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Abstract—A large number of lunar surface missions is planned
in the coming years. A key prerequisite for many missions is
accurate and reliable position, navigation and timing (PNT).
There are plans for lunar satellites operating under the frame
of LunaNet, which should provide communications and PNT for
orbit and surface users. Especially in an early phase, the num-
ber of satellites will be very limited. To ensure high availability
and high accuracy, hybrid satellite navigation and cooperative
radio navigation has been suggested. For cooperative radio
navigation, radio signals exchanged among users on the lunar
surface are used. The benefit of hybrid navigation for the moon
has been shown by a theoretical study. How a hybrid navigation
system could be implemented, especially considering the nature
of the distributed system, has not been analyzed yet. With
this paper, we introduce one centralized and three decentralized
estimation algorithms for hybrid lunar satellite and cooperative
surface radio navigation. We consider decentralized estimation
algorithms based on broadcasting measurements, consensus,
and equivalent ranging variance, representing different con-
cepts of distributed estimation. Then, we evaluate all algorithms
regarding the functional requirement accuracy and the non-
functional requirements flexibility, scalability and robustness.
We introduce a simulation framework to assess the performance
of lunar surface navigation algorithms. Finally, we provide a
comparison of the algorithms and discuss their strengths and
weaknesses.
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1. INTRODUCTION
Today, interest in lunar exploration is tremendously increas-
ing, with ESA calling the Moon ”the next global strategic pri-
ority in space” [1]. A large number of lunar surface missions
is planned in the coming years [2]. Mission objectives include
science, sustained human presence on the Moon, mining of
natural resources, and the ability to demonstrate capabilities

for human missions to Mars. A key prerequisite for many
missions is accurate and reliable position, navigation and
timing (PNT), e.g. for autonomous robotic exploration,
pinpointing scientific measurements and localization of as-
tronauts [2].

For landing, navigation can be provided based on known
points on the lunar surface using cameras or lidar [3], [4].
Similarly, lunar surface navigation for e.g. rovers using
landmarks on the horizon or nearby craters has been sug-
gested [5]. The landmarks are determined based on orbital
images and stored in a database. These camera based systems
have to cope with harsh lighting conditions and could be
challenged by new impacts changing the lunar landscape.
Celestial navigation systems tracking stars or the sun exist
as well [6], [7]. However, they are typically more suited for
determining attitude or orientation than for positioning. In
general, optical positioning methods using cameras, lidars,
or star trackers do not provide timing information. Current
missions mostly rely on radio ranging to ground stations on
Earth, e.g. from the Deep Space Network. An example is
the Lunar Reconnaissance Orbiter [8], which also includes
a laser altimeter to further improve its position estimate [9].
Using ground stations is costly and does not scale for a
growing number of missions. Hence, there is research on
using weak global navigation satellite system (GNSS) signals
from Earth for lunar positioning. The LuGRE mission aims
to demonstrate GNSS signal reception and navigation in lunar
orbit and on the surface [10]. Both, ranging to Earth and
receiving GNSS signals from Earth are limited to the nearside
of the Moon.

Another approach for PNT is cooperative radio navigation or
swarm navigation, which is an in-situ system that requires no
infrastructure [11]. Nodes located on the lunar surface, e.g. a
lander, robots, and payload boxes with scientific instruments,
form a communications network. Communications could
either be provided by a dedicated radio system or within
a WiFi or 4G/5G lunar mobile network. All nodes in the
network can exchange radio signals for both, transmission of
payload data and PNT. An overview of algorithms and theory
of cooperative navigation can be found in [12], [13]. Cooper-
ative radio navigation for autonomous robotic exploration has
recently been demonstrated within a space-analogue mission
[14].

Furthermore, dedicated lunar satellite communications and
navigation systems have been suggested; JAXA’s Lunar Nav-
igation Satellite System (LNSS) [15], NASA’ Lunar Com-
munication Relay and Navigation System (LCRNS) [16]
and ESA’s Lunar Communication and Navigation Services
(LCNS) [1], [17], which is developed as part of ESA’s
Moonlight initiative. All of these systems are heavily inspired
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by Earth GNSS, with differences e.g. in the considered or-
bits. Following efforts on interoperability and standardization
[18], users shall be able to jointly use signals received from
different systems. Therefore, systems shall be operated under
the frame of LunaNet [19], [20]. The achievable positioning
performance during landing using LCNS has been analyzed
in [17]. Navigation for a robotic surface mission, augmenting
LCNS positioning with a digital elevation model (DEM) of
the Moon, has been investigated in [21].

Especially in an early phase of deployment, the number of
lunar satellites transmitting navigation signals will be very
limited. Therefore, a hybrid navigation system combining
lunar satellite and cooperative surface navigation has been
suggested and analyzed theoretically [22]. Satellite naviga-
tion enables positioning with respect to a global reference
frame and time synchronization to a common system time,
but the accuracy and availability are subject to the number of
visible satellites. Cooperative navigation typically operates
with a local reference frame and common time, but offers
high accuracy and availability in a local area where cooper-
ative nodes are present. Due to the complementary nature
of satellite and cooperative navigation, a hybrid system can
provide global positioning and time with increased availabil-
ity and accuracy. For best performance, both subsystems
shall use the same oscillator, which is called physical layer
cooperation. Furthermore, substantial performance gains by
cooperation with a static surface user have been shown.

The benefit of combining satellite navigation and cooperative
surface navigation for the moon has been shown by a the-
oretical study. However, possible implementations of such
a hybrid system have not yet been analyzed. Estimation
algorithms shall consider the distributed nature of the system,
where measurements become available at different nodes
and communication among the nodes needs to be modeled
appropriately. Such algorithms have not been proposed yet.

