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U�`HKMG§XHW7X�Q�V]oPK{GO_�NHGOG[Q&G¨IO`HQ�_&RZF@ILKMFiNHRZNHG§XfW7VOW7c}Q�ILQ�V§_&W7z{KM�HVLW=ILK{R7F�R7S©c�K{_�VORZG[_&RZXHKM_�ILVOWTª�_

c�RroHQ�z{G�K{F�RZFHzMK{FHQ¨GOK{c�NHz«WTIOK{RZFPG&p!e¨F'W7z{�7RZVOK¬IL`Hc­K{GhoHQ&G[_&VOKM��Q�o��^`HK{_?`'NHGOQ�G§W�VOQ&_�Q&F@I§oHQ�®7Q&z¯�
RZXHc�Q&F@I�K{F � z¬ILQ&V
IO`HQ&RZVJ~Za;IL`HQ}°]FPGO_&Q�F@ILQ&o²±�W7zMcdWTF-³CK{z¬ILQ&V�p"U�`HQdWTz{�ZRZV[KMIO`Hc�KMG�G[NHXHXHzMK{Q�o
�^KMIO`,ofWTI?WyR7S�z{R´RZX�oPQ�ILQ�_�IORZVOG]W7FHo|aPR7SC_�RZNHV[GOQ7af�^K¬IL`�IL`HQ
c�R´oHQ&zlp©E�I§W7ofW7XrILG^_&RZF@IOK{FiNHRZNHG[zM~
IL`PQ�c�RroPQ&ztXfW7VOW7c�Q�ILQ�VOG^ILR"IL`HQ�K{FP_&RZc�K{FH�yoHWTI?W�K{F,RZVOoPQ&V^ILRd�TQ&Q�X$IL`HQ�RZFHzMK{FHQ
G[K{c�NPz«WTIOK{RZF
W7G�V[QµW7zMK{GJILK{_�W7G¨X�RZG[GOKM�Hz{QTp¨U�`HQyXfWTVLW7c�Q�IOQ&VOG§ILR��YQ � z¬ILQ�VOQ&o¶`HW�®7Q�ILR��YQ�_?`PRZGOQ�F·_&W7VOQ�S4NHz{z¬~Za
_&R7FHGOKMoHQ&V[K{FH�dIO`HQ&KMV¨XHV[RZ�fW7�PK{z{K¬I2~,oHQ&FPGOKMI2~'S4NHFH_�ILKMRZF|a��^`PK{_?`¶GO`PRZNHz{o¶�YQ�V[RZNH�Z`PzM~$b�WTNHGOG[K«W7Fr�
oHKMG[ILV[K{�HNrILQ&o)p
¸]NPc}Q�VOK{_&W7z�Q¹�PXYQ&V[K{c�Q&F@ILG�K{FºGOKMc}XPz{Q�FHRZF´�2VOQ&W7z^GO_�Q&FfW7V[K{RZGy�hW7Gd_&W7VOV[K{Q�o»RZNrIdNHG[K{FH�-IL`PQ

¼[½ ±���¾9R´oHQ&z¯¿�XPVORZXYRZGOQ�o-�i~ ½ ILQ�S�W7F·±�VOW7NHG[G&p�U�`PQ�V[Q&G[NHzMIOG
GO`HR���IO`HQ"W7�HKMz{K¬I2~,R7S�IO`HQ � z¬ILQ&V
W7zM�ZRZVOK¬IL`HcÀIOR�_&W7z{KM�HVLW=ILQ
WTI§zMQµW7GJI^GORZc�Q
R7S!IL`HQ�c�RroHQ�z|XfW7VOW7c�Q�ILQ�VOG�RZFPz{K{FPQ7p
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U�`HQ§RZFHzMK{FHQ�G[K{c�NPz«WTIOK{RZFyR7S�VORZW7o�IOVLWTª�_^K{G�W�XHVOR7c}KMGOK{FP��W7XHXHV[R@W7_?`"ILR�XHVOR�®´K{oHQ^FHQ�I2�hR7VO�Z�

�^K{oPQ�ILVLW=ª}_hK{FPS4RZV[cdW=ILK{R7F|p!x�~�_�RZF@ILK{FiNHR7NHGOz¬~�GONPXHXHzM~´KMFH��W�GOKMc�NHz«W=ILK{R7F�c�RroHQ�zr�^K¬IL`"W7_�ILNfW7z
RZ�HG[Q&VJ®7W=ILK{R7F¶ofWTI?W�IL`HQ�IOVLWTª�_�G[KMILNHWTILKMRZFÇK{F9IL`HQ��^`HR7z{Q�FHQ�IµatXfWTV[ILKM_&NHz{W7VOz¬~�K{F¶NPFHRZ�HG[Q&V[®7Q&o
XfW7VJILG�af_µW7F'��Q
Q�G[IOK{c}WTILQ�o|p
°]XÇIOR�FHR���atcdWT_&VOR7GO_&R7XHK{_�c}R´oHQ&zMz{KMFH�dWTXHXHVORZW7_?`HQ&G�`fWµ®7Qy��Q�Q&F-NHGOQ�o¶S4RZV�RZFHzMK{FHQ�ILVOWTª�_

GOKMc�NHz{WTILKMRZFÈj4Q7pÉ�Hp­ÊÉw=Ëla�ÊÉ�TË«n�pÌ\^Q&_�Q&F@ILz¬~»IO`HQÇRZFHzMK{FHQ$W7XHXHzMK{_&WTILKMRZF»RTS�c}KM_&VOR7GO_&R7XHK{_,ILVOWTª�_
c�RroHQ�z{G
KMG��ZW7K{FHKMFH�'W7_&_�Q&XPILW7FH_�Q7pd�ÍK¬IL`-IL`HQ"ILVOWTª�_}KMFPS4RZVOc}WTIOK{RZFÇGJ~´G[ILQ�cÏÎ�m ½ EJ¾ Ê¬s7s&Ë�W
VOQ�GOQ&W7VO_?`ÍK{c�XHzMQ&c�Q&F@I?WTIOK{RZFÐRTS�W�z«W7V[�ZQ���GO_&W7z{Q,c�K{_&V[RZGO_�RZXHKM_9RZFPz{K{FPQ9G[K{c�NHz{WTILKMRZF²`fW7G}��Q�Q&F
oHQ�®ZQ&zMRZXYQ&o9W7FHo'K{G�GOKMc�NHz{WTILKMFH��IL`PQ�`PK{�Z`@�hW�~�FHQ�I2��RZVO��RTS©WyG[ILWTILQ�R7S©b
Q&VOc}W7F@~Zp
U�`HQ�_?`HW7z{zMQ&FH�ZQ§K{FdNHGOKMFH��c�K{_&V[RZGO_�RZXHKM_§c�R´oHQ&zMG�IOVLWTª�_¨S4RZV�RZFHzMK{FHQ^GOKMc�NHz{WTILKMRZFHG%K{G���Q�GOK{oPQ

