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Abstract –Multiple studies of scintillation phenomena have shown that, in certain situations, the intense
phase fluctuations of trans-ionospheric radio signals are associated with the scattering on strong electron
density gradients. The present study provides a theoretical framework for modeling such types of phase
fluctuation events. Using the geometrical-optics approximation and retaining the second-order smallness
correction in the expansion of the eikonal function, we relate the phase of the transmitted wave not only
to the total electron content (TEC) of the ionosphere but also to the spatial gradient of the TEC. The
considered correction term is related to the random refraction of signal rays on large-scale ionospheric
structures, an effect, that becomes significant in the presence of strong electron density gradients. To con-
veniently simulate the wave propagation under such conditions, we propose the random phase gradient
screen algorithm. For this purpose, we use the novel spatial electron density gradient product (NeGIX)
based on in-situ observations of the Swarm Langmuir probe and ground-based TEC and TEC gradient
observations. To illustrate the performance of the algorithm, we apply it to simulate a scintillation event
over Europe and in the low-latitude region and compare the simulation results with scintillation indices,
measured from GNSS ground observations. We show that in regions of the ionosphere where spatial
ionospheric gradients are large, the phase gradient method shows better agreement with the observed
scintillation levels than the conventional phase screen approach.
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1 Introduction

The trans-ionospheric electromagnetic wave experiences
random modulation of its amplitude and phase as it propagates
through the inhomogeneous ionosphere. The strength of such
modulation depends on several factors such as time of the
day and season, period of high or low solar activity, geomag-
netic conditions, geographical location, propagation link geom-
etry, etc. As a result, the morphology of scintillation events is
complex and varied (Aarons, 1982).

Recent morphological studies have shown that there is a cer-
tain correlation between the occurrence of strong spatial gradi-
ents in the ionospheric electron density and intense phase
scintillations. The evidence for such a correlation has been
reported mainly in polar and high latitude regions, e.g., by
studying scintillation at the boundaries of the ionospheric trough
(Vo & Foster, 2001), storm enhanced density (SED) regions

(Doherty et al., 2004; Coster & Skone, 2009; Sun et al.,
2013), the polar tongue of ionization (TOI) (Kinrade et al.,
2012; van der Meeren et al., 2014), at the edges of polar cap
patches (Jin et al., 2015; Lamarche et al., 2022), or in cusp flow
channels (Spicher et al., 2020). The onset of intense scintillation
associated with the occurrence of strong total electron content
(TEC) gradients in equatorial regions, e.g., due to scattering at
the edges of equatorial plasma bubbles (EPBs), has also been
reported (Vijayakumar and Pasricha, 1997; Kintner et al.,
2007; Olwendo et al., 2012; McNamara et al., 2013; Sato
et al., 2021). The signatures of gradient-associated scintillation
can also be observed at mid-latitudes (Vadakke Veettil et al.,
2017; Fallows et al., 2020; Lee et al., 2021).

Such gradient-associated scintillation is important to account
for, e.g., relative GNSS positioning, which is affected not only
by the absolute TEC of the ionosphere, but often even more by
horizontal gradients in the electron distribution (Wanninger,
1993; Strangeways, 2000). The ionospheric electron density
gradients also result in the azimuth shifts on SAR interfero-
grams that cause the target images to be displaced from the
true azimuth location (Zhu et al., 2016). In some cases, the*Corresponding author: dmytro.vasylyev@dlr
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anomalous ionospheric spatial gradients caused by geomag-
netic storms may escape the detection and lead to integrity
failures in Ground-Based Augmentation Systems of airports
(Luo et al., 2004; Stankov et al., 2009). The dual-frequency
positioning techniques can be useful for mitigation of iono-
spheric temporal gradients; however, the traces of large spatial
gradients may still remain (Konno et al., 2006) and pose a threat
to various positioning, navigation, timing, and reconnaissance
services.

Scintillation indices have long been used to characterize the
ionospheric perturbation of radio waves (Yeh & Liu, 1982).
Additionally to this, the values of these indices have been used
to diagnose the level of the ionospheric disturbance. Because of
the mentioned correlation of scintillation indices with the
presence of strong electron density gradients, the alternative
ionospheric disturbance indices based on gradients have been
proposed to fit certain research problems (Borries et al.,
2020). The most notable examples of such gradient-based dis-
turbance indices are: the Rate of change of TEC (ROT)
(Wanninger, 1993; Aarons et al., 1996), the spatial gradient of
TEC (Carrano & Groves, 2007; Cesaroni et al., 2015), the Rate
Of TEC Index (ROTI) (Pi et al., 1997), the Along Arc TEC
Rate (AATR) (Juan et al., 2018), the Disturbance Ionosphere
Index (DIX) (Jakowski et al. (2012), the DIXSG index (Wilken
et al., 2018), the Rate Of change of electron Density Index
(RODI) (Jin et al., 2019; Wood et al., 2022), just to name a
few. On one hand, the advantage of some of these indices, such
as the ROTI, is that their values can be obtained without the
need for specialized and costly scintillation detectors. The data
acquisition rate for the gradient indices is also lower than for
scintillation indices, which is an advantage when the data
storage capacities are limited. On the other hand, a sufficient lin-
ear correlation between the scintillation indices and the ROTI
has been reported by Basu et al. (1999), Yang & Liu (2016),
Luo et al. (2018), Acharya & Majumdar (2019), De Franceschi
et al. (2019), which means that the ROTI can be used for effec-
tive scintillation monitoring. Other indices, such as the RODI,
are constructed from in-situ measurements, correlate with scin-
tillation levels observed on the ground, and thus can provide
good insight into scintillation-related ionospheric irregularities
(Olwendo et al., 2019; Kotova et al., 2023).

One can ask whether the scintillation theory can explain the
correlation of the scintillation indices and the ionospheric gradi-
ents. The standard theoretical approach relates the random phase
contributions, gained by a radio wave propagating through a
randomly inhomogeneous ionosphere, to the fluctuations of
the TEC along the propagation path. A ground-based receiver
operating in the Fresnel diffraction zone records just these orig-
inal phase variations. At the same time, amplitude scintillation
would additionally experience the so-called Fresnel filtering
effect, i.e., ionospheric irregularities of scales larger than the
radius of the first Fresnel diffraction zone would not contribute
to the recorded amplitude fluctuations (see e.g., Bhattacharyya
et al., 2000). Both the phase and amplitude scintillation indices
are then related to the variance of the fluctuations of the TEC
along the wave propagation path.

The relationship between the scintillation indices and the
gradient-based ionospheric disturbance indices is not obvious.
For example, such a relationship would suggest that the random
phase increment gained by propagation through the iono-
sphere would depend on the spatial or temporal gradients of

the fluctuating part of the TEC1. In fact, some early theoretical
investigations recognized that the phase fluctuation obtained by
transmission through a random medium should also depend on
such gradients (Chernov, 1960; Salpeter, 1966; Tatarskii, 1971).
Such a dependence was attributed to random refraction at med-
ium inhomogeneities, which introduces the excess ray path
lengthening, i.e., the additional phase delay. However, under
the assumption that the gradients of the refractive index are
small, such ray path lengthening was neglected in the mentioned
works. To the best of our knowledge, the gradient-dependent
correction term is preserved in the complex phase method
(Gherm et al., 2005) as well as in the recently proposed method
by Hamza et al. (2023). An interesting result is also presented in
Bhattacharyya et al. (2000), where the authors showed the
relationship between the amplitude scintillation index and the
second-order derivative of the standard deviation of variations
in TEC (DROTI index) using the transport-of-intensity
equation.

In this paper, the relationship between refractive scintillation
and ionospheric disturbance indices is established within the
framework of geometrical optics. Retaining the term of the
second order of smallness of the medium refractive index fluc-
tuations, we express the random phase increment, gained by the
signal wave while propagating in the randomly inhomogeneous
ionosphere, in terms of the fluctuating part of the TEC and
gradients of the refractive index fluctuations. We show that
for very strong gradients, the second-order corrections become
significant and the correlation between the scintillation index
and the gradient-based disturbance indices can be established.

In our investigations, we focus primarily on refractive scin-
tillation due to scattering on medium-scale irregular structures at
high latitudes, such as those found at the edges of polar TOI,
SED, or at the boundary of the auroral oval. More specifically,
we consider scattering from ionospheric irregularities with
scales larger than the typical Fresnel scale for the specified
signal frequency, e.g., larger than 300 m for L-band GNSS
signals. The associated scintillation events are related to the phe-
nomenon of “phase-without-amplitude” scintillation (Fremouw
et al., 1978; Li et al., 2010; Forte et al., 2017; Hong et al.,
2020; Nishimura et al., 2023), where intense phase fluctuations
are observed, but little increase in amplitude fluctuations2. This
effect can be explained by the inhibition of the large to small-
scale energy cascade in the process of formation of ionospheric
irregularities caused by high recombination rates and/or strong
conductivity along the field lines (Forte et al., 2017). The
large-scale structures are then able to distort the wavefront of
the signal wave while being larger than the radius of the first
Fresnel zone, they do not contribute to amplitude fluctuations.

1 Under the assumption of frozen ionospheric structures (Yeh &
Liu, 1982; Kintner et al., 2001) the time gradients can be rewritten in
terms of spatial gradients and vice versa, see e.g., Pradipta &
Doherty (2015).
2 There is evidence that the mentioned effect disappears if one uses
the optimized cut-off frequencies in the phase scintillation spectra
(Ghobadi et al., 2020; Conroy et al., 2022; Zheng et al., 2022) with
the aim to separate diffractive and refractive effects in scintillation
spectra. The present article focuses on the refractive effects that are
ignored by introducing the optimized cut-off frequencies in phase
scintillation spectra but which might still contribute to the occur-
rence of the loss of lock on GNSS signals despite the diffractive
amplitude scintillation might be small.
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The primary wavefront distortion, i.e., its tilt, is associated with
random refraction at interfaces of media characterized by differ-
ent refractive indices. The tilt grows with the growth of the
refractive index gradient, the effect that is accounted for within
the formalism presented in this article. We also show that the
proposed method can be effectively applied to the description
of amplitude scintillation caused by scattering on equatorial
plasma bubbles in the low-latitude region. In this case, under
the condition of well-developed and highly structured irregular-
ities at the borders of plasma bubbles, both phase and amplitude
scintillation have refractive contributions (Vats et al., 1981), and
the “phase-without-amplitude” scintillation effect is absent.

For the simulation of refractive scintillation we extend the
conventional method of random phase screen method to include
the dependence on the refractive index gradients. This extension
is partly similar to the phase gradient method presented by
Schmidt and Miller (2019), which was primarily developed in
order to study wavefront gradient sensors in adaptive optics
applications. These authors used the gradient of turbulent
screens to obtain the expansion coefficients of the detected
wavefront in circular orthogonal modes. In this work, the orig-
inally generated phase screen together with its gradient values
are used for radio wave propagation simulations within the
aforementioned second-order geometric optics approximation.
One parameter of the current approach, namely the signal ray
deflection vector, is related to the novel data product NeGIX
(spatial electron density gradient index) of the Swarm satellite
mission. This allows us to integrate the in-situ measurements
into a phase screen model to compare the results of numerical
simulations with detected scintillation data.

The organization of this paper is as follows. Section 2
summarizes the conventional method of random phase screen
simulation of transionospheric wave propagation. Section 3 pre-
sents the theoretical and algorithmic extension of this method to
phase gradient screens. Section 4 applies the developed formal-
ism to the simulation of phase scintillation at high latitudes and
amplitude scintillation at low latitudes. Finally, conclusions and
outlook are presented in Section 5. The main theoretical back-
ground is based on the method of Tatarskii (1971) and is
summarized in Appendix A and Appendix B for completeness
and referencing convenience. In Appendix C we show that the
refractive tilt error originates primarily from the scattering on
topside ionospheric irregularities. Appendix D gives a short
overview of the electron density gradient index NeGIX derived
from the Swarm electron density data.

2 Conventional random phase screen
method

One of the popular models for simulating wave propagation
through a random medium is based on the concept of a random
phase screen. This phase screen is placed along the wave prop-
agation path and randomly modulates the wavefront of the
signal wave. The random modulation process is governed by
the fundamental statistical properties of the random medium.
The electromagnetic wave transmitted through the random
phase screen forms a complex diffraction pattern at the observa-
tion plane located at some distance from the screen, while the
wavefront arriving at the observation plane is randomly corru-
gated. The degree of distortion of the received signal amplitude

and phase characteristics from the expected undisturbed ones is
characterized by amplitude and phase scintillation indices,
respectively.

2.1 Theoretical formulation

For a simple theoretical formulation of the problem we
choose the coordinate system with the center located at the
phase screen and with the z-axis aligned along the propagation
direction. The receiver is located at a distance z = L from the
phase screen. The phase screen imposes a phase perturbation

duðr?Þ ¼ k
Z s

0
dnðr?; z0Þdz0; ð1Þ

where k = |k| is the wave number corresponding to the wave
vector k and dn is the random variation of the medium refrac-
tive index with respect to its mean. The integration is
performed along the whole propagation path within the layer
of the randomly inhomogeneous medium of slant thickness s.
In the case of the ionospheric random media equation (1) can

be rewritten in terms of the fluctuations dNTEC ¼
Z s

0
dNedz of

the TEC with respect to its mean value as

duðr?Þ ¼ �kredNTECðr?Þ; ð2Þ
where dNe is the random component of the ionospheric elec-
tron density, k = k/2p is the signal wavelength and re is the
classical electron radius (= 2.8 � 10�15 m). Equation (2) is
derived by substituting the cold plasma approximation of
the Appleton-Hartree dispersion relation for plasma and
neglecting the terms of order dN2

e and higher (Rino, 2011;
Vasylyev et al., 2022).

If the signal wave is spatially bounded in the transverse to
the propagation direction, the complex field amplitude at the
receiver location can be written in the paraxial approximation
of the Fresnel diffraction formula (Mercier, 1962)

uðr?; LÞ ¼ ik
2pL

Z
uðr0?; 0Þ exp �i

k
2L

jr? � r0?j2
� �

d2r0?; ð3Þ

uðr?; 0Þ ¼ u0ðr?Þe�iduðr?Þ; ð4Þ
where u0 is the amplitude of the wave hitting the random
phase screen. In the Fourier domain equation (3) can be
written as

~uðj?; LÞ ¼ ~uðj?; 0Þ exp ikLj2
?=4p

� �
; ð5Þ

where ~u is the Fourier image of u, and the Fourier transform is
performed only with respect to the transverse coordinates. For
weak scintillation conditions, the phase departure from the
expected value at the receiver can be determined within the
model of a single phase screen from equation (3) as (Yeh &
Liu, 1982)

Sðr?; LÞ ¼ arg½uðr?; LÞ� � arg½huðr?; LÞi�

¼ k
2pL

Z
duðr0?Þ sin

k
2L

jr? � r0?j2
� �

d2r0?; ð6Þ

where the averaging is done over possible realizations of the
random process du.