With this paper, we define a unified system and signal model,
including both satellites and surface nodes. Then, we in-
troduce one centralized and three decentralized estimation
algorithms for a hybrid lunar satellite and cooperative surface
radio navigation system. The centralized algorithm runs on
a single computing node, e.g. the lander, whereas the de-
centralized algorithms run on each node. The introduced de-
centralized estimation algorithms are based on broadcasting
measurements, consensus, and equivalent ranging variance,
thus representing different concepts of distributed estimation.
We further present a simulation framework to assess the
performance of hybrid lunar navigation algorithms. Based
on extensive simulation and theoretical results, all algorithms
are evaluated regarding the functional requirement position
accuracy and the non-functional requirements scalability,
flexibility regarding nodes joining or leaving the network, and
robustness. Finally, we compare the different algorithms and
discuss their strengths and weaknesses for practical applica-
tion.

2. HYBRID LUNAR NAVIGATION SYSTEM
The hybrid lunar navigation system investigated in this paper
consists of a satellite navigation and a cooperative radio
navigation part. For the satellite navigation part, the analysis
in this paper is based on LCNS with preliminary parameters
[1], [17] operating under the frame of LunaNet [20], [19].
A configuration of five satellites in three orbital planes with
elliptical Lunar frozen orbits (ELFOs) has been suggested for

Figure 1. LCNS orbits in Moon inertial frame following
[17]. Figure from [22].

LCNS. The orbits are shown in Fig. 1. The lunar satellites
shall broadcast augmented forward signal (AFS) signals for
PNT according to [18], [23]. The signal allows to measure
pseudorange and pseudorange rates. Ephemeris and clock
information of the satellites is contained in the navigation
message.

For the cooperative radio navigation part, we base our anal-
ysis on the swarm navigation system developed by German
Aerospace Center (DLR) [24], [14], which enables radio
communication and navigation for planetary exploration. The
main design drivers for DLR’s swarm navigation system are
bandwidth, update rate, and ranging performance. On the one
hand, decentralized estimation algorithms typically require
the exchange of low to medium sizes data packets with
sufficiently high update rates among the nodes of the network,
see Section 5 and [25]. On the other hand, transfer of data
from scientific instruments, e.g. high-resolution cameras, or
teleoperation of robots for special tasks, requires high data
rates. DLR’s swarm navigation system is thus based on
orthogonal frequency-division multiplexing (OFDM), which
is spectrally efficient and forms the basis of many state-of-
the-art communications systems, e.g. IEEE 802.11 Wi-Fi
and 4G/5G cellular networks. For flexibility and to avoid
a single point-of-failure, channel access is done via self-
organized time division multiple access (TDMA). The sys-
tem is broadcast-based and the TDMA schedule of the current
implementation has an update rate of 10Hz. Depending on
requirements, the system design allows increasing the update
rate up to 100Hz. Each node in the network is assigned
a unique synchronization sequence. Zadoff-Chu sequences
[26] with low cross-correlation have been chosen. Thus,
the system enables pseudorange measurements among nodes
based on encoded transmit timestamps and time-of-arrival
(ToA) estimation of the synchronization sequence. Further-
more, pseudorange rates can be measured based on the carrier
frequency offset (CFO). However, since all nodes share time
as a resource in the TDMA schedule, these are burst type
transmissions of OFDM frames with a relatively short frame
length. Thus, there is very little information contained in
pseudorange rate compared to pseudorange measurements
among cooperative nodes. Having verified that cooperative
pseudorange rate measurements have negligible impact on
positioning performance for the assumed system parameters,
they are neglected for the analysis in this paper.
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For a hybrid satellite and cooperation navigation systems,
cooperation can happen on different layers. In [22], local-
ization layer cooperation and physical layer cooperation are
introduced. When cooperative communications and rang-
ing is provided by a subsystem which is independent of
the satellite receiver, cooperation can only happen on the
localization layer. Thus, localization layer cooperation only
requires that nodes are able to perform range measurements
to their neighbors, regardless of the underlying technology.
As range measurements do not contain clock information, the
clock states are not updated by cooperative measurements.
When the local communication system is driven by the same
oscillator as the satellite receiver, physical layer cooperation
is possible. This makes it possible to measure pseudoranges
among nodes and track the clock behavior in a common state
space with the satellite navigation part, which we define in
Section 3. For that reason, physical outperforms localization
layer cooperation, especially in challenging situations [22].
Furthermore, nodes without satellite visibility could be syn-
chronized to system time by physical layer cooperation.

3. STATE SPACE
State Definition

The hybrid navigation system model presented in the follow-
ing is based on [22]. For satellites, orbit and clock states
shall be included in the AFS navigation message [23]. For
surface nodes, the state is unknown and shall be estimated by
the hybrid navigation system. We define the node state for
node i at time step k as

xki =
[(
pki

)T (
vki

)T
cδki cδ̇ki

]T
, (1)

with three-dimensional position pki and velocity vki , clock
offset δki and clock drift δ̇ki . Position and velocity are de-
fined in the body-fixed Moon-Principal Axis (PA) coordinate
system. Clock offset and drift are multiplied by the speed of
light c to get similar orders of magnitude for all node state
elements, which is beneficial for numerical computation. For
static nodes, vki is a zero vector and therefore omitted from
the node state.

The state of the entire system is composed of the individual
node states of n nodes,

xk =
[(
xk1

)T
...

(
xki

)T
...

