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Abstract — Model-based forest height inversion from single- 

and multi-baseline Pol-InSAR data is today well-established. One 

of the critical performance points is the parameterisation of the 

vertical reflectivity profile. In this paper, the parameterisation of 

the vertical reflectivity profile using a tomographic reconstruction 

is proposed. To mitigate the limitations in the tomographic 

reconstruction induced by the limited vertical resolution especially 

for the ground scattering component, the ground and volume 

contributions are separated using the Sum of Kronecker Products 

(SKP) decomposition. For the forest height inversion, the Pol-

InSAR line inclination angle is proposed, which, unlike the 

absolute coherence and the phase center, is invariant to the 

presence of a residual Dirac-like ground scattering contribution. 

The inversion performance is addressed and compared for both 

single- and multi-baseline cases, in the absence and presence of 

temporal decorrelation. In all cases the ground elevation is 

estimated from the tomographically reconstructed vertical 

reflectivity profiles and its accuracy directly influences the 

achieved inversion performance. The proposed methodology 

establishes a link between interferometric and tomographic 

measurements and is therefore relevant for missions that allow the 

implementation of both techniques. ESA's BIOMASS is one such 

mission, and as such is being used as a test case to discuss different 

implementation scenarios. The different inversion strategies are 

applied on P-band campaign data acquired in the frame of the 

AFRISAR 2016 experiment and validated against reference 

measurements. 

 

Index Terms—Forest Height Estimation, Synthetic Aperture 

Radar (SAR), Polarimetric SAR Interferometry (Pol-InSAR), 

SAR Tomography (TomoSAR). 

I. INTRODUCTION 

CCURATE forest height estimates at sub-hectare scales 

derived from remote sensing data are critical as they 

support the characterisation of the forest successional 

state and/or its disturbance regime. At the same time forest 

height even at lower spatial resolution can be used to initialise 

(or constrain) model estimates of above ground biomass and 

associated carbon flux components [1] [2] [3] [4].  
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Forest height estimation by means of model-based 

Polarimetric Interferometric Synthetic Aperture Radar (Pol-

InSAR) measurements inversion is an established approach for 

getting forest height by exploring the inherent sensitivity of 

interferometric measurements to the vertical distribution of 

scatterers (also known as vertical reflectivity profile). The 

performance strengths and limitations of this approach are well 

understood, demonstrated and validated at different 

frequencies, from X- down to P-band, for a variety of forest and 

terrain conditions [5] [6] [7] [8] [9] [10].  

One of the critical points in the model-based Pol-InSAR 

data inversion is the definition of the inversion model, 

especially the parameterisation of the vertical reflectivity 

profile.  The number of parameters required to parameterise the 

vertical reflectivity profile has to be balanced with the number 

of measurements available. As the total number of 

measurements is limited, only very generic forms of forest 

vertical reflectivity profiles become applicable. [11] [12] [13] 

[14] [15]. 

In recent years, the dynamic development of SAR 

tomography in recent years, that allows the reconstruction of 

the 3D distribution of scatterers, triggered the integration of 

tomographic SAR measurements as a complement to 

conventional interferometric SAR measurements in a number 

of planned space-borne SAR missions [16] [17]. ESA's 

BIOMASS mission is such an example: a tomographic phase in 

the first year of operations (where 7 polarimetric acquisitions 

will be performed in a tomographic 3-day repeat-pass mode) 

will be followed by a number of interferometric cycles (each 

lasting about 9 months with 3 polarimetric acquisitions 

performed in an interferometric 3-day repeat-pass mode) for the 

remaining of the mission lifetime [16]. 

In such a scenario, where tomographic and interferometric 

measurements are available, the obvious question that arises is 

if and how the tomographically reconstructed 3D reflectivity 

can be used to support/improve the parameterisation of the 
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vertical reflectivity profile(s) used for the forest height 

inversion from the interferometric measurements. This paper 

aims to provide a first answer to this question. For this, Section 

II reviews the theoretical background and formalism of 

polarimetric interferometric and tomographic measurements 

and discusses the rationale for combining interferometric and 

tomographic measurements. In Section III, the forest height 

inversion is discussed for single and multi-baseline 

configurations in the absence as well as in the presence of 

temporal decorrelation. In the absence of temporal 

decorrelation and predetermined vertical reflectivity, a Pol-

InSAR estimate exclusively dependent on forest height, is 

derived. The experimental data used for the demonstration of 

the proposed inversion approach(es) are described in Section 

IV. In Section V the achieved experimental inversion results are 

described and discussed while the conclusions are presented in 

Section VI. While the proposed approach provides a generic 

way to link interferometric and tomographic measurements at 

lower frequencies and is thus relevant for a number of missions 

that allow the implementation of both techniques, ESA's 

BIOMASS mission is used as a reference for the scenarios 

discussed.  

II. THEORETICAL BACKGROUND 

A. Interferometric measurements 

 Across-track SAR interferometry relies on a rather limited 

number (a couple of or few more) single-look complex (SLC) 

SAR images si(w⃗⃗⃗ ), acquired under slightly different look 

angles at a given polarisation . The three-dimensional unitary 

complex vector w⃗⃗⃗  determines the choice of polarisation as 

defined in [6]. The complex interferometric coherence, 

γ̃Obs(w⃗⃗⃗ ) is defined as the normalised cross-correlation of the 

two images forming the interferogram s1(w⃗⃗⃗ ) and s2(w⃗⃗⃗ ) [18]: 

γ̃Obs(w⃗⃗⃗ ) =
〈s1(w⃗⃗⃗ )s2

∗(w⃗⃗⃗ )〉

√〈s1(w⃗⃗⃗ )s1
∗(w⃗⃗⃗ )〉〈s2(w⃗⃗⃗ )s2

∗(w⃗⃗⃗ )〉
 , (1) 

where 〈… 〉 denotes the statistical expectation.  
The interferometric coherence can be parameterised into 

several independent decorrelation contributions superimposed 

in a multiplicative way as [12] [18] [19]: 

γ̃Obs(w⃗⃗⃗ ) = γ̃Tmp(w⃗⃗⃗ )γ̃Rgγ̃Sys(w⃗⃗⃗ )γ̃Vol(w⃗⃗⃗ ), (2) 

where γ̃Tmp(w⃗⃗⃗ ) accounts for the temporal decorrelation, γ̃Rg 

the baseline induced range spectral decorrelation, while 

γ̃Sys(w⃗⃗⃗ ) comprises various system induced decorrelations, 

including additive noise decorrelation etc. 

