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Abstract
This paper provides new bounds on the size of spheres in any coordinate-
additive metric with a particular focus on improving existing bounds in the
sum-rank metric. We derive improved upper and lower bounds based on the
entropy of a distribution related to the Boltzmann distribution, which work for
any coordinate-additive metric. Additionally, we derive new closed-form upper
and lower bounds specifically for the sum-rank metric that outperform existing
closed-form bounds.
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1 Introduction
Classically, the study of error-correcting codes focuses on codes in the Hamming met-
ric [1] where the amount of errors happening depends on the number of entries that
change during the transmission. With different applications, other coordinate-additive
metrics were introduced and gained more attention. The sum-rank metric [2], Lee
metric [3], and also the Hamming metric, are examples of coordinate-additive metrics.
Codes with distance properties in such metrics are of particular interest in various
applications, such as linear network coding [4], quantum-resistant cryptography [5, 6],
coding for storage [7], space-time coding [8].

1



One crucial task is to understand the performance limits of codes endowed with
a given coordinate-additive metric. Bounds like the sphere-packing bound or the
Gilbert–Varshamov bound [9] play a crucial role in understanding these limits, and
are derived using bounds on the size of an ℓ-dimensional ball or sphere in the corre-
sponding metrics. The exact value for the size of an ℓ-dimensional sphere Sℓ

t of radius
t in any coordinate-additive metric can be derived by computing all its (ordered)
integer partitions, where each part of the partition has at most a part size of the
maximal possible weight in the corresponding metric. These represent the decompo-
sition of the nonzero entries of the elements in the sphere. To obtain the size of the
sphere, we sum over all integer partitions, adding up the number of elements that have
a weight decomposition corresponding to the integer partition. Although this proce-
dure provides the exact value of

∣∣Sℓ
t

∣∣, it often does not give an intuitive or practical
understanding of the sphere size or how this size changes as the parameters change.
For large parameters, it is even impractical to compute the size in this way. Hence,
the derivation of closed-form bounds on the exact formula is of major interest. A cur-
rent method of obtaining both upper and lower bounds on

∣∣Sℓ
t

∣∣ is to consider only
the partition attaining the maximum number of elements. This approach is utilized
by [6, 10, 11]. Another method is to bound the size of an ℓ-dimensional ball Bℓ

t of
radius t, since every upper bound on

∣∣Bℓ
t

∣∣ is also a valid upper bound on
∣∣Sℓ

t

∣∣. On
a complex analytic side, sizes of spheres and balls can be described using generating
functions, whose coefficients can be computed using the saddle-point technique and
other techniques from analytic combinatorics (see [12, 13]). In 1994, Löliger presented
an information-theoretic approach for bounding the volume of an ℓ-dimensional ball
concerning any coordinate-additive metric, via the entropy of an auxiliary probability
distribution [14]. Similar arguments have been used to derive bounds for Lee-metric
codes [15, 16].

Specifically addressing the sum-rank metric, closed-form upper and lower bounds
for the sphere size were introduced in [6, 10] and further discussed in [11]. How-
ever, these bounds are limited in their tightness, particularly noticeable in scenarios
involving smaller sizes of the base field q and/or a larger number of blocks ℓ.

In this paper we will discuss different the different approaches to bound sizes of
spheres in a coordinate-additive metric. We derive novel improved lower and upper
bounds on that size first in a general setting for any coordinate-additive metric and
later explicitly focusing on the sum-rank metric. The paper is organized as follows.
We start by introducing the basic notions and concepts needed throughout the paper
in Section 2. In Section 3 we present bounds on the size of a sphere coming from
a information-theoretic argument. We start the section by introducing the entropy
function of a random variable, as well as the probability distribution of a typical
sequence in an ℓ-dimensional sphere endowed with a given coordinate-additive metric.
Furthermore, we recap existing upper bounds given by the entropy of the typical
sequences. In a next step, we give novel upper and lower bounds using the entropy
of a typical sequence. The bounds derived hold for any coordinate-additive metric
over a given alphabet. We then turn our attention to the sum-rank metric in Section
4 where we first recap the existing bounds on the size of an ℓ-dimensional sphere
in the sum-rank metric. Next, we present improved upper and lower bounds on the
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size of such a sphere using convolution arguments and ordinary generating functions,
respectively. The new bounds presented in the Sections 3 and 4 are then compared to
already existing bounds in Section 5. Final conclusions are given in Section 6.

2 Preliminaries
In this section, we introduce the necessary definitions, notations, and concepts that
are used throughout the paper. In the following, let q be a prime power and denote
by Fq the finite field of q elements. The natural numbers N include 0.

2.1 Coordinate-Additive Metrics
Let (A, +) be a finite abelian group with identity element 0 called the alphabet.
We define a weight function wtA : A → N on A to be a function satisfying for all
a, b ∈ A:

1. wtA(a) = 0 if and only if a = 0,
2. wtA(a) = wtA(−a),
3. wtA(a + b) ≤ wtA(a) + wtA(b).

This function can be extended to a coordinate-additive weight function on the
cartesian product Aℓ (with group structure inherited coordinate-wise from A) by
defining the weight of an ℓ-tuple to be the sum of the weights of its coordinates, i.e.,

wtΣA(a1, . . . , aℓ) =
ℓ∑

i=1
wtA(ai).

This coordinate-additive weight function naturally induces a metric

dΣA : Aℓ × Aℓ −→ N
(v, w) 7−→ wtΣA(v − w).

Examples of well-studied metrics induced by coordinate-additive weight functions
are the Hamming metric with weight function

wtH : Aℓ −→ N
(a1, . . . , aℓ) 7−→

∑ℓ
i=1[ai ̸= 0]

where [·] denotes the Iverson bracket and the Lee metric with weight function

wtL : (Z/nZ)ℓ −→ N
(a1, . . . , aℓ) 7−→

∑ℓ
i=1 min(ai, n − ai),

Of particular interest to this paper is the sum-rank metric on Fm×ηℓ
q , the space of

m × (ηℓ) matrices over the finite field Fq with m, η and ℓ positive integers. Under
the isomorphism Fm×ηℓ

q
∼= (Fm×η

q )ℓ, every matrix M in this space is represented as
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a sequence of ℓ blocks Bi ∈ Fm×η
q , i.e. M = (B1 | B2 | . . . | Bℓ), and its sum-rank

weight is given by the weight function

wtΣR : (Fm×η
q )ℓ −→ N

(B1 | B2 | . . . | Bℓ) 7−→
∑ℓ

i=1 rkq(Bi).

Here rkq(Bi) denotes the rank of Bi over Fq. The special case of the sum-rank metric
with ℓ = 1 is called the rank-metric. Also note that the cases m = 1 or η = 1 are
examples of the Hamming metric.