(
xkn

)T ]T . (2)

State Transition

We assume a linear state transition model,

xk+1 = F k+1xk +Bk+1dk +wk. (3)

xk and xk+1 are the system states at time steps k and k +
1, respectively, F k+1 is the state transition matrix, dk is the
control vector and wk is the noise vector. Analogous to the
state, the control vector dk is composed of the node control
vectors dki . For static nodes, dki is a zero vector. In order to
map the control vector dk to the state space, we define

Bk = diag{Bk1 , ..., Bki , ..., Bkn}, (4)

where diag{...} describes a block-diagonal matrix and

Bki =

[
03×3
I3

02×3

]
(5)

Figure 2. Exemplary network consisting of satellites and
robotic surface nodes with node states and measurements

available at nodes i and j. Arrows depict propagating
radio signals.

if i is a mobile node and

Bki = 05×3 (6)

if i is static. We define 0n×m as an n × m all zero matrix,
In as an n × n identity matrix, and 0 as an all zero column
vector of appropriate dimension. The process noise wk

follows a Gaussian distributionN (0, Qk) with zero mean and
covariance matrix Qk = diag{Qk1 , ..., Qki , ..., Qkn} with

Qk
i =
t3σ2

i,v

3
I3

t2σ2
i,v

2
I3 0 0

t2σ2
i,v

2
I3 tσ2

i,vI3 0 0

0T 0T (cσi,c1)
2 t+ (cσi,c2)

2 t3

3
(cσi,c2)

2 t2

2

0T 0T (cσi,c2)
2 t2

2

(
cσ2

i,c2

)2
t


(7)

with the time interval t. For a static node i, the velocity is
omitted from the node state, thus Qki does not contain the
corresponding rows and columns. The transition matrix is
defined as

F k = diag{F k1 , ..., F ki , ..., F kn} (8)

with

F k+1
i =

 I3 tI3 0 0
03×3 I3 0 0
0T 0T 1 t
0T 0T 0 1

 . (9)

A continuous white noise acceleration model [27] is assumed
for the position and velocity states and a two-state clock
model [28] for the clock states. For all static nodes i, rows
and columns related to velocity are omitted in F k+1

i .

Measurements

We use a unified measurement model for the hybrid naviga-
tion system, which is valid for the satellite and the cooperative
navigation part [22]. The transmitter can be a satellite or a
surface node, whereas the receiver is always a surface node.
Based on the state of transmitter j and receiver i at time step
k, we define the model for a pseudorange measurement

ρki,j = ∥pkj − pki ∥+ cδki − cδkj + ϵρi,j , (10)
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and for a pseudorange rate measurement,

ρ̇ki,j = (vkj − vki )
Tuki,j + cδ̇ki − cδ̇kj + ϵρ̇i,j . (11)

Here ϵρi,j ∼ N (0, σ2
ρi,j ) and ϵρ̇i,j ∼ N (0, σ2

ρ̇i,j
) denote

measurement noise following a Gaussian distribution with
mean zero. The respective variances σ2

ρi,j and σ2
ρ̇i,j

differ
depending on whether the transmitter is a satellite or a surface
node, see Section 7. The unit vector uki,j in (11) depends on
the positions of transmitter and receiver,

uki,j =
pkj − pki
∥pkj − pki ∥

. (12)

In Fig. 2 an exemplary network is shown together with the
defined node states and measurements.

4. CENTRALIZED ALGORITHM
As a first approach for a hybrid lunar navigation system,
we consider a centralized estimation algorithm. It uses all
available measurements in the network and estimates the
entire state xk. The centralized algorithm is used as a
performance baseline and as starting point to derive decen-
tralized algorithms in Section 5. We also analyze the non-
functional requirements of the centralized algorithm running
on a single computing node in the network, which gathers all
measurements, performs the calculations, and broadcasts the
state estimates.

Our centralized algorithm is based on the extended Kalman
filter (EKF) and thus follows the two steps common in Bayes
filters, prediction and measurement update. Since the state
transition defined in Section 3 is linear, we use the Kalman
filter prediction equations,

x̄k+1 = F k+1xk +Bk+1dk (13)

Σ̄k+1 = F k+1Σk
(
F k+1

)T
+Qk, (14)

to calculate the state and covariance matrix for the next time
step. The transition matrix F k+1 is defined in (8) and the
control input Bk+1dk is defined in (4) to (6) for mobile and
static nodes, respectively.

Having obtained x̄k+1 and Σ̄k+1 by the prediction step, a
measurement update is performed. Since the pseudorange
and pseudorange rate measurement equations (10) and (11)
are nonlinear, the measurement update step is based on the
EKF,

xk+1 = x̄k+1 +Kk+1
(
zk+1 − hk+1

(
x̄k+1

))
(15)

Σk+1 =
(
I −Kk+1Hk+1

)
Σ̄k+1 (16)

Kk+1 = Σ̄k+1
(
Hk+1

)T (
Hk+1Σ̄k+1

(
Hk+1

)T
+Rk+1

)−1

(17)

We define zk as a vector containing all measurements avail-
able at time step k. Furthermore, we define a function
hk

(
x̄k

)
, which returns a vector of predicted measurements

based on the predicted system state x̄k at time step k. I is an
identity matrix of appropriate dimension.