The volumetric decorrelation γ̃Vol(w⃗⃗⃗ ) is defined as the 

Fourier transform of the vertical reflectivity profile 

F(z, w⃗⃗⃗ ) within the reflectivity volume, i.e. from the ground to 

the top of the forested layer of height hv: 

γ̃Vol(kz, w⃗⃗⃗ ) = ejφ0
∫ F(z, w⃗⃗⃗ ) ejkz zdz

hV

0

∫ F(z, w⃗⃗⃗ ) dz
hV

0

 , (3) 

where φ0 is the ground phase related to the ground elevation z0 

by φ0 = kzz0. The vertical wavenumber kz is proportional to 

the look angle difference ∆θ between the two acquisitions and 

inverse proportional to the incidence angle θ0, defined in the 

monostatic case as 

kz =
4π 

λ

 ∆θ

sin(θ0)
 . (4) 

After normalisation, by substituting z′ = z/hv , equation (3) 

rewrites to 

γ̃Vol(kz, w⃗⃗⃗ ) = ejφ0
∫ F(hvz

′, w⃗⃗⃗ )
1

0
ejkzhvz′dz′

∫ F(hvz
′, w⃗⃗⃗ )

1

0
dz′

. (5) 

According to (5), if the vertical reflectivity F(hvz
′, w⃗⃗⃗ ) is 

known, forest height can be inverted, by means of a balanced 

inversion problem, from a single γ̃Vol(kz, w⃗⃗⃗ ) measurement  [9] 

[20]. It is important to note from (5) that the forest height 

estimation is modulated by the unitless product kzhv rather than 

by hv or kz alone. As a consequence, larger kz values allow 

more accurate estimates of lower forest heights while smaller 

kz are required for an accurate estimation of taller forest heights  

[4] [21]. 

The range spectral decorrelation γ̃Rg can be significant if the 

kz approaches a critical value kz 
crit that is proportional to the 

system bandwidth Wrg: 

γ̃Rg = 1 −
kz

kz 
crit

 (6) 

with  

kz 
crit =

2π

c
Wrg cos(θ0). (7) 

Therefore, for systems with narrow system bandwidths such 

as BIOMASS (with Wrg
BIOMASS=6MHz), the range spectral 

decorrelation contributes significantly to the overall 

decorrelation level. 

 

B. Polarimetric interferometric coherence optimisation 

Quad-polarimetric SAR acquisitions provide three 

independent polarimetric images si(w⃗⃗⃗ 1), si(w⃗⃗⃗ 2), si(w⃗⃗⃗ 3) which 

are used to form the polarimetric data vector y⃗ p
i :  

y⃗ p
i = [si(w⃗⃗⃗ 1), si(w⃗⃗⃗ 2), si(w⃗⃗⃗ 3)]

T, (8) 

where (… )T denotes the transpose operator. The statistically 

averaged outer product of the two co-registered interferometric 

polarimetric vectors y⃗ p
i  form the polarimetric interferometric 

covariance matrix Ω12 [22]: 
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[Ω12] = 〈y⃗ p
1  ⋅ y⃗ p

2 H〉 (9) 

as well as the polarimetric covariance matrices: 

[T11] = 〈y⃗ p
1 ⋅  y⃗ p

1 H〉  and  [T22] = 〈y⃗ p
2 ⋅  y⃗ p

2 H〉,  (10) 

where (… )H denotes the Hermitian operator. The mean 

coherency matrix [T]:  

[T] =
[T11] + [T22]

2
 (11) 

can be used to obtain a normalised form of the polarimetric 

interferometric covariance matrix: 

[Π12] = [T]
−

1
2[Ω12][T]

−
1
2. (12) 

The normalised form of covariance matrix is used for the 

calculation of the coherence region, i.e. the locus of points on 

the complex plane which represents Pol-InSAR coherences by 

varying the projection vector w⃗⃗⃗  [22] [23], and the trace 

coherence [24] defined in Chapter III. 

 

C. Tomographic measurements 

SAR tomography relies on a set of single-look complex 

(SLC) SAR images s1(w⃗⃗⃗ ), s2(w⃗⃗⃗ ), … , sM(w⃗⃗⃗ ) acquired along 

spatially (and temporal) displaced tracks. The set of the M co-

registered and (phase) calibrated SLC images forms the so-

called tomographic (data) stack and can be written in form of a 

(column) data vector y⃗  as: 

y⃗ (w⃗⃗⃗ ) =   [s1(w⃗⃗⃗ ), s2(w⃗⃗⃗ ), … , sM(w⃗⃗⃗ )]T.  (13) 

The full information of the tomographic stack can be 

represented by its (M × M )-dimensional covariance matrix: 

[R] = 〈y⃗ (w⃗⃗⃗ ) ∙  y⃗ H(w⃗⃗⃗ )〉     (14) 

with Rmn = 〈sm(w⃗⃗⃗ ) sn
∗(w⃗⃗⃗ )〉. Each element Rmn of [R] 

corresponds to an image pair formed by the m-th and n-th 

image of the stack and can be related to the vertical reflectivity 

profile via a Fourier relation: 

Rmn = ∫F(z, w⃗⃗⃗ ) ejkz
mn z dz, (15) 

where kz
mn is the vertical wavenumber associated to the pair 

formed by the m-th and the n-th images of the stack: 

kz
mn = 2

2π 

λ

 ∆θmn

sin(θ0)
. (16) 

A regular orbit progression results in a uniform distribution 

of vertical wavenumbers. 