Given a coordinate-additive weight function wtΣA(·) on Aℓ, it is important to
understand the size of an ℓ-dimensional sphere and ball, respectively, of radius t ∈ N
defined as

Sℓ
t := {v ∈ Aℓ : wtΣA(v) = t} = wt−1

ΣA(t) (1)
Bℓ

t := {v ∈ Aℓ : wtΣA(v) ≤ t} = wt−1
ΣA({0, 1, . . . , t}).

Clearly, the following identities are satisfied

Sℓ
i ∩ Sℓ

j = ∅ if i ̸= j, Bℓ
t =

t⋃
i=0

Sℓ
i and Sℓ

t = Bℓ
t \ Bℓ

t−1.

For the sum-rank metric we define

µΣR := min{m, η} and n := ηℓ,

and denote for every 0 ≤ t ≤ µΣRℓ the sum-rank sphere and sum-rank ball,
respectively, of radius t by

Sm,η,ℓ,q
t := {M ∈ Fm×ηℓ

q : wtΣR(M) = t}

Bm,η,ℓ,q
t := {M ∈ Fm×ηℓ

q : wtΣR(M) ≤ t}.

For fixed m,η,q,ℓ, the sum-rank sphere sizes
∣∣Sm,η,ℓ,q

t

∣∣ can be computed with a dynamic
program described in [6] or a closed-form described in Subsection 2.2. However, this
formula is generally not practical to work with when an intuitive understanding of
the approximate size is needed, such as theorems involving sphere-packings or sphere-
coverings. Therefore, easy-to-work-with approximations or lower/upper bounds for
the sphere sizes for all m,η,q,ℓ are of value to research on the sum-rank metric.
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2.2 Sizes of Spheres
Consider an alphabet A and a coordinate-additive weight wtA. Let ℓ and t be positive
integers and Sℓ

t be the ℓ-dimensional sphere of radius t with respect to the weight
wtA as introduced in (1). The exact size of Sℓ

t can be obtained by computing all the
(ordered) integer partitions of t, where each part size is at most the maximum possible
weight in the corresponding metric. More explicitly, let us define the set of all possible
weights in A by

WA = {wtA(a) : a ∈ A} ⊂ N.

Let us denote the maximum possible weight in WA by µ := maxa∈A {wtA(a)}. We
denote by Aj the number of elements a ∈ A of weight j ∈ WA, i.e.,

Aj = |{a ∈ A : wtA(a) = j}| .

Furthermore, for t, ℓ ∈ N, let T ℓ
t denote the set of all (ordered) integer partitions of t

of length ℓ with part sizes not exceeding µ, i.e.,

T ℓ
t := {(t1, t2, . . . , tℓ) ∈ W ℓ

A : t1 + t2 + . . . + tℓ = t}.

Then, the size of the ℓ-dimensional sphere of radius t can be computed as

∣∣Sℓ
t

∣∣ =
∑

(t1,...,tℓ)∈T ℓ
t

ℓ∏
i=1

Ati . (2)

This formula can further be reduced depending on the metrics considered. For
instance, in the Hamming metric, since tuples of Hamming weight t consist of t nonzero
positions, we compute the number of ways to choose t positions among a total number
of positions ℓ and multiply by the number of options we have to choose the nonzero
element from, i.e.,

∣∣Sℓ
t,H
∣∣ =

(
ℓ

t

)
(|A| − 1)t.

Hence, in the Hamming metric we obtain a compact closed form expression for
∣∣Sℓ

t

∣∣.
However, when changing the metric this task can get more involved, as the set T ℓ

t

might grow rapidly and, thus, summing over all its elements would be an exhaustive
task. Therefore, finding simpler upper and lower bounds on the sum or the single
summands is an important task.

For a fixed weight function wtA and fixed integers t, ℓ the sphere sizes
∣∣Sℓ

t

∣∣ can be
computed efficiently if the values of Aj are known with a dynamic program that uses
formula (2). This is demonstrated in [6, Algorithm 1] for specifically the sum-rank
metric, but the used algorithm can easily be adjusted for other coordinate-additive
metrics. Similar to (2), we can calculate the size

∣∣Sℓ
t

∣∣ by summing over all weight
decompositions of the weight t and adding the number of tuples with that weight
decomposition. From an information-theoretic point of view we use the notion of a
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type of a tuple x ∈ Aℓ. For any positive integers ℓ and t, the type of x ∈ Aℓ is a tuple
θ(x) = (θ0(x), . . . , θµ(x)) where each θi(x) is the relative fraction of occurrences of a
weight i ∈ WA in x, i.e.,

θi(x) = 1
ℓ

|{k ∈ {1, . . . , ℓ} : wtA(xk) = i}| .

Notice that the weight decomposition of x ∈ Aℓ is immediately derived from its type
θ(x) by ℓθ(x) = (ℓθ0(x), . . . , ℓθµ(x)) and indeed wtA(x) = ℓ

∑µ
i=0 θi(x). Furthermore,

if wt(x) = t then {0}ℓθ0 × . . . × {µ}ℓθµ ∈ T ℓ
t . Hence, to calculate

∣∣Sℓ
t

∣∣, instead of
summing over all partitions in T ℓ

t we can sum over all types in Aℓ yielding weight t.
We will denote this set by Θℓ

t. The number of tuples x ∈ Aℓ of type θ is given by the
multinomial coefficient (

ℓ

ℓθ

)
= ℓ!

(ℓθ0)! · . . . · (ℓθµ)! .

Hence, the size of the ℓ-dimensional sphere of radius t can be expressed as

∣∣Sℓ
t

∣∣ =
∑

ℓθ∈Θℓ
t

(
ℓ

ℓθ

)
,

This value, however, is hard to manipulate wherefore we might use the following upper
and lower bounds (see [17, Theorem 11.1.3])

1
(ℓ + 1)|A|−1 2ℓH(θ) ≤

(
ℓ

ℓθ

)
≤ 2ℓH(θ), (3)

where H(θ) := −
∑

i:θi ̸=0 θi log2(θi) is the entropy of θ. With this we immedi-
ately obtain upper and lower bounds on

∣∣Sℓ
t

∣∣. Regarding the upper bound, further
improvements can be achieved which we will discuss in Section 3.

2.3 Ordinary Generating Functions
The theory of ordinary generating functions (OGFs) is an important branch of
mathematics that lays connections between combinatorics, analysis, number theory,
probability theory and other fields. In this paper we restrict ourselves to OGFs cor-
responding to weights in coordinate-additive metrics, which are polynomials with
non-negative coefficients. Consider a finite abelian group A with weight function wtA
and induced coordinate-additive weight function wtΣA on Aℓ. The OGF corresponding
to wtΣA is defined as the polynomial

FAℓ(z) :=
∑

v∈Aℓ zwtΣA(v) =
∑µℓ

i=0 |Sℓ
i | zi.

