
Citation: Dömling, F.; Paysan, F.;

Breitbarth, E. Numerical Simulations

of Stress Intensity Factors and Fatigue

Life in L-Shaped Sheet Profiles. Metals

2024, 14, 1463. https://doi.org/

10.3390/met14121463

Academic Editor: Alberto

Campagnolo

Received: 22 November 2024

Revised: 12 December 2024

Accepted: 18 December 2024

Published: 21 December 2024

Copyright: © 2024 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

Article

Numerical Simulations of Stress Intensity Factors and Fatigue
Life in L-Shaped Sheet Profiles
Ferdinand Dömling * , Florian Paysan and Eric Breitbarth

Institute of Materials Research, German Aerospace Center (DLR), Linder Höhe, 51147 Köln, Germany;
florian.paysan@dlr.de (F.P.); eric.breitbarth@dlr.de (E.B.)
* Correspondence: ferdinand.doemling@dlr.de

Abstract: The assessment of fatigue cracks is an elementary part of the design process of lightweight
structures subject to operational loads. Although angled sheets are standard components in forming
technology, fatigue crack growth in geometries like C- and L-sections has been little-studied and is
mostly limited to crack growth before the transition through the corner. In this study, fatigue crack
propagation is simulated to explore the influence of sheet thickness, corner angle and corner radius
on the fatigue life in an L-section. The stress intensity factor (SIF) is derived as the driving force
of crack growth over the full crack path. Special attention is paid to the evolution of the SIF in the
radius sub-section and its implications on the fatigue life. The results show that the SIF in an angled
sheet for given loading conditions and crack lengths cannot be readily approximated by the SIF in
an equivalent straightened sheet. The bending angle and radius lead to crack growth retardation
or acceleration effects. These findings are important for the design and optimization of forming
geometries with regard to fatigue crack growth.

Keywords: stress intensity factor; L-section; finite element simulation; fatigue crack growth; fracture
mechanics

1. Introduction

Metal fatigue remains a major concern in engineering structures subjected to variable
cyclic loading. Findlay and Harrison [1] argued that, for aircraft components in particular,
the majority of failures (55%) can be attributed to fatigue, while in general engineering
applications, fatigue still accounts for 25%, second only to corrosion.

With a shift in industry towards increased sustainability [2,3], new and optimized
manufacturing processes for lightweight components [4–7] might offer enhanced perfor-
mance capabilities, greater design freedom and significant benefits in terms of resource
efficiency. From the perspective of damage tolerance [8], the close relationship between
manufacturing processes and fatigue properties [9–12] requires a reassessment of crack
growth behaviour in critical applications. The required extensive test program is often time-
consuming and costly [13]. An accurate numerical model including manufacturing-related
variables of fatigue crack growth in complex real-world structures enables smaller safety
factors and further reduces component weights and costs.

While the modeling of fatigue in virtual testing [14–17] has the potential to accel-
erate the implementation of optimized components, it also requires a more profound
understanding of the relevant geometrical- and materials processing-related factors and
their interconnections. Therefore, effects like microstructure formation [18–20], cold hard-
ening [21–25], residual stress [26–28] and manufacturing-related damage [29–32] are of
particular significance in the processed zone of the component. This section may not only
exhibit significant deviations on a micromechanical level but also geometric differences
from the samples employed in laboratory experiments.

Recently, the high-fidelity experimental evaluation of fatigue properties in geometries
closer to real components has come into focus, combining optical and analytical methods.
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Mokhtarishirazabad et al. [33] present a hybrid optical–analytical approach, combining
digital image correlation (DIC) with modeling the linear–elastic field around the crack
tip via the Williams series’ expansion approximation. Vormwald et al. [34] investigate
mixed-mode fatigue in thin-walled tubes using DIC. Similarly to Mokhtarishirazabad et al.,
they bypass the issue of DIC on curved surfaces through high magnification, ensuring a
locally flat plate approximation. Camacho-Reyes et al. [35] propose a differential geometry
method combined with 3D-DIC to characterize crack tip fields on non-planar surfaces,
extending 2D models to 3D developable surfaces. Cao and Sipos [36] introduce a novel
approach to the determine stress intensity factors of cylinders and domes by adapting the
Williams expansion to non-developable surfaces. All studies emphasize the importance
of advanced experimental techniques, in conjunction with analytical models, to better
understand crack behaviour in more complex geometries and loading conditions beyond
traditional planar assumptions.

Even for a cross-section of standard three-dimensional (3D) engineering geometries,
such as angled sheets with I-, T-, C- and circular cross-sections (exemplarily [37–42]), there
is a lack of available analytical handbook solutions of varying accuracies that are readily
available for comparison with experimental data. These geometries are commonly encoun-
tered in structural components such as stiffened plates used in aerospace, marine and civil
engineering applications, where understanding crack arrest behavior and fatigue perfor-
mance is crucial. Stiffener-plate configurations and residual stresses significantly influence
crack propagation and arrest mechanisms in these structures. For instance, Huang et al. [43]
showed that intact stiffeners enhance crack arrest effects, but the performance diminishes
rapidly once stiffeners are compromised. Llopart et al. [44] found that certain stringer
geometries are more suitable than others to reduce stress intensity factors and improve
fatigue life. Labeas et al. [45] observed that residual stresses from welding processes can
reduce SIFs, particularly with laser beam welding compared to high-speed machining,
emphasizing the role of the manufacturing route.