`HKM�Z`HQ&V�V[Q&ÑiNHK{V[Q&c�Q&F@ILG�K{F-_�RZc}XPNPILKMFH�,X�R���Q&V�IO`HQ"oHKMª�_�NHzMI2~¶IOR9_&W7z{KM�HVLWTIOQ�IL`PQ}c�RroPQ&zÒXfW=�
VLWTc}Q�ILQ&V[G&p%xhQ�GOKMoHQ&G^GOKMc}XPz{Q�c�K{_�VORZG[_&RZXHKM_�c�RroHQ�z{Gh�^K¬IL`,W�S4Q��ÓXfW7VOW7c}Q�ILQ�VOG�j�QTp��Pp ¼ Î�XPIOK{c}W7z
Ô%Q&zMRr_�KMI2~Ð¾9RroPQ&z¬¿-Ê¬s&Ëla��¶XfW7VOW7c�Q�ILQ�VOGLn�a�IO`HQ&V[QÇW7V[Q'W7z{G[RÕ`HKM�Z`Hz¬~Ö_&R7c}XHzMQ�� ¼ `HK{�7`r� � oPQ&z{K¬I2~@¿
c�RroHQ�z{G�zMK{�TQ"¾9E2U ½ EJ¾ jlW7�YRZNPIys���XHW7VLW7c�Q�IOQ&V[G?n�a|�^`PK{_?`¶ILVJ~$ILR,V[Q&XHV[RroHNP_&QyILVOWTª�_"W7G
VOQ¹�
W7zMK{G[IOK{_�W7G
X�R7GOGOKM�Hz{QTat�HNPI�WTI
IO`HQ"_&RZGJI�R7ShW,z{W7VO�7Q�FiNHc��YQ&V�R7S�XfW7VOW7c}Q�ILQ�VOG�W7FHo·K{FP_&VOQ&W7GOQ�o
FiNHc�Q&VOKM_µW7z�Q�×�RZV[IOG&p�U%~´XHK{_&W7zÒXfW7VOW7c�Q�ILQ�VOG�W7V[QyQ7pÉ�HpO_�RZc"S4RZV[ILW7�Hz{Q�W7_&_�Q&z{Q�VLWTIOK{RZFÇW7FHo-oHQ&_�Q&z¯�
Q&VOWTILKMRZF|a|IORZX-GOXYQ&Q&o)a�`HQ&W7oP�hWµ~Za!�@W7X·W7_&_�Q&XPILW7FH_�QdW7FPo·XPVORZXYQ&FHG[KMI2~ÇIOR,_?`fW7FH�ZQ"z{W7FHQ7p�U�`HQ
oHK¬ª}_�NHzMI2~dK{F�_&W7z{KM�HVLWTIOK{FH��IL`HQ�GOQ�XfW7VOW7c�Q�ILQ�VOG�KMG�XfW7VJILzM~}oHNHQ�IORyIL`HQ�S�W7_�I�IL`HWTI�IL`HQ�~�oHRyFHRTI
oHKMVOQ&_�ILz¬~
VOQ�z«WTIOQ%IOR]IO`HQ�R7�HGOQ�V[®ZQ�oyofWTILWPpC³fNHVJIL`HQ�VOc�RZVOQ%G[RZc}Q�R7SrIL`HQ�XfW7VLWTc}Q�ILQ&V[G;oHQ&XYQ&FHo�RZF
��QµWTIO`HQ&V�_&RZFHoPKMILKMRZFHG�a@FHK{�Z`@I[S�W7z{zPW7FHodoHW7VO�iFHQ�GOG�WTG%��Q&zMzYW7G%oHVOK¬®ZQ&V��CW7FHo}®7Q&`HKM_&zMQ��2XYRZXHNPz«WTIOK{RZF
_?`fW7VOW7_�IOQ&V[K{G[IOK{_�G&pyU�`HQ"K{FrØfNHQ&FP_&Q&G�R7S%IL`PQ&GOQ"S�W7_�ILRZV[G
RZF@ILR,`HK{�7`i�hWµ~ÇILVOWTª�_"`fWµ®ZQ"��Q�Q&F·K{Fr�
®ZQ�G[IOK{�@WTIOQ&o»K{FÙW-z{RTI}RTS�G[IONHoHKMQ&G&pÍ³fRZV"Q¹�HWTc}XHzMQ9KMFÓÊ��=Ë§`HKM�Z`HQ&VyØfR��^G���W7G}RZ�HG[Q&V[®7Q&oÙS4RZV
c�RZVOQ
c}WTILNPVOQ�W7FHo'c}R7VOQ
c}W7z{Q�IOVLWµ®ZQ�z{Q&V^�ZV[RZNHXHG�a0W7G^�hQ�z{z|S4RZV�FHR7Fr�2VOW7K{F@~�_�RZFHoHK¬ILK{R7FHG��^KMIO`
S4Q���Q&V§z{R7FH�y®ZQ&`PK{_&zMQ&G�p�E2FÕÊ¬sµ�TËtS4RZV�`HQ&W�®i~'VLWTK{F�RZF'`HK{�7`i�hWµ~´G¨W7F9Wµ®ZQ�VLW7�ZQ�GOXYQ&Q�o$V[Q&oHNH_�ILKMRZF
R7S%WT��RZNrI¨�7���icd�T`9�hW7G¨oPQ�ILQ�VOc�K{FHQ�o|p^Î��@®´K{RZNHG[zM~7aYIO`HQ&G[Q�K{FrØfNHQ&FP_&Q&G¨W7VOQ�GONP�´Ú[Q&_�I�ILR�GOXfW#�
ILKMR7ILQ�c}XYRZVOW7zf_?`fW7FH�7Q&G&p�U�`iNHG&aHW�_&RZF@ILKMFiNHRZNHG�WTFHo�GOXfW=ILK«WTz{zM~�GOQ&XHW7VLWTIOQ&o,_µWTz{K{�PVLWTIOK{RZF�R7StIL`PQ
W7XHXPVORZXHV[K«WTIOQ�c}R´oHQ&z;XfWTVLW7c�Q�IOQ&VOG]K{G§VOQ�Ñ´NPK{VOQ�o9IOR��7Q�Q&X-W7F9RZFHz{KMFHQ�GOKMc�NHz«W=ILK{R7F9WTG]V[QµW7zMK{G[IOK{_
W7G^XYRZGOG[K{�HzMQ7p
E2FHoHQ�X�Q�FHoHQ�FiI!S4VOR7cÛIO`HQÒGOQ�z{Q&_�ILQ�o�c�K{_�VORZG[_&RZXHKM_Cc�RroPQ&zTS4R7V|_µW7V���S4RZzMz{R��^K{FP��W7FHo�z{W7FHQ©_?`fWTFH�ZQ

�YQ&`fWµ®´K{RZNPV�W�ILVOWTª�_%GOK{c�NHz«WTIOK{RZF¨K{G;oHQ�IOQ&V[c}KMFHQ&o��@~�GORZc�QÒcdWT_&VOR7GO_&R7XHK{_%XfW7VOW7c�Q�ILQ�VOG�a=�^`HKM_?`
oHQ�ILQ&V[c}KMFHQhIO`HQ�ØfR��^G%W7FHo"GOXYQ&Q�oHG�WTI©IO`HQ���R7VOoHQ�VOG&aZIO`HQ�®ZQ�`HK{_�z{Q�c�K¬��W7FPo"IONHVOFPK{FH��XYQ&V[_&Q�FiIJ�
W7�ZQ�G¨W=I¨�iFHR7IOG&p]Î��@®rKMRZNHG[zM~�IL`PQ&GOQ�XfW7VOW7c}Q�ILQ�VOG]W7VOQ�oP~´FfW7c�K{_�W7FHo9`fWµ®ZQ�IOR}�YQ�_&W7z{KM�HVLW=ILQ&o
ILR´RHp
U�`HQ�K{oPQµWyR7SCW"_�RZF@ILKMF´NPRZNHG^_µW7zMK{�HVOWTILKMRZF�R7S�c�K{_&V[RZGO_�RZXHKM_�RZFHzMK{FHQ�G[K{c�NPz«WTIOK{RZFHG���WTG]c�Q&Fr�

ILKMRZFHQ�o�K{FdÊ��TËlaZ�HNrI©FHR
WTz{�ZRZV[KMIO`HcÓILR¨oHR¨IL`HWTI©`fWTGC�YQ&Q&FyXPVORZXYRZGOQ�oyGOR¨S�WTV&p©³fRZV!c}W7_&V[RZGO_�RZXHK{_
c�RroHQ�z{G¨IO`HQ�NHGOQ"R7S�IL`HQ�±�W7zMcdW7F-³�K{zMIOQ&V
WTXHXHVORZW7_?`·IOR,GORZz¬®ZQyIL`HQ"XfWTVLW7c�Q�IOQ&V
_µWTz{K{�PVLWTIOK{RZF
XHV[RZ�Hz{Q�c}G���WTG§KMF@®ZQ&GJILKM�@WTILQ�o-ÊÜq#ËtW7FHo�G[`HR��hQ�o9Q�FH_&R7NHVLW7�7K{FH�yV[Q&GONPzMILG�p%Ý]Q�VOQ���Q
K{F@®ZQ�G[ILKM�@WTIOQ
IL`PQyNHGOQyR7S%IO`HQ"°]FHG[_&Q�FiIOQ&o�±�WTz{c}W7FÇ³CKMzMIOQ&V]IOR�_µW7zMK{�HVOWTILQ�c}KM_&V[RZGO_�RZXHK{_�ILVOWTª�_yc}R´oHQ&zMG¨KMF
RZFHzMK{FHQ�W7XPXHz{KM_µWTIOK{RZFHG�p��ÕQ�_&RZFH_�Q&F@ILVOWTILQdRZFÕ`PK{�Z`@�hW�~-IOVLWTª�_7a!�^`HQ&V[QdKMFHoHNH_�I?W7FH_�Q}oPRZNH�HzMQ
z{R´RZX"oHQ�ILQ&_�ILRZV[GhWTVOQ§NHGOQ�o�W7G�ofWTILW�G[RZNHVO_�Q&G�p%¸]NHc�Q&V[K{_µWTzfQ��rX�Q�VOKMc}Q�FiIOG�NPGOK{FP��IO`HQ]XPVORZXYRZGOQ�o
W7XHXPVOR@W7_?`9W7V[Q
oHQ&G[_&VOKM��Q�o$KMF,IO`HQ
GOQ�_&RZFPo$XfW7VJI§R7S�IO`HK{G�XHW7X�Q�V&p
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Þ�ß £;à�ÃCÄCÃ©á´Ã©â�ã
U�`HQ^GOQ�I�R7S)XHW7VLW7c�Q�IOQ&V[G©ILR���Q�_&W7z{KM�HVLW=ILQ&oyKMGÒoHQ&FPR7ILQ�odW7G

w
pCU%~rXPK{_µWTz{zM~�IL`HQ�XHW7VLW7c�Q�IOQ&V[G

K{F
w
WTVOQdNPFH�iFHR��^F²W7FHoÖ_&W7FÖ�YQ}_�RZFHGOKMoHQ&V[Q&o²W7G�_&RZF@IOK{FiNHRZNHG�VLW7FPoHRZcä®TW7VOK{W7�Hz{Q�G&a!VOQ�XHVOQ¹�

GOQ�F@ILQ&o»�@~ÐIL`HQ�K{VyXHV[RZ�fW7�HKMz{K¬I2~�oHQ�FHGOK¬I2~ÐS4NHFH_�ILK{R7F
p (w)

p»Î
FPz{K{FPQ�_µW7zMK{�HVOWTILKMRZFÖV[Q&ÑiNHK{V[Q&G�W
_&R7FiIOK{FiNHRZNPG§IOVLW7_?�iK{FP�}R7S

p (w)
p�U�`HQ�WTXHXHVOR7XHVOK{WTILQ�IOQ&_?`HFHKMÑiNHQ�S4RZV^XfWTVLW7c�Q�IOQ&V�ILVOW7_?�iK{FH��R7S

oP~´FfW7c�K{_
GJ~´G[ILQ�c}G§K{G � zMILQ�VOKMFH�Hp
��åHæ#åfçÕèiéµè´æ�èrê�é#ëlçÕåPé#ë4ì�í+îdë�é#ï�ðCñ4éµè´æ=ê7ò�³CK{z¬ILQ&V[GyW7V[Q'V[Q&_�NHVOG[KM®ZQ'Q&GJILKMcdWTIORZVOG�p²xhQ&G[K{oHQ�G
G[ILWTILQ²Q�G[ILKMcdW=ILK{R7F|a�IO`HQ�~+W7V[Q²NHGOQ�oóS4RZV-XfW7VOW7c�Q�ILQ�V¶Q&GJILK{c}WTIOK{RZF�R7S}oP~´FfW7c�K{_²GJ~rGJILQ�c}G�p
U�`HQ�VOQ�S4R7VOQ�IL`HQ
S4RZzMz{R��^K{FH��G[ILWTILQ�GOXHW7_&Q�VOQ�XHVOQ�GOQ&F@ILWTILKMRZF9KMG�S4RZVOc�Q&o)�

wk+1 = wk + rk,
jJs#n

dk = G (xk, wk) + ek.
j�qZn

E�IyKMG�_&R7c}c�RZF�IORÇc}R´oHQ�z�IL`PQ�oP~´FfW7c�K{_�G�R7S§WÇGOQ�I"R7S^XfW7VOW7c�Q�ILQ�VOG
wk

_&RZV[VOQ�GOXYRZFHoHKMFH�
ILR²WÖGJI?WTIOK{RZFHW7V[~»XHVOR´_&Q�GOG��^K¬IL`ôK{oPQ&F@ILK¬I2~õGJI?WTIOQÇILVLWTFHGOK¬ILK{R7FÙcdW=ILVOK¯��a�oHVOK¬®ZQ&FÍ�@~ôWÖFPRZK{G[Q
ILQ�VOc

rk

pÀU�`HQ·FHRZFHzMK{FHQ&W7VdS4NHFP_�ILKMRZF
G (xk, wk)

XHVOR�®´K{oHQ�G�IL`HQ-ofWTILWÐc}Q&W7GONHV[Q&oÛK{FôIL`PQ
RZFHzMK{FHQ�G[K{c�NHz{WTILKMRZF|aP�^`PQ&F$IO`HQ�IOVLWTª�_�c}R´oHQ&ztKMG¨WTXHXHz{KMQ&o,ILR�IL`HQ�G[~´G[IOQ&cöG[ILWTILQ

xk

S4RZV^IL`PQ
ILKMc}Q�GOXfWTF

∆t
a;NHG[K{FH��IO`HQ"XfW7VOW7c}Q�ILQ�V�GOQ�I

wk

p�U�`HQ"oHQ�GOKMVOQ&o-RZNrILXHNPI
dk

KMG
Q&ÑiNHK¬®7WTz{Q&F@I
IOR
IL`PQ�V[QµW7z¯�2zMKMS4Q^ILVLW=ª}_�ofW=I?WPaHR7�HGOQ�V[®ZQ�o¶WTI�IOK{c�Q

t = k∆t
p

k¨Q�GOXHK¬ILQ�V[Q&_&Q�F@I"oHQ�®7Q&z{R7XHc}Q�F@IyQ�×�RZV[IOG�K{F�cdW7F@~ÕR7IL`PQ&V�WToP®TW7FH_&Q�oÐILVLW=ª}_dGONHVJ®ZQ&KMz{z{W7FH_&Q
G[~´GJILQ&c�G&aiKMFHoHNH_�I?W7FH_�Q�z{R´RZXHGÒWTVOQ�GJILK{zMz´IO`HQ�c�RZG[I©�^KMoHQ&z¬~�NPGOQ&o"ILVOWTª�_�GOQ�FHGORZV[G&p%mtR´RZXyoHQ�IOQ&_¹�
ILR7VOG�NHG[NfW7zMzM~'oHQ&zMKM®7Q&V�WT�Z�ZVOQ��@WTIOQ&o¶ofWTILWdRZFHz¬~Za�_&RZF@I?WTK{FHKMFH��Wµ®ZQ�VLW7�7QyGOXYQ&Q&o

v̄
W7FPo-W�®7Q&VOW7�ZQ

ILKMc}Q§`HQ&W7oP�hW�~
T
WTGh�hQ�z{z)W7GhIL`PQ&K{V�G[ILW7FHofW7V[o�oHQ�®´K{WTILKMRZFHG

σ(v) W7FPo σ(T ) p ½ R�IO`HQ�RZ�HG[Q&VJ®7W#�
ILKMRZFHG]K{F$IO`HQyVOQ&W7z���RZVOzMo

dk

VOQ�GOXYQ&_�ILKM®7QyK{F$IO`HQ�G[K{c�NHz{WTILKMRZF
G (xk, wk)

W7VOQ�oPQ&GO_�VOKM��Q�o¶�i~
IL`PQ&GOQ]S4RZNHVÒ®TW7z{NHQ�G {

v̄, T , σ(v), σ(T )
} p%Ý]R���Q�®ZQ�V&aHG[RZc�Q�ILKMc}Q�G%GOK{FP�Zz{Q^Q�®7Q&F@I�ofW=I?W�WTVOQ�Wµ®TW7KMz¬�

W7�HzMQ
S4RZV§S4NPV[IL`PQ&V§XHVOR´_&Q�GOGOKMFH�Hp^U�`HQ�F$IL`HQ�RZ�HG[Q&V[®TWTIOK{RZF'K{F,IL`PQ�GOKMc�NHz{WTILKMRZF
G (xk, wk)

_&W7F
�YQ}Q¹�rIOQ&FHoPQ&oÐ�@~·W7FHR7IO`HQ&V�®TW7z{NPQ

δ
a�V[Q&XHV[Q&G[Q&F@ILKMFH�$IL`PQdW7�PGORZzMNPILQ"oHQ�®rK{WTILKMRZF·��Q�I2�hQ�Q&FÖIL`PQ

Q�®7Q&F@I^GOQ�ÑiNHQ&FH_�Q&G§c}Q&W7GONPVOQ&o�KMF}IO`HQ�VOQ&W7z���RZV[z{o
VReal (t)

WTFHo�K{F}IL`HQ�G[K{c�NPz«WTIOK{RZF
VSim (t)

a
�^`HQ�VOQ

V (t)
K{G�IO`HQ�GONHc÷R7S©WTz{z)oPQ�ILQ�_�IOQ&oÇG[X�Q�Q&oHG§��Q�I2�hQ�Q&F

t0
W7FHo

t
�

V (t) =
∑

(ti,vi)|t0≤ti≤t

vi

jl�@n

³fRZV^W�ILKMc}Q�G[XfW7F
[t0, t0 + ∆t]

IL`HQ�oHQ�®rK{WTILKMRZF
δ
KMG�_µW7zM_&NHz{WTILQ�o9WTG&�

δ =

√

∫ t0+∆t

t0
(VReal (t) − VSim (t))2 dt

∫ t0+∆t

t0
VReal (t) dt

j�uin

U�`HQ�oHQ�GOK{V[Q&o9RZNPILXPNPI
dk

S4RZV
δ
K{G�ø�Q&VORPaf��Q�_µW7NHG[Q�`HQ&V[Q�IO`HQ�Q&VOV[RZV

ek

K{G^RZ�PGOQ&VJ®ZQ�o$oHKMVOQ&_�ILz¬~Zp
U�`HQ�VOQ'W7VOQdoHKM×�Q&V[Q&F@I � zMIOQ&V[K{FH�¶WTz{�ZRZV[KMIO`Hc}G�ILR-Q�G[ILKMcdW=ILQ