It can be seen from equation (5) that for spatial frequencies

j? << 1=
ffiffiffiffiffiffi
kL

p
the exponential multiplier can be omitted. This
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means that if u(r\, 0) has variations on a scale much larger than
the Fresnel scale size

ffiffiffiffiffiffi
kL

p
, the field distribution at the receiver

site would be directly related to the TEC variations along
(slightly different) propagation paths ending at the receiver.
At the same time, within the framework of the phase screen
model, the variations at such large scales would not contribute
to amplitude fluctuations and would be associated only with
phase fluctuations. The resulting phase scintillation is due to
random refraction. For shorter length scales, i.e., for j? J
1=

ffiffiffiffiffiffi
kL

p
, the exponential term in equation (5) would generally

contribute to the modulation of both amplitude and phase.
The resulting field u(r\, L) would exhibit both amplitude and
phase scintillations, which are primarily associated with diffrac-
tive effects.

The levels of amplitude and phase disturbance of the trans-
mitted signal are conventionally given by the corresponding
scintillation indices:

S4 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hjuj4i=hjuj2i2 � 1

q
; ð7Þ

and

rS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hS2i � hSi2

q
: ð8Þ

The statistical moments that enter these definitions are related to
the statistical moments for the random variable du or, in the
view of equation (1), with the statistical moments of the stochas-
tic component of the medium refractive index dn. In the case of
weak scintillation, the expressions (3) and (6) can be used for
the determination of scintillation indices.

2.2 Phase screen generation

The phase and amplitude expressions given by equations
(1), and (3) are random functions of a random process dn.
For the characterization of the wave propagation through the
irregular medium, one is usually interested in statistically aver-
aged quantities, such as the scintillation indices, rather than in
particular realizations of the amplitude or phase corresponding
to a random realization of the random process dn. In this regard,
it is convenient to perform the multiple numerical simulations
by using the phase screen method and use the resulting set of
amplitude and phase values to construct the required statistics.

In the process of generating random phase screens for such
simulations, one should match the statistical properties of the
screen to those of the random medium. The latter are given in
terms of the autocorrelation function of the medium’s refractive
index fluctuations, defined in the spatial domain r, or, equiva-
lently, in terms of the corresponding power spectral density
(PSD), defined in the Fourier domain of spatial frequencies j.
Several experiments suggest that the spectral characteristics of
ionospheric irregularities obey a power-law dependence in the
spectral range j0 � j � jm. Here, the lower frequency limit
j0 = 2p/L0 is related to the largest irregularity scale L0 called
the outer scale, while the frequency jm is inversely proportional
to the smallest inner irregularity scale l0. The power law depen-
dence of the spectrum means that the random media can be con-
sidered as a composition of irregular structures with sizes
varying from the inner up to the outer scale, such that the
strength, with which each particular scale contributes to the
refractive index fluctuations, depends on the scale size and is

governed by the power law dependence. The most versatile
analytical model of the three-dimensional PSD of the refractive
index fluctuations has been proposed by Shkarofsky (1968) and
reads in the case of an isotropic medium as:3

UdnðjÞ ¼ hdn2i
ð2pÞ3=2

j0

jm

� �p�1
2

j�3
m t�

pþ2
2

Kpþ2
2
ðtÞ

Kp�1
2

j0

jm

� � ;

t ¼ 1
jm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2 þ j2

0

q
; ð9Þ

i.e., the spectrum depends on the magnitude of the spatial
frequency vector j ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2
x þ j2

y þ j2
z

q
but not on its direction.

Here hdn2i is the strength parameter of the refractive index
fluctuations, p is the (one-dimensional) spectral index, and
Km(x) is the modified Bessel function of the second kind.

The two-dimensional power spectrum for a thin slab of
irregular medium of thickness s in a plane orthogonal to the
direction of propagation, i.e., the z-axis, is given by

F duðj?Þ ¼ 2pk2sUdnðjx;jy ; jz ¼ 0Þ

¼ hdu2iffiffiffiffiffiffi
2p

p j0

jm

� �p�1
2

s�1j�3
m t

�pþ2
2

?
Kpþ2

2
ðt?Þ

Kp�1
2

j0

jm

� � ; t? ¼ 1
jm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2
? þ j2

0

q
:

ð10Þ
This relation can be obtained using the formula (1). For ease of
reference, we write in the second line of equation (10) the expli-
cit formula for the phase spectrum for the Shkarofsky model (9).
Here

ffiffiffiffiffiffiffiffiffiffiffiffihdu2ip ¼ ks
ffiffiffiffiffiffiffiffiffiffiffihdn2ip

is the variance of the phase screen
realizations and j? ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2
x þ j2

y

q
is the magnitude of the spatial

frequency component transverse to the wave propagation
direction.

The spectrum (10) can now be used to generate phase
screens that have the required statistical properties of the ran-
dom medium. For this purpose, one uses the well-known prop-
erties of a random process, whose realization can be generated
by filtering the Gaussian white noise process with a linear filter,
followed by an inverse Fourier transform (Rice, 1944). The fil-
ter function should be chosen as the square root of the corre-
sponding PSD. Using this method, a phase screen can be
generated as:

duðr?Þ ¼ Re

Z
hðj?Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F duðj?Þ

q
eij?�r?d2j?

� �
; ð11Þ

where h(j\) is a zero-mean Hermitian complex Gaussian ran-
dom variable with unit-variance, also called as the circular
process (Goodman, 2015; Ishimaru, 2017). The expression
(11) serves as the basis for several phase screen simulation
techniques such as the fast Fourier transformation (FFT)
method (Welsh, 1997; Schmidt, 2010), the sparse spectrum
approach (Charnotskii, 2013), or the Paulson-Wu-Davies
technique (Paulson et al., 2019).

3 Empirical evidence suggests that under certain conditions the
ionospheric irregularities exhibit two-component spectrum that
results in two-component spectrum for amplitude and phase
scintillation (Hamza et al., 2023). The spectral model suitable for
this case can be found in Vasylyev et al. (2022).
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Once the phase screen is generated, the corresponding ran-
dom realization of the field amplitude is obtained using equation
(5) followed by the inverse Fourier transform. When the prop-
agation is simulated by placing multiple phase screens along the
path, i.e., within the multiple phase screen approach, the split-
step FFT method is usually used (Hardin et al., 1973; Knepp,
1983; Liu et al., 2016; Vasylyev et al., 2022). The propagation
path between the transmitter and the receiver is divided into
parts whose length is determined by the intersections of the
phase screens with the path. The split-step method assumes that
the propagation along each segment of the path is equivalent to
the propagation in the vacuum. However, each time the signal
ray crosses a random phase screen along the propagation path,
the initial condition used to simulate propagation in the subse-
quent (vacuum) path segment, is redefined according to equa-
tion (4). The results of such simulations can be further used
for obtaining such statistical quantities as the scintillation
indices of equations (7) and (8).

3 Phase gradient screens

The phase screen model outlined in the previous section is
capable of reproducing refractive scintillation when the length
scales of the phase screen variations are much larger than the
Fresnel scale size. The functional dependence in equation (1)
inherently assumes that the refraction of the signal ray within
the phase screen layer can be discarded. If the variations in
the refractive index of the medium are characterized by strong
gradients, one should also consider the refractive scattering
within the medium. For example, the inhomogeneities formed
close to the surface of an equatorial plasma bubble have a strong
refractive index gradient as being developed on the interface
between the depleted electron density region and the ambient
ionosphere. Consequently, the electromagnetic wave propagat-
ing through the region of the ionosphere occupied by the plasma
bubble would experience refractive deflection by both entering
and exiting the bubble. To account for these refractive effects
caused by strong gradients, the conventional random phase
screen should be modified to include the dependence not only
on the electron density fluctuations but also on the gradients
of such fluctuations.

In this section, we show that this modification consists of
adding an additional layer to the conventional phase screen.
We will call this layer the phase gradient screen. The generation
of the phase gradient screen is based on the gradient field of the
initial conventional phase screen. This gradient field is scalar
multiplied by the vector field of the refractive deflections of
the signal rays from their original directions. We show that
the vector field of ray deflections is related to electron density
gradients in the topside ionospheric layers.

3.1 Theoretical formulation

Equation (1) implicitly assumes that the fluctuating part of
the refractive index satisfies the inequality dn � 1 and that
the terms of order dn2 and higher can be dropped. It turns out
that to account for the refractive effects caused by scattering
on refractive index gradients, one must also retain the terms

of order dn2. To do this, we use the methods of ray (geometric)
optics (Tatarskii, 1971; Wheelon, 2004). In the Appendix A
some details on the derivation of this correction term are given
by solving the eikonal equation up to the dn2 order of smallness.
The corresponding contribution to the random phase increment
is obtained from equation (A23) in Appendix A and can be writ-
ten in terms of the fluctuating part of the TEC dNTEC as

du ¼ �kredNTEC þ k
Z s

0
r?dnðs0‘0Þ � dr1ðs0Þ ds0

	 


þ krer?dNTEC � dr1ðsÞ; ð12Þ
where ‘0 is the unit vector pointing in the initial direction of
propagation, i.e., ‘0 � k/k at the point z = 0. The value of
dNTEC is determined along the straight line given by s‘0.
The transverse component of the nabla operator is obtained
as r\ = r � ‘0 (‘0 � r), while the gradients in equation
(12) are evaluated according to the formula (A16). Here and
in the following we omit the argument r\ in expressions like
equation (12) for the sake of simplicity, but keep this depen-
dency in mind.

The vector

dr1ðsÞ ¼
Z s

0
ðs� s0Þr?dnðs0‘0Þ ds0

¼ � rek
2

2p

Z s

0
ðs� s0Þr?dNeðs0‘0Þ ds0 ð13Þ

is the component of the ray curve that is transverse to the orig-
inal direction ‘0, see Figure 1b. Here dNe (s‘0) denotes the
fluctuation of the electron density from the mean background
value at the point (r\, s), where r\ is transverse to the initial
propagation direction ‘0. The magnitude of the vector dr1
indicates the deflection distance of the ray traveling the path
length s in the medium from the original direction ‘0.

In Appendix B we show that the mean value of the phase,
cf. equation (12), vanishes for quite ionospheric conditions
when the power-law spectral model, cf. equation (9), is applica-
ble. This implies that the variablesr\dn and dr1 can be consid-
ered as independent random variables with zero mean. This
condition may be violated under disturbed space weather condi-
tions, but we exclude such situations from our further
consideration.

Equation (12) shows that if the second-order terms in the
smallness of dn are retained, the phase gained by propagating
through the layer of the randomly inhomogeneous ionosphere
is not only proportional to the TEC calculated along the straight
ray path but also depends on the transverse component of the
TEC gradient. Thus, if the refractive scattering within the layer
of random medium is significant to be accounted for, the result-
ing scintillation of the electromagnetic wave will correlate with
the TEC gradients. In particular, one can expect the correlation
of the phase and amplitude scintillation indices not only with the
standard deviation of the TEC, but also with the standard devi-
ation of the TEC gradients. Additionally, one can also notice
that the deflection vector, given by equation (13), is expressed
in terms of the gradient of the electron density fluctuations. This
dependence explains the correlation between the scintillation
indices and the ionospheric indices based on electron density
gradients.
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3.2 Generation of phase gradient screens

To include the refractive scattering on electron density gra-
dients in the phase screen generation algorithm, we note that
equation (12) is derived from the expansion of the type, cf. with
equation (A20),

duðs‘0Þ ¼ duððs‘0 þ dr1Þ � dr1Þ
	 duðs‘0 þ dr1Þ � dr1 � r?duðs‘0 þ dr1Þ: ð14Þ

Here, the first term on the right-hand side corresponds to the
terms in the curly bracket of equation (12), while the second
term corresponds to the term proportional to the gradient of
the TEC variation in equation (12). The expression (14) gives
the random phase increment gained by the electromagnetic
wave propagating in the random medium of thickness s when
the random refraction within the medium layer cannot be
neglected, i.e., when dr1 6¼ 0. Due to the accumulated internal
refraction the initial signal ray changes its original propagation
direction from ‘0 to ‘0 + dr1/s. The phase increment at the point
along the initial direction is expressed as the phase increment
along the changed direction corrected by the term proportional
to its gradient. Since the displacement vector dr1 in the consid-
ered approximation is transverse to the original direction ‘0, the
gradient operator in equation (14) is also transverse to this direc-
tion and would be further denoted as r\du.

The expression (14) suggests that the original ordinary
phase screen generation method of Section 2.2 can be extended
as follows. It is crucial to assume that the random variables
r\dn and dr1 are considered to be statistically independent,
such that the terms dr1 andr\du in (14) can be generated inde-
pendently from each other. The validity of such an assumption
is discussed in detail in Appendix B.

Now consider the phase screen plane transverse to the
initial propagation direction of the electromagnetic wave ‘0.

The coordinate system is chosen in a similar way as in
Section 2.1 so that the z-axis is chosen along ‘0 and any
point within the plane is given by the vector r\ = (x y)T. The
ordinary phase screen is then generated by using the procedure
of Section 2.2. Then the corresponding phase gradient screen is
obtained by taking the gradient as

r?duðr?Þ ¼ Re i
Z

j? hðj?Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F duðj?Þ

q
eij?�r?d2j?

� �
:

ð15Þ
This procedure can be thought of as taking the gradient from the
image representing the phase screen realization (Sect. 2.2).

The random displacement vector dr1 can be generated inde-
pendently of r\du by assuming their statistical independence.
If the transverse component of the refractive index gradient is
|r\dn| � M along the entire propagation path s‘0 in medium,

then clearly jdr1j � M
Z s

0
ðs� s0Þds0 ¼ s2M=2. Thus, the

magnitude of the displacement vector is bounded by the greatest
absolute value of the refractive index gradient along the propa-
gation path. This suggests to approximate the random displace-
ment (13) as

dr1 	 s2

2
r?dnðsref Þ; ð16Þ

where sref is some reference distance along the path s‘0, where
r\dn reaches its maximum value. It is reasonable further to
make the following approximation:

dr1 	 s2

2
r?dnð0Þ ¼ � res2k

2

4p
r?dNeðr?; z ¼ 0Þ: ð17Þ

In fact, the refractive index gradients at the boundary of the ran-
dom medium, sref = 0, introduce the ray deflections that grow as
the rays propagate through the medium. The gradients within

Figure 1. Scheme of typical effects experienced by the electromagnetic wave propagating through a slab of randomly inhomogeneous medium
of thickness s. The conventional phase screen approach simulates the random corrugation of the incoming wavefront (a). The phase derivative
screen adds the random refraction of the incoming signal ray (b). In the case of a sufficiently strong refractive index gradientrdn, the ray bends
within the layer and appears to be displaced at distance dr1 from the original direction of propagation ‘0. The dashed vector shows that, in
contrast to case (a), a different ray emerges in the initial direction of ray propagation. The fluctuating part of the gained phase along the initial
direction is then given by equation (14).
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the medium may be higher than at the boundaries, but their con-
tribution to the cumulative ray displacement may still not be as
large as that produced by the gradient at the surface of the layer.
Strictly speaking, this condition can of course be violated for
very steep gradients occurring within the bulk random medium,
so equation (16) is more restrictive than the assumed condition
(17). Some additional arguments of the importance of the top-
side ionospheric gradients in producing the major contribution
to the signal ray deflections and phase scintillations associated
with the tilt errors are given in Appendix C.

