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ABSTRACT
Thermoelectric generator modules (TEMs) are in common use as power sources for spacecraft. Here, we present the first investigations on a
modified characterization approach for TEM with a focus on the heat flow determination under transient temperature boundary conditions
with a reference block as a heat flow meter. Furthermore, we present a solution of a partial differential equation (PDE) for determining
temperature fields under transient boundary conditions in single thermoelectric blocks. The PDE solution serves likewise as a reference for a
numerical model using OpenModelica with a network model of the TEM measurement facility under ideal measurement conditions without
parasitic heat losses. Heat flow results obtained from the numerical model are compared with the simulated transient measurement procedure,
which has been derived from an analytic description of the heat conduction in the measurement configuration.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0147567

INTRODUCTION

Thermoelectric modules (TEMs), which build the base for
the construction of thermoelectric generators (TEGs), convert heat
directly into electricity due to the Seebeck effect. Accordingly, a
TEM consists of a multitude of n- and p-type thermoelectric (TE)
legs, which are connected by metallic bridges to form thermocouples
capable of generating a thermovoltage in response to a temperature
difference across the legs. The efficiency of TE energy conversion
equals the ratio of the electrical power output, P, of the TEM to the
incident heat into the hot side of the TEM, Q̇TEM

in ,1

η = P
Q̇TEM

in
. (1)

Based on the constant properties model (CPM), i.e., assuming
TE properties being independent of temperature, the maximum
efficiency of the TEM, ηmax is described as2

ηmax =
Th − Tc

Th
⋅
√

1 + ZTm − 1√
1 + ZTm + Tc

Th

, (2)

and is limited by the Carnot efficiency

ηc =
Th − Tc

Th
, (3)

which is related to the temperatures at the hot side Th and cold side
Tc of the TEM. Furthermore, the physical properties and the loss
mechanisms of the thermoelectric materials and the TEM device
affect the ηmax by the thermoelectric figure of merit ZTm, which is
defined according to the following equation:

ZTm =
S2Tm

R ⋅ K , (4)
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where S is the effective Seebeck coefficient of the module, which is
ideally, neglecting any inner parasitic temperature drop inside the
TEM, S = N ⋅ (Sp − Sn), with N being the number of thermocouples
in the TEM, and Sp, Sn being the Seebeck coefficient of the p-type
legs and n-type legs, respectively. In Eq. (4), Tm = (Th + Tc)/2 is the
mean temperature of the module, R is the electrical resistance of the
TEM, and K is the thermal conductance.3 During the last decades,
much effort has been invested in improving the performance of TE
materials, which has resulted in ZT values between 1.1 and 2.2.2–5 In
turn, this has led to TEM efficiencies of up to 12%.6–8 Still, the exist-
ing limitations on the accuracy and repeatability of employed TEM
characterization techniques raises questions about the incremental
improvement of TEG efficiencies over the past years since some of
the reported improvement could be due to uncertainty related to
applied measurement methods.

Characterization techniques can be divided into steady state
and transient methods. These can be further split into those that
determine η, based on measurements of electrical power output P
and incident heat flow, Q̇TEM

in [Eq. (1)] or from a calculation using
a measured value of ZTm [Eq. (2)]. The former are usually imple-
mented as steady state methods, and the latter by the Harman9

and impedance spectroscopy methods,10 which are referred to as
transient methods. Alternatively, steady state characterization with
direct measurement of the power output and incident heat is more
common due to the high temperature differences applied, which are
also found in the typical operation environments of TEM. Likewise,
the calculation of η from ZTm measured under large temperature
differences is also possible.11 However, the CPM as the theoretical
fundament of Eq. (2) neglects relevant effects on the TEM perfor-
mance such as Thomson heat and the asymmetric distribution of
Joule heat along the TE legs.12

Among the steady state characterization methods, the widest-
spread technique is the reference principle.13–15 Although measure-
ment procedures and instrumentation have been reported, such as
by König et al.16 and Man et al.,17 underlying sources of uncer-
tainty are often unknown for many measurement devices due to
the low level of their standardization, which are manifested through
the absence of measurement guidelines and reference samples for
TEG metrology.18–24 Other works published uncertainty analyses of
the Seebeck coefficient and electric resistivity25–27 as well as for zT
characterization.28 However, a recent introduction of measurement
guidelines for TEM characterization seeks to reduce uncertainty
sources.29,30 Currently, the TEM efficiency is deduced from heat
flow data, which are measured by reference or absolute characteri-
zation techniques in a custom-made TEG measurement apparatus
(TEGMA).31 The reference method employs at least one heat flow
meter (HFM), which is placed thermally in a serial connection with
the TEM under test and is equipped with thermocouples for the
determination of the heat flow (Fig. 2). The heat flow is deter-
mined from the temperature gradient inside the HFM, which is
measured by at least two thermocouples in drillings placed along
the center line of the HFM. Since the reference method can involve
a hot side HFM (HSHFM) and a cold side HFM (CSHFM), the
HFM and location therein of the thermocouples are noted by super-
scripts h or c and numbering subscript i, respectively. The distance
between neighboring thermocouples, Δzi = zi+1 − zi, can vary. The
thermocouple sensors give access to the temperature differences,
ΔTi = Th

i+1 − Th
i ,

Q̇TEM
in = κHFMAHFM

ΔTi

Δzi
, i = 0, 1, 2, 3, . . . . (5)

Equation (5) is linked to the incident heat flow Q̇TEM
in at the hot

side of the TEM but can be employed analogously for a deter-
mination of the outgoing heat flow at the cold side of the TEM,
Q̇TEM

out , if an HFM is installed there. In Eq. (5), the distance between
thermocouples, Δzi, the thermal conductivity of the HFM material,
κHFM , and the cross-section area of the HFM, AHFM , are involved.
Furthermore, Eq. (5) implies a constant properties model (CPM)
for κHFM , which is specified as an averaged value within the oper-
ating temperature interval of the HFM.32 Equation (5) can be
expanded to local measurements of temperature gradients using
neighboring or more than two thermocouples. Pairs of neighbor-
ing thermocouples define segments, in which the Fourier heat flow
is determined for every segment of the HFM. The incident (or
outgoing) heat flow of the TEM can be expressed in a steady-
state measurement as a mean heat flow value from all evaluated
segments.

Q̇TEM
out describes the Fourier heat flow into the cold side HFM

(CSHFM). Thermocouple signals are likewise used to trace the ther-
mal stability of the measuring section and to control the temperature
conditions by installed temperature controllers, which adjust the
released and absorbed heat of installed heaters and cooling plates.
Thermal stability is detected by evaluation of the residual drift
of temperature data from sensors installed in the components of
the measuring section, i.e., from permanent components such as
a heater and cooling plate, heat exchangers, and HFM adapted
to the cross section of the TEM under test. However, due to the
required temperature stabilization period after each change of the
sample temperature and, due to Peltier heat transport, also after
varying the electric current through the TEM, the full module
characterization may last up to one to two weeks31 with a rea-
sonable number of temperature setpoints and values for electric
current flow.

Alternatively, a method of accelerating the characterization
is given by conducting measurements under transient tempera-
ture conditions without thermal stabilization but under a contin-
uous temperature drift of the sample. For this approach, addi-
tional effects on the TEM sample and HFM must be consid-
ered, which are represented by the heat capacity of the involved
components.