Equation (15) states that the covariance associated to each 

image pair of the tomographic stack represents one spectral 

sample of F(z, w⃗⃗⃗ ) in the vertical wavenumber domain. The 

whole set of spectral samples provided by the tomographic 

stack is represented by its covariance matrix [R]. In this sense, 

the tomographic reconstruction can be addressed as a spectral 

estimation problem [25].  

The integral in (15) can be discretised in a set of H heights 

 {zi}i=1
H  and rewritten as  

r (w⃗⃗⃗ ) = [A]f (w⃗⃗⃗ ) (17) 

where r (w⃗⃗⃗ ) = vec([R]) is the vector representation of [R], i.e. 

an M2-dimensional column vector obtained by stacking the 

columns of [R], each one on top of the other, and f (w⃗⃗⃗ ) is a H-

dimensional column vector with generic elements [f]i =
F(zi, w⃗⃗⃗ ). [A] is a (M2 × H)-dimensional matrix defined as [26]:  

[A] = [ejvec([K])z1 ⋯ ejvec([K])zH]. (18) 

Each column of [A] is obtained from the vectorisation of the 

(M × M)-dimensional matrix [K] with generic element 
[K]mn = kz

mn. Estimates of F(zi, w⃗⃗⃗ ) are obtained by solving the 

system of M(M − 1)/2 equations with H unknowns. 

Since volume scatterers are characterised by extended and 

continuous vertical reflectivity profiles, the number of usually 

available images M is generally not sufficient to obtain the 

required sampling H in the inversion problem. One approach to 

deal with this is to estimate F(zi, w⃗⃗⃗ ) as the output power of a 

filter (referred in the following as the vertical power profile 

P(zi, w⃗⃗⃗ )), whose response is defined by a (height-varying) M-

dimensional set of coefficients h⃗ (zi). In this case, P(zi, w⃗⃗⃗ ) =<
|hH(zi)y⃗ (w⃗⃗⃗ )|

2 > is obtained in the form [25]: 

P(zi, w⃗⃗⃗ ) = h⃗ (zi)
H[R]h⃗ (zi). (19) 

The generic h⃗ (zi) is designed to allow only the backscatter 

contribution at zi to pass, while cancelling out the contributions 

at the other heights. However, the often  small M prevents a 

complete cancellation. Thus, the choice of h⃗ (zi) affects the final 

vertical resolution and the contrast (i.e. the sidelobe level) of 

the reconstructed P(zi, w⃗⃗⃗ ).  Fourier and Capon beamformers are 

such filter-based reconstruction algorithms [25] [27]. 

The Fourier algorithm reconstructs the underlying 3D 

reflectivity in form of its convolution with the vertical Point 

Spread Function (PSF) that makes the quality and the vertical 

resolution of the reconstructed profile strongly dependent on 

the number and distribution of the available vertical 

wavenumbers. Accordingly, two parameters characterise the 

tomographic reconstruction. The first one is the vertical 

Rayleigh resolution δz that is inversely proportional to the 

largest vertical wavenumber kz,max = max{kz
mn} [26] [27]: 

δz =
2π

kz,max

. (20) 

The finite sampling in the wavenumber domain causes the 

appearance of replicas of F(z, w⃗⃗⃗ )  in any of its reconstructions. 

The width of the non-ambiguous tomographic reconstruction 

height interval is given (for a uniform distribution of vertical 

wavenumbers) by [26] [27]: 
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hamb = 
2π

kz,min

, (21) 

where kz,min = min{kz
mn}.  

Since the tomographically reconstructed vertical power 

profiles P(zi, w⃗⃗⃗ ) represent a convolved form of the underlying 

power profile, their direct use to substitute the vertical 

reflectivity profile F(z, w⃗⃗⃗ ) in (5) might be problematic. The 

limited vertical resolution of the reconstructed vertical power 

profile is insufficient to accurately represent isolated Dirac-like 

scattering contributions (as induced by the ground) that become 

stretched, i.e. smeared out. In the following, an attempt to 

separate the ground contribution from the tomographically 

reconstructed profiles is discussed in order to allow an 

alternative forest height inversion modeling approach. 

 

D. Polarimetric tomography and ground-volume 

separation 

The polarimetric tomographic stack consists of 3M SLC images 

that can be written in form of a 3M dimensional (column) data 

vector y⃗  as: 

y⃗ p = [s1(w⃗⃗⃗ 1), s1(w⃗⃗⃗ 2), s1(w⃗⃗⃗ 3), … sM(w⃗⃗⃗ 1), sM(w⃗⃗⃗ 2), sM(w⃗⃗⃗ 3)]
T. (22) 

The full information of the stack can be represented by its 

3M × 3M-dimensional covariance matrix: 

[Rp] = 〈y⃗ p y⃗ p
H〉. (23) 

[Rp] can be expressed as the sum of a number of Kronecker 

products as:  

[Rp] = ∑[C3]⨂[Γ𝑀]. (24) 

where [C3] are the conventional 3 x 3 polarimetric covariance 

matrices and [ΓM] the interferometric coherence matrices i.e. a 

M × M matrices that contain interferometric coherences 

between the acquisitions in the off-diagonal elements and ones 

in the diagonal. For the two-layer model-based inversion, only 

two Kronecker products are assumed to be sufficient to describe 

[Rp], interpreted as the ground and the volume contributions 

[28]: 

[Rp] = [C3G]⨂[ΓMG] + [C3V]⨂[ΓMV]. (25) 

