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Abstract

To advance inertial navigation, we present the scheme for a compact quantum sensor which is
based on the quantum phenomenon of the angular Bloch oscillations and measuring exclusively
the angular acceleration of slow external rotation. We study the dynamics of ultra-cold atoms
confined in a toroidal trap with a ring-lattice along the azimuth angle, realized with the
superposition of two copropagating Laguerre—Gaussian beams. In the presence of external rotation
with a small angular acceleration, or a prescribed linear chirp between the two beams, the
measured angular momentum of the trapped atoms exhibits a specific periodic behaviour in time,
which we call as the angular Bloch oscillations. This quantum phenomenon is shown to be a key
element of fruitful applications for (i) an efficient transfer of quantized angular momentum from
the light to the atoms by controlling the chirp, and (ii) the direct determination of the angular
acceleration of external rotation by measuring the Bloch period.

1. Introduction

Bloch oscillations (BOs) describe the periodic motion of a particle in a periodic potential responding to a
constant force. Initially proposed for electrons in the periodic crystal structure of metals by Bloch in

1929 [1], this quantum phenomenon remained non-observable for many decades, because the Bloch period,
being inversely proportional to the lattice period, exceeds the decoherence time in the system by many
orders. However, in atomic physics the lattice period could be substantially extended and BOs have been
observed with utracold atomic gas trapped in optical lattice [2, 3]. Additionally, the BOs have also been
studied experimentally in various physical systems. These include, for example, BOs of electrons in
semiconductor superlattices [4, 5], an electromagnetic field in photonic crystals [6, 7], rotational excitations
during molecular rotation [8, 9], and an impurity atom immersed in a strongly interacting one-dimensional
Bose gas [10].

One of the many valuable applications of the linear BOs is based on the fundamental fact that the atom
moving in an optical lattice picks up the linear momentum from the light during BOs. This results in
substantial improvement of the sensitivity and precision of atom interferometers. Nowadays they are utilized
in many metrological applications, including precise measurements of fine structure constant [11],
gravitational acceleration [12—14], gravity gradient [15, 16], the Newtonian gravitational constant [17, 18],
and the Coriolis non-inertial force [19-26]. The latter is of great importance for realizing large enclosed
space-time areas [27] and observing interference of massive objects [28].

The miniaturization of atomic interferometers is an important step towards their technological
applications [29], for example in inertial navigation and geodesy. There are several ways to achieve this. In a
free-falling system, this can be realized by re-launching the atoms in a multi-loop scheme [30]. Alternatively,
guiding the atoms and thus supporting them against gravity helps to increase the interferometer time and its
sensitivity while remaining in a small volume, e.g. in Sagnac interferometers [31-33].

In addition, both inertial navigation [34] and seismic recording [35] also require sensors to accurately
measure the time-dependent angular velocity. At present, there have already been developed indirect [36, 37]
and direct [34] schemes to determine the angular acceleration. In particular, when the angular velocity
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changes faster than the repetition rate of measurement, the angular acceleration can be estimated with an
array of classical inertial sensors [38].

In this paper, we present new quantum phenomenon of the angular Bloch oscillations (ABOs) and
propose their valuable applications to (i) transfer efficiently the quantized portion of angular momenta to the
particle and (ii) conceptualize a compact quantum sensor for measuring exclusively the angular acceleration
of external rotation. To observe ABOs in a lab, we propose and consider in detail the experimental scheme,
which is based on ultra-cold atomic gas tightly confined in a toroidal trap with an additional periodic
potential along the angular variable. Such a ring lattice can be realized via superposition of two copropagating
Laguerre—Gaussian (LG) beams with the azimuthal indices I and —I [39]. We show that in the presence of
external rotation of constant angular acceleration, or prescribed linear chirp between the LG beams, the
measured angular momentum of trapped atoms displays the characteristic periodic behavior in time, that is
ABO:s. As the first application, we proof that ABOs are mostly prominent in the regime of a shallow ring
lattice and thus offer a very efficient way to transfer the well-defined amount of angular momenta, namely
multiple of 217, from the field to the trapped atoms. This technique significantly advances guided-wave
Sagnac atom interferometers [29, 31-33, 40, 41] and studies of persistent current in a toroidal Bose—Einstein
condensate [42, 43]. As the second application, we demonstrate that our setup based on ABOs measures in
fact only the non-inertial Euler force, being entirely determined by the angular acceleration, rather than the
Coriolis or centrifugal ones. By analyzing the sensitivity and the working range of the proposed sensor, it is
shown to offer significant performance improvement in comparison with existing angular accelerometers.

Our paper is organized as follows. In section 2 we introduce our setup for realizing a ring lattice suitable
for observation of ABOs. Here we also show how the strong confinement of ultra-cold atoms allows us to
describe dynamics appearing in the proposed scheme by the effective one-dimensional model. We proof in
section 3 that the resulting one-dimensional system indeed displays ABOs and then present the detailed
timeline of observation procedure. Section 4 presents fruitful applications of ABOs, namely to transfer the
quantized angular momentum from the ring lattice to the atoms, calibrate experimentally our effective
one-dimensional model and design quantum sensor for determining exclusively the angular acceleration of
external rotation with high precision. We briefly summarize in section 5 our results and provide an outlook.
In order to keep our article self-contained but focused on the central ideas, many lengthy calculations are
included in four appendices. In appendix A we investigate the adiabatic time evolution of our system. The
loading of atoms into the ground-state of a ring lattice is quantitatively studied in appendix B. We then
consider in appendix C the non-adiabatic transitions induced by fast rotation. Finally, appendix D is devoted
to derivation of the analytical formulas for the first two energy bands in the case of a shallow lattice. These
results help us to evaluate analytically the main parameters of ABOs.

2. Setup

2.1. Three-dimensional scheme
For observing angular Bloch oscillations, we consider the following setup. A gas of ultracold atoms of mass m
is confined in the three-dimensional (3D) trap described by the total potential [44, 45]

U(rvt): UT(r)+URL(rat>7 (1)

where the first term Ur(r) corresponds to the toroidal trap

2 2
r—r z
U () = m T S @)

keeping atoms on a specific ring with radius ry and in the plane z= 0, as shown in figure 1. Here we use the
cylindrical coordinates (r, ¢, z) for the position vector r and denote the trapping frequency along the r and z
direction by w, and w)|, accordingly.