To define the Jacobian matrix Hk for all measurements and
nodes, we construct it based on multiple matrices Hk

l(i,j),i.
For every link between satellite or node j and node i, one
block Hk

l(i,j),i is included. It is placed in Hk so its rows
correspond to the position of the measurements of the link
in the measurement vector and its columns correspond to
the position of the state of node i in the system state vector
xk. If the transmitter j associated with a link is a surface
node, both Hk

l(i,j),i and Hk
l(i,j),j are included for nodes i and

j, respectively. Assuming physical layer cooperation [22],
measurements defined by (10) and (11) for a receiver i and a
transmitter j (which can be both a surface node or a satellite)
at time step k are linearized as

Hk
l(i,j),i = −H

k
l(i,j),j

=

[
−(uki,j)T 0T 1 0
−(vki,j)T −(uki,j)T 0 1

]
,

(18)

where l(i, j) is a function returning the index of a link
between i and j. Furthermore, vki,j is defined as

vki,j =
P⊥
u (vkj − vki )

∥pkj − pki ∥
(19)

with the orthogonal projector

P⊥
u = I3 − uki,j

(
uki,j

)T
. (20)

When not using pseudorange rate measurements between j
and i, the second row of Hk

l(i,j),i is omitted. The state of
static nodes does not contain velocity, thus for a static node i,

Hk
l(i,j),i =

[
−
(
uki,j

)T
1 0

−
(
vki,j

)T
0 1

]
. (21)

As in (18), the second row of Hk
l(i,j),i is omitted if no pseu-

dorange rate measurement between i and j are considered.

The measurement covariance matrix of the EKF is defined as

Rk = diag{..., σ2
ρi,j , σ

2
ρ̇i,j , ...} (22)

for all links available at time step k. If pseudorange rate mea-
surements are ignored, the entries σ2

ρ̇i,j
for the corresponding

links are omitted.

Following the derivation of the centralized algorithm, we
now investigate the case where it is running on a single
computing node in the network. An important non-functional
algorithm requirement is scalability. We investigate state and
measurement vector dimension, which influence the compu-
tational complexity of the prediction and update steps, as well
as the message size, which impacts communications. The
centralized algorithm uses two types of messages. Measure-
ment messages directed to the computing node and update
messages directed to all other nodes. The number of mea-
surements of a node depends on the number of satellites and
the number of nodes. While the number of satellites is limited
and can thus be assumed constant, the number of cooperative
measurements increases with the number of nodes n. To
provide an upper bound on the number of measurements,
we assume a fully connected network. As every link in
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the network provides a constant number of measurements,
the size of measurement messages is in O(n). The update
message contains the state of all nodes and the diagonal of the
covariance matrix, resulting in a size inO(n). The computing
node has to consider the entire system state with an n × n
covariance matrix and all measurements. Assuming a fully
connected network, every node has n− 1 links, resulting in a
measurement vector of O(n2).

The centralized algorithm is highly flexible with respect to
adding and removing nodes. As the algorithm runs only on
one node, there is no need for coordination between nodes.

However, the robustness of the centralized algorithm with
respect to link failures is low. If a link between two non-
computing nodes fails, the basic functionality is unaffected,
apart from fewer measurements being available. However,
if a direct link of the computing node fails, the centralized
algorithm would stop working since measurements are not
received and estimated states cannot be distributed anymore.
This could be solved by introducing a time to live (TTL) for
messages, such that a message is forwarded for a specific
number of broadcasts. Thus, messages could propagate over
multiple hops, albeit with increased latency. An advanced im-
plementation of TTL could add a counter to messages, such
that nodes could pass on only the newest message, thereby
reducing the amount of data. As a node may potentially
broadcast one message of itself and include one message
of every other node, the overall size of this broadcast is in
O(n2). Another possibility would be a routing algorithm,
where nodes only include messages of other nodes in their
broadcast if they are on a route between two nodes without a
direct link. Still, this does not reduce the worst-case message
size, in which one node lies on all routes and therefore
has to broadcast n messages with a size in O(n), which
again leads to a size in O(n2). In addition to link failures,
the hybrid navigation system shall be robust against node
failures. When using the centralized algorithm, if a non-
computing node is overloaded or fails, the navigation system
will not be affected apart from the loss of measurements.
However, the computing node poses a single point of failure.
To avoid a single point of failure for the centralized algorithm,
advanced techniques like a leader election algorithm would
be necessary, increasing the complexity of the system. Moni-
toring node performance could be non-trivial due to network
topology and network partitions could cause problems for
leader election.

5. DECENTRALIZED ALGORITHMS
Measurement-Broadcast Based Algorithm

While the centralized algorithm derived in Section 4 could
be used in practice, its low robustness with respect to a
failure of the computing node is a significant disadvantage.
A straight forward way to avoid this single point of failure
is to make all nodes responsible not only for broadcasting
measurements, but also for state estimation. Thus, the failure
of one node does not affect other nodes in the network, apart
from reducing the amount of available measurements. We use
this approach in our measurement-broadcast based algorithm
and show the pseudo-code in Algorithm 1.

For the measurement-broadcast based algorithm, every node
broadcasts all of its measurements, resulting in a message
size in O(n). Furthermore, it is possible to compensate
for link failures by introducing a TTL or by having nodes

Algorithm 1 Measurement-broadcast based algorithm
local measurements← ∅
procedure HANDLE TIMESTEP(msg)

measurements← ∅
if msg was received then

coop measurement← measure(msg)
measurements← msg.data ∪ coop measurement
local measurements ← local measurements ∪

coop measurement
end if
if not (node is transmitter for this TDMA slot) then

µ,Σ← EKF.predict()
µ,Σ← EKF.update(measurements)

else
sat measurements← get sat measurements()
µ,Σ← EKF.predict()
µ,Σ← EKF.update(sat measurements)
next msg.data ← local measurements ∪

sat measurements
local measurements← ∅
broadcast next msg

end if
end procedure

broadcast the newest measurement of every node they are
aware of. This trades increased robustness to link failures for
a greater message size complexity in O(n2). The state and
measurement vector dimensions are identical to the central-
ized algorithm, O(n) and O(n2), respectively.

Adding and removing nodes is simple for the measurement-
broadcast based algorithm. A node can just join the net-
work by publishing its measurements and calculating state
estimates using measurements it receives. A node leaves by
ceasing to broadcast messages. Other nodes can remove the
node after a certain timeout. Also, nodes are flexible to only
include the state of certain nodes, e.g. direct neighbors, in
order to improve scalability in terms of state vector and mea-
surement vector dimension, without impacting other nodes.
The message size would, however, stay the same.