The approximations (16) or (17) seem to contradict our
assumption that r\dn and dr1 are statistically independent.
Within the random phase generation algorithm of this section,
this is not an issue, since in this case it is assumed that dr1
and r\du are statistically independent. Since the phase is a
cumulative random variable, i.e., it is an integral over dn, its
correlation with any particular value dn(sref) is weak, especially
if the propagation path s is long, as it is in the case of trans-iono-
spheric propagation.

In the present paper, we focus our attention on the method
of phase gradient screen generation, where the simulation is
supported by in-situ measurements of the electron density gra-
dients by Swarm satellites. The proposed algorithm for the gen-
eration of random phase gradient screens is summarized in
Table 1. The generated phase gradient screen can then be used
in electromagnetic wave propagation simulations, for example
by using the split-step method, as it is done for conventional
phase screen simulations. The method based on a purely theo-
retical model of the electron density spectral characteristics
would be considered elsewhere.

4 Simulation examples

In this section, we give some illustrative examples of scin-
tillation simulation using the phase gradient screen method. To
emphasize the difference between the conventional random
phase screen approach and the proposed one, we apply both
methods to the toy example of signal propagation through an
irregular layer of ionosphere with the embedded region of
depleted electron density. The remaining examples validate
the phase gradient method by using scintillation data and other
auxiliary information for high and low-latitude regions.

4.1 Toy example

Let us illustrate the capabilities of the phase gradient screen
algorithm to simulate refractive scintillation by considering the
following toy example, see Figure 2a. We assume that the
region of depleted electron density is immersed in the iono-
spheric layer. For simplicity, we neglect the curvature of the

Earth and the ionospheric layer and assume that the depletion
region has a cylindrical shape with the axis aligned along the
vertical direction. The height of the cylinder is assumed to be
less than the thickness of the ionospheric layer. We suppose that
both the ionospheric layer and the depleted region are randomly
inhomogeneous media.

The scintillation of radio signals transmitted through the
model ionospheric medium is simulated using the ordinary
and gradient phase screen approaches described in Sections
2.2 and 3.2, respectively. In both cases the phase screens are
placed transverse to the vertical direction and their cross-section
with the depletion region would be a circular disk. The electron
density perturbations are smaller in high ambient density
regions than in the depleted regions (Huang et al., 2014). There-
fore, we assume that the strength parameter of the refractive
index fluctuations, hdn2i, is larger inside the circular region
within the screen compared to the outer ambient electron den-
sity region. For definiteness, we set

ffiffiffiffiffiffiffiffiffiffiffihdn2ip
for the depleted re-

gion to be 5/4 of the value for the ambient ionosphere.
The generation of the ordinary phase screen follows the pro-

cedure described in Sections 2.2. An example of the generated
phase screen and the resulting phase scintillation pattern at the
observation plane located 350 km behind the screen are shown
in Figures 3a and 3c. When the ordinary phase screen is gener-
ated we can extend it to the phase gradient screen according to
equation (14). Firstly, we construct the gradient field r\du
using the values of du generated by the conventional procedure,
see Figure 2c. Secondly, we calculate the vector field for the
deflection parameter dr1 according to equation (17). Here the
gradient of the refractive index fluctuations, r\dn, is evaluated
by using the distribution of the fluctuation strength parameter
hdn2i according to the model described above. In the considered
model with sharp boundaries between the regions of the de-
pleted and ambient electron densities, the deflection vector is
non-zero at the boundaries of the circular region, see Figure 2b.
The realization of the phase gradient screen according to equa-
tion (14) is shown in Figure 3b.

Using the multiple simulations of radio signal propagation
through such a screen and collecting statistics on the wave phase
fluctuations recorded at the observation plane we calculate the
phase scintillation index according to the definition (8). The
simulated phase scintillation indices are shown in Figures 3c
and 3d for the ordinary and the phase gradient phase screen
approaches. In both cases the phase scintillation is higher in
the circular region as a consequence of the higher level of
refractive index fluctuations in the region of depleted electron
density.

The simulation with phase gradient screens shows the addi-
tional increase of the scintillation index at the circular edge of
this structure, the effect attributed to the refractive scattering
on steep electron density gradients. The jump-like increase of

Table 1. Algorithm for generation of phase gradient screen.

Step Equation

1. Generate the ordinary phase screen du (e.g. on a grid) Equation (11)
2. Construct the gradient field from the generated du Equation (15)
3. Using the in-situ data, calculate the random displacement dr1 for each grid point Equation (17)
4. Construct the phase gradient screen Equation (14)
5. Remove values calculated at the edge grid points to eliminate artifacts
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the phase scintillation index in situations, when the signal wave
crosses the edge of a large-scale ionospheric structure, has been
reported in References (Ledvina et al., 2002; Li et al., 2010;
Prikryl et al., 2011; van der Meeren et al., 2014; Nishimura
et al., 2021; Spogli et al., 2023). According to the phase gradient
screen approach, such an increase in scintillation is related to the
refractive scattering at the interfaces between large-scale struc-
tures embedded in the ionosphere. The physical interpretation
of refractive scattering at such interfaces is as follows: the
region at or near the interface is the region where ionospheric
irregularities are likely to develop, e.g., due to Rayleigh-Taylor
or Kelvin-Helmholtz instabilities. The irregularities with scales
larger than the Fresnel scale contribute to the refractive scatter-
ing of the propagating signal wave and increase the associated
refractive scintillation levels recorded by the receiving station.

The example considered in this section is rather artificial and
is used to illustrate the main feature of the phase gradient screen
approach. The method yields enhanced scintillation levels due
to scattering on ionospheric structures characterized by strong
electron density gradients. In the given example such a gradient
appears on the border of the cylindrical depletion region. This
border is regular in the sense it is given in the analytical form.
In realistic situations, the boundary of the large-scale iono-
spheric formation, e.g., SED, EPB, etc., would have an irregular
structure. At the interface of such a structure with the ambient
ionosphere, various ionospheric irregularities of different scales
form and evolve, some of which, characterized by large gradi-
ents, contribute to refractive scintillation. In the following sec-
tions, we consider some examples of such structures.

4.2 Scintillation over the European sector under
disturbed conditions

In this section we consider the European region during a
severe geomagnetic storm (a level 4 of 5 on NOAA’s space

weather G-scale) on April 23, 2023. The storm was caused
by a coronal mass ejection that erupted from the Sun on April
21 and reached its peak on April 23 at about 19:00 UTC. The
Kp-index reached a value of 8 at 18:00 UTC on April 23,
and this value remained above 5 until 12:00 UTC on April 24.

Some minor phase scintillation activity was observed in the
night sector over northern Europe during the period April 23–
24. The colored squares in Figures 4 and 5 show empirical val-
ues of the phase scintillation index obtained by some GNSS
receiving stations located in Europe. The geographic coordi-
nates of each square correspond to the coordinates of the iono-
spheric pierce points of the corresponding GNSS satellite link to
the ground station.

We use the phase gradient screens to simulate the phase
scintillation over this region. The procedure of screen generation
follows the procedure outlined in Section 3.2 and equation (14)
defines the values of the random phase over a generated phase
screen. While the phase du and its gradientr\du are simulated
using the power-law spectral model according to equation (10),
the deflection parameter dr1 in equation (14) is determined from
the empirical value for the electron density gradient according to
the approximation (17). By using this approximation it is
assumed that the steep electron density gradient at the topside
of the ionospheric layer, which is relevant for scintillation for-
mation, contributes to the deflection of the propagating signal
ray on distance |dr1| at the bottom of this layer.

If we place the phase screen at the bottom of the scintilla-
tion-producing layer, say at the bottom of the ionospheric
F-layer, and relate the thickness of the layer to the outer scale
of ionospheric electron density fluctuations, we can estimate
the height at which electron density gradients are of interest
for the modeling. Various studies give different values for the
length of the outer scale, ranging from 50 km (Vats et al.,
1981) up to 200 km (Rino, 1979), with the preference to use
values within these limits (Patel et al., 2011; Aol et al., 2020).

Figure 2. Schematic geometric arrangement for the toy example of cylindrical depletion region embedded in the slab of the ambient
ionospheric medium (a). Three typical scenarios of signal propagation through the considered ionospheric structure are marked with i, ii, iii.
Namely, in case i, the refractive scattering of the signal occurs at the top and bottom sides of the depleted structure; in case ii, the additional
scattering occurs at the vertical wall of this structure, while in case iii, no such scattering occurs since the depleted region is absent. An example
of the vector fields used to construct the phase gradient screen is shown in (b) and (c). The screen itself is placed perpendicular to the initial
propagation direction of the signal wave and has a circular cross-section with the cylindrical depletion region. Figure (b) shows the contribution
to the displacement vector field dr1 that comes from the scattering on the lateral surface of the cylinder, cf. the ray path ii in scheme (a).
Figure (c) shows the generated phase screen with random amplitude du and the corresponding gradient field r\du shown as black arrows.
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Taking these considerations into account, it seems that the in-
situ measurements from the Swarm satellites are optimal for
the needs of scintillation modeling with the phase gradient
screens.

The Swarm constellation consists of the Alpha, Bravo, and
Charlie (A, B, and C) satellites, which were launched into near-
polar orbits on November 22, 2013. A detailed description of
the Swarm satellite mission can be found in (Friis-Christensen
et al., 2006). Swarm A and C fly side by side (1.4� separation
in longitude at the equator) at an altitude of 462 km (initial alti-
tude) and at 87.35� inclination angle. Swarm B is decoupled
from satellites A and C and flies in a higher orbit of 511 km

(initial altitude), and due to these characteristics the data from
this satellite are not suitable for estimating gradient values rele-
vant for scintillation simulation purposes.

Appendix D summarizes the definition of the electron den-
sity gradient index (NeGIX) obtained from in-situ measure-
ments by Swarm A and C satellites. The mean value of the
deflection vector for the propagating signal ray at the bottom
of the scintillation-producing ionospheric layer is related to
the NeGIX index as

hdr1i 	 � res2k
2

4p
hrNei: ð18Þ

Figure 3. Comparison of the simulation results of the split-step algorithm using the conventional random phase screen approach (a), (c), (e)
and the phase derivative method (b), (d), (f). Figures (a) and (b) show the random phase screens generated by the respective methods. Multiple
simulations of radio wave propagation through these screens yield the corresponding phase scintillation indices (c) and (d). Here, the red dotted
line shows the possible satellite ground track and the figures (e), (f) show the corresponding scintillation index records along the track. The
markers i, ii, iii along the track in plot (d) refer to the propagation scenarios shown schematically in Figure 2 (a).
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This relation follows from equation (17) with the NeGIX value
hrNei defined in equation (D3). For the NeGIX value hrNei =
250 el cm�3 km�1 and assuming that the thickness of the layer
is 200 km, e.g., for the low-latitude ionosphere, the deflection
distance for the L1 signal is 8 cm. Even for extremely high gra-
dient values, the deflection distance reaches the values of half of
a meter. The smallness of this parameter allows us to neglect it
in the argument of the random phases du on the right-hand side
of equation (14). This means that we can proceed with the gen-
eration of phase gradient screens by assimilating the in-situ gra-
dient values according to Table 1, where we now substitute the
mean value for the deflection vector according to equation (18).

The range of NeGIX values is related to the relative position
of Swarm satellites A and C and to the data acquisition rate.
These two factors limit the extent of ionospheric scales to the
range of 30–150 km. The outer scale of ionospheric scintillation

(Patel et al., 2011) is comparable to the scales within this range,
and thus the NeGIX is the proper in-situ data for phase scintil-
lation modeling. However, the empirical data for scintillation
index estimation are processed in such a way that any trend
components and multipath contributions in the signal records
are minimized or eliminated. This is accomplished by setting
the low-frequency cutoff equal to 0.1 Hz, which is achieved
by the appropriate filtering procedure. The effect of introducing
the low-frequency cutoff is equivalent to ignoring scintillation-
associated scales larger than about one kilometer. The values of
the spatial gradients associated with such kilometer-scale struc-
tures are higher than the NeGIX index derived for scales of two
orders of magnitude larger. It is reasonable to assume that the
values of gradients for kilometer-scale inhomogeneities are
two orders of magnitude larger than the NeGIX values. This
assumption is well supported by the electron density gradients

Figure 4. Comparison of simulated phase scintillation indices (colored circles along the orbit of the Swarm satellite) with the empirical values
(colored squares) for L1 radio signals. Simulations are performed using the conventional random phase screen technique (a) and by using the
phase gradient screens (b). The empirical values are obtained from several GNSS receivers located in Europe and their geographical locations
are given by the position of their ionospheric piercing points. The black arrows correspond to the NeGIX vectors (arbitrary scale), cf. Appendix
D for the NeGIX definition. For reference, the contours for the magnitude of the vertical TEC gradient (in units of mm/km on GPS L1) are also
shown.

Figure 5. Phase scintillation indices are simulated (circles) within the phase gradient screen approach and compared to empirical values
(squares) like Figure 4b, but for the post-storm period for two successive passes of the Swarm satellites.
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of kilometer-scale structures reported in Loucks et al. (2017). In
the following, we take this scaling factor into account when
simulating the scintillation levels. This allows us to compare
the results of the simulations with the empirical scintillation
indices.

Figures 4 and 5 demonstrate the scintillation modeling capa-
bilities of the phase gradient method. These figures show the
empirical values of the phase scintillation indices for the L1-
band signals from GNSS satellites (colored squares) that have
been recorded by the Javad receivers installed in Kiruna, Swe-
den (67.84� N, 20.41� E); Ramfjordbotn, Norway (69.58� N,
19.22� E); Teneriffe, Spain (28.48� N, �16.32� E); Toulouse,
France (43.56� N, 1.47� E); Tromsø, Norway (69.68� N,
18.98� E). Since the propagation geometry for phase screen
simulations assumes vertical propagation, only data from satel-
lites with elevation angles greater than 30� were used for vali-
dation purposes. For mapping of scintillation values the
ionospheric pierce point (ipp) heights of 250 km have been used
for high latitude stations (latitude >60� N) and the ipp-heights of
400 km for stations in mid and low latitudes. The ground tracks
of the midpoints between Swarm A and C satellites are filled
with colored circles showing the phase scintillation indices sim-
ulated along these tracks.