The second term Uy (r, t) in equation (1) describes the ring-lattice trap

UrL (1‘, l’) = U(t)ﬁ |:M\//<§Z1;:| {Cos2 [lgp — a(t)] — 1}, (3)

providing a periodic modulation along the angular variable ¢ with the amplitude U(¢)fi[v/2r/w(z)]
depending on r and z. Here, I = 1,2,... and w(z) is the beam waist, w(z) = wy+/1 + (z/zg)? with the
Rayleigh length zg. To overlap two potentials Ugy (r, t) and Ur(r) perfectly, the position of maximum of f;
needs to be matched to the radius 7, by making a choice of wy, z, and L.

The potential Uy (r, ) is an optical dipole potential realized with the linear superposition of two
red-detuned LG optical beams LG; and LG_;, copropagating along the z-axis, as depicted in figure 1. These
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LG, LG_;

Figure 1. Setup proposed for observing angular Bloch oscillations. Ultracold atoms are held by the toroidal trap, restricting their
movement on the ring, dashed line, with radius ry at z=0. Two red-detuned Laguerre—Gaussian beams with opposing azimuthal
indices 1 are used to create the ring lattice potential, blue line, which can be moved along the ring via the frequency chirp.
Moreover, the atoms experience the external rotation §2(¢) around the symmetry axis of the ring.

LG beams have the same intensity I and the radial index p = 0, but opposite azimuthal indices / and —1.
Thus, we have f;(€) = exp(—£2)&% /Il and U(t) = (1/7) (A2 /| A|) (I (t) /Lat ), where I' denotes the natural
line width of the used atomic transition, A < 0 the laser detuning, and I, the saturation intensity. Moreover,
the position-dependent relative phase (Aw(t)/c) [z— 1*/R(2)], with Aw(t) = w~D () — wP(¢) and R(2)
being the radius of curvature of the beam wavefront, is typically small [39] and therefore can be neglected.

In addition, to rotate the ring lattice, these LG beams are phase-locked and have the relative chirp Aw(¥).
Indeed, this chirp defines the function

al) =3 / Aw(t') dt’, @)

determining the positions of maxima and minima of the ring-lattice potential Uy (r,t), according to
equation (3).

2.2. From 3D to effective 1D
When we neglect atom-atom interaction, the dynamics of atoms in the potential U(r, ) is governed by the
3D Schrodinger equation

0 W o?
lh&\ll— _ﬁ@—i_

U(r,t)| T (5)
for the wave function U (r, ).

As is well known, the amplitude of the linear BOs reaches its maximum in the regime of the shallow
lattice. Consequently, to study the Bloch oscillations along the azimuth angle ¢, now on the finite domain of
the ring (effectively 1D system), an experimental setup proposed here has to be designed in a way that the
atoms are strongly confined on the ring, r = ry and z = 0, by the toroidal trap, equation (2), and experience
only weak periodic potential along the angle ¢ provided by the ring-lattice trap, equation (3). To achieve this,
we first require that the characteristic length of confinement //(mw ) along z is much smaller than the
Rayleigh length zg, \/h/(mw|) < zr. This effectively allows us to consider the ring-lattice potential Uy,
equation (3), entirely at z= 0. Moreover, since the function f;(¢) has a single maximum at ¢ = /],
fi(\/2r/wy) in Ugy(r,t) has a maximum at r = \/1/2wy. This radius needs to be matched with the minimum
of the toroidal trap Ur, equation (2), at r = ry, resulting in the condition ry = MWO. We also demand that
the toroidal trap creates a well-defined ring structure, that is the ring width /%/(mw ) is small compared to
its radius ro, \/H/(mw, ) < .

As a result, when the frequencies w,; and w) in the radial and axial directions are sufficiently large in
comparison with the characteristic frequency w,, ~ i/(mr3) in the angular direction, the entire dynamics

3
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takes place only in ¢ direction. In this way, the wave function ¥ (r,t) can then be approximated by

Ry (r)
\/;
where Zy(z) and Ry(r) represent the normalized wave-functions of the ground state only in the toroidal trap

Ur(r), equation (2), in the r and z directions, accordingly, ¢ is the energy phase factor. The wave-function
®(p,t) describes the dynamics in the ¢ direction and obeys the effective 1D Schrodinger equation

v (1’, ¥52, t) =2y (Z)

®pexp (- peor). ©)

0 { w o?

h—¢ = —Ea—wz—l—V(t)cos2 [lp —a(t)]}q) (7)

ot

with the effective moment of inertia

-1
([ R

and the effective potential depth

00 o] \ﬁ?‘
V()= U(t)/ dr/ dz|Zy (2)* |Ro ()| fi [ } . (9)
0 —00 W(Z)
The energy phase factor ¢y in equation (6) then reads
€ :/mdrw—i—h(w +w )—I/tV(t’)dt' (10)
0 0 472 2 + tJo '

For sufficiently strong toroidal trap, the parameters I, equation (8), and V, equation (9), of our 1D
effective model, described by equation (7), can be easily estimated, I ~ mr2 and V() =~ U(t)f;(v/2ro/wo)
= U()fi(v1) = U(t)(I'/1)e~". However, the exact values of I and V(¢) are unknown and depend on specific
details of the actual experimental realization. In section 4.2 we show how the ABOs can be applied for the
determination or calibration of these parameters experimentally.

In fact, there are also other possibilities to create a similar system. Any periodic modulation along the
ring (the ¢ direction) leads to the same results we are presenting in this paper. In particular, one can use the
blue-detuned LG beams instead, which builds up a dark lattice, where the atoms are trapped in the vicinity of
the small intensity. This gives rise to longer coherence times due to smaller scattering rates [39]. In this case,
the correct combination of the azimuthal indices /; and I, of the LG beams should be found to create a ring
lattice [41]. The number of sites is still equal to |}, — I |.