ŵk

WTFHo²KMILG�_&R�®TW7VOK{W7FH_&Q
Pwk

p
U�`HQ'W7XHXPz{K{_&WTILKMRZFÖR7S]XfW7VJILKM_&z{Q � zMIOQ&VOG���RZNHzMoõWTz{z{R��­ILR-Q�G[ILKMcdW=ILQ�XfWTVLW7c�Q�IOQ&VOGy�^K¬IL`²FHRZFr�
b�W7NHGOG[K«W7F$oHK{GJILVOKM�HNPIOK{RZFHG

p (w)
p�Ý]R���Q�®7Q&V&atS4RZV]c}KM_&V[RZGO_�RZXHK{_�ILVOWTª�_�c}R´oHQ�z{G]IO`HQ�_&W7z{_�NHz«W=�

ILKMRZF·R7S
G (xk, wk)

oHQ&c}W7FHoHG�Q��´ILQ�FHGOK¬®ZQ�_�RZc�XHNPILKMFH�Ha;GOR9KMI�K{G�ILR´R'_&RZGJILzM~¶IOR$oHR'IL`fW=I�KMF
VOQ&W7z¬��ILKMc}Q§S4RZV�IL`HR7NHGLW7FPoHG^R7SCXHW7V[IOK{_&zMQ&G�j4XfW7VLWTc}Q�ILQ&V�G[Q�IOG?n�p
U�`HQd±�WTz{c}W7F � zMILQ�V�WTFHoÖKMIOG�oHQ�VOK¬®7W=ILQ&G�VOQ�Ñ´NPK{VOQdW9V[RZNH�Z`Hz¬~�b�W7NPGOGOK{W7F�oPK{G[IOVOKM�HNPILKMRZF·R7S

p (w)
p!U�`fWTI�z{KMc}K¬ILGYIL`HQ�_?`HRZKM_&Q%R7SHXHW7VLW7c�Q�IOQ&V[G;IOR]�YQ � zMIOQ&V[Q&o|aT�HNPI!GOQ�Q&c�G!IOR]�YQ�KMFHQ�®´K¬I?W7�HzMQ7p

U�`HQ"�fW7G[K{_y±�W7zMcdWTF � zMIOQ&V�KMG�FHR7I
S4Q&W7GLWT�Hz{Q��YQ&_&W7NHG[Q�RTS�IO`HQyFHRZFr��z{KMFHQµW7V[KMI2~,R7S
G (xk, wk)

p
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U�`HQ9ùC�rIOQ&FHoPQ&oô±�W7zMcdW7F²³�K{zMIOQ&V,j�ù%±�³©n���W7G"IL`PQ'GJI?W7FPofW7VOoºILQ�_?`HFHK{ÑiNHQ,S4RZVyXYQ&VJS4RZVOc�K{FH�
VOQ�_&NHV[GOK¬®ZQ�FHR7FHz{KMFHQµW7V�Q�G[IOK{c}WTILKMRZF9G[R}S�W7V�p^Ý]R���Q�®ZQ�V&a|K¬I¨XPVOR�®´K{oHQ�G¨RZFHz¬~,W7F¶WTXHXHVORµ�rK{c}WTIOK{RZF
ILRÐR7XPILKMcdW7z^FHR7FHz{KMFHQµW7V}Q&GJILK{c}WTIOK{RZF»W7FHoôILNPVOFHG�R7NPI�ILRÐ�YQ¶FiNHc�Q&VOKM_µW7zMzM~²NHFPG[I?WT�Hz{QTp+e]F
W7z¬ILQ&V[FfWTIOKM®ZQ��^K¬IL`"XYQ&V[S4R7VOc}W7FH_&Q^G[NHX�Q�VOKMRZV©ILR�IL`fW=I%R7S)IO`HQ§ù�±�³-K{G©IO`HQ§°]FHG[_&Q&F@IOQ&o�±�W7zMcdW7F
³CKMzMILQ�V�jl°]±�³Òn�p

��åHæ#åfçÕèiéµè´æ���ê�é#ë�ç�åPé#ë4ìYí»î}ë4é#ïõé�ï!è·*,í�ê&úZèríYé�è´ûýü'åfñlçÕåfíý��ë�ñ�é�èiæ´ò]U�`HQ�°]±�³º�hW7G
� V[G[I�XHVOR7X�RZG[Q&o·�@~·þ7NHz{KMQ&V�W7FPoÕ°§`Hz{c}W7FHFºÊ�uTË�W7FPo·S4NHVJIL`HQ�V
oHQ�®7Q&zMRZX�Q�o��@~Ç��W7FÕW7FHo¶®TW7F
oHQ�V�¾9Q�V[®ZQÖÊ¬s#q#Ë�pÛE�IdRT×)Q�VOG�WÕ��Q�IOILQ�VdXYQ&VJS4RZVOc}W7FH_�Q'IO`HQ&FõIO`HQÇù%±�³�WTFHoÙK{G�GOKMc}XPz{Q&V"KMF
K{c�XHzMQ&c�Q&F@I?WTIOK{RZF)pte¨GÒK{F�IO`HQ^ù%±�³$IL`HQ�XHV[RZ�fW7�PK{z{K¬I2~�oHQ&FHG[KMI2~�S4NHFH_�IOK{RZFPG©R7S0IL`HQ�XHW7VLW7c�Q�IOQ&V[G
p (w)

W7V[Q�V[Q&XHV[Q&G[Q&F@ILQ�o$�@~9b�WTNHGOG[K«W7F,VLWTFHoHRZcÿ®7WTVOK«WT�Hz{Q�G&aP�PNPI]W7VOQ
FHR��ÓGOXYQ&_&K � Q&o'NHG[K{FH��W
c�K{FHKMcdW7z0G[Q�I]R7SC_&W7VOQ�S4NHz{z¬~d_?`PRZGOQ�F$GLWTc}XHzMQ
X�R7K{F@ILG�p
U�`HQhW7z{�ZR7VOKMIO`HcÈGJI?W7VJILG��^K¬IL`�W7F�K{FPKMILK{W7zZQ¹�PXYQ&_�I?WTIOK{RZF�R7S

ŵ0 = E [w]
p©Ý§Q&V[Q�W¨oHQ�S�W7NHz¬ICXfW#�

VLWTc}Q�ILQ&V)GOQ�I!_&W7F���Q©NPGOQ&o)pCU�`HQ%K{FPKMILK{W7z#_&R�®TW7VOK{W7FH_�QÒcdWTIOVOK¯�
Pw0

= E
[

(w − ŵ0) (w − ŵ0)
T
]

GO`PRZNHz{o,V[Q�ØfQ�_�I§IL`HQ�_&R7F � oHQ�FH_&Q�K{F�IL`PQ�KMFHKMIOK«W7zYXfW7VOW7c�Q�ILQ�V�Q&GJILK{c}WTIOK{RZF
ŵ0

p
U�`HQ�Q&ÑiNfWTIOK{RZFHG]R7S©IO`HQ�°]±�³ºS4RZV]XHW7VLW7c�Q�IOQ&V§Q&GJILK{c}WTIOK{RZF'W7V[Q�XHV[Q&GOQ�F@ILQ&o-KMF$U�W7�Hz{Q�p§e

oHQ�GO_&V[K{XPIOK{RZF��^K¬IL`,VOQ��@W7VOo,ILRyIO`HQ�XHVOQ�GOQ&F@I¨W7XHXHzMK{_&WTILKMRZFdS4RZzMz{R��^G��YQ&z{R���p
E2FÕj��Zn�IO`HQ�XHVOR7XfW7�@WTIOQ&o,XfW7VOW7c�Q�ILQ�V�GOQ�I

ŵ−
k

K{G�Q�Ñ´NHWTILQ�o9�^KMIO`�IL`HQ�XHV[Q�®´K{R7NHG^XfW7VLWTc}Q�ILQ&V
GOQ�I�Q�G[ILKMcdW=ILK{R7F

ŵk−1

a��YQ&_&W7NHGOQ$FHR�KMFPS4RZVOc}WTIOK{RZF²W7�YRZNPI"IO`HQ$XfWTVLW7c�Q�IOQ&V��ÉG�oP~´FfW7c�K{_&G�K{G
Wµ®TW7K{z{W7�Hz{QTp
E2FÓjl�@n�IO`HQ9_�R�®7WTVOK«WTFH_&Q,c}WTILV[K¬�

Pwk

K{GyXHV[RZXfW7�ZWTILQ�o»�@~ºW7oHoPK{FH�¶IL`PQ'FPRZK{G[Q,IOQ&V[c
Rr

k

p
Ý]KM�Z`HQ�V�FHRZKMGOQd®TW7zMNHQ&G�zMQµW7oÖIOR-W7F²K{FH_�VOQ&W7GOQ�RTS]Q�VOV[RZV&a%�HNPI"Q�FHGONPVOQ'W$S�W7G[IOQ&VyWTofW7XPIOK{RZFÖIOR
IL`PQ�_?`HW7FH�ZKMFH�,R7ShXHW7VLW7c�Q�IOQ&V[G&p ½ R