The decomposition of (25) is intrinsically ambiguous: 

different [ΓMG], [ΓMV], [C3G] and [C3V] can be combined to 

provide the same [Rp]. A least squares optimisation can only 

provide candidate estimates of [ΓMG] and [ΓMV] [28]: 

[ΓMG](a) = a[R1] + (1 − a)[R2], 

[ΓMV](b) = b[R1] + (1 − b)[R2]. 
(26) 

In (26), [R1] and [R2] are two M × M-dimensional matrices 

obtained from the singular value decomposition of a permutated 

version of [Rp] [28]. Precisely, they correspond to the left 

singular vectors associated to the largest two singular values. A 

formulation analogous to (26) can be obtained for the two 

candidate estimates of [CMG] and [CMV] using the right singular 

vectors. The scalars a and b vary in intervals that make the four 

matrices positive semi-definite and define the decomposition 

ambiguity. The availability of an increasing number of 

acquisitions allows to constrain the ambiguity but not to resolve 

it [29]. A unique solution can only be obtained by imposing 

physical constrains on the (interferometric) scattering scenario.  

After applying the SKP decomposition on the polarimetric 

tomographic stack, the estimated “volume-only” 

interferometric coherence matrix [ΓMV] is used in the 

tomographic reconstruction (19) to obtain the “volume-only” 

PV(z) and the “ground-only” PG(z) vertical power profiles as: 

PV(z) = h⃗ (z)H[ΓMV]h⃗ (z), 

PG(z) = h⃗ (z)H[ΓMG]h⃗ (z). 
(27) 

In addition to the inherent ambiguity in separating ground 

and volume components, a complete separation by means of 

(25) cannot be generally achieved. This is a consequence of the 

condition(s) imposed on the least squares optimisation, so that 

(26) should be interpreted as a maximisation/minimisation of 

the ground to volume ratio. In this sense, the volume component 

always contains a residual ground component and vice versa. 

III. FOREST HEIGHT ESTIMATION 

A. Single-baseline forest height inversion 

In the context of a two-layer (volume-only and ground) 

inversion model the vertical reflectivity can be modelled as  

F(z, w⃗⃗⃗ ) = fV(z) + m(w⃗⃗⃗ )δ(z − z0), (28) 

where m(w⃗⃗⃗ ) is the ground-to-volume ratio. Following the 

Random Volume over Ground (RVoG) model [11] [22] the 

volume-only reflectivity fV(z) is assumed to be polarisation-

independent. The volume coherence γ̃Vol(kz, w⃗⃗⃗ ) is obtained by 

substituting (28) into (5): 

γ̃Vol(kz, w⃗⃗⃗ ) = ejφ0
γ̃V(kz) + m(w⃗⃗⃗ )

1 + m(w⃗⃗⃗ )
, (29) 

where γ̃V(kz) is the volume coherence: 

γ̃V(kz) =
∫ fV(hvz′)exp(jkZhv z′)dz′

1

0

∫ fV(hvz′) dz
1

0
′

. (30) 

The volume-only vertical power profile PV(z) of (27) is 

proposed in this paper as an approximation of volume-only 

vertical reflectivity for fV(hvz′) in (30) in normalised form. 

In the two-layer model of (28) the ground-to-volume ratio 

m(w⃗⃗⃗ ) is the only polarisation-dependent parameter as the 

volume-only reflectivity profile fV(z) is assumed to be the same 

for each polarisation. As a consequence (29) can be rewritten in 

form of a line in the complex plane [7]: 
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γ̃Vol(kz, w⃗⃗⃗ ) = ejφ0[γ̃V(kz) + L(w⃗⃗⃗ )(1 − γ̃V(kz))], (31) 

where L(w⃗⃗⃗ ) = m(w⃗⃗⃗ )/(1 + m(w⃗⃗⃗ )). 

The inclination of the line on the complex plane, defined by 

the angle α, shown in Fig. 1, is independent of the ground-to-

volume ratio m(w⃗⃗⃗ ) and, thus, the same for all polarisations 

γ̃Vol(kz, w⃗⃗⃗ ). After compensating for the underlying ground 

phase term exp(jφ0) and in the absence of any temporal 

decorrelation of the ground scattering component, it results: 

tan α (kz) =
1 − Re{γ̃V(kz)} 

Im{γ̃V(kz)}
=

1 − Re{γ̃Vol(kz, w⃗⃗⃗ )} 

Im{γ̃Vol(kz, w⃗⃗⃗ )}
 .   (32) 

 

 

The inclination angle α depends only on the volume-only 

vertical reflectivity fV(z) and forest height hv. Accordingly, if 

fV(z) is known, α depends only on hv. This allows a significant 

simplification of the forest height inversion, which can now be 

treated as a single parameter problem and inverted by a single 

baseline, single polarisation acquisition γ̃Vol(kz, w⃗⃗⃗ ): 

hv = min
hv

‖α(kz | fV(z), hv) − α(kz , w⃗⃗⃗ )‖, (33) 

where α(kz | fV(z), hv) is the forest height dependent model 

prediction: 

α(kz | fV(z), hv) = atan (
1 − Re{γ̃V(kz | fV(z), hv)} 

Im{γ̃V(kz | fV(z), hv)}
) (34) 

which is equal to the angle α(kz , w⃗⃗⃗ )  of any measured 

γ̃Vol(kz, w⃗⃗⃗ ): 

α(kz , w⃗⃗⃗ ) = atan (
1 − Re{γ̃Vol(kz, w⃗⃗⃗ )} 

Im{γ̃Vol(kz, w⃗⃗⃗ )}
). (35) 

The inversion of (34) requires only a single-polarisation 

measurement. Polarisation diversity can be used to minimise 

estimation variance. One way to do this is to use the trace 

coherence γ̃Trace(kz) in (35), estimated from the normalised 

form of covariance matrix in (12) [24]: 

γ̃Trace(kz) = trace([Π12] − ejφ0[I]), (36) 

where [I] is the 3x3 unit matrix.  