In addition, to have purely 1D dynamics along the ring, a trapped atomic gas should have a sufficiently
low temperature to suppress thermal excitations in both axial and radial directions. In relevant experiments
[43, 46], which focus on the optical trapping of a BEC on a ring, the axial and radial trapping frequencies are
taken to be wy ~ 27 x 1kHzand w ~ 27 x 300 Hz, respectively. For temperatures
T < min{fw),hw }/ks ~ 150K, the atoms can therefore occupy only the ground state in axial and radial
directions.

3. Angular Bloch oscillations

The previous section has presented the experimental scheme to realize a ring lattice suitable for observation
of ABO:s. In this section, we first show that the resulting 1D system indeed displays ABOs and then discuss in
detail an observation procedure for this phenomenon.

3.1. Particle in a ring lattice

If there is additionally an external rotation with the time-dependent angular velocity £2(¢) = €)(¢)e, around
the symmetry axis of the ring, figure 1, the effective 1D dynamics of our system is described by the
Schrédinger equation

0 { w9

0
ih—® = —21&02—I—V(t)cosz[lgo—a(t)]—i—Q(t)ihasD}@ (11)

ot

for the wave function ® (¢, t). This equation should be solved on the finite domain —7 < ¢ < 7 with
periodic boundary condition for ® (¢, t), namely ®(—,t) = ®(m,t) and [d®/dp](—m,t) = [d®/dp](T,1).

4
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In general, the dynamics of our system, equation (11), is controlled by three parameters: (i) the
magnitude of the periodic potential V(¢), (ii) the function a(t), and (iii) the angular velocity () of external
rotation. Now we show that the effect of the chirp can be treated as effective rotation. When looking at any
point of the periodic potential, e.g. a maximum or a minimum, its angular position moves with the angular
velocity a(t) /1, where we denote the time derivative of a() as a(t) = da/dr. Therefore, by considering our
system in the co-rotation frame, which moves with the angular velocity a(t) /I with respect to the lab frame,
the transformed wave function

O (ip,t) = exp H);]fb(% t) (12)

obeys the new form of the Schrédinger equation

0 W 9 0
17559 {_ZIW + V(t) cos® (Ip) + Qege (1) hago} o, (13)

which should be solved on the domain ¢ € (—m, 7] with the periodic boundary conditions. Here the total
time-dependent angular velocity

a(t Aw (t
() =00+ W a4 220 (14)
combines together two sources of rotation and defines
—hn (t) EIQeff(t) (15)

as the extra angular momentum associated with this rotation of the atoms on the ring. As a result, the
dynamics in the co-rotating frame is entirely determined only by the two parameters: V(¢) and Qe(1).

3.2. Bloch states in a non-accelerating ring lattice

Before studying the dynamics of atoms in a ring lattice, we first investigate this system in the case of the
constant potential amplitude V(#) = V and rotation with the constant extra angular momentum %n(t) = .
The right-hand side of equation (13) is therefore time-independent and periodic in the angular variable ¢
with period Ay = 7/l According to the Floquet theorem, the solutions of equation (13) then read

S (QD, ) @n m ( )eXP (_lEt(?,mt/h) ) (16)

where E,?m is the eigenenergy and the corresponding wave-functions of the Bloch states

On,m ()= eimw“n,m+no (¥) (17)

always consist of a plane wave exp (im¢p) and the periodic function u, 4, (¢) with the same periodicity Ap
as the potential. Here m is restricted to integers from the first Brillouin zone m € (—1,1], defining the
corresponding recoil energy and frequency

(18)

while n numbers the band index, n =0, 1,2,... [47, 48]. Consequently, our system displays the band
structure with 2/ states per band.
The wave-functions iy, 4 n, (¢) are solutions of the ordinary differential equation

1 d :
E, (q) Upg = [21 ( lhdi + hq) + Vcos? (l(p)] Un,q, (19)

which should be solved for —7/21 < ¢ < 7 /2l with periodic boundary conditions, that is u, (—m/2I) =
U q(m/21) and [duy, 4/d](—7/21) = [du, 4 /de](7/2]), and g = m + 1.
Moreover, the energies E,?m in equation (16) can be obtain from E, (g) by using the relation

g

7 (20)

Eyy = En (m+1j0) -
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Figure 2. The energy bands Eo(q), blue curve, and E; (g), red curve, for V= E; and I = 2. The purple dots labeled by the indices
(n, m) display the discrete energies E, (m) of the system for vanishing extra angular momentum, fing = 0.

|U0,0(<P)|2

0.2

0.1

—T 0 ™

Figure 3. Probability distribution |u (¢)|* of the ground state of the system for V = E;, [ =2 and fin = 0.

In figure 2, we display the energies Ey(q) (blue curve) and E (q) (red curve) for the first Brillouin zone,
q € (—1,1], which have been obtained by solving equation (19) numerically for V= E, and /= 2. The
periodicity of the function u, 4(¢) in ¢ automatically implies that the eigenenergies E, (q) are periodic in g,
that is E,,(q + 2I) = E,(q). In addition, the purple dots labeled with double index (1, m) represent the
discrete energies E,(m) of our system in the case of vanishing extra angular momentum, finy = 0, as given by
equation (20).

Finally, in figure 3, we present the normalized distribution |ug ()
tom=0and n=0.

|? of the ground state, corresponding

3.3. ABOs in an accelerating ring lattice
Now we investigate the dynamics appearing in a ring lattice rotating with the constant angular acceleration
Qe = dQes/dt, corresponding to the linear change of the extra angular momentum 7(t) = st in time, with
s= —IQeff/ fi, equation (15). If the system is initialized in its ground state with the wave-function ug ¢(¢) and
the energy E(?O, as depicted by the purple dot in figure 4, for small enough s, the system is staying in its
instantaneous eigenstate and moves along the blue solid line, following the energy dispersion relation, as
shown in figure 4.