Local heat flow and heat absorbed along an individual seg-
ment in Fig. 1 can be defined as Q̇F and ˙dU, respectively. There-
fore, assuming ever smaller segment length Δzi → dz and time
increment Δt → dt means that Q̇F → κHFMAHFM dT/dz and ˙dU
→ ΔmHFMcHFMdT/dt, respectively,33 where ΔmHFM = ρHFMAHFMdz.
An approximation of the heat flow balance at a segment inside a
HFM block at a specific time is obtained as

Q̇(zi+1, t) = Q̇(zi, t) − ˙dU i(t). (6)

This equation tells us that the heat flow in a transient process is
different in any individual segment of a HFM, which is due to the
involved heat capacities, CHFM. Consequently, a transient charac-
terization method must allow for measurement of both the spatial
temperature profile at a given time as well as the time-dependent
temperature evolution.
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FIG. 1. Local segment in a HFM with transient temperature boundary conditions
(BC) where the left side temperature is higher than the right side temperature.
The incoming heat flow, Q̇(zi , t) [Eq. (6)] into the segment at (zi , t), is equal to
the increment amount of energy stored in the segment, ḋU, per time interval, dt,
used to raise the temperature of the segment plus the heat Q̇(zi+1, t), leaving the
segment. The mass of the segment, ΔmHFM , is dependent on the density of the
HFM, ρHFM , and is integrated over the length Δzi of the segment. The specific heat
of the HFM material cHFM gives finally access to the heat capacity of the segment
CHFM = ΔmHFM ⋅ cHFM.

Therefore, here we report on the development of a measure-
ment procedure for the determination of heat flow under transient
temperature conditions, which we will call here “transient mea-
surement function” (TMF), which is the definition of a procedure
to be executed by the TEGMA facility. Before its implementation
in the hardware of the facility, the TMF is merely implemented
virtually here, as a digital twin, extracting simulated temperature
measurement values from a transient OpenModelica (OM) sim-
ulation of a TEM measurement setup. The TMF assumes ideal
measurement conditions only, effectively neglecting the impact of
thermal transfer resistances at component interfaces or parasitic
heat losses. The TMF is derived from the analytical solution of the
time dependent heat flow equation for the specific conditions of
the employed heat flow meter in a reference principle measure-
ment setup. The virtual TMF implementation uses temperature
data from the CSHFM in the OM digital twin as simulated mea-
surement input to evaluate the segment-wise absorbed heat and
Fourier heat. Practically, the TMF is compiled in OM. To test the
accuracy and applicability of the TMF, a corresponding network
model of the measurement set-up is presented here, which assumes
one-dimensional (1D) heat flow through components of the measur-
ing section, including heaters, HFMs, TEM samples, and a cooling
plate for heat extraction. The network model was implemented with
the OM software.34

With regard to how the transient effects affect the temperature
profile at the TEM, Fig. 2(b) vs Fig. 2(c) highlight this difference,
where Fig. 2(b) displays the steady state and Fig. 2(c) the transient
case.

In Fig. 2, the essential difference in the temperature profiles
between the stationary (b) and transient (c) cases consists in the
change of the inner energy of the material ˙dU, which is locally
absorbed when the temperature of the HFM is steadily raised. This
bows the temperature profile along the HFM down. Vice versa, dur-
ing cooling mode, ˙dU is released, bowing the temperature profile
upward.

The challenge arises on how we can conclude on steady state
TEM characteristics of interest, such as maximum electric power
output and maximum conversion efficiency, from measurement
results obtained under transient temperature boundary conditions.
Usually, TEM modules are used under steady state operating con-
ditions (see, e.g., Champier,35 Jouhara et al.36); hence, the common
characteristics of interest are steady state measurands. This might
render unusable the measurands determined under transient con-
ditions to speed up characterization, as far as the measurands will
be overlaid by transient effects. To separate and eliminate transient
effects from the evaluation of a transient measurement, analyzing
the partial differential equation (PDE) that governs the temperature
profile of an HFM or TE leg is straight-forward. We will see that
the PDE can be split into steady-state and transient contributions,
which will provide access to steady state measurands in a transient
measurement process. Earlier works have applied transient analy-
sis to conclude on measurands, starting with Harman et al.,37 who
introduced a method to measure zT when switching a DC elec-
tric current flow. Derivates of this method were further developed,
including the so-called “transient method,” which will be referred to
in this paper as the current-induced method, where the thermovolt-
age or Seebeck-caused component and the resistive component of
voltages were measured with high sampling rate and bandwidth elec-
tronics as explained by Rowe et al.38 Other works with this method
have been provided by Kwon et al.,39 who showed that parasitic
losses affected zT measurements by up to 28%. Due to such para-
sitic effects, Ao et al.,40 Kang et al.,41 and Roh et al.42 have worked
on corrective procedures. Another method first introduced by De
Marchi et al.43 is the porcupine method based on impedance spec-
troscopy. In this method, an AC frequency sweep is supplied to
the TEM. The frequency response of the TEM is tapped by mea-
suring real and imaginary signal contributions of the TEM voltage.
The TEM efficiency is derived from an evaluation of characteris-
tic parameters of this frequency response. Nevertheless, all of these
methods drive thermal transients by an internal electrical excitation
of the TEM, which typically allows for a maximum variation of tem-
perature differences across the TEM of a few and up to some tens
of Kelvin only due to the limited contribution of the Peltier heat
flow to the overall heat balance of a TEM. The transient method
suggested in this work applies transient thermal conditions at the
TEM from the outside by controlling temperatures of heaters and
cooling plates. This effectively allows for an application-relevant
TEM characterization under continuously drifting temperature dif-
ferences up to hundreds of Kelvin, while simultaneously saving
time compared to steady-state approaches since measurements are
conducted concurrently without requiring any stabilization period.
However, measurements under transient temperature conditions
require instead a short initial waiting time since the temperature
functions are influenced by transient signal contributions when
a temperature drift is started. As will be shown later, derivation
of measurands representative for steady-state conditions becomes
accessible after an initial waiting time for the relaxation of fully tran-
sient contributions, which have to be excluded from data evaluation,
effectively limiting the reported transient measurement approach to
a quasi-stationary time domain of TEM measurements. The mea-
suring instrumentation and sample installation of this method are
similar to the wide-spread steady state reference method and shall
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FIG. 2. Schematic of the reference method for heat flow determination (a) with thermocouple locations along the z axis of two HFM, a TEM sample, and a heat source and
heat sink located at the top and bottom, respectively. (b) Qualitative temperature profile along the column for thermal steady state operation under electric current flow through
the TEM; (c) transient temperature evolution along the column at an early simulation time, te, and at a later time, tl . In this example, the transient temperature evolution along
the column is the result of a steady temperature increase in the heater, while the sink temperature is kept constant. Additionally, for a current flow throughout the TEM, the
axial temperature profile inside the TEM bows up for both (b) due to a parabolic contribution of Joule heat to the temperature profile along the TE legs, and to a lesser extent
for (c) due to an additional contribution of the heat capacity, which is in the case of the depicted heating sequence of the column represented in temperature profiles by a
rational function with a negative magnitude due to the occurring heat absorption of involved components. The heat capacity contribution also causes a corresponding bow of
the temperature profiles in the HSHFM and CSHFM sections of (c).

likewise provide a full TEM characterization including heat flow,
power output, efficiency, and further essential TEM properties like
the internal electrical resistance, optimum current for maximum
power or maximum efficiency, respectively, and the integral See-
beck coefficient and thermal resistance. The current work presents
a development for such a transient TEM characterization with a
focus on the analytical basics of the evolution of the 1D tran-
sient temperature profile and a procedure for measurement of heat
flow.