The measurement-broadcast algorithm is robust to node fail-
ures and network partitions. Similar to the centralized algo-
rithm, robustness to link failures is low for a basic version,
but can be increased by introducing a TTL for messages.

Consensus Based Algorithm

Algorithms based on a consensus are a common approach
in the domain of distributed state estimation, where nodes
exchange messages and average their results. We introduce
a consensus based algorithm as a second decentralized al-
gorithm for hybrid navigation. All nodes estimate the entire
system state including the corresponding covariance matrix.
In addition to the prediction and measurement update steps,
the algorithm contains a consensus step, in which nodes
exchange messages.

The algorithm is based on [29], with several modifications.
In [29], it is assumed that all nodes obtain measurements at
exactly the same time, which is not the case here. Further-
more, in [29], the consensus step is intended to exchange
messages between neighbors L times and combine their
updates each time. However, our communication model is
based on TDMA. Thus, every message exchange would
require one full TDMA cycle. A large number of consensus
steps L is undesirable in this case, as state estimates would
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Algorithm 2 Consensus based algorithm
measurements← ∅
estimates← ∅
covariances← ∅
procedure HANDLE TIMESTEP(msg)

if msg was received then
new estimate, new covariance← msg.data
estimates← estimates ∪ new estimate
covariances← covariances ∪ new covariance
measurements← measurements ∪ measure(msg)

end if
if this step is the consensus calculation step then

ψ ← |estimates|
µ,← 1

ψΣµ∗∈estimatesµ
∗

Σ,← 1
ψΣΣ∗∈covariancesΣ

∗

estimates← ∅
covariances← ∅

end if
if node is transmitter for this TDMA slot then

measurements ← measurements ∪
get sat measurements()

µ,Σ← EKF.predict()
µ,Σ← EKF.update(measurements)
measurements← ∅
µ∗,Σ∗ ← EKF.predict until consensus step()
next msg← (µ∗,Σ∗)
estimates← estimates ∪ µ∗

covariances← covariances ∪ Σ∗

broadcast next msg
end if

end procedure

reflect older states. We thus set L = 1. Based on the
TDMA schedule, nodes agree upon a time step at which they
perform a consensus step in every cycle. At every time step,
the node that is allowed to send predicts the system state
up to the current time, includes its satellite and cooperative
measurements for this time, and then predicts further up to
the time step at which the next consensus will be calculated.
The node then broadcasts the resulting state estimate and
covariance matrix. At every consensus step, nodes average all
received state estimates and covariance matrices (including
the ones they calculated) and use this as their estimate going
into the next TDMA cycle. For m being the number of
estimates received, this is approximately equivalent to the
consensus step defined in [29] with L = 1, πi,j = 1

m and
γit = 1,∀i, j, t, following their notation. In contrast to [29],
our algorithm is based on the EKF, not the information form.

The pseudo-code of the consensus based algorithm is shown
in Algorithm 2. The method EKF.predict until consensus step()
predicts the state and covariance at the next consensus step
using the current estimate and the process model.

To evaluate scalability, we consider the message size, and the
dimensions of the state and measurement vectors. As this
algorithm is based on consensus, all nodes have to consider
the full system state, thus the dimension of the state scales
in O(n) with the number of nodes n. Furthermore, nodes
broadcast the state estimate and the covariance matrix. Even
if the algorithm takes advantage of the symmetry of covari-
ance matrices, the size of messages depends on the size of the
covariance matrix and therefore scales in O(n2). Every node
only considers its local measurements, not those of any other
nodes. Thus, the number of measurements depends on the

number of satellites (assumed to be constant) and the number
of nodes in the network. For cooperative navigation we have
one set of measurements per link, hence the dimension of the
measurement vector scales in O(n).

Next, we consider flexibility regarding nodes leaving and
joining the network. The consensus based algorithm requires
nodes to agree on the format of the system state, yet lacks a
centralized entity for decision making. Thus, all nodes have
to agree on changing the format of the state and the time step
at which the new format takes effect. For this reason, we do
not recommend using an approach based on eventual consis-
tency in order to ensure the system state is only changed once
all nodes are aware of the new format. Reaching such an
agreement is not solvable in an asynchronous system model
if nodes can fail at any time [30]. For that reason, the hybrid
navigation system may time out nodes that do not respond
within a certain time and introduce a maximum number
of communication hops in order to achieve a synchronous
system model. Then a commit protocol could be used to agree
on the format of the state and the time of the change. Still,
this causes additional overhead and complexity, making the
consensus based algorithm inflexible regarding nodes joining
and leaving the network.

Nevertheless, the algorithm is robustness to node and link
failures during normal operation. If a node fails, other nodes
are not impacted in a significant way. From their point of
view, the only change is that they calculate the averages
in the consensus step over fewer values. Furthermore, link
failures only have a limited impact on performance. Due to
the consensus step averaging values of nodes with a direct
link, updates regarding all nodes will propagate over multiple
hops implicitly over time.

Equivalent Ranging Variance Based Algorithm

As a third decentralized approach for hybrid lunar naviga-
tion, we propose an algorithm based on equivalent ranging
variance (ERV). The algorithm based on [31], [32] decouples
interactions of nodes and thereby removes the need for a high-
dimensional state vector. Each node only estimates its own
state, which is possible with several approximations. When
node i estimates its state using measurements from node j,
it uses j’s own state estimate as reference for the measure-
ment. The uncertainty of j’s state estimate is considered
by mapping it onto the measurement uncertainty to avoid
error propagation. The mapping is achieved by projecting
the position covariance ellipse of node j onto the direction
vector between the two nodes. Extending the work from [32],
we also include the variance of the estimated clock offset of
node j scaled by the speed of light, σ2

j,cδ . The measurement
variance called ERV calculated by node i for a measurement
received from node j is

σ̃2
i,j = σ2

i,j + rTi,j Σpos,j ri,j + σ2
j,cδ, (23)

where Σpos,j is the three-dimensional position covariance
matrix of j, ri,j = pi − pj is the direction vector between
nodes i and j, and σ2

i,j is the actual ranging measurement
variance.