For a polynomial F (z) = F0 + F1z + . . . + Fdzd we use the notation [zi]F (z) to refer
to the i-th coefficient Fi of F (z), with [zi]F (z) = 0 for i > deg(F ). The OGF for the
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sum-rank metric on Fm×ηℓ
q is denoted by

Sm,η,ℓ,q(z) =
µℓ∑

i=0

∣∣∣Sm,η,ℓ,q
i

∣∣∣ zi.

Definition 1 (Partial order on polynomials) Let F (z), G(z) ∈ R[z] be two real
polynomials. If [zi]F (z) ≤ [zi]G(z) for all i ∈ N, we say F (z) is coefficient-wise
less-than-or-equal to G(z), denoted as F (z) ≼c G(z).

Proposition 1 ([12, Theorem I.1]) Let A1, A2 be two finite alphabets with weight
functions wtA1 , wtA2 respectively. Then wtA1×A2(a, b) := wtA1(a) + wtA2(b) is a
weight function on A1 × A2 and

FA1×A2(z) = FA1(z)FA2(z).

In particular, we have
FAℓ(z) = FA(z)ℓ,

for ℓ ∈ N. Furthermore, the product of real polynomials with non-negative coefficients
preserves the partial order: If F (z) ≼c G(z) and K(z) ≼c L(z), then F (z)K(z) ≼c

G(z)L(z).

Lemma 2 Let F (z) be a real polynomial of degree d > 0 with non-negative coefficients
Fi ≥ 0 and first derivative F ′(z). If F (z) is not a monomial, then the function G(z) =
zF ′(z)/F (z) is a strictly increasing smooth function on the positive reals R>0. In
particular if F (0) > 0, which is the case with OGFs of finite alphabets with weight
functions, G(z) is a bijection from [0, ∞) to [0, d).

Proof Smoothness follows directly from smoothness of F (z) and 1/z on R>0. To show
that G(z) is strictly increasing, consider two positive integers 0 < a < b and let
K(a, b) := bF ′(b)F (a) − aF ′(a)F (b). Then,

K(a, b) =
d∑

i=0
iFib

i
d∑

j=0
Fjaj −

d∑
i=0

iFia
i

d∑
j=0

Fjbj

=
∑

0≤i<j≤d

iFiFjbiaj + jFjFib
jai − iFiFjaibj − jFjFia

jbi

=
∑

0≤i<j≤d

FiFj(j − i)(bjai − ajbi) > 0

where the last inequality follows from assuming that F (z) is not a monomial, so there
exist i < j such that FiFj > 0. The proof now follows since G(b)−G(a) = K(a,b)

F (a)F (b) > 0.

Lastly, we have that limz→∞ F ′(z)/zd−1 = dFd and limz→∞ F (z)/zd = Fd, hence we
get limz→∞ G(z) = d. □
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3 Information-Theoretic Bounds on Spheres
In [14] an asymptotically tight upper bound on the volume of an ℓ-dimensional ball∣∣Bℓ

t

∣∣ of radius t was introduced. The author used information theoretic tools, as
described in Section 2.2, and bounded the size of the sphere via the type maximizing
the entropy, and showed that this bound is asymptotically tight. Furthermore, this
bound is valid for any arbitrary additive weight function wtA (see Section 2.1 for the
definition) with respect to some finite abelian group A. The bound was proved to hold
for normalized weights ρ with ρ := t/ℓ up to the average weight

w := |A|−1
∑
a∈A

wtA(a)

at which the volume of the ball is saturated. We extend the result from [14] to the
size of spheres and also prove that the bound holds for ρ ≥ w up to the maximum
possible weight, i.e., for 0 < ρ < µ = maxa∈A {wtA(a)}.

Given a random variable X over a finite alphabet A with probability distribution
P , we define P (a) := Prob(X = a) with a ∈ A. The entropy H(P ) of P with respect
to the base q is defined as

H(P ) := −
∑

a∈A,P (a) ̸=0

P (a) logq P (a).

Example 1 Consider an alphabet A = Fq, a probability ρ ∈ (0, 1), and a probability
distribution

P (x) =
{

1 − ρ x = 0
ρ/(q − 1) x ̸= 0

.

Then the entropy H(X) reduces to the q-ary entropy function defined as

hq(ρ) := −ρ logq(ρ/(q − 1)) − (1 − ρ) logq(1 − ρ).

Definition 2 For any a ∈ A and 0 < ρ < µ, we define the probability distribution

Pβ(a) := q−β wtA(a)

Z(β) (4)

where β is the unique solution to the weight constraint

E[wtA(a)] =
∑
a∈A

Pβ(a) wtA(a) = ρ (5)

and Z(β) is chosen s.t.
∑

a∈A Pβ(a) = 1, i.e. Z(β) =
∑

a∈A q−β wtA(a).
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Later, in Proposition 7, we show that for any 0 < ρ < µ a solution β to the
equation

∑
a∈A Pβ(a) wtA(a) = ρ always exists and is unique. This establishes a one-

to-one correspondence between ρ and β, i.e. every β ∈ R determines a ρ ∈ (0, µ) via
the function

ρ(β) :=
∑
a∈A

Pβ(a) wtA(a) (6)

and vice versa. Hence we will use ρ and ρ(β) interchangeably. Let us denote by

Hρ := H(Pβ)

the entropy of the distribution in (4). Then, the following bound was proven in [14].

Theorem 3 ([14]) For any 0 < ρ ≤ w and ℓ ∈ N we have

1
ℓ

logq

∣∣Bℓ
ρℓ

∣∣ ≤ Hρ.

The following is an immediate consequence of Theorem 3 above.

Corollary 4 For any 0 < ρ < w and ℓ ∈ N we have

1
ℓ

logq

∣∣Sℓ
ρℓ

∣∣ ≤ Hρ.

By a simple cutting argument, the bound in Theorem 3 can be extended to any
normalized weight 0 ≤ ρ ≤ maxx∈A {wtA(x)} =: µ as follows.

Theorem 5 For any 0 < ρ ≤ µ we have

1
ℓ

logq

∣∣Bℓ
ρℓ

∣∣ ≤
{

Hρ if 0 < ρ ≤ w

logq(|A|) if w < ρ ≤ µ
.

3.1 Upper Bound
In this subsection, we show that Corollary 4 also holds for normalized weights 0 <
ρ < µ. Recall the OGFs for the alphabets A and Aℓ, respectively,

FA(z) =
∑
a∈A

zwtA(a) and FAℓ(z) =
∑

v∈Aℓ

zwtΣA(v) = FA(z)ℓ.