The 1D PDE of the local energy balance for a block of material
that may represent a HFM without thermoelectric effects (pas-
sive block) or a resistive material under DC in transient operating
conditions is derived and validated against a virtual copy of the
block in an OM model. From this PDE, one temperature evolution
equation with two temperature domains, a transient and a quasi-
stationary, is found. Furthermore, from the transient equation, the
relaxation time of the block to only quasi-stationary conditions
after applying a perturbation can be obtained. The PDE solution
for a single block under transient temperature conditions builds
the base for referencing to the numerical simulation, which is used
to test the applicability of the TMF in the simulation of a com-
plete measurement environment. A virtual representation of the
TMF is tested with an OM model of a homogeneous material
block.

METHODS
Method 1: Analytical solution of the transient
temperature profile in a material block assuming
CPM

In thermal steady-state operation without heat loss by radiation
and convection [Fig. 2(b)], the temperature difference between the
heater, TH, and cooler, TC, is maintained constant and piecewise lin-
ear temperature profiles can be expected along every component of
the measuring assembly in a 1D heat flow situation. Neglecting para-
sitic heat loss and assuming the electrical open loop condition of the
TEM (zero electric current flow), the Fourier heat is constant along
the entire column. The gradient of the temperature profile in each
segment is inversely proportional to the local thermal conductivity.
Temperature steps along the temperature profile at interfaces stem
from the thermal contact resistance. Under thermal steady-state
conditions, the involved heat capacities do not affect the temper-
ature profile, ˙dU = 0,33 since there is no temperature change over
time. Consequently, only Fourier heat, Q̇F , is crossing the HFM and
TEM.

On the contrary, operating a TEM in the energy conversion
mode (e.g., current flow ≠ 0), the incident and released heat at
the hot and cold sides of the TEM, respectively, differ from each
other by the exported electrical power due to the principle of
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FIG. 3. Schematic of the energy flow in a TEM (CPM case) in stationary energy
conversion mode.32 The exported electrical power P is equivalent to the differ-
ence between the incident heat flow Q̇TEM

in and the ejected heat flow Q̇TEM
out at the

cold side of the TEM. The electrical power generated depends on the tempera-
ture difference across the TEM, its Seebeck coefficient, and its internal electric
resistance.

conservation of energy. By conduction of an electric current through
the TEM, Peltier heat will be absorbed at the hot side of the TEM
and will partly be converted into electric energy due to the Seebeck
effect. The remaining Peltier heat is released at the cold side of the
TEM, together with the transmitted Fourier heat. Under transient
conditions, heat is stored into or released from components of the
assembly, resulting in local variation of the Fourier heat flow. Con-
currently, heat is transported under electric current flow from the
hot to the cold side of a TEG module by the Peltier effect (Fig. 3),
which is added to the Fourier heat and increases the effective total
heat transport throughout the TEM compared to the open loop
case.41

The Peltier heat at the hot and cold sides is not equal, due to
differences of the absolute temperatures and the respective Seebeck
coefficients. This implies for a thermoelectric generator module in
the CPM that the Peltier heat at its hot side is higher than on its
cold side, since the S ⋅ I ⋅ TH > S ⋅ I ⋅ TC. In the CPM case, the dif-
ference of Peltier heat is converted into electrical energy, which is
only partly exported as electrical output power, P, outside of the
TEM. The other part is lost along the thermoelectric legs as liber-
ated Joule heat, Q̇J , of which half is transferred to the hot side and
a half to the cold side of the TEM, as indicated per Fig. 3. If TH and
TC of the heater and cooling plate, respectively, remain at pre-set
temperatures during an increase of the electric current flow through
the TEM, then Th

5 will drop and Tc
0 will increase at the boundaries

of the TEM (Fig. 3), since the Peltier heat flow through the TEM
leads to additional Fourier heat flow through the outer components
of the column such as HFM and thermal contact resistances and
consequently to additional temperature drops across their thermal
resistance. Therefore, under such conditions, the Peltier heat flow
reduces the open loop voltage, Vo, by a decrease of the effective
temperature difference across the TEM.

In order to get a quantitative estimate of how physical prop-
erties affect the local heat flow distribution in the transient case,
it is necessary to solve the PDE of the heat transport within a TE
leg. As a first step, a single passive block is considered in a 1D
model. The solution of the temperature profile along the element
from the governing heat balance equation is derived here for CPM

TABLE I. Boundary conditions and initial conditions for transient simulation of a
homogeneous block.

Left BC Right BC Initial condition

T(0, t) = ϕ1 = s ⋅ t + ϕ0 T(L, t) = ϕ0 T(z, 0) = ϕ0

conditions under consideration of Fourier heat conduction and heat
capacity. Therefore, this configuration (named case 1 here, with
case 2 treating a conductive block with an electric current flow
but no Seebeck effect) equals the situation of a block of material,
e.g., an HFM, as shown in Appendix B. The boundary conditions
are shown in Table I. The development of a transient measuring
method requires the solution of the PDE under a transient boundary
condition.

The transient boundary condition considered here is limited to
a constant temperature drift applied to the left side (hot side) of the
passive block with a drift rate s in Kelvin per second (rate of temper-
ature change) and an initial locally constant temperature ϕ0. Here, t
is the time. At the cold side of the passive block, a constant in time
temperature ϕ0 is kept.

The transient Fourier equation without inner heat sources in a
1D model for case 1 [Eq. (7)] considers the local density of the heat
capacity of the block cρm as well as its thermal conductivity κ,

cρm
dT
dt
= κ

d2T
dz2 . (7)

Equation (7) shows that the amount of heat flow absorbed in a dif-
ferential volume is equal to the change of the amount of Fourier heat
transferred through the differential volume. To solve this PDE, the
separation of variables technique44 can be applied, resulting in the
quasi-steady bilinear function w1(z, t),

w1(z, t) = ϕ0 + st(1 − z
L
). (8)

Next, the non-homogenous function v1(z, t) can be chosen as an
eigenfunction [Eq. (9)],

v1(z, t) =
∞
∑
n=1

v̂n(t) sin (λnz), (9)

where λn = nπ/L. After expanding the eigenfunction,45 the non-
homogenous function is solved by consideration of the BCs and IC
[Eq. (10)],

v1(z, t) = 2
π3

sL2

α
⋅
∞
∑
n=1

e−α( nπ
L )

2t − 1
n3 ⋅ sin(nπ

z
L
), (10)

where α = κ/cρm is the thermal diffusivity. Introducing a time
constant τ1 = L2/απ2, Eq. (10) simplifies into

v1(z, t) = 2
π

sτ1 ⋅
∞
∑
n=1

e−n2 t
τ1 − 1
n3 ⋅ sin(nπ

z
L
). (10a)