 

B. Multi-baseline forest height inversion 

For repeat-pass InSAR implementations, as in the case of 

BIOMASS, the presence of temporal decorrelation imposes a 

critical limitation that requires in the best case a wider 

observation space for providing accurate forest height 

estimates. BIOMASS performs in the interferometric mission 

phase three quad-polarimetric acquisitions si(w⃗⃗⃗ ), acquired with 

a temporal baseline of three days [16]. These allow the 

formation of three repeat-pass interferograms.  

The most common temporal decorrelation contribution over 

forested terrain for small and moderate temporal baselines is 

wind-induced decorrelation. The wind-induced moderate 

movement of tree elements of the canopy layer changes the 

location of the effective scatterers within the volume from 

acquisition to acquisition and introduces a non-volumetric 

decorrelation contribution on the interferometric coherence. In 

this case, however, both the scattering and propagation 

properties of the forest volume remain the same for all 

acquisitions [30]. 

 Further assuming that the scattering properties of the 

ground do not change from acquisition to acquisition, implies 

in terms of (28) that the volume-only reflectivity profile 

fV(z) as well as the ground-to-volume ratio m(w⃗⃗⃗ ) remain the 

same for all acquisitions. The temporal decorrelation can be 

then described by a real polarisation independent decorrelation 

contribution γt and (29) modifies to [30] [31] [32]: 

γ̃Vol(kz, w⃗⃗⃗ ) = exp(jφ0)
γtγ̃V(kz) + m(w⃗⃗⃗ )

1 + m(w⃗⃗⃗ )
. (37) 

In this case, the line equation (31) becomes  

γ̃Vol(kz, w⃗⃗⃗ ) = ejφ0[γtγ̃V(kz) + L(w⃗⃗⃗ )(1 − γtγ̃V(kz))]. (38) 

After compensating the ground phase φ0 and generalizing to 

the multi-baseline case, (37) modifies to: 

γ̃Vol(kz
mn, w⃗⃗⃗ ) =

 γt
mnγ̃V0(kz

mn) + m(w⃗⃗⃗ )

1 + m(w⃗⃗⃗ )
, (39) 

where the temporal decorrelation γt
mn corresponds to the 

interferometric baseline with vertical wavenumber kz
mn.  

For a single polarisation w⃗⃗⃗ , the three interferometric 

acquisitions lead to 3 interferometric coherences {γ̃Vol
12 (kz

12, w⃗⃗⃗ ), 

γ̃Vol
13 (kz

13, w⃗⃗⃗ ), γ̃Vol
23 (kz

23, w⃗⃗⃗ )} associated to a set of vertical 

wavenumbers {kz
12, kz

13, kz
23}. If the volume-only vertical 

reflectivity profile is parameterised by an exponential function 

with corresponding extinction coefficient σ [5],  the forest 

height inversion problem can be formulated in terms of a 

minimisation problem for six parameters: forest height, ground-

to-volume ratio, extinction coefficient and three temporal 

decorrelations: 

 
Fig. 1 Complex plane: a coherence region example for quad-

polarimetric dataset with compensated ground phase is 

indicated by blue points and the Pol-InSAR line by the orange 

dashed line. The  α-angle indicates the Pol-InSAR line 

inclination with respect to the vertical norm. 
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{hv, m, σ, γt
12, γt

13, γt
23}

= arg
min 

hv, m, σ, γt
12, γt

13, γt
23 ‖[

γ̃Vol(kz
12, w⃗⃗⃗ )

γ̃Vol(kz
13, w⃗⃗⃗ )

γ̃Vol(kz
23, w⃗⃗⃗ )

]

− [

γ̃Vol(kz
12, {hv, m, σ, γt

12}) 

γ̃Vol(kz
13, {hv, m, σ, γt

13})

γ̃Vol(kz
23, {hv, m, σ, γt

23})

]‖. 

(40) 

The knowledge about the vertical profiles allows to reduce 

the dimensionality of the minimisation problem (40) as profile 

parameter  σ can be excluded from the estimation: 

{hv, m, γt
12, γt

13} = arg
min

hv, m, γt
12, γt

13 ‖[
γ̃Vol(kz

12, w⃗⃗⃗ )

γ̃Vol(kz
13, w⃗⃗⃗ )

]

− [
γ̃Vol(kz

12, {hv, m, γt
12})

γ̃Vol(kz
13, {hv, m, γt

13})
]‖. 

(41) 

In (41), the look-up-table (LUT) required to invert the 

forest height has only 4 dimensions, whereas in (40) it has 6 

dimensions. It allows to significantly improve the 

computational time. 

IV. EXPERIMENTAL DATA 

The quad-polarimetric tomographic data used in the 

following were acquired in February 2016 by DLR’s F-SAR 

airborne sensor over the Lopé site in Gabon in the frame of the 

AfriSAR campaign [33] [34].  

The Lopé site is located within the Lopé National Park in 

Gabon. The site features a variety of structure types ranging 

from open savannas to undisturbed tall (sometimes exceeding 

50 m) dense forest stands [35] [36].The terrain is hilly with 

many local slopes steeper than 20°. 

Airborne Lidar data are used as a reference, collected by 

NASA’s Land, Vegetation, and Ice Sensor (LVIS) in February 

2016 as well [37]. LVIS measures wide-beam full-waveforms 

footprints of approximately 22 m in diameter. From the 

measured waveforms the RH100 estimates (i.e. the height in 

meters from the ground where 100% of energy return occurs 

[38])   are derived, interpolated and resampled to a 20 m x 20 

m grid and finally transformed in UTM-coordinates (shown in 

the top plot of Fig. 2 together with the Lidar Digital Terrain 

Model, DTM, in the middle plot). They are used as the reference 

forest height hv
ref. 