For reference, we also show the NeGIX vectors (black
arrows), arbitrarily scaled for ease of presentation. The contour
lines also show the values of the TEC gradients in units of mm/
km on GPS L1. The TEC gradients are estimated from the
ground-based TEC measurements assimilated into the NTCM
model (Jakowski et al., 2011). Due to the coarse spatial resolu-
tion of the NTCM model, the use of TEC gradients in the scin-
tillation modeling with phase gradient screens is not possible,
but these contours show the variability of ionospheric condi-
tions under geomagnetic disturbances. Note that the TEC gradi-
ent contours are missing from the upper left corners of the plots.
This is an artifact related to the unreliable TEC values caused by
the calibration problems for this region of the disturbed iono-
sphere. The boundary of this region correlates with the equator-
ward boundary of the auroral oval. The increase of the NeGIX
magnitude and the remarkable variability of the gradient direc-
tions in the high latitude region are also related to the plasma
structuring at the boundary of the auroral oval and in the regions
of auroral emissions.

In Figure 4 we compare the simulation capabilities of the
ordinary (Fig. 4a) and the phase gradient screen (Fig. 4b)

methods under quite geomagnetic activity (Kp-index < 2).
The empirical phase scintillation index shows elevated values
in the northern and southwestern parts of Europe. The NeGIX
gradient values show an increase in the region of southern
and northern Europe, with significantly higher values and large
variability in gradient directions over the northern sector of Eur-
ope. The ordinary phase screen simulation technique shows a
uniform distribution of scintillation index values along the
Swarm track, cf. Figure 4a. In addition, the phase gradient
screen approach shows some variability in the northern part
of the track due to the gradient component proportional to
NeGIX. When compared with the empirical scintillation index,
it can be seen that the phase gradient screen approach shows a
better resemblance to the distribution of the empirical scintilla-
tion data. The simulation parameters used to model the phase
scintillation indices along the track are summarized in Table 2.

Figure 5 shows the Swarm passages during the storm’s
recovery phase along with the recorded phase scintillation
indices. Similar to Figure 4, the elevated values of scintillation
indices and the electron density gradients are associated with the
edge of the auroral oval. Under disturbed conditions the oval
boundaries are shifted more towards the equator compared to
Figure 4. One can also see that the scintillation levels are smal-
ler in the post-storm recovery phase compared to the quiet con-
ditions shown in Figure 4. The increased scintillation activity
can also be seen in the middle and lower parts of the map. These
events seem to be intermittent in nature and are associated with
small-scale patches (scale size < 30 km) that are not visible on
the NeGIX traces. In this respect, the electron density gradients
along the Swarm satellite tracks calculated from high-rate
(16 Hz) electron density recordings would provide valuable
information. However, for the times in this work (shown in
Figs. 4–6) both Swarm A and C satellites were in a configura-
tion did not allow reliable estimating of the plasma density from
faceplate current measurements, and the 16 Hz density product
could not be used in this study.

4.3 Low latitudes

The phase gradient screen approach is applicable to situa-
tions where steep electron density gradients cause random
refraction of the propagating radio signal. Amplitude scintilla-
tion is primarily related to the diffractive effects. In this respect,
the irregularities with sizes equal to the Fresnel scale

ffiffiffiffiffiffi
kL

p

Table 2. Parameters used in simulations.

Figure Parameter Notation Value

Figures 4a, 4b 0.045 rad
Figure 5a 0.034 rad
Figure 5b Phase RMSE

ffiffiffiffiffiffiffiffiffiffiffiffihdu2ip
0.036 rad

Figure 6a 1 rad
Figures 6b, 6c 6.4 rad
Figures 6d–6f, 8 10 rad
Figures 6, 8 Phase RMSE in the GISM background model 0.2 rad
Figures 4, 5 Outer scale L0 130 km
Figures 6, 8 6 km
Figure 4–6, 8 Propagation distance from the screen plane L 350 km
Figure 4–6, 8 Spectral index p 1.6
Figures 4, 5 Phase screen grid spacings Dx, Dy 2.5 km
Figures 6, 8 200 m
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contribute the most to the perturbation of the signal amplitude.
For example, in the case considered above of scintillation over
the European sector under undisturbed conditions, cf. Figure 5,
the amplitude scintillation does not show much variability in the
high latitude sector, with the S4 value remaining below the weak
scintillation level of 0.2. The values of the index S4 do not cor-
relate with the gradient index NeGIX, which shows the effect of
“phase without amplitude scintillation” (Mushini et al., 2014;
van der Meeren et al., 2014; Priyadarshi et al., 2018). This is
because the ionosphere in this sector is structured on scales lar-
ger than the Fresnel scale, and the refractive scattering has no
effect on amplitude scintillation.

The situation can change in the case when the variance of
the phase fluctuation reaches large values (Crain et al., 1979;
Booker & MajidiAhi, 1982; Forte, 2008) such that the value
of its root mean square error (RMSE) satisfies

ffiffiffiffiffiffiffiffiffiffiffiffihdu2ip
>> 1

rad. This situation corresponds to a strong scattering regime,
in which the amplitude scintillation index attains high values,

reaching the saturation level of S4 = 1. The power spectral den-
sity for amplitude scintillation shows a roll-off at higher spatial
frequencies than the expected Fresnel spatial frequency
2p=

ffiffiffiffiffiffi
kL

p
. At the same time, the wide range of spatial scales con-

tributes equally significantly to the amplitude fluctuations. In
particular, this range now includes scales associated with purely
refractive scattering and scintillation.

The conditions described above may be well met in the low-
latitude ionosphere after local sunset at ionospheric heights and
under high solar activity conditions (Balan et al., 2018; Li et al.,
2020). In particular, radio signals propagating through the edges
of equatorial plasma bubbles (EPBs) exhibit intense amplitude
scintillation (Sousasantos et al., 2022; Seechai et al., 2023;
Spogli et al., 2023). We apply the phase gradient technique to
simulate of such intense amplitude scintillation at the edges of
EPBs.

We use the night disk scan (NI1) observations obtained by
the Global-scale Observations of the Limb and Disk (GOLD)

Figure 6. Comparison of the simulated amplitude scintillation indices (circles) with the empirical data (squares) for the low latitude region over
Africa, the Atlantic Ocean, and South America. As a reference to the possible plasma bubble shapes, the background image shows the
atmospheric emission radiance obtained from the GOLD mission data. The green vectors represent the gradient values of the mask extracted
from the GOLD images and the black vectors correspond to the Swarm NeGIX index.
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mission (Eastes et al., 2017). The data of 135.6 radiance values
in Rayleighs of post-sunset atmospheric emission (atomic oxy-
gen) have been combined into a single image from two channels
of the GOLD imaging unit. Over the low-latitude region, the
resulting picture can provide a good image of the EPB contours.
With the approach adopted here, we do not reconstruct the
entire shape of each plasma bubble, but rather its boundaries
within the southern and northern equatorial ionization crests.
This simplification is partly justified because the difference in
electron density values at the edges of the EPBs is greatest in
these regions, as are the corresponding values for the electron
density gradients. To determine the boundary between the
plasma bubbles and the surrounding ionosphere within the crest
regions, we use the GOLD radiance images to generate the cor-
responding binary masks. The idea of using such masks is sim-
ilar to that used in Section 4.1, cf. with the binary mask in
Figure 2b. We also calculate the gradient fields for the obtained
masks in a similar way as was done in Section 4.1. We set the
radiance value of 120 Rayleighs as the threshold value for the
mask construction.

Another gradient field needed for phase gradient screen sim-
ulations is again provided by the Swarm’s NeGIX index. The
index is well suited for detecting plasma bubble boundaries,
especially when one of the tandem satellites enters the region
of depleted electron density. Figure 7a shows the situation when
the Swarm satellites A and C cross different regions of the same
plasma bubble or different plasma bubbles. It can also be seen
that there are situations where one satellite detects an EPB while
the other does not, or vice versa. As the satellites enter such
regions, the direction of the NeGIX vector changes to the oppo-
site one, cf. Figure 7b. The increase in magnitude of this vector
is typical in the presence of EPBs. We also note that the FOR-
MOSAT-7/COSMIC plasma density measurements are also an
attractive source of information on EPB gradients (Zakharen-
kova et al., 2023) that can be used for scintillation modeling.
In addition, these measurements provide information on plasma
bubble structuring in a direction complementary to that along
the Swarm orbit.

We simulate the scintillation as follows. We use the Global
Ionospheric Scintillation Model (GISM) (Béniguel & Hamel,
2011) to simulate the background scintillation levels in the
equatorial region. This model is based on the multiple-phase
screen approach and is able to account for the strong scattering
regime typical for the region under consideration. However, due
to its climatological nature, the GISM is not able to reproduce
patchy scintillation patterns caused by EPBs. To model such
an effect, we use an additional phase gradient screen and
simulate scintillation due to steep gradients. The additional
screen is used only in the regions of the plasma bubble bound-
aries that are determined from the GOLD irradiance images as
described above. The phase gradient screen consists of the
conventional phase screen generated by using the parameters
given in Table 2 and the gradient part consisting of the product
of NeGIX with the gradient field of the binary mask extracted
from the GOLD data. The numerical coefficient in front of
the product term is hardly related to any physical parameter,
and it is chosen by fitting the simulation results to empirical
scintillation values, which yielded the value of 2.8 � 10�5 in
arbitrary units.

The results of the simulations with the GISM and with the
phase gradient screen are then superimposed and shown in

Figure 6 for the post-sunset ionosphere over Africa, the Atlantic
Ocean, and South America during the period November 3–6,
2022. The empirical amplitude scintillation indices were
obtained from GNSS stations in Fortaleza, Brazil (�3.74� N,
�38.58� E), São Paulo, Brazil (�23.54� N, �46.63� E), and
on Tenerife, Spain (28.48� N, �16.32� E). Figures 6a–6c show
several passes of Swarm A and C satellites over this region
during the hours after sunset on November 3. These figures
illustrate the behavior of the NeGIX gradient index as EPBs
begin to develop. In Figure 6a4 a small increase of NeGIX
can be seen in the crests region, which coincides with the emis-
sion region from the GOLD images. A similar situation can be
seen in Figure 6b, where the behavior of the gradients is more
regular. Figure 6c shows that the regular NeGIX behavior
changes to a more chaotic one when approaching the northern
ionization crest. In this case, the Swarm tracks cross several
plasma bubbles. The largest gradients are seen in the region
of the northern crest, where the difference between depleted
and ambient electron densities is largest. As expected, the
simulation results show a rapid increase in the scintillation index
in this region.

Figures 6d–Figures 6f show examples of moderate (0.4 < S4
< 0.6) and strong (S4 
 0.6) amplitude scintillation caused by
plasma bubbles. Again, high values of the empirical scintillation
indices correlate well with the regions characterized by strong
gradients, especially at locations where the gradient direction
reverses abruptly, i.e., near the edges of EPBs. Scintillation
modeling with phase gradient screens is able to reproduce this
behavior. The proposed simulation approach can be further
refined if the shape of the EPBs is known. Figure 8 shows
the excerpt of Figure 6e with simulated scintillation indices
along the Swarm track using three methods: the GISM model
(a), the GISM and phase gradient screen method with the binary
mask (b), and with a more complex mask that aims to account

Figure 7. Profiles of the electron density along the orbits of Swarm
A and C satellites (a) and the corresponding variation of the NeGIX
(b), cf. also with Figure 6e. The difference in the records and the
corresponding variability of the gradient index show that the
satellites crossed different regions of the EPBs. The maximum
magnitude of the NeGIX vector shown in (b) is 11571 e cm�3 km�1.

4 In contrast to the other images, the magnitude of the NeGIX is
increased by a factor of 5 to become visible.
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for the plasma bubble structures between two crest regions (c).
The latter mask, shown as a gray background in Figure 8c, uses
the additional threshold value for atmospheric irradiance (10
Rayleighs) in addition to the value of 120 Rayleighs as used
in Figure 8b. The coarse spatial resolution of the GOLD L1C
images does not allow reliable determination of the boundaries
between plasma bubbles in the region between the northern and
southern crests. However, even the implementation of such a
coarse mask as used in Figure 8c can improve the ability of
the phase gradient screen approach to simulate EPB-related
scintillation.

5 Conclusions

This study focuses on the modeling of refractive scattering
to scintillation phenomena in an irregular ionosphere. This con-
tribution is not negligible when the ionospheric inhomogeneities
and large-scale structures are characterized by very steep spatial
gradients of electron density or the TEC. We show that the next-
order correction to the geometric-optical approximation should
be included in the theoretical consideration of trans-ionospheric
radio wave propagation. This contribution is of the second order
of smallness with respect to the fluctuating part of the iono-
spheric refractive index dn and is approximately equal to the
scalar product of the spatial gradient of the electron density at
the topside of the scintillation-producing ionospheric layer and
the spatial gradient of the TEC. This dependence can explain
the reported good correlation between scintillation indices and
the gradient-based proxy indices such as ROTI, RODI, AATR,

GIX, etc. In fact, some of these indices are expressed in terms of
the TEC gradients (either spatial or temporal), e.g., GIX, or in
terms of the electron density gradients, e.g., RODI, and the
dependence on both types of indices is present in the correction
term of the geometric optics approximation. In the present arti-
cle we have used the electron gradient index NeGIX derived
from the Swarm in-situ measurements of the electron density
to assist simulations of scintillation events in low- and high-
latitude regions.

Using this correction, we extend the conventional phase
screen algorithm for simulating radio wave propagation in a ran-
domly inhomogeneous ionosphere according to the so-called
phase gradient screen approach. While the standard phase
screen, placed along the wave propagation path at a certain dis-
tance from the signal receiver, simulates random phase advance
or retardation due to scattering on ionospheric irregularities, the
next-order correction incorporated in the phase gradient screen
also takes into account the random refractive bending of the
propagating signal rays. The ray bending results in a small tilt
of the local wavefront, and the superposition of several such tilts
results in an additional corrugation of the overall signal wave-
front. This additional effect mainly contributes to the increase
of the phase scintillation index, but in the case of strong scatter-
ing, it can also lead to an increase of the amplitude scintillation.