Adding both the quasi-steady and non-homogenous functions gives
the transient solution for case 1 [Eq. (11)] (Appendix C),
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T1(z, t) = w1(z, t) + v1(z, t)

= ϕ0 + st(1 − z
L
) − 2

π
sτ1

∞
∑
n=1

1
n3 sin(nπ

z
L
)

+ 2
π

sτ1

∞
∑
n=1

e−n2 t
τ1

n3 sin(nπ
z
L
). (11)

Equation (8) does not include all terms that will not decay to zero
with time. Instead, one of them is contained within Eq. (10), namely
the stationary term related to the heat capacity of the block material
[Eq. (12)],

ΔTHC(z) =
2
π

sτ1

∞
∑
n=1

1
n3 sin(nπ

z
L
). (12)

For the mathematical solution of the PDE, the complete solution
is composed of a homogeneous and an inhomogeneous solution
[Eq. (11)]. However, for the physical analysis of the transient tem-
perature profile, it is more adequate to split the solution into a
quasi-stationary one (w′1), which contains all constant and lin-
early time-dependent components, and a decay function (v′1), of all
rapidly decaying to zero constituents,

w′1(z, t) = ϕ0 + st(1 − z
L
) − 2

π
sτ1

∞
∑
n=1

1
n3 sin(nπ

z
L
), (13)

v′1(z, t) = 2
π

sτ1

∞
∑
n=1

e−n2 t
τ1

n3 sin(nπ
z
L
). (14)

Using the same BCs and IC but additionally involving a constant
electric current flow that introduces a release of Joule heat along the
block (case 2) will affect the temperature distribution and, there-
fore, the overall heat transport through an electrically conductive
(but thermoelectrically inactive) block. This is considered in the heat
balance PDE (15),

cρm
dT
dt
= κ

d2T
dz2 + ρj 2. (15)

This function includes locally and timely constant Joule heating ρj2.
Likewise, going through the same steps as for case 1 leads to the
transient temperature function for case 2 [Eq. (16)] (Appendix C),

T2(z, t) = w′2(z, t) + v′2(z, t), (16)

w′2(z, t) = ϕ0 + st(1 − z
L
) + 0.5βx(L − z) − 2

π
sτ1

∞
∑
n=1

1
n3 sin(nπ

z
L
),

(17)

v′2(z, t) = 2
π

sτ1

∞
∑
n=1

e−n2 t
τ1

n3 sin(nπ
z
L
) + 2

π3 βL2

×
∞
∑
n=1

(cos (nπ) − 1)e−n2 t
τ1

n3 sin(nπ
z
L
), (18)

with β = ρj2/κ. In v′2(z, t), the first term is related to the heat capac-
ity and the second to the Joule heat liberation. A polynomial fit of

v′2(z, t) over z can be used to plot accordingly the partial tempera-
ture profile for a given time and to determine its maximum along
the block, vmax. This maximum of the temperature decay function
v′2(z, t) is calculated at each time step of the simulation. Plotting
vmax vs the simulation time for a defined n = 100 range gives a
function decaying faster than its first term, which follows the law
of vmax,1 = −Av,1 exp(−t/τ1). Here, Av,1 = 2

π sτ1 − 4
π3 βL2 is the maxi-

mum temperature offset amplitude at starting time. Note that both
the amplitude and the relaxation of the heat capacity component
of v′2(z, t) scale with the time constant τ1 and that the amplitudes
of all of Av,1, ΔTHC(z) and ΔTJ(z) [Eq. (20)] scale with L2. The
τ1 value can serve to estimate when the rapidly decaying transient
effects no longer affect the temperature profile of the block. Since
the function v′2(z, t) decays toward zero, this means that after a
certain period of a few τ1 in duration, only the quasi-stationary
solution w′2(z, t) will remain as the temperature distribution along
the block. More specifically, in Eq. (17), there are three terms con-
tributing to the overall temperature profile: related to transferred
Fourier heat [Eq. (19)], released Joule heat [Eq. (20)], and heat
capacity [Eq. (12)],

TF(z, t) = ϕ0 + st(1 − z
L
), (19)

ΔTJ(z) = 0.5βz(L − z). (20)

The Fourier heat contribution is shown in Fig. 4(a), where the profile
is linearly varying with location and is also linearly time depen-
dent at each z. On the other hand, both the Joule heat [Fig. 4(b)]
and heat capacity [Fig. 4(c)] contributions are not time dependent
and vary only with location along the passive block. Moreover, the
Joule heat will not change with the drift rate, unlike the heat capac-
ity contribution. In detail, the Joule heat temperature profile ΔTJ(z)
is a parabola with its maximum in the middle of the passive block
and falling values toward the edges, while the heat capacity profile
ΔTHC(z) is an asymmetrical function with its peak located closer
to the transient BC side and likewise falling to zero at both sides.
The reason for the asymmetry in the heat capacity profile stems
from the asymmetrical boundary condition. The quasi-stationary
term w′1(z, t) [Eq. (13)], which can be approximated by a polyno-
mial of third order, is the term that is left over after v′1(z, t) [Eq. (14)]
decays to zero.

Method 2: Comparison of the analytical to a
numerical model for idealized passive block and HFM

As a numerical counterpart for the analytical PDE solution, the
validity of an OpenModelica (OM) CPM model [Fig. 5(a)] for case 1
(homogeneous block without current flow) is tested by comparison
of the time-dependent temperature evolution at certain positions
along the block. However, to be able to create a complete digi-
tal twin of the T-TEGMA as a next step, the inner temperature
distribution in a passive block for the CPM case needs to be con-
sidered. Therefore, consideration of Joule heat liberation is included
for the current-loaded case 2 as well [Fig. 5(b)]. In these calcu-
lations, the block was divided into five segments. The location of
each temperature sampling point is indicated by z = 0–5 mm in
1 mm increments. Here, the discretization error will decrease with
an increase in sampling points since the number of sampling points
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FIG. 4. Schematic example plots of the qualitative individual temperature profile contributions to the quasi-stationary solution [Eq. (17)], related to (a) transferred Fourier heat
from the drifting side to the constant temperature side, TF(z, t), (b) Joule heat, ΔTJ(z), and (c) heat capacity, ΔTHC(z). Note that both (b) and (c) contributions are constant
in time. The values of (c) are negative for increasing boundary temperatures but positive for falling ones.

affects the approximation by the OM models. Nonetheless, because
these OM models are CPM based, only a small deviation is expected
in the quasi-stationary state since the local material properties do
not change. In a temperature dependent properties model (TDPM),
the difference would be greater due to the temperature dependence
of the material properties, which would lead to local variation in
material properties along the block.

The topological models in Figs. 5(a) and 5(b) follow the same
boundary conditions as given in Table I. In these models, OM uses
the specified material and physical properties (Appendix B) and
assigns them to the sub-models representing equisized segments of
the block. The segment sub-models in turn use the given tempera-
ture drift rate as well as material and device properties to compose
the heat balance and temperature evolution along the block. The
TRS segments contain a thermal resistance that determines the tem-
perature drop along the block, while the TERS contain an additional
electrical resistance that generates Joule heat and an ohmic volt-
age drop that is measured by the voltage sensor in Fig. 5(b). The
OM model in Fig. 5 contains some conceptual inadequacies, with
the first one being that heat absorbed by the HCS is based on the
temperature drift at the hot side of the segment rather than of its
middle. This means that the local temperature drift rate and with
it the absorbed energy will be slightly overestimated against that of
a real block, resulting in a little lowered temperature profile along
the inner sensor points of the block than in reality. Furthermore, if
the absorbed energy is extracted at the hot side of the segments but
not symmetrically, then a higher than real inflowing heat flow will
adjust. However, due to the BCs, this will not affect the temperature
profile at the segment interfaces.