The 12m resolution TanDEM-X digital elevation model 

(DEM) is used as a topographic reference height zDEM  [39] [40] 

[41]. The non-forested area is masked out by using the global 

TanDEM-X forest / non-forest map [42], shown in the bottom 

plot of Fig. 2. 

Following the processing steps described in Section II, 100 

looks fully polarimetric tomographic covariance matrices 

[Rp] are formed, geocoded in UTM coordinates and resampled 

to a 20 m x 20 m grid. They are used to estimate both ground 

and volume coherence matrices by SKP decomposition, [ΓMG] 
and [ΓMV], taking the solutions closer to the coherence region 

[29] [43]. The associated ground- and volume-only power 

profiles, PG(z) and PV(z), are produced according to (27) using 

the Fourier beamforming reconstruction algorithm. 

 
Fig. 2 Lopé test site, from top to bottom: LVIS LiDAR 

RH100 Forest height, LVIS Lidar digital terrain model 

(DTM) and Forest-non-Forest map derived from Tandem-X 

data. The axis denote pixels with size of 20 m x 20 m. 

The underlying ground elevation z0 and the phase φ0 

associated to it is then estimated from the lowest peak in the 

ground-only vertical power profile PG(z) within the interval of 

zDEM − 50m < z < zDEM + 30m as described in [44], [45]. 

In order to use the derived volume-only power profiles PV(z) 

in (30), they have to be cropped and normalised. The lower 

cropping boundary is the position of the estimated ground 

phase. The upper boundary is estimated from the volume-only 



7 

> REPLACE THIS LINE WITH YOUR MANUSCRIPT ID NUMBER (DOUBLE-CLICK HERE TO EDIT) < 

 

 

vertical power profiles from the position of 3dB attenuation of 

the highest peak within the interval of zDEM − 50m < z <
zDEM + 30m. The cropped profiles are then resampled to the 

normalised unit height axis to obtain the normalised volume-

only vertical power profiles. 

V. RESULTS 

The different inversion scenarios discussed in Chapter III are 

applied on the experimental data described in Section IV. First, 

the insufficiency of directly using the tomographically 

reconstructed vertical power profile P(zi, w⃗⃗⃗ ) (see (19)) to 

represent the vertical reflectivity F(z, w⃗⃗⃗ ) in (5) is demonstrated. 

For this, the normalised  P(zi, w⃗⃗⃗ ) profiles are substituted into 

(5) in order to obtain a prediction for the complex volume 

decorrelation contribution: 

γ̃Vol
P (kz, w⃗⃗⃗ ) =

∫ P(hvz
′, w⃗⃗⃗ )

1

0
ejkzhv

refz′
dz′

∫ P(hvz
′, w⃗⃗⃗ )

1

0
dz′

 (42) 

using the lidar RH100 reference height hv
ref. The so obtained 

γ̃Vol
P (kz, w⃗⃗⃗ ) predictions are compared in terms of absolute 

volumetric decorrelation |γ̃Vol
P (kz, w⃗⃗⃗ )|, phase center φP =

arctan(Im{γ̃Vol
P (kz, w⃗⃗⃗ )})/Re{γ̃Vol

P (kz, w⃗⃗⃗ )}) and  line 

inclination angle αP = arctan ((1 − Re{γ̃Vol
P (kz, w⃗⃗⃗ )})/

Im{γ̃Vol
P (kz, w⃗⃗⃗ )}) against the measured |γ̃Vol(kz, w⃗⃗⃗ )|, φ =

arctan  (Im{γ̃Vol(kz, w⃗⃗⃗ )} )/Re{γ̃Vol(kz, w⃗⃗⃗ )}) and α =

arctan ((1 − Re{γ̃Vol(kz, w⃗⃗⃗ )})/Im{γ̃Vol(kz, w⃗⃗⃗ )}). 

The top row of Figure 3 shows that both the measured and 

the predicted absolute volumetric decorrelation decrease with 

increasing  kzhv
ref (left and middle plot) within 0 and 2π. 

However, the measured coherence is systematically lower, 

denoting the presence of a scattering contribution not well 

captured by the prediction. The fact that the measured phase 

center is lower than the predicted one (second row) indicates 

that the scattering contribution missed by the prediction is likely 

located at the ground level. In contrast, the predicted α-angle 

fits well to the measured one. These results confirm 

experimentally the expected invariance of the α-angle to the 

presence of a stronger or weaker (Dirac-like) ground response. 

Furthermore, the two different curves of φP behaviour with 

respect to kzhv
ref are visible in the middle row, middle column 

of Fig.3. At larger values of kzhv
ref, the φP values demonstrate 

two distinct behaviors: one where φP increases rapidly with of 

kzhv
ref, and another where φP increases more slowly and almost 

linearly with kzhv
ref. While the former behaviour corresponds 

to vertical power profiles with larger power values closer to 

the canopy (top), the latter corresponds to rather uniform 

vertical power profiles from the canopy top to the ground. 

Such profiles are either produced for shorter forest stands due 

to low vertical resolution or at larger positive slopes. For αP, 

these two curves merge closer together. 

Next, the forest height inversion performance is assessed for 

the single- and multi-baseline case. For this, three 

interferometric image pairs with different vertical 

wavenumbers kz chosen to fit the BIOMASS observation 

scenario are used. The corresponding vertical wavenumber 

maps are shown in top row of Fig. 4: for the first one (left 

column - smaller kz), the vertical wavenumber kz varies 

between 0.04 and 0.08 rad/m (increasing from far to near range 

as a result of the incidence angle variation), for the second one 

(middle column - middle kz) between 0.07 and 0.11 rad/m 

while for the third one (right column - larger kz) between 0.10 

and 0.15 rad/m.  