According to appendix A, such an adiabatic dynamics is described mathematically by the approximate
solution

O (1) = €*Dug ) () (21)
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| By |

l | — Eo[n(t)]

2F, — E1[n(t)]

| E, |

3 (0.0) 3

n(t)
—1 0 l 21

Figure 4. Angular Bloch oscillations viewed with the energy dispersion. The system is prepared in its initial ground state, purple
dot, and follows the lowest-energy band Eo(q), blue line, during adiabatic dynamics.

of equation (13), where the imprinted time-dependent phase

¢ (1) = ¢a (1) + g (1) (22)
consists of the dynamical phase
1 t
ba() =~ | ESy(s) ar @3)
0
and the geometrical phase
. ! a /
95(0) =1 | (o] 57 |tonen) 4’ (24)

originating from the change of the instantaneous eigenstates |u07n(t/)> with time [49].
Since the energy dispersion Ey(7) is a periodic function, Ey(n + 2I) = Ey(n), as displayed in figure 4, we
intuitively expect the periodic dynamics in our system after the Bloch time

— (25)
S

Indeed, evaluating the wave-function © (¢, t), equation (21), after a time step of #3
O (p,t+tg) =W~ 2°Q (1), (26)

we arrive at the original wave-function (¢, t) multiplied by the time-dependent global phase
8o (1) = d(t+ 1) — P(t), as well as the p-dependent phase —2lip, describing the increase of the angular
momentum by 2/l Here we have used the fact that u (s 121 = exp(—2ilp)ug y s)-

Thus, our system indeed displays periodic dynamics in the state and we call this phenomenon the angular
Bloch oscillations. Now, the important question arises: which measurable quantity does display this periodic
behaviour? For the conventional Bloch oscillations in a linear periodic potential [3], such a periodic behavior
occurs in the mean velocity. In analogy, we analyze the mean value (L,)(t) = (®(¢)| L, |®(t)) of the angular
momentum operator L, as the function of time, where ® (¢, 1) = exp[—iaL,/(l)]O(y, 1) is the
wave-function in the lab frame. With © (¢, t) given by equation (21), we obtain

I dEy(q)

(La) () = —hn (1) + 7

r (27)

q=n(t)

During the adiabatic evolution, (L,)(#) has two contributions: (i) the extra angular momentum %7 (t),
picked up by the state, and (ii) the derivative of the energy band Ey(q) evaluated at n(#). In figure 5 we
present the dependence (L,)(t), blue line, together with the linear shift —#n(t) = —Tist, green line, for the

7
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—2lh
L
—hn(t)
Figure 5. Mean angular momentum (L) (¢) of the atoms as the function of rotation time f, blue line, for the lattice depth V = 3E,
and the effective angular acceleration s = 0.01lwy. In addition, the linear behaviour —7in(t) = —Fst is shown by the green line,
while the function (L) (¢) + fin(t) is displayed by the red line.
Ao - (:
(t
0 >
(iii) te (iv)

Figure 6. Timeline of the proposed scheme to observe ABOs. The procedure consists of four steps: (i) state preparation,

(ii) loading, (iii) rotation and (iv) measurement. The magnitude V() of the ring lattice and the angular velocity r(¢) are shown
as functions of time ¢ by the solid blue and green lines, accordingly. The pictures display snapshots of the trapping potential at the
specific times, where blue regions correspond to deeper trapping potential.

lattice depth V' = 3E, and the effective angular acceleration s = 0.01 w,. When we subtract —in(¢) from
(L,)(t), we obtain only the contribution from the second term (I/%)[dE,(q)/dq](1(f)) on the right-hand side
of equation (27). This function (L,)(t) + hn(t) of t is displayed in figure 5 by red line and indeed the periodic
one with the Bloch period 5, equation (25). This periodicity entirely originates from the periodicity of the
band structure E,(q) (n =0,1,2...) with respect to g, E,(q + 2) = E,(g), and can be employed to measure
the parameters I and V of the effective 1D model of the ring lattice, as shown in section 4.2.

3.4. Scheme for observation of ABOs
In order to observe ABOs identified in the mean value (L,)(t), we propose a four-step procedure: (i) state
preparation, (ii) loading, (iii) rotation and (iv) measurement.

First of all, the trapped atoms are prepared in the ground state of the toroidal potential Ur(r),
equation (2). The angular part of this state (i, —t;) = 1/+/27 corresponds to the ground state of a particle
on a ring. Figure 6 displays the toroidal trap in the x-y plane for t < —f;, marked by the index (i), where the
blue color represents the region of the deeper potential.

At the second step, the ground state of the total potential Ur(r) 4+ Ugr(r) should be prepared. For this
purpose, by switching on slowly the intensity of the LG beams, we are able to increase adiabatically the
magnitude V(¢) of angular modulation during the loading time #, as depicted in figure 6. In this way, the
ground state of the toroidal trap is slowly transferred into the one of the total potential, that is
®(,0) = ug (). Appendix B provides more details on the required adiabacity of this loading process.
Additionally, we show in figure 6 the final form of the trapping potential at the end of the loading process
marked by the index (ii).

At the third step, we keep the intensity of the LG beams constant, while having a linear dependency of the
relative chirp Aw(t) between the beams in time. This corresponds to the time interval 0 < ¢ < t when
n(t) = st, shown by the green solid line in figure 6, leading to a ring-lattice potential rotating with the

8
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constant angular acceleration Quif = —his /I, equation (15). Such rotation should be again done in an
adiabatic manner, that is for small enough s, to avoid any transitions from the lowest energy band to the
other ones. In appendix C we examine in detail the limitations on the effective angular acceleration s.

Finally, at the fourth step, we measure the angular momentum of the state after keeping the constant
acceleration for the time #. This is carried out by turning off the ring-lattice potential Uy (r) abruptly, as
shown in figure 6, and measuring the angular momentum at ¢ > t;. This is possible because the angular
momentum is a constant of motion for a particle in the toroidal trap.

Thus, when the adiabatic conditions are fulfilled, the presented procedure can be performed with
different rotation times ¢ for measuring (L.) () and therefore observing the angular Bloch oscillations,
figure 5.