Rr
k

`fW7G
ILR,�YQ"_?`HRZGOQ�FÖW7G
IOVLW7oHQ¹�2R7×���Q�I2�hQ�Q&FÐW��ZR´R´o
_&R7Fi®7Q&V[�ZQ&FH_�Q�VOWTILQ-W7FPoÛIOVLW7_?�iK{FP�ºXYQ&VJS4RZVOc}W7FH_�Q7pÀ³fRZV�G[RZzM®´KMFH�ÐRZXPIOK{c�K{øµW=ILK{R7FõXHV[RZ�Hz{Q�c}G
IL`PQ&VOQ9W7V[Q$W7zM�ZRZV[KMIL`Pc}G�IORÕ�7VLW7oHNHW7z{z¬~ÖVOQ�oHNH_�Q

Rr
k

pÙÝ]R���Q�®7Q&V&a�S4RZVyIO`HQ9XPVOQ&G[Q&F@IdIOVLW7_?�iKMFH�
XHV[RZ�Hz{Q�c WÐ_&R7FHG[ILW7F@I

Rr
�ZW�®7Q-GLWTIOK{G[S�~´KMFH�ÐVOQ�GONHz¬ILG&p

Rr
k

W7z{G[RºG[Q�IOG9WÐzMR#��Q&V��YRZNHFPoÛS4RZV
IL`PQ}XfWTVLW7c�Q�IOQ&V
_&R�®TW7V[K«W7FH_�Q

P−
wk

�^`fWTI�XHVOQ�®ZQ�FiIOG�IL`PQ}WTz{�ZRZV[KMIO`HcöS4V[RZc GJI?W7zMz{K{FP�HpyU�`HK{G�K{G
K{c�XYRZV[ILW7F@I�S4RZV�XHV[Q&GOQ�F@I�W7XPXHz{KM_µWTIOK{RZF|a´�YQ&_µWTNHGOQ�IL`HQ�Q�VOVOR7V

ek

_µW7F'K{FHoPQ&Q&o,S�W7zMz�ILR"ø�Q&VORPp
E2F·j��7n�IL`HQ

2L + 1
GOW7c}XPz{Q¨XYRZKMFiIOG�GOXYQ&_�KMS�~´K{FP�

p (w)
W7V[Q�_µW7zM_&NHz{WTILQ�o�W7FHo�GJILRZV[Q&o,K{F}IL`HQ

_&R7z{NHc�FHG%R7S|IO`HQ¨c}WTILV[K¬� W pÒU!R�_&W7z{_�NHz«W=ILQ�IL`HQ]cdW=ILVOK¯�yG[Ñ´NHW7VOQ�V[RrRTI�RTS
P−

wk

IL`PQ
gh`HRZzMQ&G[�i~
S�W7_�ILRZV[K{øµW=ILK{R7F�K{G�NHG[Q&o|p
E�I�c}Wµ~õ`HW7XHXYQ&FÙIL`HWTI,W�XfWTVLW7c�Q�IOQ&VdKMF Wk|k−1

Q��r_�Q&Q&oPG9K¬ILG}®TW7zMK{o»VLW7FH�7Q7pÌ³fRZV}IO`HK{G
XfW7VOW7c�Q�ILQ�V]IO`HQ�G[K{c�NHz{WTILKMRZF,�hRZNPz{oÇFHRTI�oHQ�z{KM®7Q&V]VOQµWTGORZFfWT�Hz{Q�VOQ&G[NHzMIOG¨RZV]Q�®7Q&F-FHR7I¨VONHF|p¨e
�hW�~ÐIOR-`fW7FHoHzMQ�IL`HKMGyXHVOR7�Hz{Q�c K{G�IOR-GO`HK¬S�IyIL`HQ�®TW7z{NPQ�R7S]IO`HK{GyXHW7VLW7c�Q�IOQ&VyKMFiIOR¶KMIOG�®7WTz{K{o
VLWTFH�ZQ7pÒÎ
�@®´K{R7NHGOz¬~�IO`HQ&F}IL`HQ]W7VOVOW7FH�ZQ�c}Q�F@IhR7S)IL`HQ]GLW7c�XHz{Q�G�oPRrQ�GhFHR7IhW7_�_&NHVOWTILQ�zM~�_µW7XrILNHV[Q
IL`PQ��iFHR��^FÕG[I?W=ILK{GJILKM_&G�W7F@~´c}R7VOQ7p�Ý§R#��Q�®7Q&V�aCKMI�G[Q&Q�c}G
ILR,�YQ�W'XHV[RZXYQ&V��hW�~¶IOR,Q&FHG[NHVOQ}W
G[ILW7�HzMQ�W7z{�ZR7VOKMIO`Hc'aPW7G�IOQ&GJILG§GO`HR���Q&o|p
U!R�_&W7z{_�NHz«W=ILQ

G
(

xk,Wk|k−1

) K{FÕjlv@n¹aPS4RZV�Q&W7_?`9GOW7c�XHz{Q
XfWTVLW7c�Q�IOQ&V�G[Q�I�j�Q&W7_?`9_�RZz{NPc}F0n
K{F Wk|k−1

W�_�RZX@~õR7S¨IL`HQÇG[K{c�NPz«WTIOK{RZF²K{G�_&V[QµWTIOQ&o|a^KMFHKMIOK«W7zMK{ø&Q�oÖ�^KMIO`õIL`HQ$W7_�IONfW7z^ILVOWTª�_
G[ILWTILQ�Q&GJILK{c}WTIOK{RZF9W7FHo9VONHF$S4R7V§IO`HQ�ILKMc}Q�G[XfW7F

∆t
p¨E2F9IL`HQ�GOK{c�NHz«WTIOK{RZFPG�ILVLW=ª}_�ofWTILWdW7V[Q

RZ�HG[Q&VJ®ZQ&o¶KMF�IL`HQ�GLW7c�Q
��Wµ~'z{KM�7Q�K{F,IL`HQ�VOQ&W7ztVORZW7o$FHQ�Iµp�U�`PQ�ofW=I?WdWTVOQ�G[IORZVOQ�o$K{F Dk|k−1

a
W7FHo,IL`PQ�c�QµWTF

d̂k

KMG��ZKM®7Q&F,�@~�IL`HQ�K{V���Q&K{�7`iIOQ&o9Wµ®ZQ&VOW7�ZQdjlw@n¹p
E2F�jJs��@ndIO`HQ·IOVLW7FPG[S4RZV[c}Q�oý_�R#®TW7V[K«W7FP_&Q

Pd̃k d̃k

K{G,_µWTz{_&NPz«WTIOQ&oÛW7G,IL`HQ-�hQ�K{�Z`@IOQ&oÓR7NPILQ�V
XHV[RroHNP_�I�RTS�IL`HQ�R7�HGOQ�V[®TWTILKMRZFHG�aÒW7oHoHQ�oÐ�@~ÕIO`HQ�RZ�HG[Q&VJ®7W=ILK{R7FÖFHRZKMGOQd_�R�®7WTVOK«WTFH_&Q

Re
k

p9U�`HQ
RZ�HG[Q&VJ®7W=ILK{R7FÇFHRZKMGOQ�KMG�`HQ&V[Q"W7GOG[NHc�Q&oÇILR��YQyW,b�W7NHG[GOK«WTF|a|NHFH_�RZVOV[Q&z{WTILQ�o|a)�^`HK¬ILQ�G[Q&ÑiNHQ&FP_&Q
�^KMIO`,_&RZFHGJI?W7F@I]_&R�®TW7VOK{W7FH_�Q7p
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°§FHGO_�Q&F@ILQ�o¶±�W7z{c}W7F�³�K{zMIOQ&VhS4R7V�XfW7VLWTc}Q�ILQ&V�Q�G[IOK{c}WTILKMRZF¶Ê¯s#q=Ë
³0R7V

kε {1, . . . ,∞} �^K¬IL`ÙKMFH_&V[Q&c�Q&F@I ∆t
a�IL`PQ$ILKMc}Q'NHXYofWTILQÇW7FHoÙG[K{�Zc}W=�2XYRZKMFiI

_µW7zM_&NHz{WTILKMRZF�W7V[Q
�ZKM®7Q&F'�i~

ŵ−
k = ŵk−1,

j��Zn

P−
wk

= Pwk−1
+ Rr

k−1,
jl�@n

Wk|k−1 =
[

ŵ−
k ŵ−

k + γ
√

P−
wk

ŵ−
k − γ

√

P−
wk

]

,
j��Zn

U�`HQ�GLW7c�XHz{Q���Q&KM�Z`@ILG§W7V[Q�_&W7z{_�NHz«W=ILQ&o,WTG
W

(m)
0 = λ

L+λ

a
W

(c)
0 = λ

L+λ
+ 1 − α2 + β

WTFHo
W

(m)
i = W

(c)
i = λ

2(L+λ)

S4RZV�WTz{z
i = 1, ..., 2L

p

Dk|k−1 = G
(

xk,Wk|k−1

)

,
jlv@n

d̂k =

2L
∑

i=0

W
(m)
i Di,k|k−1.