We now can express Z(β), ρ(β) and Hρ in terms of FA(z).
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Lemma 6 Let β ∈ R and ρ = ρ(β). Then

Z(β) = FA
(
q−β

)
, ρ(β) = q−β F ′

A
(
q−β

)
FA (q−β) , Hρ = logq

(
FA(q−β)
q−βρ(β)

)
. (7)

Proof The first equality immediately follows from the fact that Z(β) is the normal-
ization constant of the distribution Pβ(·): Z(β) =

∑
a∈A

(
q−β

)wtA(a) = FA(q−β).
For the second equality, we rewrite the weight constraint (5) defining ρ(β) to obtain

ρ(β) =
∑
a∈A

Pβ(a) wtA(a) =
∑
a∈A

q−β wtA(a)

Z(β) wtA(a) =
∑
a∈A

q−β(wtA(a)−1)q−β wtA(a)
FA(q−β)

Noticing that F ′
A
(
q−β

)
=
∑

a∈A q−β(wtA(a)−1) wtA(a) yields the result.
To show the last equality we use equations (4), (6) and the previous equalities for

Z(β). Rewriting the definition of the entropy Hρ gives

Hρ = −
∑
a∈A

Pβ(a) logq (Pβ(a)) = −
∑
a∈A

Pβ(a) logq

(
q−β wtA(a)

FA(q−β)

)
=
∑
a∈A

Pβ(a)
(
β wtA(a) + logq

(
FA(q−β)

))
= β

∑
a∈A

Pβ(a) wtA(a) + logq

(
FA(q−β)

)∑
a∈A

Pβ(a)

= βρ(β) + logq

(
FA(q−β)

)
= logq

(
FA(q−β)
q−βρ(β)

)
.

□

Proposition 7 Let A be an alphabet with weight function wtA. Then the function
ρ(β) given in (6) is a strictly decreasing smooth bijection from R to (0, µ).
Proof By Lemma 2, the function G(z) := z

F ′
A(z)

FA(z) is a strictly increasing bijection from
[0, ∞) to [0, µ). The proof now follows since ρ(β) = G(q−β). □

We will now make use of a technique explained in [12, Section VIII.2] where Flajolet
and Sedgewick present the saddle-point bound, i.e., an upper bound on the coefficients
of a OGF. For any real valued y > 0 we have

|Sℓ
t |yt =

(
[zt]FAℓ(z)

)
yt ≤ FAℓ(y) = FA(y)ℓ.

We can further rewrite this expression and take the infimum on the right-hand side
and obtain

1
ℓ

logq |Sℓ
t | ≤ inf

y>0
logq

(
FA(y)

yρ

)
. (8)
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Moreover, we can show that a global minimum of FA(y)/yρ exists and therefore the
infimum is a minimum. In fact, by setting the derivative of FA(y)/yρ to zero and
using (7) for ρ, we obtain a local minimum for y = q−β . Then, using Lemma 2, we
can show that the derivative of FA(y)/yρ is negative for 0 < y < q−β and positive
for y > q−β . Therefore, the local minimum is also the global minimum, where the
function logq

(
FA(y)

yρ

)
takes the value Hρ (cf. (7)).

To summarize, the saddle-point bound (8) coincides with the entropy bound (see
also [18, Theorem 4.1], [19, Theorem IV.9]), but extends the range of ρ to (0, µ), as
stated in Theorem 8. Finally, we have

1
ℓ

logq |Sℓ
t | ≤ logq

(
FA(q−β)
(q−β)ρ

)
.

Theorem 8 For any 0 < ρ < µ and ℓ ∈ N we have

1
ℓ

logq |Sℓ
ρℓ| ≤ Hρ = inf

y>0
logq

(
FA(y)

yρ

)
,

where the infimum (in this case a minimum) on the right-hand side is attained at
y = q−β, with β defined by ρ(β) = ρ.

3.2 Lower Bounds
Observe that (3) gives us the lower bound

1
ℓ

logq |Sℓ
ρℓ| ≥ Hρ − (|A| − 1)1

ℓ
logq(ℓ + 1). (9)

Although this bound is asymptotically tight as ℓ → ∞, it can be improved for some
ranges of ℓ when the alphabet size |A| is large (e.g. for the sum-rank metric where
|A| = qmn). In this section we derive a different lower bound that does not depend
on |A| but instead on wtA. Specifically for the sum-rank metric this new bound is
tighter than (9) for a large range of ℓ.

Let Xβ , Xβ,1, Xβ,2, Xβ,3, . . . be i.i.d. random variables taking values in A with
probability distribution Pβ given in (4). For a ∈ A, define the function

φβ(a) := − logq (Pβ(a)) = β wtA(a) + logq

(
FA(q−β)

)
. (10)

Note that Hρ = E[φβ(Xβ,i)] with ρ = ρ(β) for each i ∈ N. As a consequence of
Chebyshev’s inequality [20], for any γ > 0 it holds

Prob
(∣∣∣∣∣1ℓ

ℓ∑
i=1

φβ(Xβ,i) − Hρ

∣∣∣∣∣ ≥ γ

)
≤ Var(φβ(Xβ))

ℓγ2 = β2 Var(wtA(Xβ))
ℓγ2 . (11)
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By choosing γ appropriately and by following similar techniques as used in [14], a
lower bound for a sum of sphere sizes is derived in Theorem 9.

Theorem 9 Given t = ρℓ and 0 < ε < 1, let β be defined by the weight constraint
(5). Furthermore, let δ =

(
ℓ Var(wtA(Xβ))

(1−ε)

)1/2
. Then

∑
−δ<j<δ

j∈Z

|Sℓ
t+j | > ε qℓHρ−|β|δ.

Proof First, let us define a probability distribution on Aℓ naturally by Pβ(v) :=∏ℓ
i=1 Pβ(vi) for v = (v1, . . . , vℓ) ∈ Aℓ. Let Yβ denote a random variable taking values

in Aℓ with this probability distribution. Note that Yβ is identically distributed as the
tuple (Xβ,1, . . . , Xβ,ℓ). Next, for any v ∈ Aℓ, the expression |wtΣA(v) − ρℓ| < δ is
equivalent to ∣∣∣∣1ℓ β wtΣA(v) − βρ

∣∣∣∣ <
|β|δ

ℓ
.

Note that, using Lemma 6 and (10), we rewrite the left hand side of the inequality as∣∣∣∣1ℓ β wtΣA(v) − βρ

∣∣∣∣ =

∣∣∣∣∣1ℓ
ℓ∑

i=1
φβ(vi) − Hρ

∣∣∣∣∣ .
Hence, we have

Prob (|wtΣA(Yβ) − ρℓ| < δ) = Prob
(∣∣∣∣∣1ℓ

ℓ∑
i=1

φβ(Xβ,i) − Hρ

∣∣∣∣∣ <
|β|δ

ℓ

)
.