The primary application area of the phase gradient screen
approach is in the high latitude ionosphere, where the refractive
scintillation is greater than the diffractive scintillation due to
scattering on steep spatial gradients. The resulting difference
between the phase and amplitude fluctuation levels is usually
referred to as “phase without amplitude” scintillation. For this

Figure 8. Comparison of methods for simulating equatorial scintillation in the presence of EPBs: (a) GISM simulation yielding the background
scintillation values, (b) and (c) GISM simulations with the additional phase gradient screens. The difference between (b) and (c) is related to the
masks used (shown as gray areas on the background). While (b) uses a simple binary mask that determines the irradiance regions with a single
threshold level of 120 Rayleigh, the mask in (c) uses two thresholds at 120 and 10 Rayleigh in order to incorporate some EPB morphology
between two crests of ionization.
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situation, the weak scattering approximation is applicable, so
that the RMSE of the phase fluctuations of the random phase
screen is small (

ffiffiffiffiffiffiffiffiffiffiffiffihdu2ip
<< 1 rad) and a single-phase screen

approach can be used to simulate the wave propagation. On
one hand, if steep gradient structures have scales larger than
the Fresnel scale

ffiffiffiffiffiffi
kL

p
, they will not affect amplitude fluctua-

tions. On the other hand, the range of scales contributing to
phase scintillation is broader and includes irregularities with
sizes >

ffiffiffiffiffiffi
kL

p
corresponding to steep gradient structures. As a

result, it is sufficient to use the conventional phase screen
approach for modeling of amplitude scintillation, while the
additional phase gradient screen correction may be required
for simulating phase scintillation. For illustrative purposes, we
considered scintillation events over the European sector before
and after the onset of the geomagnetic storm on April 24,
2023. Simulations and empirical data suggest that the enhance-
ment of phase scintillation occurs at the locations associated
with the polar auroral emission and auroral particle precipitation
regions.

For the wave propagation in the low-latitude ionosphere, the
weak scattering approximation is not always valid. In this case,
one could use either a single phase screen with

ffiffiffiffiffiffiffiffiffiffiffiffihdu2ip � 1
rad or multiple phase screens with small phase variances, as
implemented, e.g., in the GISM model. For this strong or
multiple scattering regime it turns out that scales larger than
the Fresnel scale are found to contribute to amplitude scintilla-
tion. In the presence of steep gradient ionospheric structures,
both amplitude and phase scintillation may require phase gradi-
ent screen correction. We have illustrated this by considering
amplitude scintillation enhanced by the presence of equatorial
plasma bubbles in the post-sunset ionosphere over the low-lati-
tude geographic sector. The GISM model, enhanced by a prop-
erly designed phase gradient screen, is able to reproduce the
background scintillation levels modulated by the ionization crest
regions as well as the patchy structures of enhanced scintillation
caused by scattering on highly irregular plasma on the edges of
plasma bubbles. To simulate plasma-bubble-associated scintilla-
tion we have used in-situ Swarm data, which have very sparse
spatial coverage of the region of interest. However, our results
show that the incorporation of the semi-empirical plasma bubble
model into the scintillation modeling algorithm with the phase
gradient screen component is quite promising and would pave
the way towards more accurate and reliable simulation and
prediction capabilities of intense equatorial scintillation.
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gradient data have been accessed via the ESA Space Weather Portal
(https://swe.ssa.esa.int/techtide-federated). GOLD UV data are avail-
able at the GOLD Science Data Center (https://gold.cs.ucf.edu/data).

References

Aarons J. 1982. Global morphology of ionospheric scintillations.
Proc IEEE 70: 360–378. https://doi.org/10.1109/PROC.1982.
12314.

Aarons J, Mendillo M, Yantosca R, Kudeki E. 1996. GPS phase
fluctuations in the equatorial region during the MISETA 1994
campaign. J Geophys Res 101: 26851–26862. https://doi.org/
10.1029/96JA00981.

Acharya R, Majumdar S. 2019. Statistical relation of scintillation
index S4 with ionospheric irregularity index ROTI over Indian
equatorial region. Adv Space Res 64: 1019–1033. https://doi.org/
10.1016/j.asr.2019.05.018.

Aol S, Buchert S, Jurua E. 2020. Ionospheric irregularities and
scintillations: a direct comparison of in situ density observations
with ground-based L-band receivers. Earth Planets Space 72: 164.
https://doi.org/10.1186/s40623-020-01294-z.

Balan N, Liu L, Le H. 2018. A brief review of equatorial ionization
anomaly and ionospheric irregularities. Earth Planetary Phys 2:
257–275. https://doi.org/10.26464/epp2018025.

Basu S, Groves K, Quinn J, Doherty P. 1999. A comparison of
TEC fluctuations and scintillations at Ascension Island. J Atm Terr
Phys 61: 1219–1226. https://doi.org/10.1016/S1364-6826(99)
00052-8.

Béniguel Y, Hamel P. 2011. A global ionosphere scintillation
propagation model for equatorial regions. J Space Weather Space
Clim 1: A04. https://doi.org/10.1051/swsc/2011004.

Bhattacharyya A, Beach TL, Basu S, Kintner PM. 2000. Nighttime
equatorial ionosphere: GPS scintillations and differential carrier
phase fluctuations. Radio Sci 35: 209–224. https://doi.org/10.1029/
1999RS002213.

Booker HG, MajidiAhi G. 1982. Theory of refractive scattering in
scintillation phenomena. J Atm Terr Phys 43: 1199–1214.
https://doi.org/10.1016/0021-9169(81)90035-0.

Borries C, Wilken V, Jacobsen KS, García-Rigo A, Dziak-
Jankowska B, et al. 2020. Assessment of the capabilities and
applicability of ionospheric perturbation indices provided in
Europe. Adv Space Res 66: 546–562. https://doi.org/10.1016/j.
asr.2020.04.013.

Carrano C, Groves K. 2007. TEC gradients and fluctuations at low,
latitudes measured with high data rate GPS receivers. In:
Proceedings of the 63rd Annual Meeting of The Institute of
Navigation, Cambridge, MA, USA, April 23–25, pp. 156–163.

Cesaroni C, Spogli L, Alfonsi L, De Franceschi G, Ciraolo L,
Monico JFG, Scotto C, Romano V, Aquino M, Bougard B. 2015.
L-band scintillations and calibrated total electron content gradients
over Brazil during the last solar maximum. J Space Weather Space
Clim 5: A36. https://doi.org/10.1051/swsc/2015038.

Charnotskii M. 2013. Sparce spectrum model for a turbulent phase.
J Opt Soc Am A 30: 479–488. https://doi.org/10.1364/JOSAA.
30.000479.

Chernov L. 1960. Wave propagation in a random medium. McGraw-
Hill, New York.

D. Vasylyev et al.: J. Space Weather Space Clim. 2024, 14, 29

Page 15 of 23

https://swarm-diss.eo.esa.int
https://swarm-diss.eo.esa.int
https://earth.esa.int/eogateway/missions/swarm/data
https://earth.esa.int/eogateway/missions/swarm/data
https://impc.dlr.de/products/ionospheric-perturbations/local-scintillation-measurements
https://impc.dlr.de/products/ionospheric-perturbations/local-scintillation-measurements
http://eswua.ingv.it
https://swe.ssa.esa.int/techtide-federated
https://gold.cs.ucf.edu/data
https://doi.org/10.1109/PROC.1982.12314
https://doi.org/10.1109/PROC.1982.12314
https://doi.org/10.1029/96JA00981
https://doi.org/10.1029/96JA00981
https://doi.org/10.1016/j.asr.2019.05.018
https://doi.org/10.1016/j.asr.2019.05.018
https://doi.org/10.1186/s40623-020-01294-z
https://doi.org/10.26464/epp2018025
https://doi.org/10.1016/S1364-6826(99)00052-8
https://doi.org/10.1016/S1364-6826(99)00052-8
https://doi.org/10.1051/swsc/2011004
https://doi.org/10.1029/1999RS002213
https://doi.org/10.1029/1999RS002213
https://doi.org/10.1016/0021-9169(81)90035-0
https://doi.org/10.1016/j.asr.2020.04.013
https://doi.org/10.1016/j.asr.2020.04.013
https://doi.org/10.1051/swsc/2015038
https://doi.org/10.1364/JOSAA.30.000479
https://doi.org/10.1364/JOSAA.30.000479


Conroy JP, Deshpande K, Scales W, Zaghloul A. 2022. Statistical
analysis of refractive and diffractive scintillation at high latitudes.
Radio Sci 57: e2021RS007259. https://doi.org/10.1029/
2021RS007259.

Coster A, Skone S. 2009. Monitoring storm-enhanced density using
IGS reference station data. J Geod 83: 345–351. https://doi.org/
10.1007/s00190-008-0272-3.

Crain CM, Booker HG, Ferguson JA. 1979. Use of refractive
scattering to explain SHF scintillations. Radio Sci 14: 125–134.
https://doi.org/10.1029/RS014i001p00125.

De Franceschi G, Spogli L, Alfonsi L, Romano V, Cesaroni C,
Hunstad I. 2019. The ionospheric irregularities climatology over
Svalbard from solar cycle 23. Sci Rep 9: 9232. https://doi.org/
10.1038/s41598-019-44829-5.

Doherty P, Coster AJ, Murtagh W. 2004. Space weather effects of
October–November 2003. GPS Solut 8: 267–271. https://doi.org/
10.1007/s10291-004-0109-3.

Eastes RW, McClintock WE, Burns AG, Anderson D, Andersson L,
et al. 2017. The Global-scale Observations of the Limb and Disk
(GOLD) mission. Space Sci Rev 212: 383–408. https://doi.org/
10.1007/s11214-017-0392-2.

Fallows RA, Forte B, Astin I, Allbrook T, Arnold A, et al. 2020. A
LOFAR observation of ionospheric scintillation from two simul-
taneous travelling ionospheric disturbances. J Space Weather
Space Clim 10: 10. https://doi.org/10.1051/swsc/2020010.

Forte B. 2008. Refractive scattering evidence from multifrequency
scintillationspectra observed at auroral latitudes. Radio Sci 43:
RS2012. https://doi.org/10.1029/2007RS003715.

Forte B, Coleman C, Skone S, Häggström I, Mitchell C, De Dalt F,
Panicciari T, Kinrade J, Bust G. 2017. Identification of scintillation
signatures on GPS signalsoriginating from plasma structures
detected with EISCAT incoherent scatter radaralong the same
line of sight. J Geophys Res 122: 916–931. https://doi.org/
10.1002/2016JA023271.

Fremouw EJ, Leadabrand RL, Livingston RC, Cousins MD, Rino CL,
Fair BC, Long RA. 1978. Early results from the DNA Wideband
satellite experiment – complex-signal scintillation. Radio Sci 13:
167–187. https://doi.org/10.1029/RS013i001p00167.

Friis-Christensen E, Lühr H, Hulot G. 2006. Swarm: a constellation
to study the Earth’s magnetic field. Earth Planet Space 58:
351–358. https://doi.org/10.1186/BF03351933.

Gherm V, Zernov NN, Strangeways JJ. 2005. Propagation model for
transionospheric fluctuating paths of propagation: Simulator of the
transionospheric channel. Radio Sci 40: RS1003. https://doi.org/
10.1029/2004RS003097.

Ghobadi H, Spogli L, Alfonsi L, Cesaroni C, Cicone A, Linty N,
Romano V, Cafaro M. 2020. Disentangling ionospheric refraction
and diffraction effects in GNSS raw phase through fast iterative
filtering technique. GPS Solut 24: 85. https://doi.org/10.1007/
s10291-020-01001-1.

Goodman JW. 2015. Statistical optics. John Wiley & Sons, New
Jersey.

Hamza AM, Song K, Meziane K, Jayachandran PT. 2023. Two-
component phase scintillation spectra in the auroral region:
observations and model. J Geophys Res 129: e2023JA031998.
https://doi.org/10.1029/2023JA031998.

Hardin RH, Tappert FD, Whippany NJ. 1973. Applications of the
split-step Fourier method to the numerical solution of nonlinear
and variable coefficient wave equations. Siam Rev 15: 423.

Hong J, Chung J-K, Kim YH, Park J, Kwon H-J, Kim J-H, Choi J-M,
Kwak Y-S. 2020. Characteristics of ionospheric irregularities
using GNSS scintillation indices measured at Jang Bogo Station,

Antarctica (74.62�S, 164.22�E). Space Weather 18:
e2020SW002536. https://doi.org/10.1029/2020SW002536.

Huang C-S, de La Beaujardiere O, Roddy PA, Hunton DE, Liu JY,
Chen SP. 2014. Occurrence probability and amplitude of equatorial
ionospheric irregularities associated with plasma bubbles during low
and moderate solar activities (2008–2012). J Geophys Res Space
Phys 119: 1186–1199. https://doi.org/10.1002/2013JA019212.

Imam R, Spogli L, Alfonsi L, Cesaroni C, Jin Y, Lasse Clausen BN,
Wood A, Miloch WJ. 2023. Feasibility of a Swarm-based proxy for
amplitude scintillation on GNSS signals. In: 2023 XXXVth General
Assembly and Scientific Symposium of the International Union of
Radio Science (URSI GASS), Sapporo, Japan, 19–26 August,
pp. 1–4. https://doi.org/10.23919/URSIGASS57860.2023.10265519.

Ishimaru A. 2017. Electromagnetic wave propagation, radiation,
and scattering. John Wiley & Sons, New Jersey.

Jakowski N, Borries C, Wilken V. 2012. Introducing a disturbance
ionosphere index. Adv Space Res 47: RS0L14. https://doi.org/
10.1029/2011RS004939.

Jakowski N, Hoque M. 2019. Estimation of spatial gradients and
temporal variations of the total electron content using ground-
based GNSS measurements. Space Weather 17: 339–356.
https://doi.org/10.1029/2018SW002119.

Jakowski N, Hoque M, Mayer C. 2011. A new global TEC model for
estimating transionospheric radio wave propagation errors. J Geod
85: 965–974. https://doi.org/10.1007/s00190-011-0455-1.

Jin Y, Moen JI, Miloch W. 2015. On the collocation of the cusp
aurora and the GPS phase scintillation: a statistical study.
J Geophys Res 120: 9176–9191. https://doi.org/10.1002/
2015JA021449.

Jin Y, Spicher A, Xiong C, Clausen LBN, Kervalishvili G, Stolle C,
Miloch WJ. 2019. Ionospheric plasma irregularities characterized
by the Swarm satellites: statistics at high latitudes. J Geophys. Res
124: 1262–1282. https://doi.org/10.1029/2018JA026063.

Juan JM, Sanz J, Rovira-Garcia A, González-Casado G, Ibáñez D,
Perez RO. 2018. AATR an ionospheric activity indicator specif-
ically based on GNSS measurements. J Space Weather Space Clim
8: A14. https://doi.org/10.1051/swsc/2017044.