jlw@n

e¨FHo,IL`HQ�c�QµW7G[NHVOQ�c}Q�F@I[�2NPX�ofW=ILQ
Q&ÑiNfW=ILK{R7FHG§W7VOQ

Pd̃kd̃k
=

2L
∑

i=0

W
(c)
i

(

Di,k|k−1 − d̂k

) (

Di,k|k−1 − d̂k

)T

+ Re
k,

j�s��@n

Pwkdk
=

2L
∑

i=0

W
(c)
i

(

Wi,k|k−1 − ŵ−
k

)

(

Di,k|k−1 − d̂k

)T

,
j�sZs#n

Kk = Pwkdk
P−1

d̃kd̃k

,
j�s#qZn

ŵk = ŵ−
k + Kk

(

dk − d̂k

)

,
j�s��@n

Pwk
= P−

wk
− KkPd̃kd̃k

KT
k ,

j�sµuin
�^`HQ&V[Q

γ =
√

L + λ
a
λ
KMG�W'_&RZc�XYRZGOK¬ILQ�GO_µWTz{K{FP�9XfWTVLW7c�Q�IOQ&V&a

L
K{G�IL`HQ}oHK{c�Q&Fr�

GOK{R7F·RTS�®7Q&_�IORZV
w
VOQ&G[X|pyIL`HQ"FiNHc��YQ&V�R7ShXfW7VOW7c}Q�ILQ�VOG�ILR,�YQ"_µW7zMK{�HVOWTILQ�o|a

α = 1oHQ�IOQ&VOc�K{FPQ&G�IO`HQ�GOXPVOQµWToºRTS§IO`HQ�GOKM�Zc}W9XYRZK{F@ILG�W7FHo
β = 2

K{FP_&RZV[X�RZVOWTILQ�G�XHV[K{RZV
�´FPR#�^zMQ&oH�7Q�RTS

p (w)
p

E2FÕjJsZs�n�W7FHoÕjJs#q7n�IL`HQ�_�VORZG[G§_�RZVOV[Q&z{WTILKMRZF�c}WTILV[K¬�
Pwkdk

W7FPo,IO`HQ�±�W7z{c}W7F��@WTK{F Kk

W7V[Q
_µWTz{_&NPz«WTIOQ&o»W7_&_�RZVOoHKMFH�¶ILR·IL`HQ,�hQ�z{z�Q�G[I?WT�Hz{KMGO`HQ�oÙ±�W7z{c}W7Fº³CKMzMILQ�V�c�QµW7G[NHVOQ�c}Q�FiI}NHXYofWTIOQ
Q&ÑiNfW=ILK{R7FHG&p
E2FÍj�s��@n�IO`HQ�XHV[Q&oHKM_�IOQ&oÐXfW7VOW7c�Q�ILQ�V�G[Q�I

ŵ−
k

K{G�W7o=Ú[NHGJILQ&o²WT_&_&R7VOoHKMFH�$ILR9IL`HQ}oHQ�®´K«W=ILK{R7F
R7S§IL`HQ,V[QµW7z�RZ�PGOQ&VJ®TWTILKMRZF

dk

S4V[RZc IO`HQ,XHVOQ�oHK{_�ILQ&oºRZ�HG[Q&VJ®7W=ILK{R7F
d̂k

p²U�`HQ$±�W7zMcdWTFÖ�@W7KMF
Kk

oHQ�IOQ&V[c}KMFHQ&G�IO`HQ
oHQ&�7VOQ&Q
IOR"�^`PK{_?`
ŵ−

k

K{G^WTo=Ú[NHG[IOQ&o|p%U�`HQ�_�R#®TW7V[K«W7FP_&Q
Pwk

KMG�NHXYofWTILQ�o
W7_�_&RZV[oHK{FH�yIOR$j�sµuin¹p
U�`HQ�W7z{�7RZVOK¬IL`Hc­�hR7VO�iG¨V[Q&_&NPVOGOK¬®ZQ�zM~,�^KMIO`'IOK{c�Q
K{FH_�VOQ&c�Q&F@I

∆t
p�E2F$�ZQ�FHQ&VOW7z!W�G[`HRZVJI

∆tQ&FPGONHV[Q&G�W��ZR´RroÇIOVLW7_?�iK{FP����Q�`fWµ®rKMRZNHV�p�Ý§R#��Q�®7Q&V�a;IOR,�ZQ�I
V[Q&zMK«W7�HzMQ�oHWTI?WdS4V[RZc�W�oPQ�ILQ�_�IORZV
W9_�RZFHG[K{oHQ�VLW7�HzMQ"F´NPc���Q�V�RTS�®ZQ�`HK{_�z{Q&G�GO`PRZNHz{oÕ`fWµ®ZQ}XfW7GOG[Q&oÖK¬I�oHNHVOKMFH�

∆t
p,³fNHVJIL`HQ�VOc�RZVOQ

KMI�`fW7G�IOR¶��Q}I?W7�TQ&F²K{F@ILR$_&RZFHG[K{oHQ�VLWTIOK{RZF)a©`HR��­S�W7G[I�IOQ&c�X�R7VLW7z�_?`fW7FH�7Q&GyR7S^IL`PQ�Q��´ILQ�VOFfWTz



mtRZVO�TR��^GO�iK��y��W7�ZFHQ�V �

_&R7FHoHKMIOK{RZFPG]KMFPØfNHQ�FH_&KMFH�}IO`HQ�V[R@W7o9IOVLWTª�_�Rr_�_&NHV�p��ÒVOR7�fW7�Hz¬~$WTF$K{FP_&VOQ�c}Q�F@I�K{F9VLW7FP�ZQ�RTS%W
S4Q��Óc}KMFiNPILQ�G�K{G�VOQ�_&RZc�c�Q&FHofWT�Hz{Q�W7FPo'�hW7G^NHGOQ�o$KMF,IO`HQ�S4RZzMz{R��^K{FH��Q��rX�Q�VOKMc}Q�FiIOG&p

�����0ß ¤;Æ
	 ß0Â £;¢
U!R�®TW7zMK{ofWTIOQ¨IL`PQ�Q�ª�_µW7_�~$WTFHo9V[RZ�HNHGJILFHQ�GOG]R7S�IO`HQ�XHVORZXYRZG[Q&o9W7z{�ZR7VOKMIO`Hc'arK¬I���W7G§K{c�XHzMQ��

c�Q&F@ILQ�oõW7FPo²IOQ&GJILQ&o)p»³fRZV�IO`HQ&G[Q�ILQ&GJILG"IL`HQ�_&W7VyS4RZz{zMR��^K{FH�9c}R´oHQ&zhXHVORZXYRZG[Q&oºK{FÍÊÉvTË��hW7G
NHG[Q&o|p�U�`HK{G ¼J½ ILQ�S�W7F'±�VOW7NHG[GJ¿�c�RroPQ&z%j ½ ±�¾Çn�_&RZF@I?WTK{FHG�Ú[NHGJI^S4RZNHV�XfW7VOW7c�Q�ILQ�VOG��^KMIO`,K{F@ILNr�
KMIOKM®7Q�c}Q&W7FHKMFH�HpÒ³fNHVJIL`HQ�VOc�RZVOQ�K¬I�K{GhVORZ�HNPG[Iµa0WT_&_&KMoHQ&F@IJ��S4VOQ�Q7aHFiNHc�Q&V[K{_&W7z{z¬~}Q�ª�_&K{Q�F@Iµa0W7FHo,KMF
�ZR´Rro,WT�ZVOQ�Q&c�Q&F@I^�^KMIL`,Q�c}XHKMVOKM_µW7z�ofWTI?Wrp
E2FÕIO`HQ ½ ±�¾ IL`HQ"®ZQ�z{R´_&K¬I2~-R7S�W,®ZQ&`PK{_&zMQ}KMF·IO`HQ�FHQ��´I�IOK{c�Q"G[ILQ�XÖK{G�W7G[GONHc�Q&oÕILR'��Q}W

S4NHFH_�ILKMRZFyR7S�KMILG©W7_�IONfW7zH®ZQ�z{R´_&K¬I2~
v
aZIL`PQ§FPQ�I]j��PNHc}XYQ&V©IOR��HNHc�X�Q�V?n��ZW7X

s
W7FHoyIO`HQ�®ZQ�z{R´_&KMI2~

R7S!IL`HQ�zMQµW7oHKMFH��®ZQ�`HK{_�z{Q
V
p%U�`HQ�c�RroPQ&z|KMG�oHQ � FPQ&o$�@~�IO`HQ
S4RZz{zMR��^K{FH��Q�ÑiNfWTILKMRZFHG��

vsafe (t) = V (t) +
g (t) − V (t)
v(t)+V (t)

2b
+ 1

,
jJs#�Zn

vdes (t) = min {vmax, v (t) + a∆t, vsafe (t)} jJs��Zn

v (t + ∆t) = max {0, vdes (t) − η} jJs��Zn
U�`HQ�VLWTFHoHRZc XYQ&VJILNH�HWTILKMRZF

