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Combinatorial Optimization Problem

Informally, Find the optimal configuration that would minimize Hamiltonian.

Formally, The problem is defined as

minH(z); z = (z1; : : : ; zn) 2 f�1gn (1)

where the maximum is achieved for configuration z�.

NP-Hard Problem (e.g travelling salesman problem, Max-q-XORSAT, ground state
(energy) of spin glass).
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Overlap Gap Property (informal) [Gamarnik, 2021]

Overlap Gap Property (OGP) is a known obstruction for combinatorial optimization
problem with various variations (C-OGP, m-OGP).

Informally, solutions are clustered and 2 solutions are either very close or very far
from each other.

OGP present
No OGP
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q-spin model and Max-q-XORSAT

Hamiltonian of q-spin glass

Hq(z) = � 1p
N(q�1)

�
j<k<���<q

Jjk:::qzjzk : : : zq; Jjk:::q �i id N (0; 1=n(q�1)):

Hamiltonian of Max-q-XORSAT

Hq
XOR(z) = � �

(i1;:::;iq)2E

1

2
(1 + Ji1i2:::iqzi1zi2 : : : ziq); Ji1i2:::iq 2 f+1;�1g:

DLR

Mark Goh, Institute for Materials Physics in Space, March 20, 2024
4



q-spin model and Max-q-XORSAT

Hamiltonian of q-spin glass

Hq(z) = � 1p
N(q�1)

�
j<k<���<q

Jjk:::qzjzk : : : zq; Jjk:::q �i id N (0; 1=n(q�1)):

Hamiltonian of Max-q-XORSAT

Hq
XOR(z) = � �

(i1;:::;iq)2E

1

2
(1 + Ji1i2:::iqzi1zi2 : : : ziq); Ji1i2:::iq 2 f+1;�1g:

DLR

Mark Goh, Institute for Materials Physics in Space, March 20, 2024
4



Quantum Approximate Optimization Algorithm

Components of QAOA
1. Each layer of QAOA has:

e�iHC with cost function HC

e�i�B where B =�
n

i=1Xi

2. As p !1, QAOA gets exact
result (provided spectral gap
does not close).

Circuit diagram of QAOA [Zhou et al., 2020]
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QAOA performance [Basso et al., 2022a]

Averaging over the disorder/randomness (EJ), for any p and parameters (; �)

lim
N!1

EJ [ h; �jHq=Nj; �i] = V (q)
p (; �) (2)

On any D-regular q-uniform hypergraph with girth > 2p + 1, for any p and
parameters (; �)

1

jEj h;�jC
q
XORj;�i =

1

2
+ �[q]

p (D; ;�)

√
q

2D
; (3)

�[q]
p (;�) = lim

D!1
�[q]
p (D; ;�) (4)
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Asymptotic equivalence + limitation

For any p and parameters (; �), we have equivalence of performance on dense
and sparse graphs [Basso et al., 2022b]:

V (q)
p (; �) =

p
2�[q]

p (
p
q;�)

Conjecture for Sherrington–Kirkpatrick Model

lim
N!1

lim
p!1

?
= lim

p!1
lim
N!1

For Max-q-XORSAT on a random Erdös–Rényi hypergraph, for every even q � 4,
there exists a value EOGP > Emin such that QAOA is limited if p � O(log(N))
[Chou et al., 2022]:

h; �jCq
XOR=Nj; �i � EOGP :
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Conjecture and main result

Conjecture
The OGP for Max-q-XORSAT is a monotonic increasing property of graphs in general
and not just for Erdös–Rényi

Theorem
The OGP also holds for Max-q-XORSAT on a random regular hypergraph and thus
has the same limitation mentioned before.

Numerical results support + random Erdös–Rényi hypergraph and random regular
hypergraph similar in large degree limit

Spectrum for n = 40 Max-4-XORSAT with degree 10.
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Corollaries

Corollary 1
If conjecture is true, then the performance of QAOA on the pure q-spin glass for even
q � 4 converges to EOGP as p !1 and is strictly greater than the optimal value, i.e.
the Parisi value, using recent algorithm [Basso et al., 2022b].

Corollary 2
If a problem exhibits the OGP, then the swapping of limits results in a sub-optimal
solution.

Corollary 3
By failure of reduction to Quantum adiabatic algorithm, the spectral gap closes in the
thermodynamic limit when the OGP is present.
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What’s next?

1. Sherrington–Kirkpatrick (2-spin glass) model unlikely to have OGP, does limit
swapping still holds?

2. OGP likely to exists for all q � 3. Current proofs only for even q � 4 and for
q � 1.
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Summary

Assuming monotonicity of the OGP, Max-q-XORSAT on random regular uniform
hypergraph also exhibits OGP.

OGP implies
1. Suboptimal performance of QAOA even if p !1 for current methods.

2. Optimising QAOA under limit swapping is suboptimal.

3. Spectral gap closes during adiabatic evolution for n !1.
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Thanks for listening! Any questions?
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