Keller JB. 1960. Wave propagation in random media, Technical
report AFCRL-TN-60-1149. New York University, Institute of
Mathematical Sciences.

Kinrade J, Mitchell CM, Yin P, Smith N, Jarvis MJ, Maxfield DJ,
Rose MC, Bust GS, Weatherwax AT. 2012. Ionospheric scintilla-
tion over Antarctica during the storm of 5–6 April 2010. J Geophys
Res 117: A05304. https://doi.org/10.1029/2011JA017073.

Kintner PM, Kil H, Beach TL, de Paula ER. 2001. Fading timescales
associated with GPS signals and potential consequences. Radio Sci
36: 731–743. https://doi.org/10.1029/1999RS002310.

Kintner PM, Ledvina BM, de Paula ER. 2007. GPS and ionospheric
scintillations. Space Weather 5: S09003. https://doi.org/10.1029/
2006SW000260.

Knepp DL. 1983. Multiple phase-screen calculation of the temporal
behavior of stochastic waves. Proc IEEE 71: 722–737. https://doi.
org/10.1109/PROC.1983.12660.

Konno H, Pullen S, Rife J, Enge P. 2006. Evaluation of two types of
dual-frequency differential GPS techniques under anomalous
ionosphere conditions. In: Proceedings of the National Technical
Meeting of The Institute of Navigation, Monterey, CA, USA,
18–20 January, pp. 735–747.

Kotova D, Jin Y, Spogli L, Wood AG, Urbar J, et al. 2023. Electron
density fluctuations from Swarm as a proxy for ground-based
scintillation data: A statistical perspective. Adv Space Res 72:
5399–5415. https://doi.org/10.1016/j.asr.2022.11.042.

D. Vasylyev et al.: J. Space Weather Space Clim. 2024, 14, 29

Page 16 of 23

https://doi.org/10.1029/2021RS007259
https://doi.org/10.1029/2021RS007259
https://doi.org/10.1007/s00190-008-0272-3
https://doi.org/10.1007/s00190-008-0272-3
https://doi.org/10.1029/RS014i001p00125
https://doi.org/10.1038/s41598-019-44829-5
https://doi.org/10.1038/s41598-019-44829-5
https://doi.org/10.1007/s10291-004-0109-3
https://doi.org/10.1007/s10291-004-0109-3
https://doi.org/10.1007/s11214-017-0392-2
https://doi.org/10.1007/s11214-017-0392-2
https://doi.org/10.1051/swsc/2020010
https://doi.org/10.1029/2007RS003715
https://doi.org/10.1002/2016JA023271
https://doi.org/10.1002/2016JA023271
https://doi.org/10.1029/RS013i001p00167
https://doi.org/10.1186/BF03351933
https://doi.org/10.1029/2004RS003097
https://doi.org/10.1029/2004RS003097
https://doi.org/10.1007/s10291-020-01001-1
https://doi.org/10.1007/s10291-020-01001-1
https://doi.org/10.1029/2023JA031998
https://doi.org/10.1029/2020SW002536
https://doi.org/10.1002/2013JA019212
https://doi.org/10.23919/URSIGASS57860.2023.10265519
https://doi.org/10.1029/2011RS004939
https://doi.org/10.1029/2011RS004939
https://doi.org/10.1029/2018SW002119
https://doi.org/10.1007/s00190-011-0455-1
https://doi.org/10.1002/2015JA021449
https://doi.org/10.1002/2015JA021449
https://doi.org/10.1029/2018JA026063
https://doi.org/10.1051/swsc/2017044
https://doi.org/10.1029/2011JA017073
https://doi.org/10.1029/1999RS002310
https://doi.org/10.1029/2006SW000260
https://doi.org/10.1029/2006SW000260
https://doi.org/10.1109/PROC.1983.12660
https://doi.org/10.1109/PROC.1983.12660
https://doi.org/10.1016/j.asr.2022.11.042


Kravtsov YA, Orlov YI. 1980. Limits of applicability of the method
of geometric optics and related problems. Sov Phys Usp 23:
750–762. https://doi.org/10.1070/PU1980v023n11ABEH005060.

Kravtsov YA, Orlov YI. 1990. Geometrical optics of inhomogeneous
media. Springer Verlag, Heidelberg.

Lamarche LJ, Deshpande KB, Zettergren MD. 2022. Observations
and modeling of scintillation in the vicinity of a polar cap patch.
J Space Weather Space Clim 12: 27. https://doi.org/10.1051/swsc/
2022023.

Ledvina BM, Makela JJ, Kintner PM. 2002. First observations of
intense GPS L1 amplitude scintillations at midlatitude. Geophys
Res Lett 29: 4-1–4-4. https://doi.org/10.1029/2002GL014770.

Lee WK, Kil H, Paxton LJ. 2021. Global distribution of nighttime
MSTIDs and its association with E region irregularities seen by
CHAMP satellite. J Geophys Res 126: e2020JA028836.
https://doi.org/10.1029/2020JA028836.

Li G, Ning B, Otsuka Y, Abdu MA, Abadi P, Liu Z, Spogli L, Wan
W. 2020. Challenges to equatorial plasma bubble and ionospheric
scintillation short-term forecasting and future aspects in East and
Southeast Asia. Surv Geophys 74: 201–238. https://doi.org/
10.1007/s10712-020-09613-5.

Li G, Ning B, Ren Z, Hu L. 2010. Statistics of GPS ionospheric
scintillation and irregularities over polar regions at solar minimum.
GPS Solut 14: 331–341. https://doi.org/10.1007/s10291-009-0156-x.

Liu H, Yue J, Su Y, Zhan X. 2016. Ameliorating calculation of
ionospheric amplitude scintillation index from under-sampled
phase measurement. Adv Space Res 58: 1696–1707. https://doi.
org/10.1016/j.asr.2016.06.036.

Loucks D, Palo S, Pilinski M, Crowley G, Azeem I, Hampton D.
2017. High-latitude GPS phase scintillation from E region electron
density gradients during the 20–21 December 2015 geomagnetic
storm. GPS Solut 122: 7473–7490. https://doi.org/10.1002/
2016JA023839.

Luo M, Pullen S, Ene A, Qiu D, Walter T, Enge P. 2004. Ionospheric
threat to LAAS: updated model, user impact, and mitigations. In:
Proceedings of the 17th International Technical Meeting of the
Satellite Division of the Institute of Navigation (ION GNSS 2004),
Long Beach, CA, USA, 21–24 September, pp. 2771–2785.

Luo X, Lou Y, Xiao Q, Gu S, Chen B, Liu Z. 2018. Investigation of
ionospheric scintillation effects on BDS precise point positioning
at low-latitude regions. GPS Solut 22: 63. https://doi.org/10.1007/
s10291-018-0728-8.

Mahalov A, McDaniel A. 2019. Long-range propagation through
inhomogeneous turbulent atmosphere: analysis beyond phase
screens. Phys Scr 94: 034003. https://doi.org/10.1088/1402-
4896/aaf32c.

McNamara LF, Caton RG, Parris RT, Pedersen TR, Thompson DC,
Wiens KC, Groves KM. 2013. Signatures of equatorial plasma
bubbles in VHF satellite scintillations and equatorial ionograms.
Radio Sci 48: 89–101. https://doi.org/10.1002/rds.20025.

Mercier RP. 1962. Diffraction by a screen causing large random
phase fluctuations. Proc Camb Phil Soc, A 58: 382–400.
https://doi.org/10.1017/S0305004100036586.

Muella MTAH, de Paula ER, Monteiro AA. 2013. Ionospheric
scintillation and dynamics of Fresnel-scale irregularities in the
inner region of the equatorial ionization anomaly. Surv Geophys
34: 233–251. https://doi.org/10.1007/s10712-012-9212-0.

Mushini SC, Donovan E, Jayachandran PT, Langley RB, Prikryl P,
Spanswick E. 2014. On the relation between auroral “scintillation”
and “phase without amplitude”. In: 2014 XXXIst URSI General
Assembly and Scientific Symposium (URSI GASS), Beijing,
China, 16–23 August, pp. 1–4. https://doi.org/10.1109/
URSIGASS.2014.6929726.

Nishimura Y, Kelly T, Jayachandran PT, Mrak S, Semeter JL,
Donovan EF, Angelopoulos V, Nishitani N. 2023. Nightside high-
latitude phase and amplitude scintillation during a substorm using
1-second scintillation indices. J Geophys Res 128: e2023JA031402.
https://doi.org/10.1029/2023JA031402.

Nishimura Y, Mrak S, Semeter JL, Coster AJ, Jayachandran PT,
Groves KM, Knudsen DJ, Nishitani N, Ruohoniemi JM. 2021.
Evolution of mid-latitude density irregularities and scintillation in
North America during the 7–8 September 2017 storm. J Geophys
Res 126: e2021JA029192. https://doi.org/10.1029/2021JA029192.

Olwendo J, Cilliers PJ, Ming O. 2019. Comparison of ground-based
ionospheric scintillation observations with in situ electron density
variationsas measured by the Swarm Satellites. Radio Sci 54: 852–
866. https://doi.org/10.1029/2018RS006734.

Olwendo JO, Cilliers PJ, Baki P, Mito C. 2012. Using GPS-SCINDA
observations to study the correlation between scintillation, total
electron content enhancement and depletions over the Kenyan
region. Adv Space Res 49: 1363–1372. https://doi.org/10.1016/j.
asr.2012.02.006.

Patel K, Singh AK, Subrahmanyam P, Singh A. 2011. Modeling of
ionospheric scintillation at low-latitude. Adv Space Res 47: 515–
524. https://doi.org/10.1016/j.asr.2010.09.017.

Paulson DA, Wu C, Davies CC. 2019. Randomized spectral
sampling for efficient simulation of laser propagation through
optical turbulence. J Opt Soc Am B 36: 3249–3262. https://doi.org/
10.1364/JOSAB.36.003249.

Pi X, Mannucci AJ, Lindqwister UJ, Ho CM. 1997. Monitoring of
global ionospheric irregularities using the Worldwide GPS Net-
work. Geophys Res Lett 24: 2283–2286. https://doi.org/10.1029/
97GL02273.

Pradipta R, Doherty PH. 2015. Assesing of occurrence pattern of
large ionospheric TEC gradients over the Brazilian airspace.
Navigation 63: 335–343. https://doi.org/10.1002/navi.141.

Prikryl P, Jayachandran PT, Mushini SC, Chadwick R. 2011.
Climatology of GPS phase scintillation and HF radar backscatter
for the high-latitude ionosphere under solar minimum conditions. Ann
Geophys 29: 377–392. https://doi.org/10.5194/angeo-29-377-2011.

Priyadarshi S, Zhang Q-H, Ma Y-Z. 2018. Antarctica SED/TOI
associated ionospheric scintillation during 27 February 2014
geomagnetic storm. Astrophys Space Sci 363: 262. https://doi.
org/10.1007/s10509-018-3484-x.

Rice SO. 1944. Mathematical analysis of random noise. Bell Sys Tech J
23: 282–332. https://doi.org/10.1002/j.1538-7305.1944.tb00874.x.

Rino C. 2011. The theory of scintillation with applications in remote
sensing. John Wiley & Sons, New Jersey.

Rino CL. 1979. A power law phase screen model for ionospheric
scintillation: 1. Weak scatter. Radio Sci 14: 1135–1145. https://doi.
org/10.1029/RS014i006p01135.

Salpeter EE. 1966. Interplanetary scintillations. I. Theory. Astrophys
J 147: 433–448. https://doi.org/10.1086/149027.

Sato H, Kim JS, Otsuka Y, Wrasse CM, de Paula ER, de Souza JR.
2021. L-band synthetic aperture radar observation of ionospheric
density irregularities at equatorial plasma depletion region.
Geophys Res Lett 48: e2021GL093541. https://doi.org/10.1029/
2021GL093541.

Schmidt JD. 2010. Numerical simulation of optical wave propaga-
tion. SPIE, Bellingham.

Schmidt JD, Miller NJ. 2019. Turbulent phase derivative screens and
verification of their statistics. Opt Lett 44: 2728–2731. https://doi.
org/10.1364/OL.44.002728.

Seechai K, Myint LMM, Hozumi K, Nishioka M, Saito S,
Yamamoto M, Supnithi P. 2023. Simultaneous equatorial plasma
bubble observation using amplitude scintillations from GNSS and

D. Vasylyev et al.: J. Space Weather Space Clim. 2024, 14, 29

Page 17 of 23

https://doi.org/10.1070/PU1980v023n11ABEH005060
https://doi.org/10.1051/swsc/2022023
https://doi.org/10.1051/swsc/2022023
https://doi.org/10.1029/2002GL014770
https://doi.org/10.1029/2020JA028836
https://doi.org/10.1007/s10712-020-09613-5
https://doi.org/10.1007/s10712-020-09613-5
https://doi.org/10.1007/s10291-009-0156-x
https://doi.org/10.1016/j.asr.2016.06.036
https://doi.org/10.1016/j.asr.2016.06.036
https://doi.org/10.1002/2016JA023839
https://doi.org/10.1002/2016JA023839
https://doi.org/10.1007/s10291-018-0728-8
https://doi.org/10.1007/s10291-018-0728-8
https://doi.org/10.1088/1402-4896/aaf32c
https://doi.org/10.1088/1402-4896/aaf32c
https://doi.org/10.1002/rds.20025
https://doi.org/10.1017/S0305004100036586
https://doi.org/10.1007/s10712-012-9212-0
https://doi.org/10.1109/URSIGASS.2014.6929726
https://doi.org/10.1109/URSIGASS.2014.6929726
https://doi.org/10.1029/2023JA031402
https://doi.org/10.1029/2021JA029192
https://doi.org/10.1029/2018RS006734
https://doi.org/10.1016/j.asr.2012.02.006
https://doi.org/10.1016/j.asr.2012.02.006
https://doi.org/10.1016/j.asr.2010.09.017
https://doi.org/10.1364/JOSAB.36.003249
https://doi.org/10.1364/JOSAB.36.003249
https://doi.org/10.1029/97GL02273
https://doi.org/10.1029/97GL02273
https://doi.org/10.1002/navi.141
https://doi.org/10.5194/angeo-29-377-2011
https://doi.org/10.1007/s10509-018-3484-x
https://doi.org/10.1007/s10509-018-3484-x
https://doi.org/10.1002/j.1538-7305.1944.tb00874.x
https://doi.org/10.1029/RS014i006p01135
https://doi.org/10.1029/RS014i006p01135
https://doi.org/10.1086/149027
https://doi.org/10.1029/2021GL093541
https://doi.org/10.1029/2021GL093541
https://doi.org/10.1364/OL.44.002728
https://doi.org/10.1364/OL.44.002728


LEO satellites in low-latitude region. Earth Planet Space 75: 127.
https://doi.org/10.1186/s40623-023-01877-6.