4. Applications

In previous sections we have presented the new phenomenon of ABOs, being the direct analogue of the
linear BOs [1-3], and proposed the detailed scheme to observe them in a lab. Now we focus on three
applications of this phenomenon. Here, we first discuss the method to transfer the large quantized angular
momentum from the ring lattice to the atoms. We further utilize ABOs for the direct experimental
calibration of our effective 1D model and then for the sensing of angular acceleration.

4.1. Large angular momentum transfer
With our setup, ABOs can be used as a tool for transferring a large angular momentum to the center-of-mass
degree of freedom of the atom. This process is similar to the one of the conventional Bloch oscillations on the
line, where the atom picks up the large and well-defined linear momentum [50]. Alternatively, the coherent
transfer of the orbital angular momentum of a photon to an atom can be realized via two-photon stimulated
Raman process in a combination of Gaussian and LG laser beams [51]. Both techniques could find valuable
applications in guided Sagnac atomic interferometers [29, 31-33] for imprinting large angular momenta and
thereby increasing the sensitivity of the interferometer.

First of all, ABOs occur only when the effective angular acceleration s = (dr/dt) of the ring lattice is quite
small, s < s, where

ol V2 )8
Sc = T ﬁ (28)
As shown in appendix C, under this condition, there occur no Landau-Zener transitions and the atoms
follow adiabatically the slowly rotating ring lattice, with the atomic wave-function in co-rotation frame given
by equation (21). Hence, according to equation (26), for a given rotation time ¢, the average angular
momentum (L,)(¢) changes by

(L) (t+t8) — (L) (1) = —2IR (29)

after each Bloch period #3.

The quantized transfer of (L,)(t) becomes even more prominent in the case of shallow lattices, as clearly
seen from the comparison of figure 5, for V = 3E,, and figure 7, for V = 0.5E,. For weaker lattices, the
step-like change of (L.)(t) takes place only at the edges of the Brillouin zones, t = (1 + 1/2)t3 with
n=0,1,2..., while (L,)(¢) is almost constant at other times. However, the weaker lattice reduces s.,
equation (28), and thereby increases the experimental time needed for keeping adiabatic time evolution.

Still, we have to keep in mind that these results are obtained within the effective 1D model of our
proposed setup, equation (11), where there occurs only the dynamics in the ¢ direction. However, for quite
large transferred angular momentum, the centrifugal energy becomes comparable to the excitation energy
hw , leading to the energy transition between the ¢ to r directions. This process limits the maximally
allowed transfer of the angular momentum from the ring lattice to the atoms.

4.2, Parameters of the effective 1D model

Now we take a look back at the effective 1D dynamics governed by equation (11). Despite the external
rotation and the chirp, we have two parameters characterizing the system, namely the effective moment of
inertia I and the magnitude V of the effective 1D periodic potential. Depending on the specific setup used,
the reduction from the 3D description to the effective 1D model provides approximate values of I,
equation (8), and V, equation (9). For any application of ABOs, it is therefore extremely useful to measure
these values directly and even compare them to the analytical results.
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Figure 7. Mean angular momentum (L) (#) as the function of rotation time ¢, for lattice magnitude V = 0.5E; and the effective
angular acceleration s = 0.002ws.

-A

Figure 8. Time derivative of the mean angular momentum <iz> (1), for a lattice depth V = 0.5E; and the effective angular
acceleration s = 0.002wy.

In order to calibrate I and V, we consider no external rotation, £2(¢) = 0, and prescribe the chirp Aw(?)
in a linear manner,

Aw(t) = —Bt (30)

with a well-controlled constant B.

In the setup proposed in section 2, this corresponds to the total angular velocity Qex(t) = —Bt/(2]) in
equation (13) and the constant angular acceleration Qer = —B /(21). As shown in section 3, this chirp
induces ABOs in our system. Thus, to extract both parameters I and V, we take the derivative of (L) (t) with
respect to t and obtain d(L,) /dt, presented in figure 8. This curve displays the periodic behavior with the
Bloch period #5 and has sharp peaks at t = (n+ 1/2)# with n =0,1,2.. ., corresponding to the edges of the
Brillouin zones. The distance between two neighbouring peaks measures the Bloch period f5. By using
equation (25) with s = (dn/d¢) and equation (15), we derive the relation between the Bloch period

h
tp =4 — 31
B 1B (31)
and the moment of inertia I for given / and 5.
Next, according to appendix D, the magnitude A of these peaks, as indicated in figure 8, depends not
only on I and B, but also on the potential magnitude V, namely in the regime of shallow lattice, V < E;, we
have derived

2
Azyzg. (32)
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Additionally, these peaks are shown to be sharp, since the relative width

At Vv
ZCFWHM Y 41/3 1 (33)
53] 8E,

is small for shallow lattices, where Aty denotes the full width at half maximum of the peaks.
As a result, these two equations (31) and (32) allow us to calibrate the parameters,

h
I=4P— 34
Bis (34)
and
wB
V=21— 35
1 (35)

via measuring the two parameters t5 and .4 of ABOs. The latter are only induced by the prescribed chirp
Aw(t), equation (30), in the case of no external rotation.

4.3. Measurement of external angular acceleration
Due to the equivalence of external rotation and the chirp between the LG beams in our setup, we can employ
ABO:s for sensing the external rotation. Indeed, according to equations (13) and (14), in the co-rotating
frame the atoms are trapped in the non-rotating periodic potential Vcos?(lp) and experience total rotation
with the effective angular velocity Qe(t).

To measure the constant acceleration € of external rotation, we again prescribe the linear chirp Aw(t),
equation (30), with a given constant 3. In this way, the inverse Bloch period

% — 8’; (B - 2ZQ> (36)

of the induced ABOs depends linearly on B with the offset 21€).
By choosing a well controllable chirp B and measuring the Bloch time # of induced ABOs, we can
directly determine the angular acceleration of the external rotation

. 1 Wy
Q_zl(B—8tB>. (37)

The Bloch period #5 can be extracted in the following way. The measured angular momentum (L) () as
the function of time is presented in figure 7 for the case of a shallow ring-lattice. We now identify the two
times #, and t,, at which the periodic function d(L.) /dt with the period 5, shown in figure 8, has peaks. We
then determine the Bloch period t5 = |, — ;| /N, with N being the number of observed Bloch periods in
the time interval |t, — #1].