A pseudo-code implementation of the ERV based algorithm
is shown in Algorithm 3. Here, µ and Σ refer to the local
state of a node and EKF.update(coop measurement, σ̃2) is an
update step for cooperative measurements with an ERV of σ̃2.
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Algorithm 3 Equivalent ranging variance based algorithm
procedure HANDLE TIMESTEP(msg)

coop measurement← ∅
if msg was received then

coop measurement← measure(msg)
transmitter state, transmitter covariance ←

msg.data
σ̃2 ← ERV as in (23) using transmitter state and

transmitter covariance
end if
if node is transmitter for this TDMA slot then

sat measurements← get sat measurements()
µ,Σ← EKF.predict()
µ,Σ← EKF.update(sat measurements)
next msg← (µ,Σ)
broadcast next msg

else
µ,Σ← EKF.predict()
µ,Σ← EKF.update(coop measurement, σ̃2)

end if
end procedure

The ERV based algorithm has appealing scaling properties.
As every node only considers its local state, the dimension
of the state vector is constant with respect to the number of
nodes n in the network. Furthermore, the broadcast messages
only contain local information, thus the message size is also
constant with respect to n. Nodes include measurements as
soon as they become available, i.e. every single cooperative
measurement is used for an update of the state immediately.
Hence, the dimension of the measurement vector is constant.
This assumption implies that nodes calculate a new state
estimate on receipt of every message. If nodes instead wait
and perform an update using all available measurement data
from a full TDMA cycle, the dimension of the measurement
vector would increase to be in O(n).

The ERV based algorithm offers high flexibility. Due to nodes
only considering their own state, nodes can join or leave the
network without the need for coordination. A node leaving
the network can just stop sending messages and a node
joining can start to do so directly. Other nodes in the network
will always be able to include measurements obtained from
these messages using only the local information contained
in messages. There is no requirement for knowledge of the
structure of the network or the overall system state.

The ERV based algorithm is robust with respect to node and
link failures. As only local state is considered by nodes and
messages contain the entire local state of the transmitter, each
measurement can be considered on its own. If a node in the
network fails, this does not affect other nodes except that the
number of available measurements is reduced. In addition,
the ERV based algorithm is not affected by link failures apart
from losing access to measurements provided by the link.
There is no need to propagate information using an explicit
mechanism. Instead, as measurements are applied and nodes
become more confident in their local state estimates, the ERV
becomes smaller. This leads to a more precise measurement
and therefore improves the other nodes’ state estimate, even
over multiple hops.

6. NON-FUNCTIONAL ALGORITHM
PROPERTIES

The non-functional characteristics are derived together with
the respective algorithms in Sections 4 and 5. Table 1 sum-
marizes the algorithm scalability, flexibility, and robustness.
For the centralized algorithm and the measurement-broadcast
based algorithm, two versions with and without message TTL
are shown. By introducing a TTL, we can obtain an improved
robustness regarding link failures at the price of an increased
message size.

First, we compare the scalability of the different algorithms.
The centralized and the consensus based algorithms consider
the entire state, which leads to a scaling of the state dimension
inO(n) with respect to the number of nodes in the network n.
A basic version of the measurement-broadcast algorithm ex-
hibits the same scaling. If each node only considers a subset
of nodes, the complexities will be lower, as discussed in more
detail in Section 5. The ERV based algorithm scales best in
terms of state dimension. Due to every node only tracking
its local state, the state has a constant dimension regardless of
the network composition. The dimension of the measurement
vector scales in O(n2) for the centralized algorithm and the
basic version of the measurement-broadcast based algorithm.
The latter algorithm can improve this by considering only
a subset of nodes. The consensus based algorithm has a
measurement vector with a dimension in O(n), and the
dimension of the measurement vector in the ERV based
algorithm scales in O(1) or O(n), depending on whether
measurements are aggregated over one round of messages
or applied immediately. Regarding scalability in terms of
message size, the consensus based algorithm performs worst
with a message size in O(n2). While the centralized and
measurement-broadcast based algorithms with TTL have the
same scaling, the basic version scales better with a message
size in O(n). Again, the ERV based algorithm exhibits a
constant scaling in this respect, as messages only contain
local state. Overall, the ERV based algorithm exhibits the
best scaling properties.

Next, we consider flexibility regarding adding or removing
nodes. This is possible with no overhead when using the
ERV based algorithm. The measurement-broadcast based
algorithm is highly flexible as well. The centralized algorithm
is also able to add or remove nodes without a large amount of
overhead. In contrast, accounting for nodes joining or leaving
the network is a complex process for the consensus based
algorithm. All nodes have to agree on a common view of
the system state. While solutions exist, they cause overhead
and make the algorithm more complex, see Section 5.

Finally, we compare the algorithms regarding their robust-
ness. The basic versions of the centralized and measurement-
broadcast based algorithms are not robust against link fail-
ures. Adding a message TTL mitigates this disadvantage.
In contrast, the consensus based algorithm and the ERV
based algorithm do not require any additional mechanism for
handling link failures. All of the decentralized algorithms we
propose are capable of dealing with node failures. However,
the centralized algorithm will stop working if the computing
node fails. While there are techniques to mitigate this issue,
they come at the expense of an increased overhead for moni-
toring and coordination, as discussed Section 4.
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Scalability Robustness concerning

Algorithm State
Dim.