Since an arbitrary curved crack front is not readily parameterizable, however, such
solutions are often limited to straight crack fronts and/ or restricted to cracks before
and after transitioning through the corner regions of respective geometries. In order to
fill this gap in understanding the fundamental behavior of cracks in such geometries, a
parameterized finite element (FE) study was utilized to identify the effect of specimen
geometry on the stress intensity factor (SIF) of a single edge crack in a partially curved
sheet under cyclic loading. Given that advanced sheet metal bending offers a cost-effective
and efficient method for producing lightweight components, a bending geometry was
adopted to mirror practical manufacturing techniques. The focus was on the crack growth
stage and an efficient adaptive remeshing approach was used to derive the crack-front
shape step-by-step. The design space considered the sheet thickness, the bending angle
and the bending radius. The focus was on the L-profile shape and the effect of the bending
angle on the geometry of the crack front and the SIF is described. The degrees of freedom
of the model were confined realistically to represent a conductible laboratory experiment
under a uniaxial load. By comparing the SIF of an equivalent crack in a straight sheet,
the deviation in the crack’s SIF due to the bending angle and radius was quantified.
Furthermore, geometries that were adapted to specific design cases are presented. The
focus was on the radius for an angle of 90◦ and constant thickness as it had the least impact
on functionality and was mainly influenced by the design and the manufacturing process.
Then, the expected lifetime for exemplary components mapped from the parameters’ space
was estimated and the implications of the findings on the lifetime of a part with a variable
bending radius are discussed. Finally, design and evaluation insights to further improve
component life are provided.

2. Materials and Methods

This finite element parameter study was performed using the ANSYS multi-physics
solver MAPDL 22.2 (ANSYS Inc.; Canonsburg, PA, USA) with a Linux workstation (2x
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Intel Xeon Gold 6240 18C, 256 GB RAM, NVIDIA RTX8000). The simulation workflow was
implemented in PyANSYS [46] (v0.64.0). PyANSYS is a Python API for communicating
with the Mechanical Ansys Parametric Design Language (MAPDL) instance. This approach
allowed us to leverage the general expressiveness of the Python language while maintaining
the computational efficiency of the MAPDL core.

In this study, the influence of three geometrical parameters on the evolution of the SIF
in the model of a sheet pre-product under axial loading was investigated. The key input
parameters considered were the sheet thickness, t, bending angle, α, and bending radius, r.
The parameter spaces are listed in Table 1.

Table 1. Examined parameter variation in a total of 126 3D crack growth simulations with a constant
width of straight sections of Wpre = Wpost = 50 mm (V1_WPrePost). An additional 5 simulations
were conducted with t = 4 mm and α = 90◦ and variational r with a constant total sample width, W
(V2_WTotal), and an additional 5 were conducted with a constant bounding box (V3_BBox). As a
reference, for each parameter variation, an additional 2D simulation of a straight sheet with an equal
width, W = 181 mm, was conducted.

Parameter Symbol V1_WPrePost V2_WTotal V3_BBox

Sheet thickness t [2,4,8] mm 4 mm

Bending angle α

[5,10,20,40,60,90,120]◦

+ straight sheet
(α = 0 ◦)

90◦ + straight sheet (α = 0 ◦)

Bending radius r [5,10,20,30,50] mm + L-profile (r = 0 mm)

Figure 1a,b show a schematic model of the parameterized bended sheet for a special
case of the standard L-profile with a bending angle of α = 90◦ and bending radius of
r = 0 mm.

In the y-direction, the length L equaled 400 mm and was chosen to be constant for all
parameter sets. Since the model’s base was an isosceles, the web and flange were of the same
geometry. To distinguish the individual sections, the equivalent width W of the model was
divided into 3 parts: (1) the pre-corner section (Wpre) with the initial notch (artificial crack),
(2) the corner section (Wcorner) with the radius and (3) the post-corner section (Wpost). The
nomenclature followed the expected crack growth direction in the x-dimension. Figure 1c
depicts the corner region and the crack-front descriptors, including two measures of the
crack-front width. Here, cins,out was the distance between the endpoints of the crack front
on the inside and outside of the profile and the Euclidean distance between each crack-front
node, ∆cnode, as a summand of the total Euclidean crack-front width, ccf = ∑ ∆cnode, as
also shown in Figure 1c. The crack-front depth, dcf, was the maximum perpendicular
distance from the segment represented by cins,out and provided inside into the crack front’s
curvature. Figure 1d provides an exemplar of the final three-dimensional geometric model
for the parameters r ̸= 0 mm and α ̸= 90◦.