Next, we derive analytical formula for the sensitivity of the proposed sensor. For this, one needs to
analyze the uncertainty AL, in measurement of (L,)(t), shown in figure 7. This uncertainty propagates into
the determination of ¢; ; as

Aty = # . (38)

|8<LZ>/8t’ "
In the regime of a shallow lattice, this quantity can be evaluated analytically by using the unperturbed states,
as considered in detail in appendix D, to obtain AL,(t; ;) = il and [0(L.)/0t] (12) = 21> (21 — B)/ V.

As a result, with the help of equation (37), we arrive at the uncertainty

. 1 Vuw
AQ = JNIE T (39)
in determination of the angular acceleration based on measuring the Bloch period #3 of ABOs. Here N is the
number of atoms in the trap, T = Npty is the observation time, which is ultimately limited by the life-time of
the ground state in the specific experiments. In addition, the Bloch period 5 needs to be sufficiently long
compared to 21/s., in order to avoid non-adiabatic transitions during slow angular acceleration of the
ring-lattice, as discussed further in appendix C.

11
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For typical experimental parameters [39—41], namely I = 10, ry = 90 um, and V = 3E;, we achieve the
sensitivity

) -3
AQ =~ 10 ! @ (40)

V/[4N/10°] [T/1s] 2
of the proposed setup as the function of the atom number N and the observation time 7. For example, at
N=2-10%and T = 10s, it results in AQ ~ 10~ *rad/s%.

Now we are in the position to compare our sensor to existing classical devices. For this, we use two
parameters: (i) sensitivity and (ii) range of sensor. Firstly, the sensitivity, or single-shot resolution A{2 shows
the performance improvement at least by one order in comparison with the sensitivity of existing classical
angular accelerometers, demonstrating record sensitivity 10> rad s~ [52]. Secondly, our sensor has a wide
range of performance, i.e. it is able to determine precisely not only very small, but also large angular
acceleration. Indeed, the parameter /3, being connected to the frequency chirp Aw(f) = —Bt, is precisely
controllable and restricted only by the frequency of LG beams. Hence, by matching the chirp B
approximately to the unknown external angular acceleration and thereby staying in the adiabatic time
evolution, we are able to observe ABOs and thus to determine the angular acceleration. For a comparison,
the existing classical sensors have shown a full range of the order of 100rad s, reference [52]. Our sensor
can be thus used in tests, utilizing turntables operating at 10~* + 1rad s~ * with frequencies 0.01 < 100 Hz,
for air- and spacecraft applications [52-55].

In conclusion, it is important to understand to which non-inertial force the proposed setup is in fact
sensitive to. Rotation with a time-dependent angular velocity is described by the term —Qeg(¢)L, in
equation (13) and corresponds to three non-inertial forces appearing in co-rotating frame, i.e. the Coriolis,
centrifugal and Euler one. For atoms moving on the ring, both the Coriolis and the centrifugal forces act
along the radial direction and are therefore compensated by the strong confinement. As a result, our scheme

actually measures only the Euler force directed along ¢ and determined entirely by the angular acceleration
Q.

5. Conclusion & outlook

We have presented the new quantum phenomenon of the angular Bloch oscillations, which is analog of the
ordinary Bloch oscillations in one dimension. For their observation we have proposed and analyzed in detail
the experimental scheme based on state-of-the-art technologies used for ultra-cold quantum gases. In
addition, we have presented valuable applications of ABOs to (i) transfer efficiently the angular momenta to
atoms and (ii) measure precisely the angular acceleration of external rotation.

To realize the ABOs in a lab, we tightly confine atoms in a toroidal trap and add a ring lattice along the
azimuth angle, made of two copropagating LG beams with the opposite azimuthal indices / and —I. We have
demonstrated that in the presence of external rotation of small angular acceleration, or prescribed linear
chirp between these LG beams, the measured angular momentum of trapped atoms displays the
characteristic periodic behavior in time, i.e. ABOs.

In the regime of a shallow ring lattice, ABOs can be utilized for the transfer of the well-defined quantized
portion of angular momenta from the field to the trapped atoms. Moreover, to design a compact and reliable
quantum sensor for the Euler non-inertial force, we have proposed an experimental scheme based on ABOs
for measuring angular acceleration of external rotation. By analyzing the sensitivity and the working range of
this sensor, we have shown that it does demonstrate a significant performance improvement compared to
existing angular accelerometers.

As outlook, our theoretical model of the proposed setup might be improved further by solving the 3D
Schrodinger equation (5) numerically [56—58]. This allows us to quantify the effect of coupling between
radial and angular components, since this coupling puts limitations on the maximal angular momentum that
can efficiently be transferred to the atoms. Moreover, it is also important to understand the effect of
atom-atom interaction on the dynamics of ABOs and their applications. Furthermore, the dedicated
numerical simulations allow us to determine the relation between the linear transfer, provided by
two-photon stimulated Raman process [51] as well as ABOs, and non-linear superradiant transfer [59] of the
angular momentum from light to trapped atoms. The latter process may play a crucial role especially in the
case of large atom number and small radius of a toroidal trap.

