6E-5 5E-5
E s Y0 — 0.75 2.23 1.0 0.03 0.03
Ny, 32

Time, ms 3.6 251 145 241 663 927
Enean » Y0 — 1E-10 1E-11 4E-10 2E-5 1E-5
Epnax» Y0 — 0.3 2.4 1.3 0.04 0.03

4.2 In-homogeneous medium

In this section we evaluate the performance of SVD and ODE solvers in the case of a
inhomogeneous medium, namely, an example of a suspended absorbing particles in the air. The
particles settle in the air making the single scattering albedo decreasing with the optical depth z'. We
parametrize the profile of the single scattering albedo as follows:
e—br’ _e—br

A e

: (20)

where b is a tuning parameter controlling the decreasing rate of the profile. The example of the
profile of the single scattering albedo is shown in Figure 2.
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Figure 2: The single scattering albedo as a function of the optical depth.

The medium is spatially discretized into a set of N homogeneous layers of the optical thickness

7/ N each. The single scattering albedo of each sublayer @ is taken as the integral-average value
across the optical depth, namely,

iy = [ Vo(r)dr, (21)

i

To make the comparison consistent, the stratified system is given as input to the ODE solvers. The
results of comparison are shown in Tables 2-4. The resutls are shown for those values of N, at which
the relationship in the computation time between SVD and at least one ODE solver changes. Note, that
in practise, to evaluate the required number of layers, one could iteratively increase the spatial
discretization until the solutions at two consequent iterations differ by less than a given threshold. A
detailed analysis of the errors associated with the representation of an inhomogeneous medium as a
system of homogeneous layers can be found in [32—33]. Discretization error is not considered in this
work.

Table 2: Computation time and the error of the SVD and ODE solvers for an in-homogeneous layer
with 7=0.1

SvD RK45 | RK23 | DOP853 | BDF LSODA | N layers
Ndo 4

*Time, ms 0.65 0.94 2.19 0.62 1.26 0.78 1

1.92 0.78 2.34 0.78 1.17 0.78 2

2.34 1.2 1.95 0.78 1.56 0.78 5




Epean » Y0 — 0.3 0.3 0.3 0.3 0.4 —
Emax» Y0 — 0.4 0.4 0.4 0.4 0.5 —
Ndo 8
*Time, ms 1.47 1.11 4.23 1.09 1.87 0.94 2
3.13 1.25 4.03 1.09 1.87 0.95 4
4.7 1.32 4.07 1.25 1.84 1.1 6
Ennean + 70 — 0.004 0.01 0.004 0.001 0.13 —
Err %0 — 0.04 0.07 0.02 0.002 0.53 —
N, 16
*Time, ms 3.12 2.43 22.01 18.75 4.69 3.73 2
15.63 |3.12 21.87 17.18 3.12 3.12 10
21.87 |3.12 20.3 18.75 4.69 3.12 15
Eean» Y0 — 0.001 0.011 0.008 0.00008 | 0.012 —
Enayr Y0 — 0.24 0.097 0.037 0.018 2.34 —
N, 32
*Time, ms 18.75 |20.31 303.34 | 307.27 20.42 15.62 3
2499 |21.29 29191 |305.54 21.52 17.3 5
324.16 | 20.31 294.28 | 315.29 23.54 125 60
Epean » Y0 — 0.002 0.006 0.005 0.00008 | 0.007 —
Eaxr Y0 — 2.2 0.04 0.04 0.07 6.7 —
Table 3: The same as in Table 2, but for 7 =1
SvD RK45 RK23 DOP853 | BDF LSODA | N layers
Ndo 4
*Time, ms 2.34 2.34 3.71 1.95 2.26 1.56 4
24 1.95 4.23 1.56 2.34 1.79 5
4.69 2.15 3.91 1.59 2.34 1.56 9
Epean» Y0 — 0.2 0.19 0.2 0.19 0.2 —
Epaxr Y0 — 0.46 0.47 0.45 0.46 0.45 —
Ndo 8
*Time, ms 421 5.47 5.94 5.75 5.73 3.93 6
5.73 5.49 6.43 5.66 6.53 3.83 8
7.81 5.43 6.15 5.49 6.04 3.83 10
< % — 0.002 0.01 0.01 0.001 0.004 —

mean !