For the pre- and post-corner section, three variations were chosen: The first variant
(hereinafter referred to as ‘V1_WPrePost’) kept the widths Wpre = Wpost = 50 mm constant
over all parameter sets. The total width, Wtotal = Wpre + Wcorner + Wpost, was then
fully defined by the addition of the neutral fibre increment Wcorner = f(α, r, t), equal to
απ
180◦

(
r + t

2
)

for r > 0 and tan
(
α
2
)
t t for r = 0. This version of the angled sheet was fully

parameterized over α, r and t.
The second variant (hereinafter referred to as ‘V2_WTotal’) considered, from the design

perspective, the specific application of an L-shaped component with a constant width
(W = 181 mm) and variable radius. For this special case, α = 90◦ and t = 4 mm were
kept constant and Wpre = Wpost = (Wtotal − Wcorner)/2 as a function of r. In general, the
bending radius, r, was the radius at the root of the corner. The outer radius, r + t, followed
the shape at the root’s radius.
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Figure 1. Exemplary models of the angled sheet with applied boundary conditions. (a) Schematic for
α = 90◦ and r = 0 (L-profile) with a front view and (b) top view. (c) A corner region with geometric
parameters and crack-front descriptors (d) Three-dimensional geometry with an isometric view for
t = 4 mm; α = 40◦; and r = 20.

The third variant (hereinafter referred to as ‘V3_BBox’) addressed the design per-
spective with a focus on maintaining a constant installation space. In this scenario, the
total width, Wtotal, was a function of α and r, similarly to the geometry considerations
for a constant leg width. However, Wtotal was inversely proportional to both α and r:
Wtotal ∝ α−1, r−1. Like in V2_WTOTAL, α was kept constant at 90◦. This relationship
meant, in general, that a smaller bending radius allowed for a better approximation of
the installation space contour, leading to a higher overall sheet width for smaller radii.
This design variant would provide a more efficient use of the available space, particularly
advantageous in applications where space constraints are critical. As the starting geom-
etry for crack growth, the initial notch of the length apre = 5 mm was placed centered at
(x,y) = (0, 200) mm. The “artificial crack” acted as an initial flaw and was oriented for pure
mode-I loading.

Figure 2 shows examples of V1_WPrePost, V2_WTotal and V3_BBox.
The boundary conditions were defined as shown in Figures 1 and 3. The lower end

(y = 0 mm) of the model was fixed (APDL command: D,ALL,ALL,0) in all three spatial
directions. Mechanical uniform loading was applied via remote loading, implemented
through a multi-point constraint using ANSYS TARGE170 and CONTA174 elements at
the upper end (y = 400 mm). The remote point’s coordinates corresponded to the centroid
of the uncracked section. The centroid of the uncracked section, which was identical to
the base area, was derived via tessellation (APDL command: ASUM) for each parameter
set. The loading axis remained constant over the virtual crack growth experiment and
was not affected by the crack length, ensuring that it did not change as the uncracked
ligament decreased during crack growth. A remote point was used for loading to simplify
the modeling process by replacing a more complex guided linear motion system, e.g.,
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the clamping system of a testing rig, thereby ensuring an accurate representation of load
transfer while maintaining computational efficiency.
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The force, Fy = σ0ABase, at the remote point S (APDL Command: F,S,FY,Fy) was
calculated by the constant nominal remote stress (σ0 = 25 MPa), and the base area, ABase,
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was defined through the geometry parameters. Except for UY, all other DOFs (translations,
rotations) were suppressed. The constant amplitude load was applied as a one-step function
(APDL command: KBC,OFF) with Fmax = Fy and Fmin = 0. It is worth mentioning that
the analysis inherently allowed for crack-face closure (or, to be more precise, intersection).
In principle, a negative SIF resulting from intersecting crack-front regions would lead to
partial crack-front arrest (see Equations (3) and (4)) in the respective subsection. However,
negative SIFs were not observed in the simulations. Achieving such negative SIFs would
necessitate strong bending moments relative to the axial load on the crack front, which
were effectively restricted by the rotational constraints imposed at the remote point.

Sobotka and McClung [42] showed for the out-of-corner parts of a C-section that
the SIF can be significantly higher than that of a straight sheet under identical loading
conditions. As for the reference, for each Wtotal observed, a “straightened” model was
derived accordingly.

The curved sheet models were meshed with higher-order, 3D, 10-node SOLID187
tetrahedron elements with a quadradic displacement formulation. In general, those ele-
ments are well suited for modeling irregular meshes and are also required by the SMART
algorithm. Figure 3a shows the mesh for the geometry presented in Figure 1d. The mesh
could be portioned into three parts: the global mesh, a refined mesh at the boundaries and
the refined part around the crack front.

The global mesh size was set to Esizeglobal of 2·t (APDL Command: ESIZE,ALL,
Esizeglobal). The mesh size appears relatively large, but it should be noted that the material’s
definition is linearly elastic and the focus was on the contours close to the crack tip.
Sensitivity studies of mesh size showed that a more refined mesh in the regions outside
the remeshing zone had a negligible influence on the calculated SIF. The mesh around
at boundaries was further refined (APDL command: NREFINE,ALL,1,1) which showed
increased numerical stability. To avoid remeshing errors at the start of the simulation, the
region around the notch was also initially refined to match the crack-front element size,
Esizecf, of t/8 (APDL command: RMCONT, ESIZ, Esizecf). The crack-front elements were
equally distributed along the crack front. As a result, the crack front was formed from a
total of 21 nodes (11 corner, 10 mid-side).