Here we have analyzed the optical trapping using a bright lattice formed by two LG beams with the
azimuthal indices ! and —I. However, two LG beams with certain indices can create a dark lattice [39, 41],
resulting in reduction of photon scattering and hence longer coherence times. It might also be beneficial to
consider other setups realizing a ring confinement with a additional periodic modulation along the angular
variable, e.g. by combining magnetic and optical traps [39, 44, 45].
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Appendix A. Adiabatic time evolution

Here, we investigate the adiabatic time evolution of our system, prepared initially in its ground state. To do it,
we first expand the solution

1) = ch,m (t) {@;,m> (A1)

of the Schrodinger equation

0 .
i 16(1)) = H(1)|©(1)) (A2)
with the time-dependent Hamiltonian
. w 9* 0
H(t) = —Eanz—l-V( t) cos® (Ip) + Qesr ( )17&% (A.3)
in terms of the Bloch states as instantaneous eigenstates
(p|O©),) = eim“"uz(:z_m(t) (¢) (A.4)
with the integer m € (—1,1] and n(t) = —IQx(1) /5.
The functions u}, ,(¢) are the solutions of the differential equation
El(q)u’, = 1 'hi+h 2+ 2(lp) | u (A.5)
n (@)= |57 | i ay q veos” (Ip) | uy, 4 .

with n=0,1,2.... This equation should be solved for —7 /2] < ¢ < /2l and with the periodic boundary
conditions for u!, q(go)

By inserting equation (A.1) into equation (A.2) and using the eigenvalues EP,, = E) (m +n) — h*n* /(2I)
of H(t), we arrive at the system of coupled ordinary differential equations

5 B+ 6L, gt )] un (0
< ;m > (A.6)
“ XX wmaom, 00

(n’,m’)#(n,m)

for the expansion coefficients ¢, , (?).
When the right-hand side of equation (A.6) is negligible, that is if

(__)t t
n,m n' ,m’

with (n',m") # (n,m), the system stays in the state, where it has been initially prepared. This is the adiabatic
limit.

OH
ot

2

h < |Epu(t) = EQ (D) (A.7)
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As a result of adiabatic evolution, for our system prepared initially in its ground state, that is ¢y o(0) = 1
and ¢, ,(0) = 0 for n> 0 or m > 0, we obtain

O (p,1) = 210 () = Vuy (A8)

where the imprinted time-dependent phase

¢ (1) = da (1) + g (1) (A.9)
consists of the dynamical phase
1 t
da(t)=—3 / EQy (st') dt’ (A.10)
0
and the geometrical phase
. t v(t’ 0 v(t’
¢g (t) = 1‘/0 <u07§7(t)/) % uO,E](t),)> dt/, (All)

X(t) > with time [49].

originating from the change of the instantaneous eigenstates ‘u ()

Appendix B. Adiabatic loading process

In this appendix we study in detail the loading process, taking place at the second step of the scheme
proposed for observation of ABOs and presented in section 3.4 and in figure 6. Here, the external rotation as
well as the chirp between the LG beams are absent, Q(t) = 0 and Aw(#) = 0, while the magnitude V (¢) of the
ring lattice should be increased slowly, to ensure adiabaticity of the loading process. For simplicity, we take a
linear ramp function

0, t< —11,
V(t)=VS (t+1)/t, —t<t<0 (B.1)
1, 0<t,

where V is the final value of the magnitude V() after the loading time #;.

According to A, the dynamics of the loading process is adiabatic if the condition given by equation (A.7)
is fulfilled. Since OH(t) /0t = (dV(t)/dt) cos?(lp), the matrix elements on the left-hand side of
equation (A.7) are not zero only for m’ = m and even values of n’ — n. Therefore, for our system prepared
initially in the ground state of the toroidal trap, © (o, —11.) = uf 4 () = 1/ /27, the most probable transition
from (n’,m’) = (0,0) is the one to the state (n,m) = (2,0). As a result, in the shallow lattice regime, V < E,,

the adiabacity condition, equation (A.7), reads

o 19)] 060 )| <854 (0~ E5 0 (82)

h‘<@tz70 dV
v i
<E> <ErtL) < 32V/2, (B.3)

where we have approximated the states and the energy bands by the exact solutions for the case V =0.
To obtain the quantitative criterion for adiabacity, in other words, the inequality for the ratio V/1, we
have performed numerical simulations for the loading process. For —#;, < t < 0, we represent the state

©(8) = Cum (1) O (B.4)

or

in terms of the stationary eigenstates ]@fﬁﬁ} of the Hamiltonian H(0), equation (A.3), with Q. = 0. By
inserting this expansion into equation (A.2), we have derived the system of ordinary differential equations
for the coefficients C, () and solved it for the initial conditions Cy o(—#.) = 1 and C, ,(—#,) =0 forn>0
orm>0.

Figure B1 displays the population |C,,,(t)|* of the Bloch states of the ring lattice with 7 =0 and
n=0,2,4 as functions of time t. The results are shown for V= 5E,, =2, and #;, = 1/w;. The population of
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Figure B1. The population |C,,0(?)
and the loading time #, = 1/wy.

of the Bloch states of the ring lattice with n = 0,2, 4 as functions of time t, for V = 5E,, [ =2
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Figure B2. The fidelity F of the loading processes as the function of the loading times f;, for V= 5E; and I = 2. The dashed line
marks the fidelity F = 0.99.

the ground state (0, 0) increases during the loading process, while the populations of other states decrease.
The loading process is finished at t = 0, marked by the vertical dashed line in figure B1. The population of
the state (2, 0) achieves a few percentages due to the non-adiabatic transitions occurring during the loading
process.

In addition, we have quantitatively analyzed the loading efficiency F, defined as the fidelity of the final (at
t =0) and the target states (0, 0). For V = 5E, and [ =2, we present in figure B2 the offset 1 — F of the fidelity
as the function of 7, where the dashed line identifies the level F = 0.99, achieved for #;, 2 1.2/w;. This result
perfectly fits our adiabacity criterion, equation (B.3).

Appendix C. Angular acceleration and Landau-Zener transitions

For a shallow lattice we investigate the loss of atoms from the lowest energy band Ey(q) to the higher energy
band E, (g), depicted in figure 2, during the process of ABOs. The dynamics of the atoms is governed by
equation (A.2) with the Hamiltonian H(f) given by equation (A.3), where V is kept constant and Qeg(t) is
the prescribed function of time. Moreover, our system is assumed to be initially prepared in its ground state
o5

When we try to use equation (A.6) to describe the dynamics of ABOs in the regime of shallow lattice, we
find out that the right-hand side becomes quite large for certain (n’,m"), leading to non-adiabatical
dynamics. Indeed, the matrix element

;’,m/> = dg:ff <®£1,m

[s.
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in equation (A.6) implies only transitions between different bands (n’ # n) with m’ = m. Since our system is
initially prepared in the (0, 0)-state of the shallow lattice, the difference of the relevant time-dependent
energies EQ(t) — Eg) (1) = Ey[1(t)] — Ey, [n(1)] in the denominator becomes very small as #’ = 1 and
n(t) =1, that is when the extra angular momentum 7)(#) reaches the edge of the first Brillouin zone 7(t) =1,
as depicted in figure 2.