Applying Chebyshev’s inequality (see (11)), we obtain a lower bound

Prob (|wtΣA(Yβ) − ρℓ| < δ) ≥ 1 − ℓ Var(wtA(Xβ))
δ2 = ε.

Now, let us denote U :=
⋃

−δ<j<δ
j∈Z

Sℓ
ρℓ+j and note that we can write

Prob (|wtΣA(Yβ) − ρℓ| < δ) = Prob (Yβ ∈ U) =
∑
v∈U

Pβ(v).

Furthermore, note that the inequality
∣∣∣ 1

ℓ

∑ℓ
i=1 φβ(vi) − Hρ

∣∣∣ < |β|δ
ℓ implies that

q−ℓHρ+|β|δ > Pβ(v). The proof is completed observing that∑
−δ<j<δ

j∈Z

∣∣Sℓ
ρℓ+j

∣∣ q−ℓHρ+|β|δ = |U | q−ℓHρ+|β|δ >
∑
v∈U

Pβ(v) ≥ ε. □

12



Using the inequality max
−δ<j<δ

j∈Z

|Sℓ
t+j | ≥ 1

2⌈δ⌉−1

∑
−δ<j<δ

j∈Z

|Sℓ
t+j | we get an alternative

bound in Theorem 10.

Theorem 10 Given t = ℓρ and 0 < ε < 1, let β be defined by the weight constraint
(5) and δ =

(
ℓ Var(wtA(Xβ))

(1−ε)

)1/2
. Then

max
−δ<j<δ

j∈Z

1
ℓ

logq |Sℓ
t+j | > Hρ − |β|δ

ℓ
− 1

ℓ
logq

(
2⌈δ⌉ − 1

ε

)
.

Empirically, good bounds seem to be obtained for ε close to 0 (this corresponds to
a relatively small δ close to ℓ1/2 Var(wtA(Xβ))1/2). There exists a number 0 < ε0 < 1
such that setting ε = ε0 implies δ = ⌊ℓ1/2 Var(wtA(Xβ))1/2⌋ + 1; we suspect that the
best bounds are obtained for ε close to this ε0.

Moreover, for constant ε and ρ, this bound coincides asymptotically with the bound
from Theorem 8 as ℓ → ∞ and is therefore asymptotically tight.

4 Bounds on Spheres in the Sum-rank Metric
In this section we derive improved closed-form upper and lower bounds on the size of
a sphere in the sum-rank metric. Hence we fix m, η and q and we use NMq(m, η, t) to
denote the number of matrices of rank t over Fm×η

q . Following (2), an exact formula
for the size of the ℓ-dimensional sphere of radius t in the sum-rank metric is given by

∣∣∣Sm,η,ℓ,q
t

∣∣∣ =
∑

(t1,...,tℓ)∈T ℓ
t

ℓ∏
i=1

NMq(m, η, ti), (12)

with T ℓ
t the set of all (ordered) integer partitions of t of length ℓ with part sizes not

exceeding µ = µΣR = min{m, η}, i.e.,

T ℓ
t := {(t1, t2, . . . , tℓ) ∈ {0, 1, . . . , µ}ℓ : t1 + t2 + . . . + tℓ = t}.

A current method of obtaining both closed-form upper and lower bounds on
∣∣∣Sm,η,ℓ,q

t

∣∣∣
uses these steps:

1. Derive a closed-form upper bound bup
q (m, η, t) and lower bound blow

q (m, η, t) on
NMq(m, η, t);

13



2. Find a partition tup = (tup
1 , . . . , tup

ℓ ) ∈ T ℓ
t that maximizes

∏ℓ
i=1 bup

q (m, η, tup
i )

and a partition tlow = (tlow
1 , . . . , tlow

ℓ ) ∈ T ℓ
t that maximizes

∏ℓ
i=1 blow

q (m, η, tlow
i ),

for example with the use of Lagrange multipliers;
3. Derive a closed-form upper bound N ℓ

t on
∣∣T ℓ

t

∣∣.
This strategy yields the following general bounds on the size of a sphere:

ℓ∏
i=1

blow
q (m, η, tlow

i ) ≤
∣∣∣Sm,η,ℓ,q

t

∣∣∣ ≤ N ℓ
t

ℓ∏
i=1

bup
q (m, η, tup

i ). (13)

In [10], and further discussed in [11], the authors used blow
q (m, η, t) = γ−1

q qt(m+η−t) to
obtain the closed-form lower bounds

γ−ℓ
q qt(m+η− t

ℓ )− ℓ
4 ≤ γ−ℓ

q

(
ℓ

r

)
qt(m+η− t

ℓ )+ r2
ℓ −r ≤

∣∣∣Sm,η,ℓ,q
t

∣∣∣ , (14)

where r satisfies t ≡ r mod ℓ with 0 ≤ r < ℓ and γq is a special instance of the
q-Pochhammer symbol defined as

(a; x)k :=
k−1∏
i=0

(1 − axi), (a; x)∞ :=
∞∏

i=0
(1 − axi), γq :=

(
1
q

; 1
q

)−1

∞
=

∞∏
i=1

(1 − q−i)−1.

Likewise in [6] this strategy is used with bup
q (m, η, t) = γqqt(m+η−t) and N ℓ

t =
(

ℓ+t−1
ℓ−1

)
to obtain the closed-form upper bound

∣∣∣Sm,η,ℓ,q
t

∣∣∣ ≤ γℓ
q

(
ℓ + t − 1

ℓ − 1

)
qt(m+η− t

ℓ ). (15)

Note that as ℓ increases, the discrepancy between the lower bound (14) and upper
bound (15) also greatly increases. Hence in the regime of large ℓ better bounds can
be obtained.

First, we reuse the current strategy (13) with a different upper bound bup
q (m, η, t)

on NMq(m, η, t) that works better for large ℓ and small t in Section 4.1. We also derive
an improved lower bound that we will use later in Section 4.3.

Secondly, in Section 4.2, we investigate a different strategy where, instead of esti-
mating the sum in (12) directly, we exploit the nature of the sum-rank sphere size as
an ℓ-fold discrete convolution, and bound it with continuous convolutions for which
closed-form expression exist.

Lastly, in Section 4.3, we utilize Sm,η,ℓ,q(z) =
(
Sm,η,1,q(z)

)ℓ, where we derive an
alternative function that serves as a coefficient-wise lower bound for Sm,η,1,q(z). The
ℓ-th power of this function is calculated more efficiently, since its roots are expressed
easily.
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4.1 Bounds on the Number of Matrices of Fixed Rank
For a, b ∈ N we define the q-binomial coefficient as[

a
b

]
q

=
b∏

i=1

1 − qa−b+i

1 − qi
=

b−1∏
j=0

qa − qj

qb − qj
.