The SMART tool (APDL Command: CGROW,METHOD,SMART) offered in-solver
adaptive remeshing after each solution step for crack advancement. The position of the new
crack-front nodes was determined by the fracture parameters of the previous crack-front
node component. Alshoaibi [47] showed this method’s excellent agreement with formerly
reported experimental and numerical methods for crack growth under mixed-mode loading.
Figure 3b shows the iterative process of crack growth and adaptive remeshing as well as the
formation of the characteristic butterfly-shaped crack tip stress field. The evaluation by the
well-known interaction integral method [48–51] (APDL command: CINT,TYPE,SIFS) in its
3D implementation was chosen as the basis for the SIF evaluation. The out-of-plane crack
growth direction was based on the Erdogan and Sih proposed maximum circumferential
stress criterion [52] via the following:

θ = cos−1

3K̂2
I I + K̂I

√
K̂2

I + 8K̂2
I I

K̂2
I + 9K̂2

I I

 (1)

∆K̂eqv =
1
2

cos
(

θ

2

)[(
∆K̂I(1 + cos(θ))− 3∆K̂2

I Isin(θ)
]

(2)

where K̂I and K̂I I are the respective maximum SIFs along the crack front and θ is the crack
deflection angle as a variable for weighting the components. KIII is a crack-deflecting
quantity and was not implemented in the used version and therefore not considered. To
account for this limitation, the chosen boundary conditions ensured that the tearing mode
was effectively suppressed. The in-plane crack growth direction was evaluated for each
crack-front node. The underlying fatigue crack growth law was defined according to the
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Paris equation, da/dN = C
(
∆Keqv

)m. K̂eqv considered mixed mode but collapsed to KI for
pure Mode-I loading, such as when θ became 0◦, respectively. ∆KI became KI for the stress
ratio R = Kmin/Kmax = 0. Table 2 lists the crack growth parameters C and m as well as
the remaining required material parameters, namely Young’s modulus, E, and Poisson’s
ratio, v. The values were in the range of typical high-strength aluminum alloys, e.g., the
7000 and 2000 series [25,53,54] commonly used in critical aerospace applications [55,56].
By assuming a bending process, the crack growth behavior in both legs was implicitly
approximated to be governed by the same material law in contrast (e.g., a milling process)
as the microstructural orientation in relation to the nominal crack growth direction did not
change when the sheet was reshaped. The material behavior was defined as linear–elastic
and isotropic. The model was in its initial stress-free state. The formulation was sufficient
to account for purely geometric effects. As a remark, material models with plasticity and
anisotropy formulation were presently not implemented for SMART.

Table 2. High-strength aluminum material and crack growth parameters. Unit system: da/dN :
[mm/cycle]; KI :

[
MPa

√
m
]
.

Material Symbol Value

Young‘s modulus E 71 GPa
Poisson ratio v 0.33
Stress ratio R 0

Paris–Erdogan coefficient C 2.25 × 10−7

Paris–Erdogan exponent m 2.5

To calculate the crack growth increments, the life cycle method (APDL Command:
CGROW,FCG,METH,LC) was chosen, suitable for constant amplitudes. Here, the number
of virtual load cycles ∆N was a function of the virtual crack growth increment ∆a and the
maximum SIF K̂eqv along the crack-front:

∆N =
∫ ∆a

0

da
C
(
K̂eqv

)m (3)

where ∆a = τEsizecf and τ is a multiplication factor between 0.5 and 2. The offset of the new
crack-front nodes ∆anode (with special cases ∆ains and ∆aout) was then evaluated node by
node for the calculated ∆N:

∆anode =
∫ ∆N

0
C
(

Knode
eqv

)m
(4)

A total of 6 contours around the crack front (APDL command: CINT,NCON,6) were
evaluated, while the crack growth itself was driven by KI in the second contour (APDL
command: CGROW,FCOPTION,MTAB,1,2). This approach balanced the fast convergence
observed for contours greater than 1 with the risk of contours further from the crack tip
extending beyond the models’ boundaries. Other command specifications for the fatigue
crack growth (APDL command: CGROW,FCG,Par1,Par2) were set to default values. To
avoid remeshing errors, each simulation terminated at a crack length of W − Wpost/2.

For a typical model with Wtotal = 200 mm and t = 4 mm, we started with about 34k
elements and 56k nodes. If we let the crack grow for 290 substeps, we ended up with
about 69k elements and 91k nodes in the final substep. This resulted in a comparatively
low computational load throughout the analysis, yet we were able to derive meaningful
values as we could always guarantee a suitable and fine mesh around the crack front. This
underlined the advantages of the approach chosen.

It is worth mentioning that the linear–elastic material model inherently limited the
ability to capture (plasticity-induced) crack closure phenomena, which is indeed relevant
for determining absolute service life values for real-world components. While it was
possible to incorporate crack closure effects into the analysis (see Equations (2)–(4)) by
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calculating an effective stress intensity factor range (∆Keff) as a function of the stress ratio
(R) following established approaches by Elber, Schijve, Newman and others, the primary
objective of this work was to compare the influence of geometry parameters on crack
growth. The effective stress intensity factor could be expressed as ∆Keff = U · ∆Keqv, where
U = f(R) is the correction factor, and the corresponding crack growth rate was determined
as da/dN = g(∆Keff). Therefore, without the inclusion of non-proportional loading or
other secondary effects, the inclusion of crack closure in this analysis would result in a
proportional scaling of the remaining life cycles in all cases (with U treated as a constant
value for R = 0). Such an approach would not alter the comparative trends in the geometry-
dependent crack growth behavior, which was the focus of this work. Consequently, crack
closure effects were not explicitly modeled, as their inclusion would not provide new
insights into the influence of geometry parameters on the fatigue crack growth and SIF
under the present assumptions.