Emaxr Y0 — 0.08 0.04 0.03 0.03 0.2 —
Ndo 16
*Time, ms 15.87 | 24.23 2151 58.61 28.97 15.18 11
3148 |21.87 25.1 59.13 24.99 15.73 20
60.94 |21.55 23.43 54.78 23.18 15.62 37
Ennean » Y0 — 0.003 0.009 0.009 0.005 0.01 —
Epaxr Y0 — 0.75 0.03 0.03 1.02 2.2 —
Ndo 32
*Time, ms 1144 | 1715 348.9 684 158.65 | 101.3 18
3359 |[171.3 366.9 692.1 161.6 098.2 60
699.7 | 173.7 348.2 670.7 159.9 101.1 136
Enean » Y0 — 0.0003 |0.01 0.008 0.001 0.002 —
Epaxr Y0 — 0.3 0.04 0.03 1.3 2.4 —
Table 4: The same as in Table 2, but for 7 =10
SVvD RK45 RK23 DOP853 | BDF LSODA | N layers
Ndo 4
*Time, ms 4.7 11.7 6.3 35 10.9 7.8 9
8.6 11.6 6.2 35 114 7.97 17
12.3 114 6.3 35 10.9 8.2 25
o » Y0 — 0.07 0.05 0.03 0.06 0.08 —
g » Y0 — 0.12 0.1 0.055 0.12 0.2 —
Ny, 8
*Time, ms 9.4 46.6 8.2 12.9 39.9 29.7 12
14.1 46.8 8.4 125 39.6 29.7 20
48.3 46.2 8.2 12.9 39.7 29.6 65
E o » Y0 — 0.003 0.02 0.03 0.001 0.01 —
Epaxr Y0 — 0.12 0.04 0.07 0.04 0.6 —
N, 16
*Time, ms 34.4 232.8 25.1 97.4 200.7 144.4 20
120.8 |226.9 27.09 96.6 196.5 140.4 80
2409 |2255 26.6 102.85 194.1 141.3 120
E e » %0 — 0.001 0.01 0.03 0.002 0.004 —
& . % — 0.3 0.03 0.07 0.5 0.8 —

max 1




Ndo 32

“Time,ms | 508.8 |1670.2 |377.6 |960.5 |1380.3 |9351 | 100
10254 | 1677.04 | 390.4 | 969.98 | 1392.7 | 944 200
1672.2 | 16653 |379.6 | 9625 |1389.1 |9437 | 340
o % —  Joo002 [002 [0.03 0.00006 | 0.0001 | —
P — |18 0.04 | 0.07 006 |01 —

Notes: Bold indicates the times of computation of ODE solvers, which are faster than SVD method.

5 Conclusions

In this paper we have analyzed the efficiency of ODE solvers for finding the reflection matrix
by solving the one-dimensional RTE. As a reference solution, we take that based on the singular value
decomposition method.

For a homogeneous medium, the SVD solver is an order of magnitude faster than the
considered ODE solvers. Nevertheless, the ODE solver provide accurate solution with the order of
relative difference is about 0.1 %. For the inhomogeneous medium, the efficiency of ODE solvers
increases the number of layers increases. However, the more discrete ordinates are, the larger is the
number of layers at which the ODE solvers outperform the SVD solver. For instance, for N, =4

and N, =32, it takes place at 4 and 18 layers, respectively. Also we note that the number of layers at

which the ODE solvers become more efficient increases with the optical thickness of the medium.

From our point of view, the main benefit of ODE solvers is a dynamic detection of the required
spatial discretization of the medium. They do not require computations of the transmission functions
and application of the matrix operator method. Besides, if the optical properties are vertically
inhomogeneous, the ODE solvers internally fit the appropriate step of integration to satisfy the
accuracy requirements. Another application of ODE solvers is the computations of the lookup tables
for a set of layer optical thicknesses. While the SVD method can reuse only the eigenvalue
decomposition results for such computations, the ODE solvers automatically provide the solution for
the required set of layer optical thicknesses. A thorough evaluation of this case will be a subject of our
future papers.
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