Meas.
Dim.

Message
Size Flexibility Node

Failures
Link
Failures

Centralized (no TTL) O(n) O(n2) O(n) high low low
Centralized (TTL) O(n) O(n2) O(n2) high low high
Measurement-broadcast (no TTL) O(n) O(n2) O(n) high high low
Measurement-broadcast (TTL) O(n) O(n2) O(n2) high high high
Consensus O(n) O(n) O(n2) low high high
ERV O(1) O(1) O(1) high high high

Table 1. Overview of the non-functional properties of the proposed algorithms. Scalability is characterized by
complexities with respect to the number of nodes n.
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Figure 3. Overview of the simulation and evaluation process.

7. SIMULATION
Scenario and Simulation Process

The simulation process is visualized in Fig. 3. First, satellite
positions and velocities are obtained by the General Mission
Analysis Tool (GMAT) [33] with time steps of one sec-
ond. The reference frame for the simulation and the hybrid
navigation system is the Moon-PA frame. The simulation
parameters follow the assumptions of the theoretical analysis
in [22]. We assume five lunar satellites with orbits according
to the LCNS proposal [17], see Fig. 1.

The chosen area is a landing site candidate [34] close to
the lunar south pole with latitude −89.45◦ and longitude
222.69◦. The focus of this paper is on distributed estimation
and the comparative study of algorithms, thus we neglect
terrain impact on communications and assume full connec-
tivity within the network. If instead the goal is to obtain a
realistic navigation performance assessment of a certain mis-
sion scenario, terrain and two-ray ground reflection of radio
signals should be considered [35]. For this paper, we have
simulated two exemplary network configurations, consisting
of four mobile nodes and one static and three mobile nodes,
respectively. The simulations of node motion and clock be-
havior are performed using the same state space model as the
navigation filter defined in Section 3. For the process noise,
we assume a velocity standard deviation σi,v = 0.001m/s1.5

for mobile nodes and σi,v = 0m/s1.5 for static nodes. The
small value for σi,v represents a rover equipped with wheel
or visual odometry and inertial sensors. We further consider a
space-grade oven-controlled crystal oscillator (OCXO) [36],
which results in σi,c1 = 2.52 × 10−23 s for the clock offset
and σi,c2 = 3.03×10−24 s−1 for the clock drift, based on the

performance stated in the data sheet. The control vector dki
of mobile nodes is used to simulate motion patterns of robotic
rovers. The basis are randomized points of interest, which lie
within one kilometer of the lander. A mobile node moves
towards a point of interest, then explores the immediate area
around the point. Once the area has been explored, it switches
to another point of interest. Node motion is limited to a
maximum of 1m/s.

For measurements of a signal transmitted by satellite j and
received by node i, we assume a standard deviation of
σρi,j = σpj + σcδj + σDLL = 15m + 10m + 0.2m =
25.2m for pseudorange and σρ̇i,j = σvj + σcδ̇j + σFLL =

0.15m/s + 0.1m/s + 0.03m/s = 0.253m/s for pseudo-
range rate measurements, respectively. The delay-locked
loop (DLL) and frequency-locked loop (FLL) noise standard
deviations are worst-case values calculated following [37]
with the parameters from [17]. For measurements between
cooperative nodes i and j, we assume a standard deviation
of σρi,j = 0.5m for pseudorange measurements. The large
value for σρi,j captures measurement biases due propagation
effects, specifically the two-ray ground reflection [35].

Another important aspect is when measurements become
available. For the simulation, we base the availability of
measurements on the TDMA time slots. At the start of a
time step, every node receives cooperative measurements for
the link between itself and the transmitter of the TDMA slot.
At the same time, every node obtains measurements with
respect to all visible satellites. In order to make the results
of our algorithms more comparable, we assume that only
the node that is the transmitter of the current TDMA slot
uses the available satellite measurements. This convention
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is reflected in the pseudo-codes of the respective algorithms,
see Section 5. Furthermore, we assume nodes do not crash
and messages arrive reliably and in time.

We have chosen a simulation period of five hours and ten
minutes, which allows us to perform 100 Monte-Carlo simu-
lations of the different algorithms without prohibitively long
simulation times. Over the course of the selected time frame,
three to four satellite are visible, see Fig. 4.

Simulation Results

We now evaluate positioning performance of the centralized
algorithm from Section 4 and the three decentralized algo-
rithms from Section 5 using the simulation framework and
the introduced scenario. The simulation period for hybrid
navigation is five hours. Prior to that, we assume a coarse
initialization period of ten minutes using only satellite navi-
gation. The position root-mean-square errors (RMSEs) for a
network of four mobile nodes are shown in Fig. 5. The results
have to be interpreted considering the satellite visibility, see
Fig. 4. In the beginning, four satellites are visible, which
results in decreasing position errors. Then, with only three
visible satellites, position errors increase. In the end, four
satellites are visible again and the position errors decrease.
Using only satellite navigation without any cooperation has
the worst positioning performance. Hybrid navigation with
the ERV based algorithm provides better position accuracy
when only three satellites are visible. The ERV based
algorithm offers high scalability, which is possible due to
approximations. Obviously this comes at the cost of posi-
tioning performance compared to the other hybrid navigation
algorithms. The consensus based algorithm clearly outper-
forms the ERV based algorithm. Due to the underlying nature
of the communications system, only one consensus step per
iteration is used, see Section 5. Together with the averaging
step reducing the impact of new information, this could
explain the performance gap to the centralized algorithm. The
centralized algorithm and the decentralized measurement-
broadcast based algorithm provide identical state estimates,
thus only one curve is plotted. Their performance is overall
best.