3. Results

In the following, a selection of representative results is shown before the overall
implication of the geometrical variations in the bending angle, the bending radius and the
sheet thickness are discussed. When modeling the crack growth in complex geometries,
the path and shape of the traversing crack front were not readily apparent. This complexity
required a detailed analysis, as outlined in the subsequent section.

3.1. Crack Front

The non-uniformity around the mid-axis of the L-section shape caused a non-uniform
stress distribution at the crack front under remote loading due to out-of-plane bending
as recognized by Huang et al. [43]. As a result, the traversing crack front might have
differed from the symmetric crack-front hypothesis. Figure 4 shows the crack path for two
L-shaped geometries with (a) r = 0 mm and (b) r = 10 mm. Crack growth only occurred in
the xz-plane. Overall, the out-of-plane deviations of individual nodes introduced by a KII
fraction were less than 0.2% and could be attributed to numerical inaccuracies. The letters
A, B and C in (a) indicate prominent points, which are marked in Figure 6d for reference.
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Figure 4. Crack-front evolution for two L-shaped geometries sampled from V1_WPREPOST with (a)
r = 0 mm and (b) r = 10◦mm. The letters A, B and C indicate prominent points, which are marked in
Figure 6d for reference. Markers indicate crack-front corner nodes. Black lines between the markers
indicate the calculated crack-front geometry of each separate load step.

For all geometrical variations, the crack started at x = apre = 5 mm. As expected from
the loading conditions and the shape of the notch, the initial crack front was straight for
the first few iterations, as indicated by the connected dots, representing the corner nodes of
the elements. After the crack growth furthered, several effects could be observed. The first
observation was the increasing elongation of the crack front as it moved towards the corner
region. This is particularly evident in (a), where it shows that the crack-front length reached
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a maximum of 8.6 mm, which was more than two times the sample thickness. However,
this effect also occurred before the transition in the corner region, which can be seen more
clearly in (b). It was more pronounced in the pre-corner region for samples with a bigger
bending radius (b) in contrast to the less-pronounced overall elongation of 5.3 mm. When
the corner region was passed, the crack-front length converged towards t and, meanwhile,
the free boundary node drag decreased. The elongation was accompanied by a mismatch
of the x- and z-positions, respectively, of the two nodes on the opposing free surfaces.

These individual results already show that the developing crack-front geometry in
the angle profiles deviated from that of a flat plate under given boundary conditions and
that this deviation was not strictly limited to the corner region. This implies that the
longitudinal shear forces and the additional out-of-plane bending moment [43] present
in this integral configuration under remote loading incrementally altered the crack-front
shape in response.

Figure 5 shows the maximum of the thickness-normalized crack-front width ccf/t
for the three thicknesses studied as a function of r and α. As illustrated in Figure 4, the
maximum elongation consistently occurred in the corner region. For the full parameter set
(here, V1_WPrePost), it is clearly evident that, independent of t, the crack-front elongation
was most pronounced for small radii and quickly approached unity with an increasing
radius. An inverse trend occurred for α, where the maximum crack-front width increased
with the bending angle. Peaking at the discontinuity (r = 0 mm) and α = 120 ◦, the
ccf reached up to 2.5 times the sheet thickness in the corner region. Furthermore, it is
clearly visible that in the corner region the in the sample’s surface’s observable crack front,
spanned by the points of intersection on the inner and outer surfaces (see also cins,out as their
magnitude), the crack-front was not parallel to the respective surface normal. Here, the
crack front was shaped similarly to an ellipsoidal corner crack. There was a non-negligible
mismatch in the crack length between the length measured along the geometry’s neutral
fibre and the crack length given by the accumulated crack-front increments ∆ains and ∆aout,
respectively.
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Therefore, the mean crack length a =
n
∑

i=1
∆anode

i /n as the mean value over all crack-

front nodes, with n as the number of the current substep, was introduced as the reference
value.

In this modeling approach, the crack growth and therefore the crack-front geometry
was governed by the distribution of the SIF (Equation (4)) along the crack front and the
maximum SIF (Equation (3)) as well. Consequently, the following subsection will focus on
the analysis of the SIF evolution in an angled sheet.
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3.2. Sheet Geometry and Stress Intensity Factors

In accordance with the Griffith crack, KI = σ0
√
πa, as the basis for linear–elastic

fracture mechanics, the SIF tended to increase with an increasing crack length. However, as
already shown for the case presented, this increase was not monotonic. It was noticeable
that the SIF evolution showed a local minimum (or minima) in the corner region, as seen in
Figure 4. The crack-front elongation coincided with these minima. This effect was more
pronounced for r = 0 mm, where the local minimum for the given example was located
at the mean, KI = 11 MPa

√
m, and a = 52 mm. The geometric reduction in the SIF was

equivalent to a reduction in the crack length by 54% by that point. For r = 10 mm, the
local minimum was located at the mean, KI = 16 MPa

√
m, and a = 56 mm, which still

corresponded to a reduction of only 37%.
There was also an SIF gradient over the crack-front length when it was measured

as a, as previously described. Overall, the mean deviation between the minimum and
maximum SIF along the crack-front solution step was 4.5% for a given a. For the studied
parameter sets, the maximum deviation (outside and inside nodes) was up to 30% for
elongated crack fronts like those shown in Figure 5c yet outweighed by the overall trend of
a decreasing SIF in the corner region. This effect was a result of discretization of the crack
growth increments. Hence, with smaller crack growth increments and element sizes, the
deviation could be further lowered at the expense of computational resources. This result
demonstrated that the parameterization of the crack front was non-trivial when there were
substantial discontinuities in the geometry.