Shkarofsky IP. 1968. Generalized turbulence space-correlation and
wave-number spectrum-function pairs. Can J Phys 46: 2133–
2153. https://doi.org/10.1139/p68-562.

Sousasantos J, Affonso BJ, Moraes A, Rodrigues FS, Abdu MA,
Salles LA, Vani BC. 2022. Amplitude scintillation severity and
fading profiles under alignment between GPS propagation paths
and equatorial plasma bubbles. Space Weather 20:
e2022SW003243. https://doi.org/10.1029/2022SW003243.

Spicher A, Deshpande K, Jin Y, Oksavik K, Zettergren MD, Clausen
LBN, Moen JI, Hairston MR, Baddeley L. 2020. On the
production of ionospheric irregularities via Kelvin-Helmholtz
instability associated with cusp flow channels. J Geophys Res
125: e2019JA027734. https://doi.org/10.1029/2019JA027734.

Spogli L, Alfonsi L, Cesaroni C. 2023. Stepping into an equatorial
plasma bubble with a Swarm overfly. Space Weather 21:
e2022SW003331. https://doi.org/10.1029/2022SW003331.

Stankov SM, Warnant R, Stegen K. 2009. Trans-ionospheric GPS
signal delay gradients observed over mid-latitude Europe during
the geomagnetic storms of October–November 2003. Adv Space
Res 43: 1314–1324. https://doi.org/10.1016/j.asr.2008.12.012.

Strangeways HJ. 2000. Effect of horizontal gradients on ionospher-
ically reflected or transionospheric paths using a precise homing-in
method. J Atm Terr Phys 62: 1361–1376. https://doi.org/10.1016/
S1364-6826(00)00150-4.

Sun Y-Y, Matsuo T, Araujo-Pradere EA, Liu J-Y. 2013. Ground-
based GPS observation of SED-associated irregularities over
CONUS. J Geophys Res 118: 2478–2489. https://doi.org/10.1029/
2012JA018103.

Tatarskii VI. 1971. The effects of the turbulent atmosphere on wave
propagation. Israel Program for Scientific Translations, Jerusalem.

Vadakke Veettil S, Haralambous H, Aquino M. 2017. Observations
of quiet-time moderate midlatitude L-band scintillation in associ-
ation with plasma bubbles. GPS Solut 21: 1113–1124. https://doi.
org/10.1007/s10291-016-0598-x.

van der Meeren C, Oksavik K, Lorentzen D, Moen JI, Romano V.
2014. GPS scintillation and irregularities at the front of an
ionization tongue in the nightside polar ionosphere. J Geophys Res
119: 8624–8636. https://doi.org/10.1002/2014JA020114.

Vasylyev D, Béniguel Y, Wilken V, Kriegel M, Berdermann J. 2022.
Modeling of ionospheric scintillation. J Space Weather Space
Clim 12: 22. https://doi.org/10.1051/swsc/2022016.

Vats HO, Booker HG, MajidiAhi G. 1981. Quantitative explanation
of strong multi-frequency intensity scintillation spectra using
refractive scattering. J Atm Terr Phys 43: 1235–1241. https://doi.
org/10.1016/0021-9169(81)90145-8.

Vijayakumar PN, Pasricha PK. 1997. Parametrization of spectra of
plasma bubble induced VHF satellite scintillations and its
geophysical significance. Ann Geophys 15: 345–354. https://doi.
org/10.1007/s00585-997-0345-2.

Vo HB, Foster JC. 2001. A quantitative study of ionospheric density
gradients at midlatitudes. J Geophys Res 106: 21555–21563.
https://doi.org/10.1029/2000JA000397.

Wanninger L. 1993. The occuurence of ionospheric disturbances above
Japan and their effects on precise GPS positioning. In: Proceedings
of the 8th International Symposium on Recent Crust Movements
(CRCM ‘93), Kobe, Japan, 6–11 December, pp. 175–179.

Welsh B. 1997. Fourier-series-based atmospheric phase screen
generator for simulating anisoplanatic geometries and temporal
evolution. Proc SPIE 3125: 327–338. https://doi.org/10.1117/
12.279029.

Wheelon AD. 2004. Electromagnetic scintillation I. Geometric
optics. Cambridge University Press, Cambridge.

Wilken V, Kriegel M, Jakowski N, Berdermann J. 2018. An
ionospheric index suitable for estimating the degree of ionospheric
perturbations. J Space Weather Space Clim 8: A19. https://doi.org/
10.1051/swsc/2018008.

Wood AG, Alfonsi L, Clausen LB, Jin Y, Spogli L, et al. 2022.
Variability of ionospheric plasma: results from the ESA Swarm
mission. Space Sci Rev 218: 52. https://doi.org/10.1007/s11214-
022-00916-0.

Yang Z, Liu Z. 2016. Correlation between ROTI and ionospheric
scintillation indices using Hong Kong low-latitude GPS data. GPS
Solut 20: 815–824. https://doi.org/10.1007/s10291-015-0492-y.

Yeh KC, Liu C-H. 1982. Radio wave scintillations in the ionosphere.
Proc IEEE 70: 324–360. https://doi.org/10.1109/PROC.1982.
12313.

Zakharenkova I, Cherniak I, Braun JJ, Wu Q. 2023. Global maps of
equatorial plasma bubbles depletions based on FORMOSAT-7/
COSMIC-2 ion velocity meter plasma density observations. Space
Weather 21: e2023SW003438. https://doi.org/10.1029/2023SW003438.

Zheng Y, Xiong C, Jin Y, Liu D, Oksavik K, et al. 2022. The
refractive and diffractive contributions to GPS signal scintillation
at high latitudes during the geomagnetic storm on 7–8 September
2017. J Space Weather Space Climate 12: 40. https://doi.org/
10.1051/swsc/2022036.

Zhu W, Ding X-L, Jung H-S, Zhang Q, Zhang B-C, Qu W. 2016.
Investigation of ionospheric effects on SAR Interferometry
(InSAR): a case study of Hong Kong. Adv Space Res 58: 564–
576. https://doi.org/10.1016/j.asr.2016.05.004.

Appendix A: Solution for the eikonal function
using the perturbation technique

This appendix summarizes, for ease of reference, the perturbation
technique for determining the phase of an electromagnetic wave prop-
agating in a random medium. Since we are interested in the contribu-
tions to phase fluctuations due to random refraction on medium
inhomogeneities, the approximation of geometric optics could be used.
Here we closely follow the considerations elaborated in Tatarskii
(1971).

We start with the homogeneous wave equation in a medium with a
given refractive index ~n

�UðrÞ þ k20 ~n
2ðrÞUðrÞ ¼ 0; ðA1Þ

where D is the Laplace operator and k0 is the wavenumber of the sig-
nal wave in vacuum. The refractive index ~nðrÞ is considered a ran-
dom function of the spatial coordinates r with mean value h~ni. For
further convenience, we rewrite (A1) in a slightly different form

�UðrÞ þ k2 n2ðrÞUðrÞ ¼ 0; ðA2Þ

where k ¼ k0h~ni is the wave vector in the medium and n ¼ ~n=h~ni is
the scaled refractive index. The fluctuating part of the refractive
index is denoted by d~n ¼ ~n� h~ni and the corresponding scaled vari-
able is dn = n � 1. The wave function can then be written as

UðrÞ ¼ AðrÞ eikhðrÞ: ðA3Þ

D. Vasylyev et al.: J. Space Weather Space Clim. 2024, 14, 29

Page 18 of 23

https://doi.org/10.1186/s40623-023-01877-6
https://doi.org/10.1139/p68-562
https://doi.org/10.1029/2022SW003243
https://doi.org/10.1029/2019JA027734
https://doi.org/10.1029/2022SW003331
https://doi.org/10.1016/j.asr.2008.12.012
https://doi.org/10.1016/S1364-6826(00)00150-4
https://doi.org/10.1016/S1364-6826(00)00150-4
https://doi.org/10.1029/2012JA018103
https://doi.org/10.1029/2012JA018103
https://doi.org/10.1007/s10291-016-0598-x
https://doi.org/10.1007/s10291-016-0598-x
https://doi.org/10.1002/2014JA020114
https://doi.org/10.1051/swsc/2022016
https://doi.org/10.1016/0021-9169(81)90145-8
https://doi.org/10.1016/0021-9169(81)90145-8
https://doi.org/10.1007/s00585-997-0345-2
https://doi.org/10.1007/s00585-997-0345-2
https://doi.org/10.1029/2000JA000397
https://doi.org/10.1117/12.279029
https://doi.org/10.1117/12.279029
https://doi.org/10.1051/swsc/2018008
https://doi.org/10.1051/swsc/2018008
https://doi.org/10.1007/s11214-022-00916-0
https://doi.org/10.1007/s11214-022-00916-0
https://doi.org/10.1007/s10291-015-0492-y
https://doi.org/10.1109/PROC.1982.12313
https://doi.org/10.1109/PROC.1982.12313
https://doi.org/10.1029/2023SW003438
https://doi.org/10.1051/swsc/2022036
https://doi.org/10.1051/swsc/2022036
https://doi.org/10.1016/j.asr.2016.05.004


Here A and h are slowly varying functions5. In the framework of geo-
metric optics the amplitude A is expanded into a series of the small
parameter 1/k, i.e., A = A0 + k�1A1 + k�2A1 +. . .. Substituting this
expansion together with equations (A3) into (A1) and collecting
equal powers of k, one obtains from the expression for the coef-
ficient of k2 the following eikonal equation:

ðrhÞ2 � n2ðrÞ ¼ 0: ðA5Þ
This first-order nonlinear partial differential equation can be trans-
formed into a set of the following linear ordinary differential equa-
tions (Tatarskii, 1971; Kravtsov & Orlov, 1990)

dr

ds
¼ ‘; ðA6Þ

d‘

ds
¼ ‘� ðr ln nÞ � ‘½ �; ðA7Þ

dh
ds

¼ n: ðA8Þ

Here s is the parametric variable, so that ds ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP3

i¼1ðdriÞ2
q

is inter-
preted as the line element along the ray curve r = r(s) and ‘ = n�1rh
is the unit vector tangent to this curve. The eikonal function is
obtained by solving equation (A8) and is given as a line
integral

h ¼
Z

nðrðsÞÞds ðA9Þ

along the curve r(s). The ray curve, in turn, is determined by solving
the equations (A6) and (A7). The following discussion is devoted to
the perturbation approach to solving these equations for the case of
wave propagation in a randomly inhomogeneous medium.For a ran-
domly inhomogeneous medium we have n(r) = 1 + dn(r) and equa-
tion (A7) can then be rewritten as

d‘

ds
¼ ‘� ðrdnÞ � ‘½ �: ðA10Þ

Defining the small parameter m = hdn2i � 1, we expand the vari-
ables r and ‘ in a series in powers of m as

r ¼ r0 þ mr1 þ m2r2 þ . . . ; ðA11Þ

‘ ¼ ‘0 þ m‘1 þ m2‘2 þ . . . ðA12Þ

Substituting these expansions in the equations (A6) and (A10) we get

d

ds
‘0 ¼ 0;

d

ds
r0 ¼ ‘0;

d

ds
‘1 ¼ ‘0 � r dn

m
� ‘0

� �
;

d

ds
r1 ¼ ‘1; . . . ðA13Þ

It follows from the first set of equations that the vector ‘0 does not
depend on s and that r0 = s‘0. We use this observation by solving
the second set of equations in equation (A13) together with the
first-order approximation for the argument of the function dn, i.e.,
dn(r) 	 dn(s‘0), to obtain

‘1 ¼ ‘0 � 1
m

Z s

0
rdnðs0‘0Þds0

� �
� ‘0

� �
; ðA14Þ

r1 ¼ ‘0 � 1
m

Z s

0
ðs� s0Þrdnðs0‘0Þds0

� �
� ‘0

� �
: ðA15Þ

In these equations and in the following we use the following short-
hand notation for refractive index gradients:

rdnðs‘0Þ � rr dnðrÞjr�s‘0
; ðA16Þ

i.e., the gradient field is calculated first and then the gradient
magnitude and direction are selected at the point r = s‘0.The
solutions for ‘ and r can be obtained from the equations (A14) and
(A15) as

‘ðsÞ ¼ ‘0 þ ‘0 �
Z s

0
rdnðs0‘0Þds0

� �
� ‘0

� �
þ . . .

¼ ‘0 þ
Z s

0
r?dnðs0‘0Þds0 þ . . . ¼ ‘0 þ d‘1ðsÞ þ . . . ; ðA17Þ

rðsÞ ¼ s‘0 þ ‘0 �
Z s

0
ðs� s0Þrdnðs0‘0Þds0

� �
� ‘0

� �
þ . . .

¼ s‘0 þ
Z s

0
ðs� s0Þr?dnðs0‘0Þds0 þ . . . ¼ s‘0 þ dr1ðsÞ þ . . . ; ðA18Þ

where r\ = r � ‘0(‘0 � r) is the transverse gradient to the initial
direction ‘0. For the simplification of equations (A17) and (A18)
we used the vector algebra relation a � (b � c) = (a � c)
b � (a � b)c together with the property6 |‘0| = 1. Equation (A18)
shows that the ray leaving the point r = 0 can be represented in
the first approximation as a vector pointing in the direction of the unit
vector ‘0. The second approximation gives a certain shift dr1(s) trans-
verse to the direction of ‘0.We truncate the expansion (A18) at the
second term and substitute it in equation (A9) to obtain

hðs‘0 þ dr1ðsÞÞ ¼ sþ
Z s

0
dnðs0‘0 þ dr1ðs0ÞÞ ds0

	 sþ
Z s

0
dnðs0‘0Þ ds0 þ

Z s

0
rdnðs0‘0Þ � dr1ðs0Þ ds0: ðA19Þ

This expression includes the deviation of the ray from the straight
line, since the spatial argument has a small component dr1 transverse

5 Kravtsov & Orlov (1980) provide the heuristic criteria for the
applicability of geometric optics. The most sensitive criterion is the
slowness of variation of the index of refraction per Fresnel radius of
the first diffraction zone. It reads asffiffiffiffiffiffiffiffiffiffiffiffi

k0Lipp
p r~nj j << ~n; ðA4Þ

where k0 is the signal wavelength in vacuum, Lipp is the typical
height ionospheric pierce point, r~n is the spatial gradient of the
refractive index. For example, for the L-band signal, for rather large
spatial gradients of the electron density with a value of 1011 el/m4,
and the ionospheric pierce point altitude set to 350 km, the left side
of the inequality is of the order of 10�3. Hence, the inequality is
satisfied since ~n in the right-hand side of the inequality is of order of
one.