Then, by [21], the number of matrices of rank t over Fm×η
q is computed as

NMq(m, η, t) =
[
m
t

]
q

t−1∏
i=0

(qη − qi).

Let q ≥ 2, µ = µΣR = min{m, η} and M := max{m, η}. We will lower-
bound NMq(m, η, t) in two steps, eventually leading to Proposition 12 below; first,
the q-binomial coefficients satisfy a useful lower bound that follows from elementary
arguments (see [22, Lemma 2.2]):[

µ
i

]
q

≥
{

(1 + 1
q )qi(µ−i) if 0 < i < µ

1 if i ∈ {0, µ}
. (16)

Lemma 11 Let 0 < i < µ and q ≥ 2. Then[
µ
i

]
1/q2

≤
(

1
q2 ; 1

q2

)−1

∞
≤ 1 + 1

q
.

Proof By Euler’s pentagonal number theorem [23, Thm 15.5] we can rewrite and
bound the q-Pochhammer symbol as follows:(

1
q2 ; 1

q2

)
∞

= 1 +
∞∑

n=1
(−1)n

[(
1
q

)3n2−n

+
(

1
q

)3n2+n
]

= 1 −
(

1
q

)2
−
(

1
q

)4
+
(

1
q

)10
+
(

1
q

)14
− . . .

≥ 1 −
(

1
q

)2
−
(

1
q

)4

(for q ≥ 2)
≥ 1 − 1

q2 − 1 ≥ 1 − 1
q + 1 = q

q + 1 .

So for 0 < i < µ we have

[
µ
i

]
1/q2

=

(
1
q2 ; 1

q2

)
µ(

1
q2 ; 1

q2

)
i

(
1
q2 ; 1

q2

)
µ−i

≤ 1(
1
q2 ; 1

q2

)
i

≤ 1(
1
q2 ; 1

q2

)
∞

≤ 1 + 1
q

. □
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As direct corollary of (16) and Lemma 11 we obtain for all 0 ≤ i ≤ µ the inequality[
µ
i

]
1/q2

qi(µ−i) ≤
[
µ
i

]
q

. (17)

For i ∈ {0, µ} this follows trivially as the q-binomial coefficients equal 1 then.
Secondly, for a, b, c ∈ N with 0 ≤ a < b < c we have

b−1∏
j=0

(qc − qj)

a

=

a−1∏
j=0

(qc − qj)

a
b−1∏
k=a

(qc − qk)a

≤

a−1∏
j=0

(qc − qj)

a
b−1∏
k=a

(qc − qa)a

<

a−1∏
j=0

(qc − qj)

a
b−1∏
k=a

a−1∏
j=0

(qc − qj)

 =

a−1∏
j=0

(qc − qj)

b

.

Hence, we observe that

i−1∏
j=0

(qM − qj) >

µ−1∏
j=0

(qM − qj)

i/µ

= qi M
(
γq,m,η

−1)i/µ
, (18)

where we introduce the notation

γq,m,η :=
M∏

j=M−µ+1

(
1 − q−j

)−1 (19)

(with µ = µΣR = min{m, η} and M := max{m, η}). Combining (17) and (18) leads
to a new lower bound on the number of matrices of rank i.

Proposition 12 For m, η, i ∈ N with 0 ≤ i ≤ µ, we have the lower bound

(
γq,m,η

−1/µ
)i
[
µ
i

]
1/q2

qi(m+η−i) ≤ NMq(m, η, i).
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Proof Let M = max{m, η}. Then

[
µ
i

]
1/q2

qi(m+η−i)
(

γq,m,η
−1/µ

)i

=
[
µ
i

]
1/q2

qi(µ−i)qiM
(

γq,m,η
−1/µ

)i

≤
[
µ
i

]
q

qiM
(
γq,m,η

−1)i/µ

<

[
µ
i

]
q

i−1∏
j=0

(
qM − qj

)
= NMq(m, η, i) □

Next, we observe that

NMq(m, η, t) =
(

t∏
i=1

(1 − q−m+i−1)(1 − q−η+i−1)
(1 − q−i)

)
qt(m+η−t).

Let us now introduce the function

κq,m,η(t) :=
(

(1 − q−m)(1 − q−η)
(1 − q−1)

)t

.

Noticing that κq,m,η(t) ≤
∏t

i=1
(1−q−m+i−1)(1−q−η+i−1)

(1−q−i) , we derive the following upper
bound on NMq(m, η, t).

Proposition 13 For m, η, t ∈ N we have the upper bound

NMq(m, η, t) ≤ κq,m,η(t)qt(m+η−t).

With the property κq,m,η(t1)κq,m,η(t2) = κq,m,η(t1 + t2), we perform the same
steps of the proof of bound (15) in [6] with κq,m,η(t) instead of γq and obtain Theorem
14 as new upper bound on sum-rank sphere sizes.

Theorem 14 Given positive integers m, η, ℓ, t and a prime power q, we have

∣∣∣Sm,η,ℓ,q
t

∣∣∣ ≤ κq,m,η(t)
(

ℓ + t − 1
ℓ − 1

)
qt(m+η− t

ℓ ).

Importantly, for sufficiently small t the coefficient κq,m,η(t) is smaller than γq. In this
case the bound of Theorem 14 is tighter than [6, Theorem 5] (see (15)).
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4.2 Convolution Upper Bound
Let f(x) and g(x) be two real-valued functions defined on the natural numbers (or on
a larger domain). For t ∈ N, we define the discrete convolution by

[f ∗ g](t) :=
t∑

i=0
f(i)g(t − i).

The ℓ-fold discrete convolution [f ∗ f ∗ · · · ∗ f ] (well-defined by associativity of ∗) is
denoted as f∗ℓ. The strategy in this subsection comes from the observation that (12)
is equivalent to ∣∣∣Sm,η,ℓ,q

t

∣∣∣ = NMq(m, η, x)∗ℓ(t).

Let C(t) be a real-valued function depending on the parameters m, η, q and satisfying

NMq(m, η, t) ≤ C(t)qt(m+η−t) and C(t1)C(t2) = C(t3)C(t4)

whenever t1 + t2 = t3 + t4. By Proposition 13, examples of such functions are γq and
κq,m,η(t). The reason for looking at these functions is because they work well with
discrete convolutions, i.e., [C(x)f(x) ∗ C(x)g(x)] (t) = C(0)C(t)[f ∗ g](t). Therefore,
we can upper bound the sphere sizes as follows∣∣∣Sm,η,ℓ,q

t

∣∣∣ ≤
(

C(x)qx(m+η−x)
)∗ℓ

(t) = C(0)ℓ−1C(t)
(

qx(m+η−x)
)∗ℓ

(t). (20)

Proposition 15 provides a formula to easily bound convolutions.