In an HFM, Joule heat does not apply as no current is flow-
ing. Therefore, the PDE, which is solved for case 1, can be applied to
the HFM by entering the BCs, sHFM , geometry, LHFM, and material
properties, αHFM, for the HFM in Eq. (11). Here, the time constant
for the CSHFM is τ2 = L2

HFM/(αHFMπ2). The equation was imple-
mented to compare the precision between the PDE solution and the
OM model with increasing discretization with 5, 9, and 19 equisized
segments, respectively, for a CSHFM block with a total length of
60 mm. Therefore, the segmentation of the CSHFM starts from the
same relative segmentation of 20%, as it was already applied above

and uses the boundary conditions from Table I. This study serves
to determine the required axial local discretization needed for suf-
ficient accordance of results by OM-CPM and the PDE. From the
results, an axial discretization of six segments was determined as
the basis for creating an OM TDPM of the CSHFM under transient
boundary conditions. This model is built from TRS and HSC com-
ponents that can take as an input the average temperature between
the segment sides to conclude on their temperature dependent
cHFM and κHFM.

As a next step, the OM-TDPM results were compared against
the PDE-CPM solution and finite element modeling (FEM) software
commonly used for thermal simulations. A 60 mm long CSHFM
with a 40 × 40 mm2 cross section was simulated in a transient
ANSYS46 model with 365 000 elements along the centerline of the
CSHFM in the direction of heat flow. Due to the long computation
time, it was limited to an experimental period of 44 s only, which is,
however, sufficient for a comparative referencing of results obtained
from OM-TDPM and PDE-CPM. To assess the impact of temporal
discretization on the accuracy of the OM-TDPM and PDE-CPM, a
comparison was made to the ANSYS model. ANSYS was executed
using a baseline test at 1 ms, serving as a reference point. The per-
formances of OM-TDPM and PDE-CPM were then compared at 1,
5, and 10 s to this baseline.

Method 3: Comparison between numerical modeling
in a functional circuit model and experiment

Turning back to Eq. (6) for a TDPM model, Q̇F contains a first
order derivative with respect to the space coordinate of the heat flow,
dT/dz, which can be locally approximated in the sense of the finite
difference method (FDM)47 by evaluation of temperature differences
along the CSHFM block, measured over the segments between the
thermocouples positioned along the centerline of the CSHFM with
a distance of Δz between neighboring ones [Fig. 2(a)], effectively
allowing for approximating mean local spatial derivatives by ΔT/Δz.
Theoretically, this approximate could be improved by increasing
the number of sensor points along the CSHFM. However, such an
increase might yield no improvement in measurement accuracy due
to practical limitations that stem from the temperature resolution,
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FIG. 5. (a) OM model including sub-models for representation of the heat capacity
(HCS) and thermal resistance (TRS) per segment. (b) OM model including ther-
mally and electrically resistive sub-models (TERS). The dashed square highlights
control elements for setting the constant material and physical properties of the
block.

signal noise, homogeneity of thermal sensor coupling, or manufac-
turing tolerances of sensor positions in the CSHFM. Further, the
absorption rate of inner heat, ˙dU, contains a first order derivative
but with respect to time, dT/dt, approximated by ΔT/Δt, and is

experimentally related to the sampling rate. The implementation
of an algorithm that calculates heat flow Q̇F and local absorp-
tion ˙dU at a common time t employs a temporal interpolation,
deduced from temperature measurements at the positions zi and zi+1
(Fig. 6), according to Tc

i and Tc
i+1 (Fig. 2), respectively. In order to

calculate the Fourier heat flowing between zi and zi+1 with chang-
ing time ( t j , j = 0, 1, 2, 3, . . .), the temperature gradient is found
as follows:

T′( zi + zi+1

2
, tj) ≈

ΔTi,j

Δz
= T(zi+1, tj) − T(zi, tj)

zi+1 − zi
, (21)

and

T′( zi + zi+1

2
, tj+1) ≈

ΔTi,j+1

Δz
= T(zi+1, tj+1) − T(zi, tj+1)

zi+1 − zi
. (22)

However, since this is an averaging procedure, the material proper-
ties [κHFM(T)] at an average temperature, at the middle position zi+
between zi+1 and zi [substituting zi+ = (zi+1 + zi)/2], both calculated
at tj and tj+1, are used [Eqs. (23) and (24)],

T(zi+, tj) ≈
T(zi, tj) + T(zi+1, tj)

2
, (23)

T(zi+, tj+1) ≈
T(zi, tj+1) + T(zi+1, tj+1)

2
. (24)

Equations (21)–(24) are then applied to find the Fourier heat flowing
through the segment at tj,

Q̇F(zi+, tj) = κHFM(Ti+,j)AHFMT′(zi+, tj), (25)

and at tj+1,

Q̇F(zi+, tj+1) = κHFM(Ti+,j+1)AHFMT′(zi+, tj+1), (26)

then to find the interpolated Q̇F between tj and tj+1 [with the
substitution tj+ = (tj + tj+1)/2],

Q̇F(zi+, tj+) =
Q̇F(zi+, tj) + Q̇F(zi+, tj+1)

2
. (27)

On the other hand, the rate of absorbed heat in each segment is cal-
culated as a function of the temperature drift rate between tj and tj+1
using Eq. (28) as follows:

Ṫ(zi+, tj+) ≈
ΔT
Δt
= T(zi+, tj+1) − T(zi+, tj)

tj+1 − tj
. (28)

Furthermore, to calculate the cHFM at (zi+, t j+), the average temper-
ature between T(zi+, t j) and T(zi+, t j+1) is calculated from Eqs. (23)
and (24) as

Ti+,j+ ≈
T(zi+, tj) + T(zi+, tj+1)

2
. (29)

As a result, the absorbed heat in the segment between zi and zi+1 is
calculated as

˙dU i(tj+) = ΔmHFMcHFM(Ti+,j+)Ṫ(zi+, tj+). (30)
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FIG. 6. Qualitative illustration of the TMF method for a transient heat flow
measurement on a segment of the HFM with the definition of temperature
and time steps for determination of the (a) Fourier heat flow, Q̇F , and (b) the
absorption rate of inner heat, ḋU. The orange rectangles and blue circles sym-
bolize temperature measurements by the thermocouples Tc

i and Tc
i+1 [Fig. 2(a)],

respectively.

Q̇F is measured with a sampling rate of 0.2 s−1 at tj = 5 s and tj+1
= 10 s by the thermocouples Tc

0, Tc
1 [see Fig. 2(a)], which define the

first segment of the CSHFM [see Fig. 6(a)]. The determination of ˙dU
needs two temperature measurements separated by Δt to conclude
on the approximation to dT/dt. Therefore, Q̇F is interpolated from
both readings.