Next, we evaluate the performance for a network with three
mobile nodes and one static node, see Fig. 6. Other param-
eters and assumptions remain the same. In contrast to the
case without a static node shown in Fig. 5, the position error
of the mobile nodes now remains approximately constant for
the time where only three satellites are visible. Thus, hybrid
navigation allows to bridge periods with low satellite visibil-
ity without compromising position accuracy. Comparing the
mobile nodes’ position errors using the different algorithms,
we get similar results as in Fig. 5. The consensus based
algorithm outperforms the ERV based algorithm. Centralized
and measurement broadcast based algorithms have the lowest
position errors. For static nodes, the position accuracy im-

proves over time, regardless of the algorithm and even when
only three satellites are visible. The reason is the overall
lower process noise for static nodes, since the uncertainty
only affects clock states.

The RMSEs for all investigated algorithms and both scenarios
are summarized in Table 2. Our simulations confirm the
theoretical results from [22]. Hybrid satellite and cooperative
surface navigation achieves lower positioning errors than a
standalone lunar satellite navigation system. Especially in
periods with low satellite visibility, hybrid navigation keeps
positioning errors low.

8. ALGORITHM COMPARISON AND
DISCUSSION

We consider position accuracy and non-functional properties
of the algorithms as well as composition and size of the
network to be the main decision drivers. Regarding position
accuracy, the centralized and measurement-broadcast based
algorithms perform best, closely followed by the consensus
based algorithm. A hybrid lunar navigation system based
on these algorithms offers considerably improved position
accuracy compared to standalone satellite navigation. The
position accuracy of the ERV based algorithm is lower. Its
usage is more appealing in networks with at least one static
node. In that case, the ERV based algorithm is able to
bridge periods when fewer than four satellites are visible.
In addition, its scalability is excellent, making it suitable for
large networks. Furthermore it is very flexible with respect
to nodes joining and leaving the network, and robust against
node and link failures. The centralized algorithm has a low
robustness against node failures and network partitions pose
significant challenges. While the consensus based algorithm
is more robust against these problems, its low flexibility and
scalability make it undesirable for use in a large network or
when nodes join and leave frequently. The measurement-
broadcast based algorithm provides the same performance
as the centralized algorithm. However, when robustness
against link failures is desired, the message size scales in
O(n2). The measurement-broadcast based algorithm offers
to option to trade position accuracy for improved scalability
by considering a subset of nodes in the network. Since
increasing the size of a network has diminishing returns on
the position accuracy, considering e.g. only neighboring
nodes is an attractive option for larger networks. In summary,
the measurement-broadcast based algorithm appears to be
a good option for small to medium sized networks. For
large networks, it can only be used when limited to a subset
of nodes. Clearly different trade offs and realizations are
possible. This aspect thus deserves further investigation. Due
to its excellent scalability, the ERV based algorithm could
also be an alternative for large networks.

All algorithms introduced in this paper are based on the EKF.
The comparison provided here is focused on different aspects
of decentralized estimation. Investigating other Bayesian
filters would have opened up another dimension and has thus
not been done for this paper. Nevertheless, while the EKF
works well in numerous practical applications, geometries
for lunar satellite navigation are different compared to GNSS
on Earth. Thus, implications on the linearizations performed
in the EKF might be different. Furthermore, cooperative
measurement models used in a hybrid system can be highly
nonlinear, depending on the formation. Thus, investigating
alternatives to the EKF for hybrid lunar navigation could be
interesting.
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Figure 5. Position RMSEs of hybrid navigation algorithms for four mobile nodes. Measurement-broadcast based
algorithm performance is equivalent to centralized algorithm.

0 1 2 3 4 5
Time [h]

100

101

Po
sit

io
n 

RM
SE

 [m
]

centralized (mobile)
centralized (static)
consensus (mobile)
consensus (static)

ERV (mobile)
ERV (static)
satellite navigation (mobile)
satellite navigation (static)

Figure 6. Position RMSEs of hybrid navigation algorithms for three mobile nodes and one static node.
Measurement-broadcast based algorithm performance is equivalent to centralized algorithm.

4 mobile nodes 3 mobile nodes, 1 static node
Algorithm Mobile nodes RMSE Mobile nodes RMSE Static node RMSE
Satellite navigation 14.30m 13.98m 3.81m
Centralized 7.99m 4.31m 2.13m
Measurement-broadcast 7.99m 4.31m 2.13m
Consensus 9.44m 4.79m 2.12m
ERV 13.19m 10.35m 3.73m

Table 2. Position RMSEs of satellite navigation and hybrid navigation algorithms.
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9. CONCLUSION
In this paper, we have introduced one centralized and three
decentralized estimation algorithms for a hybrid lunar satel-
lite and cooperative surface radio navigation system. The de-
centralized estimation algorithms are based on broadcasting
measurements, consensus, and equivalent ranging variance.
We have performed a simulation to evaluate all algorithms
regarding the functional requirement accuracy. Furthermore,
we have theoretically evaluated the non-functional require-
ments flexibility, scalability, and robustness. The centralized
estimation algorithm is conceptually simple, but suffers from
low robustness due to a single point of failure. We have
shown that using a distributed estimation algorithm based on
consensus is unfavorable due to low flexibility and scalabil-
ity. Based on our results, we recommend the measurement-
broadcast based algorithm for best accuracy and the equiv-
alent ranging variance based algorithm for best scalability.
Furthermore, our simulation results confirm existing theoret-
ical results that hybrid satellite and cooperative surface nav-
igation considerably outperforms a standalone lunar satellite
navigation system. In such a system, a cooperative static node
allows to bridge periods with low satellite visibility and keep
positioning errors bounded.
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