In the case presented, the service life was measured in loading cycles, N, as a function
of f

(
K̂
)

of the maximum SIF along the crack front. Based on the results, it can be argued that
the mean value would not be more appropriate for consideration in regard to a straightened
sheet, because the difference in the SIF along the crack front observed for straight crack
fronts was already dissipated by its reshaping effect. Since it also equalized over numerical
uncertainties, the latter approach was taken and would therefore continue to use the mean
SIF, K, as function of a as the basis for further calculations in the post-processing of the
results if not stated otherwise.

To further investigate the individual contribution of the geometry parameters to the
SIF, several variations in the (a) bending angle, α, (b) bending radius, r, and (c) thickness, t,
are comparatively contrasted in Figure 6. From the individual graphs, it is evident that all
geometrical variations influenced the evolution of the SIF. The variation in α in (a) for a
sheet with t = 4 mm and r = 30 mm shows in the corner region (indicated by the dotted
lines) a more distinctive drop in the SIF with an increasing α. The overall shape of the
curve also changes. While the curves for α = 10◦ and α = 60◦ show a single local minimum
located in the crack length increment attributed to the corner region, at the maximum
angle of 120◦, the graph displays two minima here. The SIF curve is therefore not simply
stretched in (a) as might be suggested by the increase in the total crack length due to the
increased sample length for V1_WPrePost. The variation in r in (b), on the other hand,
shows a curve similar to a stretch in the corner region. The stronger deviation compared
to (a) in the lower K region between 10 and 20 MPa

√
m in front of the corner region (a

between 25 and 50 mm) is particularly noticeable. Here, K (and so ∆K for given R) tends to
be lower for a greater r. This contrasts with the lower minimum of K with a lower r in the
corner region. Derived from the exponential relationship between the SIF and the crack
growth rate (da/dN), the low ∆K range is particularly decisive for the total service life
under fatigue loads. For the variation in t shown in (c), the influence is similar to that of
α, whereby for lower thicknesses the shape of the curve also assumes an approximately
bicubic shape in the corner region. Overall, this must be offset against the total length
increase as W = f(r) for V1_WPrePost (and, therefore, increased nominal lifetime) and is
considered again separately for the model variation V2_WTotal and V3_BBox, presented in
(d) as subset of V1_WPrePost compared to (e) and (f).
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Figure 6. An exemplary SIF KI over the crack length, a, for the model variant V1_WPrePost. (a) The
bending angle, (b) bending radius and (c) sheet thickness are comparatively contrasted. Dotted lines
mark the crack length increment assigned to the corner region. (d–f) show exemplary curves for
t = 4 mm and α = 90◦ and V1_WPrePost to V3_BBox, respectively. The letters A, B and C indicate
prominent points, which are marked in Figure 4a for reference. Dashed lines indicate the SIF for
straightened sheets of equivalent widths as a reference.

The SIF curves are sampled from the lowest to the highest r and with a constant
t = 4 mm and α = 90◦. In addition, the straightened sheet solution as reference is provided.
The letters A, B and C in (d) indicate prominent points, which are marked in Figure 4a as a
reference for the crack length, a.

As can be observed here, for the given set of boundary conditions, the crack tip load
is greater than that of a straight sheet of an equivalent length, with the exception of a few
sections that depend on the parameter r. For smaller radii (r), the effect is more pronounced
and also dependent on other geometry parameters; in the case of V2_WTotal and V3_BBox,
it depends on the derived leg lengths.

From the exemplary observations, it is evident that all three geometrical parameters
examined in this study influenced the SIF along the crack front when the crack was growing
through the component. In all cases examined, an arc in the sheet led to local minima in the
SIF in the corner region. When the crack grew through that segment, the SIF monotonically
increased in accordance with the Griffith crack. This late stage was governed by the ratio
a/Wtotal (hence, r and α for V1_WPREPOST) and not by t.
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4. Discussion

In the following, the focus is on sheet thickness of t = 4 mm as this study did not
observe any unique sheet thickness effects. Qualitatively, the observed effects in the corner
region occurred in all thickness variations, albeit with varying magnitudes for the values of
r and α.

For the following discussion, the single-edge crack solution for a finite plate with one
end fixed and the opposite end under remote tension was derived. In practice, such an
approximate solution could be used as a first step in the design process but may not be
sufficient for component testing. Sobotka and McClung [42] showed for the out-of-corner
parts of a geometrically similar C-section under different loading and boundary conditions
that an approximation could only be readily made under fully constrained boundary
conditions. They showed that for the unrestricted (no restrictions on the cross-section
deformation)-to-intermediate state, the SIF for a crack in the first flange and in the web
of a C-section could be several times higher than the SIF of a crack of equal length in the
straightened sheet. Similar behaviour could be expected for the L-Sections of this study.