The process of repeating temperature measurements and eval-
uations according to Eqs. (21)–(30) defines the TMF for determi-
nation of the heat flux and heat absorption rate as a function of
time for individual segments of the HFM. Therefore, tests of the
TMF procedure have been performed using a digital twin of the
T-TEGMA, which is developed in OM [Fig. 7(a)] and in which a
programmed routine (Fig. 8) simulates a temperature cycle in the
T-TEGMA. This procedure can also be repeated over several tem-
perature cycles. In particular, the time it takes the Th at the TEG to go
from 273 to 1073 K can be read from the simulation. The heating rate
is varying in the beginning and then stabilizing. Dividing the overall

temperature increase by this time gives us a constant heating rate,
sHFM , which is entered into Eq. (11).

In accordance with the real T-TEGMA apparatus, the dig-
ital twin contains a multitude of components [Fig. 7(a)], which
are involved in the simulation of the temperature evolution along
the measurement column and particularly within the HFM. Every
component is modeled by functional blocks, to which geometric
and material properties can be assigned in accordance with pre-set
material options. The TEM is modeled at this stage as a thermal
dummy with only heat capacity and Fourier heat considered. Con-
sequently, the model is one dimensional and is restricted only to
heat conduction without consideration of convection or radiation.
The CSHFM is modeled by n = (5, 9, 19) serially connected blocks
representing single CSHFM-segments, as defined by n + 1 thermo-
couple locations. The CSHFM segments are represented by sieving
chain elements of thermal resistances and capacities that are offered
as functional elements by OM. Every element carries information
about the underlying physical properties and provides equations for
the description of the thermal transport with respect to conduction
of Fourier heat and heat absorption. Correspondingly, individual
material properties are assigned to every element of the sieving chain
either as functions varying with temperature or as static values for
CPM. The temperatures Tc

0 to Tc
5 from these elements are used as

the required input values for an implementation of Eqs. (21)–(30),
which describe the TMF. The main difference between OM and the
TMF is that OM can calculate the rate of absorbed heat per segment,
˙dU, directly at every time step instead of based on temperatures aver-

aged over time [Eqs. (23) and (24)]. This implies that for comparison
of results between OM and the simulated application of the TMF, the
˙dU provided by OM needs to be averaged between two time steps in

order to reference both values to the same t = tj+, as used by the TMF
[Eq. (30)].

RESULTS
Results and discussion 1: Comparison of PDE results
to OM-CPM and decaying transient effects

A comparison of temperature profiles along the TE block
(Appendix B) calculated by the PDE and OM is shown in Fig. 9. At
a discretization into five segments, the maximum absolute tempera-
ture deviation for the entire simulation time is found for I = 0 A at
t = 0.3 s and z = 1 mm, where ∣TOM − TPDE∣ ≈ 0.073 K, i.e., negligi-
bly small. These values are approximately halved for a comparative
calculation with ten segments.

Results for case 2, which incorporates Joule heat generation
[Eq. (16)], and comparing results from the PDE solution to the OM
simulation [Fig. 5(b)] are shown in Fig. 9. There is an almost perfect
agreement between results from OM and the PDE solution. Here,
the downward convex temperature profile due to the heat capacity
that is dominating at zero and low current will be overcompen-
sated by the upward convex Joule-related temperature profile with
increasing current. We observe a saturating temperature relaxation
to the quasi-stationary profile in the inner regions of the block. After
an initial period, the quasi-stationary state has been established, and
all temperatures rise linearly with time.

The involvement of the Joule heat generation means that the
quasi-stationary w′2(z, t) contribution to the temperature profile
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FIG. 7. Schematic of functional elements of the OM model (a) representing components of the measuring section. The measuring section (b) is built by stacking of, from top
to bottom: air cooled plate, guard heater and main heater, hot side heat exchanger (HHX), TEG represented in (a) by its heat capacity and its thermal resistance, CSHFM,
cold side heat transfer adapter, cooled plate, and pressure load assembly.

FIG. 8. Measuring procedure of the current OM T-TEGMA simulation. During the
measuring procedure, the cold side of the cooled plate in Fig. 7 is maintained at
constant temperature.

will contain a locally symmetric parabolic term, which appears as
a temperature increase in the inner part of the block as shown by
Figs. 9(d), 10(a), and 10(b). A slight asymmetry arises from the
asymmetric heat absorption along the leg due to the heat capacity.
The bow of the temperature profile has initially not yet evolved due
to the constant initial condition. Mathematically, this is expressed

by the decay function v′2(z, t) plotted in Fig. 10(c) at different
times. v′2(z, t) represents the deviation between the real transient
temperature profile and the quasi-stationary transient profile. It
is obvious that the part v′2(z, t) of the transient profile is tempo-
rary and decays toward zero within a few time constants. After
a time of 4.5 τ1 this contribution falls below 1% of its original
value, where τ1 indicates its relaxation time, the time at which the
first and largest and slowest decaying term of the sum forming
v′2(z, t) decays to 1/e, i.e., to 36.8% of the original amplitude. After a
time of 4–5 τ1, the quasi-stationary temperature profile dominates
under transient BCs. It is essential to note that such small relax-
ation times apply to the geometry of the 5 mm short passive block
of Appendix B and would be longer in longer blocks and much
longer in a multi-component measuring section such as the one
shown in Fig. 7.

In Fig. 9(a), the shape of the plot shows slight left-hand cur-
vature of the temperature profiles, indicating a delay in the tem-
perature increase of the inner regions of the sample. This delay is
due to the energy absorbed by the block in agreement with the heat
capacity models in OM [Fig. 5(a)] and expressed by specific heat c
and mass density ρm contained in the thermal diffusivity parameter
α in the PDE solution [Eqs. (11) and (16)]. The difference in the
curvature between Fig. 9(a) and Figs. 9(b)–9(d) is a result of the
Joule heat generated by the electric current in the TERS model in
Fig. 5(b), expressed by the term ρj2 in the β variable of the PDE
solution [Eq. (16)]. As seen in Fig. 10(c), the decay function con-
tribution to the temperature is not symmetric along the TE block.
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FIG. 9. Comparison of OM vs PDE evolution of transient temperature profiles along a passive block of 5 mm in length discretized into five segments. Effect of Joule heat
generation for various electrical current values (a) 0 A, (b) 5 A, (c) 10 A, and (d) 15 A. Joule heat causes an increase in the temperature drift rate during a starting period that,
for higher current values, overcompensates an initially lowered rate caused by the heat capacity.

This is due to the heat capacity term as the temperature drift rate is
varying along the block.

Results and discussion 2: Validation of the HFM
model

A discretization study considering the deviation between tem-
perature profiles simulated in the OM and PDE models reveals
that a 73 mm long CSHFM discretized into five segments has a
very small absolute maximum temperature difference of <5 ⋅ 10−3 K,
with the absolute difference decreasing to <2 ⋅ 10−3 and <1 ⋅ 10−3 K
for an increasing discretization of 9 and 19 segments, respectively.
This means that with an axial discretization of five segments, a
CSHFM OM-CPM can, with high accuracy, reproduce the tempera-
ture evolution of an PDE-CPM equation. The question that naturally
arises is whether an OM simulation of the CSHFM with TDPM

can accurately conclude on the temperature evolution of a physical
HFM.