The inversion performance is assessed against the lidar 

RH100 reference height hv
ref using the Root Mean Square Error 

metric RMSE = √∑(hv − hv
ref)2  and the coefficient of 

determination r2 = 1 − ∑(hv − hv
ref)

2
/ ∑(hv − h̅v )

2
 where 

hv are the height estimates and  h̅v  the mean estimated height. 

At the same time maps of the absolute error hv − hv
ref are 

shown in the middle and bottom rows of Fig. 4, while the 

validation histograms are shown in Fig. 5.   

The single-baseline inversion performance achieved using 

the original tomographically reconstructed vertical power 

profile P(zi, HV) for each of the three interferometric pairs is 

shown in the middle row of Fig. 4 and top row of Fig. 5 (with 

increasing vertical wavenumber from left to right). For the 

smaller kz (left) the obtained heights are clearly overestimated 

with RMSE = 7.88 m and r2 = −1.5. The performance 

improves at the middle kz with RMSE=4.24 m and r2 = 0.13, 

but the obtained heights continue to be overestimated across the 

whole height range. For the larger kz, the obtained heights (with 

an overall RMSE=7.82 m and r2 = −1.2) remain 

overestimated up to a height of about 25 m, while taller heights 

are underestimated as a result of the lower height sensitivity at 

this large vertical wavenumber range.  

The overall overestimation is a direct result of the structural 

misfit between the underlying vertical reflectivity profile and 

the used tomographically reconstructed vertical power profile 

P(zi, HV). The single-baseline inversion performance achieved 

for each of the three interferometric pairs by using the volume-

only vertical power profile PV(zi) is shown in the bottom rows 

of Figs. 5 and 6. The performance improvement, even if this is 

not fully reflected in the RMSE and coefficient of determination 

values (with a RMSE = 5.59 m  and r2 = 0.27 for the smaller 

kz, RMSE = 4.25 m  and r2 = 0.28 for the middle and 

RMSE = 7.36 m  and r2 = −0.6 for the larger kz) is 

significant: the overestimation is compensated across the whole 

height range (of course within the limits imposed by the 

individual vertical wavenumbers) indicating a better if not 

optimum modelling of the vertical reflectivity profile.  

To investigate the importance of profile diversity, the forest 

height inversion is repeated using only a single “mean” profile 

for the entire acquisition scene. This “mean” profile represents 

the most dominant component in the profiles and its derivation 
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is described in [9] [46]. For the single profile inversion, using a 

single-baseline with middle vertical wavenumbers values kz ≈
0.7…0.11, the RMSE is equal to 3.65 m and r2 = 0.28 as in 

the bottom left column of Fig. 6. 

Finally, the multi-baseline Pol-InSAR inversion scenario 

allows to account for the other model parameters affecting the 

volumetric decorrelation, e.g. temporal decorrelations and 

structural parameters. Following (41), four parameters are 

estimated including the forest height, the ground-to-volume 

ratio and two temporal decorrelation values, one for each of the 

two baselines. With the volume-only reflectivity profile the 

inversion results in  RMSE = 4.79  and r2 = 0.40 as presented 

in middle column of Fig. 6.  

The inversion scenario with three interferometric 

acquisitions and known vertical power profile PV(zi) is finally 

compared to the more standard inversion using the exponential 

profile for the parameterisation of volume-only vertical 

reflectivity profile and overall six unknown parameters, i.e. 

forest height, the three ground-to-volume ratios, extinction 

coefficient and three temporal decorrelations. Following (40) 

the performance is presented in right column of Fig. 6, with 

RMSE = 9.12  and r2 = −1.7. 

VI.  DISCUSSION AND CONCLUSION 

Today, a number of planned spaceborne SAR missions 

complement their interferometric measurements with a 

tomographic operation phase.  One of the objectives of this 

work was to establish connections between the tomographic 

and interferometric phases of a given mission by identifying 

possible synergies. ESA’s BIOMASS mission serves as a 

reference mission that combines both tomographic and 

interferometric phases. It is important to note here that this does 

not imply that the performance achieved is characteristic of 

BIOMASS, as key data quality parameters such as spatial 

resolution, noise level (NESZ), etc., have not been adapted. It 

is rather the BIOMASS mission design, in terms of its 

observation space and the acquisition scenario, is used as a 

framework for addressing the proposed methodology. 

The most apparent synergy between the tomographic and 

interferometric mission phases is the estimation of ground 

topography. Firstly, a tomographic or multi-baseline estimation 

(performed during the tomographic phase) is expected to be 

more accurate than an estimation with fewer (interferometric) 

acquisitions, as conducted during the interferometric phase. 

Secondly, ground topography is the only parameter that can be 

assumed to remain invariant over the lifetime of a mission.  

For the forest height inversion, knowledge of ground 

topography is essential, as it restricts the possible solution space 

by fixing the lower boundary of the problem. However, even in 

the absence of ground topography information, the conclusions 

of this work remain valid. The observation space provided by 

the number of interferometric acquisitions necessary for the 

height inversion (at least one in the absence of temporal 

decorrelation and at least two in its presence), allows for the 

estimation of ground topography using conventional inversion 

method(s). In this case, the availability of polarimetric diversity 

in the interferometric measurements is required, which is also 

necessary for ground and volume separation. 

Besides knowledge of the underlying ground, the 

performance of model-based forest height inversion from 

single- and multi-baseline Pol-InSAR coherence measurements 

strongly depends on the definition or parameterisation of the 

vertical reflectivity profile, especially at lower frequencies 

where attenuation is low(er) and ground scattering 

contributions become more relevant. To address this, the use of 

the tomographically reconstructed reflectivity profile is 

proposed. However, the conventional full vertical reflectivity 

profile reconstruction is insufficient for coherence-based forest 

height inversion. The primary reason for this insufficiency lies 

in the low vertical resolution of the reconstruction, inherent in 

any actual space-borne tomographic data set due to the limited 

number of tomographic acquisitions possible. This limitation 

impacts the Dirac-like ground response, causing it to be 

smeared out and become volume-like contributions 

superimposing the volume part of the profile. This insufficiency 

of the tomographically reconstructed vertical reflectivity profile 

to describe the interferometric (volume) coherences has been 

addressed in terms of the ground and volume separation.  