Finally, we derive the expected service lifetimes for V1_WPrePost, V2_WTotal and
V3_BBox for a design-relevant subset and discuss the results of this study in terms of their
implications for real-world components.

4.1. Normalized Stress Intensity Factors and Sheet Sections

In Figure 7, the normalized mean SIF as the ratio,KA
I /KS

I , of the SIF of an angled
sheet, KA

I , to the SIF of straightened sheet of an equivalent width, KS
I , for two exemplary

sets of geometry parameters for the model variation V1_WPrePost are presented. Since
the sheets were of different lengths because of the geometrical variations in the corner
region, the crack length was normalized by the length of the maximum possible crack
lengths, lpre = Wpre, lcorner = f(α, r, t) , lpost = Wpost

)
, in each section to account for the

total lifetime of the component. Figure 7a shows the exemplary case for an L-section
with α = 90◦ and t = 4 mm for root radii (r) from 0 to 50 mm. For small crack lengths,
a → apre = 5 mm, the solutions for the L-section and equivalent straightened sheet were of

equal value,
(

KA
I

KS
I

→ 1
)

. With increasing a in the pre-corner section, however, KA
I initially

increased relative to KS
I to a maximum of about 1.4 for r = 0 mm and 1.35 for r = 50 mm.

The variation was considerably small, but by the exponential relationship between ∆K
and the crack growth rate (da/dN), the fatigue life prediction was especially sensitive to
variations in the low ∆K regime. The intermediate radii were between these values but
converged to the curve of r= 50 mm up to their maximum. The shape of the family of curves

was concave with an intersection point at
(

a
lpre

, KA
I

KS
I

)
= (0.82, 1.35). From here (and prior

to the geometrically defined intersection),KA
I dropped sharply with a gradient inversely

proportional to the radius, indicating a possible retarding effect on the crack growth rate

compared to a straight plate. In the case of r = 0 mm, it dropped below KS
I to KA

I

KS
I

= 0.86 at

a = lpre.
In the corner region, the relationship is more complicated, as already indicated by

the absolute KA
I curves in Figure 6. For the smaller root radii (r = [0;5;10] mm), there

is a retardational effect induced by the intersectional area resulting in KA
I < KS

I in most

of the corner region with a minimum of KA
I

KS
I

= 0.57 for r = 0 mm. The effect decreases

with higher radii; for r > 30 mm, KA
I > KS

I in the full corner region. An increase in r
simultaneously leads to increased symmetry in the curves in the corner region, resulting in
an approximately symmetric curve of an even, biquadratic shape for r = 50 mm and one that
is axisymmetric about the centre of the corner region. This is geometrically accompanied
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by an intermediate straightening of the crack front which then leads to a second minimum
when the crack grows further.
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Figure 7. Normalized stress intensity factors for the crack length, a, for the model variant
V1_WPrePost. Variation in the (a) bending radius and (b) bending angle. The normalization was
carried out against the stress intensity factors (KS

I ) solution of a straight sheet of the same total
width, W.

In the post-corner region, the relationship between r and KA
I

KS
I

is proportional. The

ratio KA
I

KS
I

monotonically increases with the crack length but the gradient is approximately

invariant with respect to r. The curves are shifted by an offset of approximately 0.1 to each
other. For r = 0 mm, the curve deviates from the general trend. This can be attributed to
numerical inaccuracy, evident from the abrupt increase in KA

I when the crack exits the corner
region. The results suggest that the approximation of an L-profile by a straightened sheet
of equal length would underestimate the SIF in the pre-region and therefore overestimate
the service life increment attributable to this segment and subsequently the total lifetime of
the component due to the exponential relationship between the crack growth rate and ∆K
given by the Paris law.

Figure 7b explores the case for a constant t = 4 mm and r = 20 mm and a variable
bending angle α from 5◦ to 120◦. The 0◦ variant (straightened sheet) is again represented by

the KA
I

KS
I

= 1 horizontal line. In general, for small alphas KA
I

KS
I

→ 1 , the SIF hence approaches

that of a straightened sheet, which is expected from plate theory. However, the curve
already deviates upwards by up to 20% for α = 10◦ in the pre-region for short a a/lpre < 0.8.
This behaviour exhibits a further increase with an increasing α but converges to the limit

value KA
I

KS
I

→ 1.35 for α > 60◦. Similarly to the case of the variable r, the shape of the

curve is concave over the entire α range considered in this study. Overall, the curves

converge for α ≥ 60◦ to a constant KA
I

KS
I

for a given apre/lpre. This behaviour for α ≥ 60◦



Metals 2024, 14, 1463 14 of 18

persists up to (a−lpre)
lcorner

≈ 0.18 in the corner region. In the corner region, the behaviour is
more complex. For α ≤ 10◦, the arc is sufficiently well approximated by the straightened

sheet and KA
I

KS
I

→ 1 . This is contrary to the evolution of o KA
I

KS
I

in the pre-section, where

max KA
I

KS
I

≈ 1.2 for α = 10◦. It can also be observed that the mean KA
I

KS
I

in the corner section

does not monotonically increase with α up to a convergence value but decreases from
α = 5◦ to α = 40◦ and then increases again for α > 40◦. The maximum explored angle
α = 120◦ exhibits an approximately biquadratic shape.

In the post-corner region, the ratio KA
I

KS
I

monotonically increases with the crack length.