To answer this question, the temperature result of a FEM sim-
ulation in ANSYS with TDPM is compared in Fig. 11 with the
outcome of an OM-TDPM. The FEM and OM TDPM simulations
used full temperature dependent properties with different local dis-
cretizations of the models, whereas the PDE made use of constant
properties, which have been determined from temperature aver-
ages according to the Ioffe formula (Appendix B) for all material
properties except for the heat capacity. The maximum heat capacity
value within the temperature range was chosen for the PDE-CPM
model to consider a worst case of temperature deviation compared
to the TDPM. In Fig. 7, the heating rate applied along the mea-
surement column is derived from the testing procedure in Fig. 8.
The temperature decreases from top to bottom of the column due
to the thermal resistances and heat capacity of the components.

AIP Advances 14, 085019 (2024); doi: 10.1063/5.0147567 14, 085019-11

© Author(s) 2024

 09 D
ecem

ber 2024 11:36:47

https://pubs.aip.org/aip/adv


AIP Advances ARTICLE pubs.aip.org/aip/adv

FIG. 10. Temperature profiles along the block according to the PDE solution with Joule heat generation by a current of 15 A at different times after the start of the transient BC
according to Eq. (16). (a) full T2(z, t) evolution (b) quasi-stationary contribution w′2(z, t) according to Eq. (17) (c) decaying part given by the time-dependent decay function
v′2(z, t) (top axis) according to Eq. (18). The plot shows additionally the time-dependent decay of the first (and slowest decaying) term of the maximum temperature offset
Tmax,1 = −14.3 K exp(−t/τ1) (bottom axis; see Method 1) and indicates the time constant τ1 = 1.36 s.

At the hot side of the passive block (TEG, top BC), the heating
rate is 7.8 K/s, and it drops to 0.107 K/s at the cold side (bot-
tom BC) of the passive block, which is the top BC of the CSHFM.
The bottom temperature BC of the CSHFM is held constant at
room temperature. This rate is applied to all models in Fig. 11.
This rate turned out to be practically useable for real measurements
as it joins short measurement duration to still moderate transient
effects. A higher heating rate at the top side of the passive block
(TEG) will lead to stronger transient effects. Therefore, to make the
CSHFM model applicable to the hot side HFM (HSHFM), a modi-
fied model approach is needed with a two-side drifting BC that can
be deduced from the PDE-CPM. The decaying absolute temperature
difference between the employed models is evaluated in the middle
of the CSHFM at 30 mm distance from its boundaries according to
∣TOM/TPDM − TFEM/TDPM∣/ΔTTotal,A, where ΔTTotal,A equals the total
temperature difference at a specific time, which is derived from the
FEM-TDPM simulation. Figure 11 reveals a maximum tempera-
ture deviation between FEM-TDPM and the other models of about
2.67% at t = 1 s. However, the deviation between OM and FEM-
TDPM decays quickly and stabilizes after 15 s to around 0.18% of
ΔTTotal,A = 1.9265 K, which equals 3.47 ⋅ 10−3 K. This is in good
agreement with the maximum temperature difference <5 ⋅ 10−3 K,
which was observed for the OM model with five segments according
to the conducted discretization study. All results agree to a high level
with each other. Furthermore, since the TMF is expected to be used
after 4–5 fold relaxation time, which for the 60 mm CSHFM with
τ1 = 3.61 s means that up to about 15 s the decaying transient effects
have vanished and quasi-stationary conditions take over. Therefore,
we cannot take any evaluation involving a quasi-stationary assump-
tion in this period as we would in a physical HFM measurement.
Due to the temperature-dependent properties used in FEM-TDPM
and the high local discretization of this model, the results of the
FEM-TDPM simulation can be considered the most accurate rep-
resentation of the physical behavior of the CSHFM. Except for the
initial period with non-quasi-stationary conditions, all models deliv-
ered a sufficiently good accordance to each other. Therefore, it is

FIG. 11. Comparison of the temperature calculation accuracy at the 30 mm position
of the CSHFM over time for time discretization steps of Δt = 1, 5, and 10 s in
the OM. The FEM-TDPM was accomplished with temperature-dependent material
properties and a time step Δt = 1 ms.

clear for the OM-TDPM that a temporal discretization of ∼10 s and
a spatial discretization of at least five segments used for a CSHFM
will deliver sufficient accuracy. To summarize, Fig. 11 shows the
resulting deviations of the temperature and gives high confidence
in the accuracy of not only the OM-TDPM solution but also
the PDE-CPM.

During the actual test of the T-TEGMA, the transient effects
of the Joule and heat capacity portion in v′2, which leads to most of
the error, will last only for a short period of time at the beginning of
each heating sequence. Waiting a period of 4–5 time constants after
the start of each test helps to take valid temperature measurements
during the quasi-stationary time domain only.
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Results and discussion 3: Comparison between OM
CSHFM and simulated TMF

Having shown above that OM can accurately simulate the
temperature evolution of the CSHFM, it is important to see also
how the TMF can be used to determine local heat flux and heat
absorption ˙dU based on the local temperature profiles of the temper-
ature sensing points of an HFM. Therefore, the CSHFM is divided
into six segments and simulated as a TDPM with a 5 s time step,
which is in the order of the time constant. The full column of the
TEGMA digital twin was involved in the simulation here, includ-
ing the heater, HSHFM, TEG module CSHFM, and a cold side
heat transfer adapter on a cooling plate (Fig. 7). From the tem-
peratures virtually measured by OM at each of the sensing points,
the stored thermal power is calculated [Eqs. (21)–(30)]. The heat
absorption in the segments [Eq. (30)] is compared between OM
and the TMF in Fig. 12. The transmitted Fourier heat [Eq. (27)]
was found to be identically the same for both the calculated val-
ues by the CSHFM simulation in OM and those calculated by the
simulated TMF.

Figure 12(a) shows a very good accordance between the
absorbed heat rate obtained from the OM-TDPM model and the
simulated application of the TMF. The actual difference in the val-
ues is highlighted for segment 3 in Fig. 12(b), showing that between
0 and 50 s the difference is quickly decaying below 1%. As indicated
by the left axis of Fig. 12(b), the initially high deviation is a conse-
quence of the non-linear temperature evolution in the inner parts of
the measuring section (Fig. 7) violating the required quasi-stationary
conditions. This corresponds to a timely varying heating rate in the
CSHFM as a transient response to the temperature change at its
boundaries that follow the relaxation behavior of the whole column.
The variation in heating rate is most pronounced at the start of the
transient process. This characteristic is amplified by the fact that the
heater is controlled initially in a constant power mode rather than at