When the vertical volume-only reflectivity (along with the 

underlying topography) is known, the single-baseline inversion 

reduces to a single-parameter problem (in the absence of 

temporal decorrelation). To achieve this, the inversion can be 

addressed by means of the line inclination angle α of the 

coherence line on the complex plane. This estimate is 

independent of the polarisation (e.g. the ground-to-volume 

ratio) and, in the absence of temporal decorrelation, depends 

solely on the forest height. It shows strong correlation with the 

estimate αP derived from the predicted volumetric decorrelation 

γ̃Vol
P (kz, w⃗⃗⃗ ) calculated using tomographic vertical power 

profiles. Apart from a more accurate description of the volume 

reflectivity, the proposed approach simplifies the inversion 

problem, leading to faster computation times, whether 

addressing the problem with temporal decorrelation or in its 

absence. 

The reconstructed reflectivity profile of the volume-only 

component cannot be assumed without reservations to be 

invariant in time. At P-band it can change moderately as a result 

of dielectric changes occurring due to seasonal variations or 

weather effects (e.g. rain or draughts) or more significantly due 

to forest management or disturbances. Dielectric changes 

primarily affect the ground-to-volume ratio and are largely 

compensated by the separation of the ground scattering 

component. The height estimation, using the proposed 

approach, remains independent of any (residual) ground-to-

volume ratio. Of course, significant changes of the shape of the 

underlying reflectivity profile lead to estimation biases. 
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For shorter stands (below 30m), the use of tomographic 

vertical power profiles is less effective due to limited vertical 

resolution. Also, the forest height inversion performance is 

affected by temporal decorrelation. To account for temporal 

decorrelation, a multi-baseline inversion algorithm that 

considers temporal decorrelation is employed. At the same 

time, when using a 3-acquisition inversion with temporal 

decorrelation and a classic exponential profile, a consistent bias 

is observed, leading to an underestimation of forest height, even 

for shorter stands. It is also worth noting that shorter trees are 

not representative of the Lopé test site, as they comprise only a 

small percentage of the stands and are primarily located on the 

forest/savannah boundaries. 

Nevertheless, the sensitivity of the interferometric coherence 

to the shape of the vertical reflectivity profile is less pronounced 

than its sensitivity to the forest height itself. Accordingly, the 

low vertical resolution of the volume-only vertical power 

profile is of minor importance for the accuracy of the forest 

height estimation, especially when compared to the advantages 

and the flexibility that an inversion with a known profile 

provides. However, a significant mismatch between the 

reconstructed and actual vertical reflectivity profile will result 

in a biased height inversion, but will still permit valuable 

estimates of height change. 

In this case, techniques that allow to estimate the vertical 

reflectivity profile from a limited number of inteferometric 

acquisitions, such as Polarisation Coherence Tomography 

(PCT) [47], may be an alternative. However, their conventional 

implementation is also associated with a number of constraints 

and challenges, as they require not only the knowledge of the 

underlying ground topography but also of the forest height. At 

the same time, they provide vertical reflectivity profiles that are 

not always physical as there is an infinite number of vertical 

reflectivity profiles that can reproduce a finite number of 

coherences.  Alternatively, other high-resolution vertical power 

profile reconstruction techniques, such as Compressive Sensing 

[48], could be considered as a future enhancement of the 

described methodology. 
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Fig. 3 Left column: correlation histograms from top to bottom: HV-polarised interferometric coherence |γ̃Vol(kz, w⃗⃗⃗ )|, phase 

center φ , and line inclination angle α  against the product kzhv
ref. Middle column: correlation histograms, from top to bottom: 

predicted interferometric coherence |γ̃Vol
P (kz, w⃗⃗⃗ )|, predicted phase center φP, and predicted line inclination angle αP against 

kzhv
ref. Right column: correlation histograms, from top to bottom: predicted interferometric coherence, predicted phase center, 

and predicted line inclination angle against interferometric coherence, phase center, and line inclination angle. 
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Fig. 4 Top row: Three ranges of kz in [rad/m] for three F-SAR interferometric acquisitions in the Lopé test site. Middle and 

bottom rows: Lopé forest height error maps with respect to LiDAR RH100 reference in meters. Middle row: Single-baseline 

inversion using HV-polarised TomoSAR profiles corresponding to smaller, middle, and larger kz. Bottom row: Single-baseline 

inversion using SKP separated volume-only TomoSAR profiles corresponding to smaller, middle, and larger kz. 
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Fig. 5 Lopé forest height validation histograms relative to LiDAR RH100 reference. Top row: Single-baseline inversion using 

HV-polarised TomoSAR profiles for three different ranges of vertical wavenumber kz, from left to right: smaller, middle, and 

larger kz. Bottom row: Single-baseline inversion using SKP separated volume-only TomoSAR profiles, corresponding to 

three different ranges of vertical wavenumber kz, from left to right: smaller, middle, and larger kz. 
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Fig. 6 Top row: Lopé forest height error maps with respect to LiDAR RH100 reference in meters. Bottom row: Validation 

histograms relative to LiDAR RH100 reference. Left column: Single-baseline inversion using SKP separated volume-only 

"mean" TomoSAR profile for the middle range of kz. Middle column: 3 acquisitions inversion using SKP separated volume-

only TomoSAR profiles. right column: 3 acquisitions inversion with classic approach using exponential function as an 

approximation to the vertical reflectivity and 6 inversion parameters. 
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