For α = 5◦ to α = 20◦, the gradient increases as well, while for α > 20◦, the gradient is
constant, and for the greater bending angles, there is also a more distinctive offset.

The results for both examples in Figure 7a,b indicate that for partially constrained
L-sections with axial loading, a straight sheet approximation might be not sufficient to
describe the fatigue lifetime of the component. As pointed out by other authors [43–45,57],
when the crack approaches and grows into the stiffener (or the second leg for the geometry
presented in this work), the effective load on the crack front decreases. The relationship
becomes increasingly complex for the end points of r and α in the parameter space. In
contrast to the middle crack loaded under uniform tension, presented in the aforementioned
publications, the edge crack under axial loading might grow faster than in an unstiffened,
flat plate. Especially for shorter crack lengths, such as in the pre-corner region, the SIF
exceeds that for an equivalent straightened sheet, even if this section itself is not curved.

4.2. Estimated Fatigue Life

Estimating the remaining service lifetime of a component is crucial for ensuring
its reliability and safety, especially in applications subjected to fatigue loading. This
study has highlighted the significant influence of geometric parameters such as the sheet
thickness, bending angle and bending radius on fatigue cracks’ growth behaviour. Among
these, the bending radius is particularly relevant from a production perspective, as it
affects both the mechanical properties and manufacturability of the component for the
given process. It should be noted, even though they were not explicitly considered in
this study, that smaller radii might lead to higher localized stresses, accelerating crack
initiation and thereby reducing fatigue life. Conversely, larger radii distribute stresses more
evenly, delaying crack initiation and slowing crack growth, thus enhancing fatigue life.
Additionally, the bending radius impacts manufacturing feasibility with minimal bending
radius requirements dictated by material properties and process capabilities. Optimizing
the bending radius is essential for improving mechanical performance and extending
the service lifetime of components, ensuring greater structural integrity and reliability in
practical applications.

In the following, the influence of this geometric size for different variations is discussed.
Figure 8 shows the crack length a over the accumulated cycles estimated by Equation (3).

Figure 8a shows V1_WPrePost, the case for constant leg widths. Thus, Wtotal = f(α, r)
and Wtotal ∝ α, r. The estimated remaining lifespan, regardless of the stronger retarding
effect for small r (see marked angle region), is dominated by the total width of the sheet.
As a result, a wider sheet exhibits more damage-tolerant behaviour throughout the entire
crack propagation process.

Figure 8b shows the case for V2_WTotal, i.e., sheets with a constant Wtotal and
Wpre = Wpost = f(α, r). The profile is point-symmetric to the radius. As expected by
the total SIF values, the expected lifetime for the L-shaped component compared to its
straightened variant visibly decreases. At a = 140 mm, N for r = 0 mm is 22% smaller and
N for r = 50 mm is 31% smaller than that of the flat plate’s equivalent. Even though the
arc introduces a minimum SIF for a smaller r lower than that of the corresponding straight
sheet’s solution, the effect does not outweigh the overall increases in the SIF, especially for
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a small a and a corresponding small KI in relation to it. When comparing the influence
of r on N, the influence of the corner region does not alter the general trend with respect
to N that is established in the first crack growth increments. When taking a = 140 mm as
a critical crack length with N = Ntotal, the contribution of the corner region to Ntotal for
r = 50 mm is 17%, with diminishing influence for smaller radii (for r < 30 less than 10%).
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Figure 8c shows V3_BBox, the consideration for a constant assumed square installation
space. Here, the geometry Wtotal = f(α, r) is the same as for the case of a constant leg
width, Wtotal ∝ α−1, r−1. A smaller bending radius allows for a better approximation of the
installation space contour and thus an overall higher sheet width for small radii. This effect
adds to the previously presented higher lifespan with a decreasing bending radius in the
case of (b).

Therefore, exact modeling in the pre-corner region is most important for fatigue
lifetime prediction under crack growth. For the estimated fatigue life with the isotropic,
Paris–Erdogan material model, greater bending radii are less beneficial for an L-shaped
component than smaller ones.

5. Conclusions

The three-dimensional finite-element crack growth analysis conducted in this study
provides valuable insights into the geometric factors influencing fatigue crack growth in
angled sheets under axial loading. The findings can be summarized as follows:

• Negligible effect of sheet thickness on SIF outside radius: this study revealed that
variations in the sheet thickness had a minimal impact on the SIFs outside the bending
radius region.

• Bending angle and radius were highly relevant: both the bending angle and bending
radius significantly influenced the SIFs and crack growth behaviour.
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• Remaining service life of L-type profile less than straight plate: the curved L-shaped
plates exhibited a shorter fatigue life compared to the straight plates due to increased
crack-front loads at small crack lengths starting from one of the legs.

Increasing radius reduced damage tolerance under pure external axial loading: in-
creasing the root radius was found to reduce the fatigue life because of the higher overall
SIF found for crack lengths spawning in the pre-corner region.

The current analysis, based on a linear–elastic solution, provides valuable insights.
It simplifies the complex real-world behaviour of L-shaped components under fatigue
loading. It was shown that both the shape and orientation of the crack front were not easily
parameterizable, and the crack-front orientation in the crack plane as a function of the
mean crack length or the crack length measured along the neutral fiber presented further
complexities.
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