constant temperature drift. Although this does not cause an essen-
tial difference in a later phase of the measurement, it greatly affects
the initial relaxation behavior. When the heater activates (Fig. 7),
its power is initially absorbed by a small upper section of the mea-
suring column, since the initial temperature profile during the early
relaxation phase, is steep close to the heater but flat close to the sink.
Accordingly, the temperature drift near the hot side of the column
will be higher initially but will reduce when more and more parts
of the column participate in the temperature rise and contribute to
heat absorption from a heat source operating at constant power. In
the inner parts of the column, this leads after a quick initial rise
from zero to a more or less pronounced peak in the temperature
drift rate (Fig. 13) and hence of the absorbed power as observed
in Fig. 12(a). The effect is more intense for components closer to
the heater but diminishes with increasing distance from the heater.
Accordingly, in Fig. 12(a), the peak decreases in the colder segments
and vanishes close to the cold side of the HFM. In conclusion, the
rapid drop to small relative deviations as shown in Fig. 12(b) indi-
cates the applicability of the TMF and a high accuracy of its heat
flow determination soon after the variation of the temperature drift
has calmed down. The TMF provides accurate results once the BCs
at their hot and cold sides approximate a moderate, little varying
temperature drift rate, which is reached here after about 50 s. For
the understanding of the dynamic behavior, it is essential that there
is a large difference between the time constants of a separate pas-
sive leg (Fig. 5)—here in the role of the CSHFM—and the whole
measuring column of the T-TEGMA surrounding it (Fig. 7). For the
separate CSHFM block, the time constant τ1 is 3.61 s, while, as seen
in Fig. 12(a), the time constant of the whole column is in the order of
several hundreds of seconds. Note that the slow relaxation observed
for segments 1–6 in Fig. 12(a) does only negligibly reflect the tran-
sient behavior of the CSHFM itself but is mainly governed by the
temperature drift rates at its faces. Their slow change after the ini-
tial phase of 50 s is related to the slow relaxation of the measuring

FIG. 12. The rate of heat absorption per segment is compared for six segments of an HFM using the simulated data from (a) OM-TDPM and the simulation of the TMF
[Eq. (30)] with a time step of Δt = 5 s. The full column of the TEGMA digital twin was involved in the simulation here, with the HFM located at the cold side of the TEM. The
small difference between OM and TMF is plotted in (b) for segment 3. Here, the temperature Tc on the CSHFM drifted from 293 to 403 K while TC drifted from 293 K to about
353 K [Figs. 2(a) and 2(b)].
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FIG. 13. Temperature drift rate for each segment [Eq. (28)].

column to its quasi-stationary state. According to its high weight
and high thermal resistance, the relaxation time of the whole column
is two orders of magnitude larger than that of the CSHFM. This,
consequently, means that the CSHFM is practically already in quasi-
stationary equilibrium internally during most of the relaxation phase
of the whole column, which lasts over nearly 1000 s as read from
Fig. 12(a) until the local temperature drift rates saturate, as an indi-
cation of reaching the quasi-stationary state. The reason for the slow
relaxation depicted in Fig. 12(a) is that the underlying simulation
includes the whole measuring column but not the separated HFM
block alone, as in the two examples above. Estimating a system time
constant with a total length of the column of 113 mm and assum-
ing identical κHFM and cHFM values gives a τ1 value of 200–250 s.
This coincides well with the system time constant depicted
in Fig. 12(a).

Sufficient accuracy of the TMF is going to be achieved after a
waiting time, which is governed by the component time constant
of the HFM, which is much smaller than the system time con-
stant. The deviation from quasi-stationarity is represented by the
magnitude of the time-dependent decay function v′1(z, t), which is
linearly scaling with the effective heating rate s [Eq. (14)]. As can
be seen from Fig. 12(a), the absorbed energy per time ˙dU changes
continuously over time and is different for every segment of the
CSHFM. The effect of the temperature dependence of the specific
heat on its variation is negligible, since its variation is less than
2% overall over the entire time interval (see Appendix B, Fig. 5).
The variation of ˙dU thus essentially follows the variation of tem-
perature drift rates Ṫ = ΔT/Δt of the segments of the CSHFM, as
plotted in Fig. 13.

Since every change of the temperature drift rate initiates tran-
sient decaying contributions to the temperature function of an HFM,
the question arises to which extent a remaining magnitude of the
decay function, i.e., a permanent slow change of the BCs to the HFM,
will introduce uncertainty to the determination of heat flow, par-
ticularly within a time regime that is smaller than the system time
constant. Therefore, the temperature drift rate becomes rather small
after about 100 s, which indicates a minor contribution of the decay

function to the temperature profile along the CSHFM, which will
reduce more and more with the stabilization of the temperature drift.
This is in accordance with the negligible values and slow decay of
the remaining deviation between OM simulation and TMF virtual
measurements [Fig. 12(b)].

Although not perfectly quasi-stationary conditions are
achieved with a permanent slow variation of the temperature drift
rate, the impact of a remaining magnitude of the HFM decay
function on the accuracy of the TMF will be negligible under the
simulated conditions. Therefore, the TMF will provide reliable
experimental values for absorbed energy and heat flow, and when
combined with the measurement of electric power output (which on
its own will need adequate correction for the transient conditions),
also yield valid TEM module efficiency data [Eq. (1)].

CONCLUSION

A one-dimensional model approach to heat flow determina-
tion under transient temperature boundary conditions of a heat
flow meter (HFM) used in thermoelectric module (TEM) charac-
terization was introduced, neglecting any lateral heat loss due to
convection or radiation. A transient measurement function (TMF)
was developed and simulated in OpenModelica (OM) assuming
Dirichlet boundary conditions of constant temperature drift. The
benefit of such modeling is that it can derive experimental require-
ments for sensor instrumentation, signal sampling, and control of
boundary conditions (BCs), e.g., the heating rate. However, most
TEMs operate in steady state conditions; therefore, a transient mea-
surement method introduces the central question of the relation
between steady state properties and measurement results under
transient conditions. One part of this answer is to consider the time
constant, τ1, after which the transient effects of the initial quick
decay toward a quasi-stationary temperature profile no longer affect
the temperature evolution of a passive block. The contribution of the
initial, rapidly decaying function to the overall temperature profile
decreases to below 1% after 4–5 τ1, whereas after this time the ana-
lytically simple quasi-stationary temperature profile can be used as a
base for a measurement recipe. However, the time constant is signif-
icantly larger in a complete thermoelectric generator measurement
apparatus (T-TEGMA) model due to the larger mass and device
length involved, compared to the HFM block alone. These relaxation
times are governing the required waiting time required before valid
results can be expected from transient heat flow characterization
to establish quasi-stationary conditions. The time dependent partial
differential equation (PDE) of a passive block with a constant prop-
erties model (CPM) and Joule heat production was solved and also
modeled in OM. Both the PDE solution and the OM model provide
consistent results showing a high degree of fidelity. Consequently,
an OM temperature dependent properties model (TDPM) vs an
FEM-TDPM in ANSYS were compared, confirming an almost ideal
coincidence of results. Finally, an OM-TDPM of the CSHFM was
taken for a comparison to the TMF simulation in OM. It was shown
that the absorbed energy at each segment of the CSHFM due to its
heat capacity was determined in accordance with the OM model
by the simulated application of the TMF to a virtual implemen-
tation of the TEGMA measurement column (digital twin), which
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gives access to the experimental determination of heat flow under
transient temperature conditions.

SUPPLEMENTARY MATERIAL

Appendix A lists the abbreviations and variables in the paper as
well as in the Appendixes. Appendix B provides material and geo-
metric information used in the comparison of the analytical model
to the numerical model for the idealized passive block and HFM.
Appendix C provides a detailed mathematical derivation of the PDE
for cases 1 and 2 of the passive block.
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