η = rand [0, εa]
K{G^WyVOW7FHoHRZc÷F´NPc���Q�V^��Q�I2�hQ�Q&FÇ��W7FHo

εaIL`HWTI�W7z{zMR��^G©S4RZVÒoHQ�®´K{WTILKMRZFHG©S4VOR7c�RZXPIOK{c}W7z´oHVOK¬®rKMFH�Hp�U�`HQ^c}R´oHQ&zPK{GÒXfW7VOW7c�Q�ILQ�VOKMø&Q&o"�@~yIL`PQ
c}W=�rK{c�NHc G[X�Q�Q&o

vmax

atIO`HQ"W7_&_�Q&zMQ&VLW=ILK{R7F
a
a|IL`HQy_�RZc�S4R7V[I?WT�Hz{Q�oHQ&_�Q&z{Q�VLWTIOK{RZF

b
a!W7FHo¶IO`HQ

FHRZKMGOQ�S�W7_�ILRZV
ε
aH�^`HKM_?`9KMG���Q�I2�hQ�Q&F$�}W7FPo·s7p

eÈI2~´XHK{_&W7ztXfW7VOW7c�Q�ILQ�V�GOQ�I]RTS�IO`HQ ½ ±�¾äS4RZV�`PK{�Z`@�hW�~dILVLW=ª}_�KMG�GO`HR��^F$KMF,UCW7�Pz{QysZp
U�`HQhIOQ&GJI%K{c�XHz{Q�c}Q�FiILWTILKMRZF
��WTGÒNHGOQ�o"IOR�Q&GJILKMcdWTIOQ�IO`HQhILVOWTª�_�G[ILWTILQhK{F�oHK¬×)Q�VOQ�FiI©GO_&Q�FfW7V��

K{R7G&p!E2FHG[IOQµW7o�RTSfVOQ&W7z@ILVLW=ª}_�ofWTILW¨W§GOK{c�NHz«WTIOK{RZF�j4oHQ&FPR7ILQ�oyW7G ¼ VOQ&W7z@�hR7VOz{o´¿%GOKMc�NHz«W=ILK{R7F0nY�hW7G
NHG[Q&oyILR�XPVOR´oHNH_&Q�ILVLW=ª}_hofWTI?Wrp�U�`HQ^WToP®TW7F@I?W7�ZQ�R7SfIL`PK{G©WTXHXHVORZW7_?`yK{G!IL`fWTICIL`HQ ¼ ÑiNfW7G[K¬�2V[QµW7z¯¿
ILVOWTª�_¨G[KMILNHWTILKMRZFdKMG�_�RZc}XPz{Q�IOQ&z¬~"�´FPR#�^F'W7FPodIL`HQ]RZFHzMK{FHQ§GOKMc�NHz«W=ILK{R7F�_&W7F��YQ]®TW7z{KMofWTIOQ&o��i~
_&R7c}XfWTVOK{G[RZF|p$³0NPV[IL`PQ&VOc�RZV[Q�IO`HQ�XfW7VOW7c�Q�ILQ�V�G[Q�IyR7S�IO`HQ ¼ VOQµWTz���RZVOzMor¿�GOKMc�NHz{WTILKMRZFÕ_�RZNHzMo
�YQ}_�RZF@ILK{FiNHR7NHGOz¬~¶cdWTFHK{XHNPz«WTIOQ&oÇILR'K{F@®7Q&G[IOK{�@W=ILQ"IL`HQyILVOW7_?�iK{FH�'XYQ&V[S4R7VOc}W7FH_&Q"R7S�IL`HQ � z¬ILQ&V
W7zM�ZRZVOK¬IL`Hc'p;U�`HQ§oHK{GOW7oP®TW7F@I?W7�7Q§KMG&aZIO`fWTI�GOKMc�NHz«W=ILQ&oyIOVLWTª�_^ofWTILW�RZFPzM~�_�RZFHoHK¬ILKMRZFfW7zMzM~�GO`HR��
IL`PQ�_?`HW7VO_�ILQ&V[K{GJILK{_�G^R7SCV[QµW7z|IOVLWTª�_�ofWTILWPaHG[R�IO`fWTI^ILQ�G[ILG��^K¬IL`'VOQµWTz|ILVLW=ª}_
oHWTI?W"`fWµ®ZQ�ILR"�YQ
XYQ&V[S4R7VOc�Q&o,FHQ��´I&p
���
�Òèiæ=ë�ç�è´í�é�������ñ4ìrî è´ê�é#ë�ç�åPé�ë�ìYíôìYíýå²ï!ë��Yï�î�å��ÍìYí;æ#åfç���ò�Î
_�_&NHV[Q&FH_�Q7atXHV[RZXfW=�
�@WTIOK{RZF�W7FHoyoHKMGLW7XHXYQ&VOW7FH_�Q�R7SY_&RZFP�ZQ&GJILK{R7FyRZFy`HK{�7`i�hWµ~´G%W7VOQ�c}W7KMFHzM~�KMFPØfNHQ�FH_&Q�o��@~yVOW7c�XHG&p
U�`HQ�WToHoHKMIOK{RZFHW7z@ØfR��ÐS4VORZcóW7F�RZFPVLW7c�X�W7G��hQ�z{zrW7GCIL`PQhc�Q&VO�7K{FH�]XHVOR´_&Q�GOG©R7SfIO`HQhI2��R�ILVOWTª�_
ØfR��^Gh_&W7F�zMQµW7o�ILR�W��HVOQ&W7�ioHR��^F�R7S)IO`HQ]IOVLWTª�_§ØfR��ÍRZF}IO`HQ¨`HKM�Z`@��Wµ~7p%k¨Q&XYQ&FHoPK{FH��R7F}IL`PQ
K{FP_&RZc�K{FH��ØfR��^G§IO`HQ�VOQ&G[NHzMIOK{FH�y_�RZFH�ZQ�G[IOK{RZF'cdWµ~dXHVORZXHW7�@WTIOQ
K{F,NHXHGJILVOQ&W7c oHKMVOQ�_�ILKMRZF|p
E2FÇIL`PK{G�Q¹�PXYQ&V[K{c�Q&F@I�IO`HQyRZFHzMK{FHQ�GOK{c�NHz«WTIOK{RZF,�hW7G
NHGOQ�o¶ILR�_&R7FiIOK{FiNHRZNPGOzM~9Q&GJILKMcdWTIOQ�IL`PQ

ILVOWTª�_"G[I?W=ILQ�RZF�W'q��icäz{RZFH��IO`HVOQ�Q��2z{W7FHQ�S4V[Q&Q��hWµ~·GOQ&�7c}Q�FiI��^K¬IL`ÕW7FÕR7FHVLW7c�X·WTI�s"�´c
j�G[Q&Q � �ZNHV[Q"s#n�p
E�I¨�hW7G�W7G[GONHc�Q&oÇIO`fWTI�IO`HQ�KMFPØfR��+W7z{R7FH�}IO`HQ�`HKM�Z`@��Wµ~

qin

KMG¨�iFHR��^F¶S4VORZcöWdoPQ�ILQ�_�IORZV
RZV�W9XPVOQ&zMK{c�K{FfWTV[~9Q&G[IOK{c}WTILKMRZF·W7FHo·K{G�_&RZFPG[I?WTFiI�WTI��ra��Z�Z��Ô%Q&`0�T`)p�U�`HQ�WToHoHKMIOK{RZFHW7zCØfR��
qadd

S4V[RZc+IO`HQ�RZFPVLW7c�X���WTGÒ_µW7zMK{�HVOWTILQ�o��fW7G[Q&o"RZFHz¬~�RZF�IO`HQ�RZ�PGOQ&VJ®TWTILKMRZFHG©S4VOR7cóW�oPQ�ILQ�_�IORZV
GOK¬ILNfW=ILQ&o,oHR��^FHGJILV[QµW7c WTI�sZaÜ�7�Z��c'aP�^`HKM_?`9�ZW�®7Q�oHWTI?W"W7�Z�7VOQ&�ZWTILQ�o'R�®7Q&V§��c�K{F)p
E2F�IO`HQ ¼ VOQµWTz%��RZV[z{or¿�G[K{c�NHz{WTILKMRZF

qadd

�hW7G�KMFHKMIOK«W7zMK{ø�Q&o$�^K¬IL`Ð�Pp,e§S�ILQ&V��Z�9c�K{FÕKMI��hW7G
_&R7FiIOK{FiNHRZNPGOzM~}K{FP_&VOQ&W7GOQ�o�NHX�ILRy�7�Z��Ô%Q�`0�T`�R�®ZQ�V�RZFHQ�`HR7NHV&aPW7FHo�IL`PQ&F�oHQ�_&VOQ&W7GOQ�o9�HW7_?�}IOR
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�PpC�Í`PQ&F,KMI�VOQ&W7_?`HQ&o,WT��RZNrI^qZ�7��Ô%Q&`0�=`|aPIL`PQ¨Q&F@IOQ&VOKMFH��R7StIO`HQ�FHQ&W7VOz¬~�GLWTIONHVLWTIOQ&o�`PK{�Z`@�hW�~
�@~�W7oHoHK¬ILKMRZFfW7zP®7Q&`HKM_&zMQ&G�VOQ&G[NHzMIOQ&o}K{F�_&RZFHG[K{oHQ�VLW7�Pz{Q^X�Q�V[IONHVO�fW=ILK{R7FHG%R7S|IL`PQ§IOVLWTª�_�ØfR��ô�^KMIO`
GOKM�ZFHK � _µW7F@Iy_�RZFH�ZQ�G[IOK{RZFHG�p�U�`HQ�R7FHzM~ÕRZ�HG[Q&V[®7Q&o»K{FHoHKM_µWTIOK{RZFÕR7S^IL`HQ�GOQ,_&R7FH�ZQ&GJILKMRZFHG��hW7G"W
GOc}W7zMz)oHQ�_&VOQ&W7GOQ�R7S!IL`HQ
IOVLWTª�_
ØfR��

qdet

WTI�IO`HQ�oHR��^FHG[IOVOQ&W7c oHQ�IOQ&_�ILRZV�j�G[Q&Q � �ZNHV[Q�qZn�p
U�`HQ^ØfR��

qdet

oHQ�_&VOQ&W7GOQ�o|aP�YQ&_&W7NHG[Q¨K{FyIO`HQ ½ ±�¾ IL`HQ§RZNPI[ØfR��ÙR7S|W�ÚOWTc K{G%FHR7I�c}W=�rK{c}W7z
ÊÉvTË�phxhQ&_&W7NHG[Q�R7S�IL`HQ�_&RZFP�ZQ&GJILK{R7F'IO`HQ�Wµ®7Q&VLWT�ZQ�IOVLWµ®ZQ�ztILK{c�Q&G

d
RZF'IO`HQ�_&RZc�XHz{Q�ILQ�GOQ��Zc�Q&F@I

VLWTK{GOQ�o�S4VORZc WT��RZNrI^`fW7zMS�Wyc�K{FiNPILQ�IOR�W7��R7NPI�I2�hR�c�K{FiNPILQ�G&p
U�`HQ � zMILQ�VCWTz{�ZRZV[KMIO`HcÓ�hW7G©NHG[Q&o�ILR]_µW7zMK{�HVOWTILQ%IL`PQ�W7oHoPKMILKMRZFfW7zZØHR#�

qadd

p©³CKM�ZNHV[Qh�¨G[`HR��^G
IL`PQ�VOQ&W7zHW7FPo�Q&GJILK{c}WTIOQ&o�®TW7zMNHQ&G!S4RZV

qadd

WTG���Q&z{zPW7GCS4RZV!IL`HQhVOQ&G[NHzMIOK{FH�§ILVOW�®7Q&zPIOK{c�Q&G
d
W7z{RZFP�

IL`PQ�`PK{�Z`@�hW�~�GOQ&�7c}Q�FiI&p%E�I^_µW7F'��Q�G[Q&Q&F)aHIL`fWTI^�^K¬IL`,W"GOc}W7z{z�oHQ&z{W�~�WTI�IL`PQ��YQ&�7K{FHFHKMFH��IL`PQ
W7zM�ZRZVOK¬IL`HcÌ�hW7G�W7�Hz{Q�IOR�oPQ�ILQ�_�I�IL`HQ^_�RZFH�ZQ�G[ILKMRZFHG%K{F"IL`PQ§R7FHVLW7c�X�W7VOQ&W�W7FHo"ILR��ZKM®7Q]W
�ZR´R´o
Q&GJILKMcdWTIOK{RZF�R7S0IL`HQ�V[QµW7zrILVLWµ®7Q&zPIOK{c�Q&G

d
p�U�`HQ�ØfNH_�ILNfWTIOK{RZFPGÒK{F�IO`HQ�Q&GJILK{c}WTIOK{RZF�RTS

qadd

S4VORZc
c�K{FiNPILQ�G§wZ��IOR9sZs��"_&W7F$�YQ�IOVLW7_�Q&o9�fW7_?��ILR"IL`HQ�S�W7_�I§IO`fWTI§IL`HQ�RZFHVOW7c�X'�hW7G§_&RZc�XHz{Q�ILQ�zM~
ÚOW7c�c}Q�o"oHNHVOKMFH�
IL`fW=I�IOK{c�Q7a@G[R�IL`HWTI�_?`fW7FH�ZQ�G�KMF

qadd

�hW7G�RZ�HG[Q&V[®TW7�Pz{Q]WTI
qdet

�^KMIL`�W�z{RZFP�
oHQ�z«Wµ~�RZFHz¬~Zp
U�`HKMG�Q¹�PXYQ&V[K{c�Q&F@I�GO`HR���Q&oÐIL`HQ}W7�HKMz{K¬I2~ÇR7S�IO`HQdXPVORZXYRZGOQ�oÐW7zM�ZRZVOK¬IL`HcöILR9oHQ�IOQ&_�I�ILVOWTª�_

_&R7FH�ZQ&GJILKMRZFHGy�fW7G[Q&o²RZFÐzMRr_&W7z�c�QµWTGONHV[Q&c�Q&F@ILG�S4V[RZcÏoPQ�ILQ�_�IORZVOG"GOK¬ILNfW=ILQ&oÐoPR#�^FPG[ILV[QµW7c R7S
IL`PQ�_�RZFH�ZQ�G[ILQ�o-W7VOQ&WPp�E�S©IO`HQ�VOQ&G[NHzMIOG¨_&W7F$�YQ�V[Q&XHV[RroPNH_&Q�oÇNHGOKMFH�dV[QµW7ztIOVLWTª�_�ofWTI?Wra0IO`HK{G§K{G
W7F�KMc}XHV[R�®ZQ&c�Q&F@I�_�RZc�XfW7VOQ�o�ILRyQ��rKMG[ILKMFH��ØfR��ýILNHFHKMFH��GJILVLW=ILQ&�7K{Q&G�S4R7V�c}KM_&V[RZGO_�RZXHK{_]RZFHzMK{FHQ
GOKMc�NHz{WTILKMRZFHG
j4Q7pÉ�Hp§ÊÜ�#Ë�n¹p
���
�Òèiæ=ë�ç�è´í�é����§�¨åHæ#åfç�è@é�èiæ¨úZåHñlë���æ#åPé�ë�ìYí,ì�íÇå}êµë�í��Yñ4è��?ñ4åfí;è�æ#ì0åfû%ò�Ý§Q&V[QhW§G[ILVOW7K{�7`iI
���ic z{R7FH�ÖGOKMFH�ZzMQ��2z{W7FHQ9VOR@W7oôG[Q&�Zc�Q&F@I��^K¬IL`ôRZXYQ&FÍ�YRZNHFHofWTVOK{Q�G���WTG�K{F@®ZQ�G[ILKM�@WTIOQ&o|póe
oHQ�ILQ&_�ILRZVhz{R´_µWTIOQ&oduPp����´c­S4VOR7c IL`HQ]NHXHG[IOVOQ&W7c Q�FHo�GONPXHXHz{KMQ&o}RZ�HGOQ�V[®TWTIOK{RZF�oHWTI?W�S4VORZcÀIL`PQ
¼ V[QµW7zr�hRZV[z{or¿hGOKMc�NHz{WTILKMRZF|p;e¨�@WTK{F�IL`PQ�K{FPØfR��º��WTG�WTGOGONPc}Q�o�IOR
��Q^�iFHR��^F�S4V[RZc W�oPQ�ILQ�_�IORZV
RZV�XHV[Q&zMK{c�K{FfW7VJ~�Q&G[IOK{c}WTILKMRZF|p
U�`HQ�W7z{�ZR7VOKMIO`Hc �hW7G�NPGOQ&o9ILRd_&W7z{KM�HVLW=ILQ
IL`HQ�XfW7VOW7c}Q�ILQ�VOG

Vmax

a
ε
W7FHo

b
R7S©IL`PQ�RZFHzMK{FHQ

GOKMc�NHz{WTILKMRZF|p·U�`HQ � zMILQ�VyK{FH_�VOQ�c}Q�FiIy�hW7G"GOQ�I}IOR
∆t = 120s

pÐU�`PQ'oPK«W7�ZR7FfW7z�®TW7zMNHQ&G"R7S
IL`PQ¶G[~´G[IOQ&c FHRZKMGOQ

Rr
k

��W7G,G[Q�I {0.5, 0.002, 0.7} W7FHoÍR7S�IL`PQ¶c}Q&W7GONHV[Q&c�Q&F@I,FHRZKMGOQ Re
kILR {0.001, 0.00005, 2, 1, 1} a^��Q�_µW7NHG[Q$IL`HWTI��@Wµ®7Q$IL`HQ9��Q�G[I�V[Q&G[NHzMIOG&pÓU�`PQ ¼ V[QµW7z^�hR7VOz{o´¿GOKMc�NHz{WTILKMRZF$WTG��hQ�z{z©WTG�IL`HQyRZFPz{K{FPQ�GOKMc�NHz{WTILRZF'�hQ�VOQ"K{FPKMILK{W7z{KMø&Q�o,�^K¬IL`ÇIO`HQyXfW7VOW7c}Q�ILQ�V¨GOQ�I
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