Proposition 15 Consider fℓ(x) := qx(m+η−x/ℓ) for x ∈ R and ℓ ∈ N. Functions of
this form satisfy the convolution inequality

[fℓ1 ∗ fℓ2 ](t) ≤
(

1 +

√
ℓ1ℓ2π

(ℓ1 + ℓ2) ln q

)
fℓ1+ℓ2(t).

Proof First of all, note that

[fℓ1 ∗ fℓ2 ](t) =
t∑

i=0
qt(m+η− t

ℓ1+ℓ2
)− 1

ℓ1
i2− 1

ℓ2
(t−i)2+ t2

ℓ1+ℓ2

= fℓ1+ℓ2(t)
t∑

i=0
q

−
(

1
ℓ1

+ 1
ℓ2

)(
i− ℓ1

ℓ1+ℓ2
t
)2

.

Next, we will apply the technique of bounding summations with integrals, bounding
the discrete convolution with a continuous one. To make the notation more compact,
let g(x) := q

−
(

1
ℓ1

+ 1
ℓ2

)(
x− ℓ1

ℓ1+ℓ2
t
)2

. Then, using unimodality of g(x) with its mode/peak

18



at xp := ℓ1
ℓ1+ℓ2

t where g attains g(xp) = 1, we bound different parts of the summation
as follows:

⌊xp⌋−1∑
i=0

g(i) ≤
∫ ⌊xp⌋

0
g(x) dx

⌈xp⌉∑
i=⌊xp⌋

g(i) ≤ 1 +
∫ ⌈xp⌉

⌊xp⌋
g(x) dx

t∑
i=⌈xp⌉−1

g(i) ≤
∫ t

⌈xp⌉
g(x) dx.

Note that these bounds hold both if xp ∈ N and xp /∈ N. Hence,

t∑
i=0

q
−
(

1
ℓ1

+ 1
ℓ2

)(
i− ℓ1

ℓ1+ℓ2
t
)2

≤ 1 +
∫ t

0
q

−
(

1
ℓ1

+ 1
ℓ2

)(
x− ℓ1

ℓ1+ℓ2
t
)2

dx

< 1 +
∫ ∞

−∞
q

−
(

1
ℓ1

+ 1
ℓ2

)
x2

dx = 1 +
√

π(
1
ℓ1

+ 1
ℓ2

)
ln q

and thus the proposition follows. □

Setting ℓ1 = 1 and applying Proposition 15 inductively for ℓ2 = 1, . . . , ℓ − 1, we
obtain new upper bounds on the sum-rank sphere sizes using (20) with C(t) of our
choice.

Theorem 16 Let m, η, ℓ, q, t be positive integers. Choosing C(t) equal to γq or
κq,m,η(t), we observe the following bounds, respectively

∣∣∣Sm,η,ℓ,q
t

∣∣∣ ≤ γℓ
q

ℓ−1∏
k=1

(
1 +

√
kπ

(k + 1) ln q

)
qt(m+η−t/ℓ)

∣∣∣Sm,η,ℓ,q
t

∣∣∣ ≤ κq,m,η(t)
ℓ−1∏
k=1

(
1 +

√
kπ

(k + 1) ln q

)
qt(m+η−t/ℓ)

where the further simplifications

ℓ−1∏
k=1

(
1 +

√
kπ

(k + 1) ln q

)
≤
(

1 +

√
(ℓ − 1)π

ℓ ln q

)ℓ−1

<

(
1 +

√
π

ln q

)ℓ−1

can be made.
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4.3 Lower Bound via Ordinary Generating Functions
Recall that the OGF of sum-rank sphere sizes is given by

Sm,η,ℓ,q(z) =
µℓ∑

t=0

∣∣∣Sm,η,ℓ,q
t

∣∣∣ zt = Sm,η,1,q(z)ℓ. (21)

Note that finding a closed-form bound for
∣∣∣Sm,η,ℓ,q

t

∣∣∣ is equal to finding such a bound
for the coefficients of the ℓ-th power on the right-hand side of (21). The approach that
we thus take is, to bound the function Sm,η,1,q(z) =

∑µ
i=0 NMq(m, η, i) zi coefficient-

wise using another polynomial F(z) whose ℓ-th power can be computed more easily,
as we will see later. We consider the polynomial

F(z) :=
µ∑

i=0
qi(m+η−i)

[
µ
i

]
1/q2

zi.

This polynomial satisfies the following chain of coefficient-wise inequalities:

µ∑
i=0

γ−1
q qi(m+η−i)zi ≼c γ−1

q F(z) ≼c F(γq,m,η
−1/µz) ≼c Sm,η,1,q(z).

The first inequality follows from 1 ≤
[
µ
i

]
1/q2

, the second from γ−1
q ≤ γq,m,η

−1 ≤

γq,m,η
−i/µ ≤ 1 for 0 ≤ i ≤ µ and the third from Proposition 12. Since these coefficient-

wise inequalities are preserved under ℓ-th powers, we obtain(
µ∑

i=0
γ−1

q qi(m+η−i)zi

)ℓ

≼c F(γq,m,η
−1/µz)ℓ ≼c Sm,η,ℓ,q(z). (22)

Note that the left-most polynomial is used in deriving the lower bound [10, Lemma
2] (see (14)). Since the middle polynomial is coefficient-wise greater, estimating its
coefficients can potentially lead to improved lower bounds. Let us thus focus on
estimating the ℓ-th power of F(γq,m,η

−1/µz).
To our advantage, the polynomial F(z) (and hence also F(γq,m,η

−1/µz)) can be
factored nicely into linear parts, as the following proposition shows.

Proposition 17 Let m, η ∈ N and µ = min{m, η}. Then

F(z) =
µ∑

i=0
qi(m+η−i)

[
µ
i

]
1/q2

zi =
µ∏

i=1
(1 + qm+η−2i+1z).

20



The proof follows directly from the q-binomial theorem, also known as the Cauchy
binomial theorem or Gaussian binomial theorem (see [24, Chapter 5]).

Let us now consider

F(z)ℓ =
µ∏

i=1

(
1 + q−2i

(
qm+η+1z

))ℓ

=
µ∏

i=1

ℓ∑
j=0

(
ℓ

j

)
q−2ij

(
qm+η+1z

)j

=
µℓ∑

t=0

 ∑
j1+...+jµ=t

0≤ji≤ℓ

µ∏
i=1

(
ℓ

ji

)
q−2iji

(qm+η+1z
)t

.