6 Tatarskii (1971) proved that by inserting the (A12) in equation
(A10), i.e. in the expression |‘|2 = 1, one obtains |‘0| = 1.
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to the initial direction ‘. If ones is interested in the eikonal deter-
mined along the straight line s‘0, i.e., in the initial direction of prop-
agation, one can write

hðs‘0Þ ¼ hð½s‘0 þ dr1ðsÞ� � dr1ðsÞÞ

	 hðs‘0 þ dr1ðsÞÞ � dr1ðsÞ � rhðs‘0 þ dr1ðsÞÞ

¼ sþ
Z s

0
dnðs0‘0Þ ds0 þ

Z s

0
rdnðs0‘0Þ � dr1ðs0Þ ds0 � d‘1ðsÞ � dr1ðsÞ:

ðA20Þ

Consider the last two summands on the right hand side of (A20) and
denote them as dh2. Then, using equations (A17), (A18) and the rel-
evant vector algebra relations, we obtain

dh2ðs‘0Þ ¼
Z s

0
ds1

Z s1

0
ds2ðs1 � s2Þ �

Z s

0
ds1

Z s

0
ds2ðs� s2Þ

	 


rdnðs1‘0Þ � rdnðs2‘0Þf � ‘0 � rdnðs1‘0Þð Þ ‘0 � rdnðs2‘0Þð Þg

¼
Z s

0
ds1

Z s1

0
ds2ðs1 � s2Þ

	

�
Z s

0
ds1

Z s

0
ds2ðs� s2Þ



r?dnðs1‘0Þ � r?dnðs2‘0Þ: ðA21Þ

An alternatively useful formula for dh2 as the function of the trans-
verse displacement dr1 can be written as

dh2 ¼
Z s

0
r?dnðs0‘0Þ � dr1ðs0Þ ds0 �

Z s

0
r?dnðs0‘0Þ ds0 � dr1ðsÞ;

ðA22Þ

where we have used the fact that dr is perpendicular to the initial
direction of propagation ‘, and hence the scalar product of it with
the gradient rdn reduces to r\dn � dr. Relating the eikonal (A20)
to the phase gained by propagation through the irregular medium
of thickness s, we obtain

u ¼ khðs‘0Þ ¼ ksþ k
Z s

0
dnðs0‘0Þ ds0

þk
Z s

0
r?dnðs0‘0Þ � dr1ðs0Þ ds0 � k

Z s

0
r?dnðs0‘0Þ ds0 � dr1ðsÞ:

ðA23Þ

Since the first term in this expression is constant, it does not con-
tribute to the calculation of either phase or amplitude scintillation
indices.

Appendix B: Averaged Eikonal contribution hdh2i

Let us calculate the mean value of dh2. We first consider the cor-
relation tensor of the refractive index gradients, Rrdn, whose compo-
nents are related to the correlation function of the refractive index
fluctuations, Rdn, as follows

Rrdnðr0; r00Þ½ �i;j ¼ hridnðr0Þrjdnðr00Þi ¼ @2

@r0i@r
00
j

Rdnðr0; r00Þ: ðB1Þ

We also use the notation q = r0 � r00 = (n1, n2, n3)
T and assume that

the medium is locally homogeneous, so that the correlation

function Rdn depends only on q = |q|. To work with new vari-
ables we use

@q
@r0i

¼ ni
q
¼ ‘0i ;

@q
@r00i

¼ � ni
q
¼ �‘0i ; ðB2Þ

where ‘0i is the ith component of the unit vector ‘0 = q/q. Using the
chain rule and noting that qdq =

P
inidni we get

RrdnðqÞ½ �i;j ¼ � dij
1
q

d

dq
þ ‘0i ‘

0
j

d2

dq2
� 1
q

d

dq

� �� �
RdnðqÞ: ðB3Þ

For the averaged quantity of interest, we find

hr?dnðs1‘0Þ � r?dnðs2‘0Þi ¼
X
i;j

ðdij � ‘0i ‘
0
j Þ RrdnðqÞ½ �i;j; ðB4Þ

where q = ‘0(s1 � s2) such that q = s1 � s2. Substituting equa-
tion (B3) into (B4) we get (Chernov, 1960; Tatarskii, 1971)

hr?dn1r?dn2i ¼ �
X
i;j

ðdi;j � ‘0i ‘
0
j Þ2

1
q

d

dq
RdnðqÞ

¼ �2
1
q

d

dq
RdnðqÞ: ðB5Þ

Finally, to emphasize that the derived relation is valid not only for spa-
tially homogeneous random media, but also for the more general case
of locally homogeneous random media, we rewrite equation (B5) in
terms of the refractive index structure function

Ddn r1; r2ð Þ ¼ dn r1ð Þ � dn r2ð Þ½ �2� �
¼ 2 Rdn r1; r1ð Þ � Rdn r1; r2ð Þ½ � ðB6Þ

as

hr?dn1r?dn2i ¼ D0
dnðqÞ
q

; ðB7Þ

where prime denotes the derivative.
The mean value of the eikonal contribution can then be calculated

from equation (A21) as

hdh2ðs‘0Þi ¼
Z s

0
ds1

Z s1

0
ds2D

0
dnðs1 � s2Þ

�
Z s

0
ds1

Z s

0
ds2

ðs� s2Þ
ðs1 � s2ÞD

0
dnðs1 � s2Þ

¼
Z s

0
ds1

Z s1

0
ds2 1� ðs� s2Þ

ðs1 � s2Þ
� �

D0
dnðs1 � s2Þ

�
Z s

0
ds1

Z s

s1

ds2
ðs� s2Þ
ðs1 � s2ÞD

0
dnðs1 � s2Þ: ðB8Þ

Changing the order of integration and integrating one obtains (Keller,
1960; Tatarskii, 1971; Mahalov & McDaniel, 2019)
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hdh2i ¼
Z s

0
ðs� s1Þ � 1

2
ðs2 � s21Þ

s1

� �
D0

dnðs1Þds1

� 1
2

Z s

0
ðs� s1Þ2 D

0
dnðs1Þ
s1

ds1 ¼ �
Z s

0
ðs� s1Þ2 D

0
dnðs1Þ
s1

ds1: ðB9Þ

The major contribution to the last integral comes from the values
s1 ? 0. Thus, one can approximate this integral as

hdh2i 	 �s2
Z s

0

D0
dnðs1Þ
s1

ds1: ðB10Þ

For r > r0, where r0 is the characteristic correlation radius for the refrac-
tive index fluctuations, the function D0

dnðrÞ rapidly approaches zero.
Since in the thin random medium model the medium thickness s is
of the order of r0, we can extend the upper limit of integration in equa-
tion (B10) to infinity without loss of generality, cf. (Keller, 1960;
Tatarskii, 1971). In this case one can relate the mean eikonal increment
hdh2i to the variance of the angle-of-arrival fluctuations r2

a as (Keller,
1960; Tatarskii, 1971)

hdh2i ¼ �sr2
a; ðB11Þ

where a is the angle of rotation between the wavefronts of the
signal arriving at two closely spaced receiving detectors.

For the Shkarofsky spectral model (9), the angle-of-arrival fluctua-
tions can be derived as

r2
a ¼ hdn2i ffiffiffi

p
p C 1� p

2

 �
2pC p�1

2

 � j0

jm

� �p�1

jms; p < 2: ðB12Þ

The quantity r2
a and hence the mean phase component hdh2i are van-

ishingly small in the ionosphere under quite conditions whenffiffiffiffiffiffiffiffiffiffiffihdn2ip � 10�6 � 10�7 since j0 < jm and s � 1/jm. Moreover, for

the Kolmogorov type of the spectrum, i.e., for p = 5/3, it has been
shown by Tatarskii (1971) that hdh2i is vanishingly small when the
amplitude fluctuations at the receiver site are small, i.e. S4 � 1. We also
note that in the view of equation (A22) the approximation hdh2i = 0,
resulting from r2

a ¼ 0, is formally equivalent to hr\dn � dr1i =
hr\dni � hdr1i = 0, i.e., to the assumption that r\dn and dr1 are sta-
tistically independent random variables with zero means.

Appendix C: Contributions of irregularities at different
heights to the diffractive scintillation and to the refractive
tilt errors

This appendix discusses the difference between the refractive phase
scintillation associated with the tilt error and the diffractive scintillation.
In the case of diffractive scintillation the major contribution to the scin-
tillation levels comes from the scattering on irregularities of the Fresnel
scale ‘F. This scale is determined by the condition that the diffraction
angle k/‘F coincides with the value ‘F/L, i.e., the angular diameter of
the irregularity for the receiver position, see the Figure 9a. Here k is

the wavelength and L is the height of the scattering irregularity. The
Fresnel scale is then ‘F ¼ ffiffiffiffiffiffi

kL
p

. The irregularity height L can be deter-
mined from the amplitude scintillation spectra, namely by identifying
the Fresnel spatial frequency jF = 2p/‘F as the roll-off frequency in
the spectrum. Such a method gives, for example, an estimate of 350–
400 km for L for L-band signals, which roughly corresponds to the
ionospheric F2 peak heights (Kintner et al., 2007; Muella et al., 2013).

Now let us consider the refractive phase fluctuations associated
with the tilt of the wavefront caused by scattering on an irregularity
of size ‘ > ‘F. If we think of the random medium as a collection of
blobs or irregularities of refractive index variations, then we can con-
sider such structures as random lenses. This is a very simplified view,
but it can give some insight into the refractive phase scintillation asso-
ciated with the tilt error. Consider how a lens of diameter ‘ and the
refractive index dn affects the propagation of an incoming bunch of sig-
nal wave rays. Here, the quantity dn is the stochastic component of the
medium refractive index n. The focal length of this lens is given by F =
l/dn and depending on the sign of dn the lens tends to focus or defocus
the incoming rays. For definiteness, let us choose dn > 0 so that the lens
is a focusing one. For the ionosphere, assuming ‘ is in the range
500 m–1 km, the focusing distance is F � 107–108 m, so the lens
is a very weak one with a very long focal length.

We are interested in what happens when the lens is tilted at the ran-
domly varying angle a� 1 with respect to the case where the incoming
signal ray direction coincides with the lens axis. The lens tilt is equiv-
alent to the situation where the incoming wavefront is tilted with respect
to the initial wavefront. Now consider two observation points A and B
at a small distance d from each other, see Figures 9b and 9c. The phase
difference between these two points dS, i.e., the random phase incre-
ment resulting from the tilt error, can be related to the tilt angle a as
a = kdS/2pd. The mean square fluctuation of the angle a for the
Shkarofsky spectral model for irregularities has already been given
by equation (B12).

Suppose two receivers R1 and R2 are located at the distances L1
and L2 > L1 from the lens. Experiencing the tilt, the rays are deflected
from the initial direction to the distances d1 and d2 for R1 and R2,
respectively. In terms of our previous notations the deflection distance
di, i = 1, 2 is the abbreviated notation for dr1 (Li), cf. equation (A18). It
is obvious that di = Li d/F such that the ratio of the variances for deflec-
tion distances is

hðd2Þ2i
hðd1Þ2i

¼ L2

L1

� �2 r2
a;2

r2
a;1

; ðC1Þ

where r2
a;i is the angle-of-arrival variance with statistical parameters

of the medium at hights Li, i = 1, 2. In this way, we account for the
more general situation where both receivers R1 and R2 have the
same location, but sense the “lens” tilt effect from two different lay-
ers in the ionosphere. Assuming that the statistical properties of the
medium do not change significantly with the altitude one can see
from the relation (C1) that the upper layers of the ionosphere, say
at the altitude L2, have more influence on the phase fluctuations
caused by the random wavefront tilt than the lower layers, say at
the altitude L1. This situation is in contrast to the diffractive type
of scintillation where the scintillation producing layer is roughly
coincident with the ionospheric F2 peak height and some additional
remapping is required to use the Swarm data for scintillation model-
ing (Imam et al., 2023).
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Appendix D: Gradient of electron density product NeGIX

In this appendix we give a brief summary of the new Swarm pro-
duct called the electron density (Ne) Gradient indeX (NeGIX). It is
based on the in-situ electron density measurements from the Swarm
satellites Alpha and Charlie (Swarm A and C).

The estimation of the gradient components is performed by using
the combination of the electron densities obtained between two satel-
lites or using the values obtained by the same satellite. The electron
density values in such combinations are distinguished by the notation
Nej, where the index j refers to the spatial position Pj where the mea-

surement was made at the time tj. For the calculation of the NeGIX,
the combination of points is used, for which the measurement times
are taken within the fixed time window of 8 seconds. For the set of
all measured values obtained within this time window one defines
the value

jrNeijj ¼ jNei � Nejj
�sij

; ðD1Þ

where Dsij is the spatial distance between the points Pi and Pj. The
direction of the axis between the points Pi and Pj is called “dipole”
by Jakowski & Hoque (2019). For N available measurements within
the mentioned time window, the maximum number of possible
dipoles is ND = N(N � 1)/2.

The value |rNeij| is the absolute value of the electron density gra-
dient for ionospheric structures of scale Dsij. Using the information
about the relative position of points Pi and Pj we can reconstruct the
gradient vector as

rNeij ¼ jrNeijjðsin dij cos dijÞT ¼ ðrNexij rNeyijÞT; ðD2Þ

where rNex and rNey are the meridional and zonal components of
the gradient and dij is the azimuth angle for the corresponding dipole.

For a set of dipoles for the specified time window we can define an
average gradient value within that window as

hrNei ¼ 1
ND

X
fi;jg

rNeij ¼ ðhrNexi hrNeyiÞT; ðD3Þ

where the summation is performed over all pairs of Pi, Pj that form
ND dipoles. The equation (D3) defines the NeGIX index for the
Swarm. The conventional units of the NeGIX index are
[cm�3 km�1]. Figure D1 shows an example of the range of
values of the NeGIX and its typical behavior on the day
and night sides of the Earth.

Figure C1. Geometric constructions for scattering on the Fresnel-
scale irregularities (a) and on the irregularities of larger scales
contributing to the wavefront tilt (b), (c). Se the text for more
explanations.
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Figure D1. The values of the total NeGIX index obtained during and after the geomagnetic storm of April 23–24, 2023 for the longitudinal
sector correspond to those in Figures 4 and 5. Both the ascending (Earth’s day side) and descending (night side) parts of the Swarm A and C
orbits were considered and each figure contains several passages of the satellites. The ascending passages on April 23 and the descending
passages on April 24 took place under the most disturbed conditions (Kp index = 8). The NeGIX during these passages shows in general higher
values.
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