At first, bounding these sums seems as difficult as those in (12). However, unlike (12),
the factors

(
ℓ
ji

)
q−2iji also strongly dependent on i (not only on ji) and increase as i

decreases. This implies that there is a unique optimal tuple (j1, . . . , jµ) that maximizes∏µ
i=1
(

ℓ
ji

)
q−2iji , in contrast to (12) where every tuple (t1, . . . , tℓ) contributes the same

term
∏ℓ

i=1 NMq(m, η, ti) to the sum as any of its permutations.
For each t we will simply bound the sum by only one term

∏µ
i=1
(

ℓ
ji

)
q−2iji with

the near-optimal choice

ji =


ℓ for 1 ≤ i ≤ t∗

r for i = t∗ + 1
0 for t∗ + 2 ≤ i ≤ µ

(23)

where t = t∗ℓ + r for some t∗ ∈ N and 0 ≤ r < ℓ. This yields the bound

F(z)ℓ ≽c

µℓ∑
t=0

((
ℓ

r

)
q−2r(t∗+1)

t∗∏
i=1

q−2iℓ

)(
qm+η+1z

)t =
µℓ∑

t=0

(
ℓ

r

)
qt(m+η− t

ℓ )+ r2
ℓ −rzt.

Finally, by substituting γq,m,η
−1/µz for z in this inequality and applying (22) we

obtain the following result.

Theorem 18 Let m, η ∈ N, µ = min{m, η} and q a prime power. Let t = t∗ℓ+r ≤ µℓ
with t∗ ∈ N and 0 ≤ r < ℓ. Then

(
γq,m,η

−1)t/µ
(

ℓ

r

)
qt(m+η− t

ℓ )+ r2
ℓ −r ≤

∣∣∣Sm,η,ℓ,q
t

∣∣∣ ,
with γq,m,η given in (19).
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Notice that remarkably, aside for the improved coefficients in front, we have
obtained the same lower bound as [10, Lemma 2] (see (14)) via a completely differ-
ent method. However, by choosing ji differently in (23) there is still room for future
optimization.

In addition, for 0 < i < µ we have

NMq(m, η, i)2

NMq(m, η, i − 1) NMq(m, η, i + 1) = (qm − qi−1)
(qm − qi)

(qη − qi−1)
(qη − qi)

qi(qi+1 − 1)
qi−1(qi − 1) ≥ q2 > 1

and thus (NMq(m, η, i))µ
i=0 is a logaritmically concave sequence (log-concave for short).

Moreover, since convolution preserves log-concavity, it holds that for all ℓ the sequence(∣∣∣Sm,η,ℓ,q
i

∣∣∣)µℓ

i=0
is log-concave. Hence we can take the convex hull of the logarithm of

the bound in Theorem 18 to obtain a slight improvement. In this context, the convex
hull of a sequence (ai)µℓ

i=0 is the sequence (bi)µℓ
i=0 with

bi = max
x,y>0

{
ai,

y

x + y
ai−x + x

x + y
ai+y

}
,

and as consequence of Carathéodory’s theorem on convex hulls this is the lowest-valued
concave sequence that is coefficient-wise greater or equal to (ai)µℓ

i=0.

Theorem 19 The convex hull of the sequences(
logq

((
γq,m,η

−1)i/µ
(

ℓ

r

)
qi(m+η− i

ℓ )+ r2
ℓ −r

))µℓ

i=0

is a lower bound on logq

∣∣∣Sm,η,ℓ,q
t

∣∣∣.
5 Comparison of Bounds
In this section, we compare the new bounds presented in this paper with the existing
bounds related to the sphere size in the sum-rank metric. In Figure 1 the relationship
between the growth rate 1

ℓ logq

∣∣∣Sm,η,ℓ,q
t

∣∣∣ of the sphere size and the normalized radius
ρ is shown. We observe that the upper bound using Theorem 8 and the lower bound
using Theorem 10 are the tightest bounds and very close to the exact values. The
computation of these bounds necessitates the evaluation of the entropy Hρ. Computing
Hρ is straightforward for a specified β, whereas determining β for a given ρ cannot in
general be achieved in a closed-form manner, as outlined in (5).

For scenarios where prioritizing closed-form expressions dependent on ρ is essential,
the derived alternative bounds may better suit the intended use-cases. In Figure 1, the
upper bounds from Theorem 16 using κq,m,η, Theorem 16 using γq and Theorem 14
are consolidated into a single piece-wise function by selecting the minimum value
among these bounds. The transition points are indicated by circles.
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We observe that for the new closed-form upper and lower bounds we improve
significantly in comparison to the already existing closed-form bounds given in [6,
Theorem 5] and [10, Lemma 2]. Furthermore, the new bounds are potentially use-
ful tools for obtaining improved closed-form Gilbert-Varshamov or sphere-packing
bounds, as introduced in [19] and [10].
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Theorem 14
Theorem 16 using κq,m,η
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Theorem 19
Theorem 18
[10, Lemma 2], cf. (14)

Fig. 1 Comparison of upper and lower bounds for the sphere Sm,η,ℓ,q
ρℓ

as function of ρ with param-
eters q = 2, m = 5, η = 5, ℓ = 100.

In Figure 2 we show the tightness of the improved bounds for different numbers of
blocks. We choose the same values for the parameters q, m, t and n as for the bounds
given in [6]. Notably, the bounds proposed in [6] exhibit considerable looseness in sce-
narios where ℓ becomes substantially large (i.e., when the sum-rank metric converges
to the Hamming metric). While superior bounds are already established for the Ham-
ming metric (i.e., ℓ = n), our analysis illustrates substantial enhancements for ℓ < n
compared to existing bounds.
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Fig. 2 Comparison of upper and lower bounds for the sphere Sm,η,ℓ,q
t as function of ℓ with param-

eters q = 2, m = 40, t = 10 and keeping n = ηℓ = 60 constant.

6 Conclusions
In this paper, we derive novel upper and lower bounds on the size of an ℓ-dimensional
sphere. First, we consider a general setting for any coordinate-additive metric, and
then we focus specifically on spheres in the sum-rank metric. In the general setting,
we employ techniques from information theory and typical sequences to bound the
logarithmic growth rate of the sphere’s size, utilizing the entropy of a Boltzmann-like
distribution representing the marginal distribution of a typical sequence. Although
these bounds apply to any coordinate-additive metric, we also derive new bounds
specifically for the sum-rank metric, using convolution arguments for the upper bounds
and ordinary generating functions for the lower bounds. Finally, we compare our
bounds to existing ones in the sum-rank metric and observe that, when choosing the
most suitable bound for each regime, our bounds outperform the existing closed-form
bounds.
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