To examine quantitatively the non-adiabatic transitions in the shallow lattice, we reconsider
equation (A.5) in the limit V — 0. At V =0, the solutions of this equation are given by exp (—i2lky), with
k=0,+1,42,..., for any value of g and correspond to the energies £(q) = (q — 21k)*E, /I>. To define the
bands, these solutions should be sorted according to their energies. Namely, for g € (0,]) the state with k=0
corresponds to the ground state band (n = 0) and the state with k=1 to the first excited band (n= 1), while
in the range g € (1,2I) these roles are interchanged. Most importantly, at g = I the energies of these two states
are equal, that is the energy bands cross.

For small V > 0, this degeneracy is lifted. Following the standard methods of quantum mechanics, we can
describe the dynamics of our system by writing the wave function

O (i,t) = dy + dye 2% (C.1)

in the form of the linear superposition of these two degenerate bands, or the non-perturbed torus states. By
inserting equation (C.1) into equation (A.2), we arrive at the equations

. d \4 |4
Ld o 7 (¢) % Vv

for the coefficients dy and d;, where 7(t) = —I1Qcg(t) /B
For any time dependent 7)(#) we can shift the common terms into the phase

qb():;/tdt’{ﬂir [1—"(;/)} +‘2/} (C.4)
0

and bring equations (C.2) and (C.3) into symmetric form

d \%
ih—Dy = —2E, |1 — D, —D 5
1 e [ ] o+ et (C.5)

d v
ih—D, = +2E, {1 - D; + —Dy, (C.6)

dt

where Dy = el?0d, and D; = e'?d.
For a linear behaviour 7)(t) = st, these two equations perfectly coincide with the well-known time
evolution for the Landau-Zener process [60]. As a result, the transition probability, or the loss of atoms,

Trz = exp (—277) (C.7)

from the lowest band to the first excited band during one passage through the Brillouin zone edge is
determined by the Landau-Zener parameter [60]

1 (v
7T 4Es/l)

(C.8)

This approximation is valid when the effective interaction region, corresponding to a small energy
difference, is small compared to the size of the Brillouin zone. This is in fact the case for shallow lattices.
In addition to the geometrical and the dynamical phase, the state that remains in the lowest band

experiences the phase shift [60]

bz = % +arg[l'(1—iv)] +y[In(y) - 1] (C.9)

due to the interaction with the higher band, where I'(£) denotes the Gamma function.
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Figure C1. Mean angular momentum (L,)(¢) of the atoms in the case V = 0.5E;, =2, and s = 5. = 0.049w. The red lines are
given by equation (C.14).

For the given potential depth and small enough effective angular acceleration s, the parameter + is large
and the non-adiabatic losses are exponentially small, as shown by equation (C.7). Therefore, for v > 1, we
can use the identity I' (1 — iy) = —i7I" (—i7) and the Stirling’s formula

In[l'(—iy)] = —iyln(—iy) + iy + %ln (1?) +0 <’1y) (C.10)

for the Gamma function, to obtain

arg[l"(l—i'y)]:—z+’y[1—1n(7)]+0<r1y) (C.11)

and then

¢z =0 (1> (C.12)
vy

for the additional phase shift ¢z, equation (C.9).
This limit reproduces perfectly the predictions of the adiabatic theorem: no transitions and no additional
phase shift. Qualitatively, it takes place when 27y < 1, or equivalently when s < s. with the critical value

A%

TV C.13
= 1 R2E, (C.13)

To verify this estimation quantitatively, we employ the numerical simulations of equations (A.2) and
(A.3) for V=0.5E,;, =2, and s = 0.002 w;, corresponding to the critical value s. ~ 0.049w, and accordingly
s~ 0.04s. In this case, the mean value (L,)(t), given by equation (27) and presented in figure 7, evidently
displays ABOs with (L,)(Ngts) = —2liNg, where Ny is the number of Bloch periods during the observation
time Nyptg.

However, for s = s, the results are presented in figure C1 and clearly show the non-adiabatic transitions,

as the steps in the function (L,)(#) do not reach the levels of the adiabatic dynamics, given by equation (29).
Instead, we have

Np—1

(L.)(Npts) = =218 |Ng (1= Tiz)" + Tiz > j(1—Tiz) (C.14)
i=0

and these values are displayed in figure C1 by the red horizontal lines.

To explain and derive these results, we use the band structure for a shallow lattice, figure C2, and consider
the dynamics of our system. For a shallow lattice we employ the first-order pertubation theory. Here the
bands are well approximated by the parabolas (g — 2Ik)?E, /I* + V/2 with k = 0, 1,42, ..., depicted by gray
dashed lines and corresponding to the non-perturbed torus states e >%¢. However, at the edges of the
Brillouin zones, the energy bands E, and E; have gaps of the size V/2, whereas gaps between all other
neighbouring bands are negligible, e.g. the gap between E; and E, is V?/(32E;) [61], as shown in figure C2.
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Figure C2. ABOs viewed with the energy bands in the limit of the shallow lattice. The green arrows indicate the Landau-Zener
transitions between the bands and the green formulas give the populations of the corresponding non-perturbed torus states
e 2k¢ with k= 0,1,2..., grey formulas.

During the dynamics, the Landau-Zener transition occurs at the edge of the first Brillouin zone, n =1,
and the fraction Tz of atoms is lost from the band Ey, blue line, to the higher band E,, red line. Later, at
1 = 21, this fraction of atoms transits from the band E, to the band E,, magenta line, and then to the high
energy bands, as marked by the green arrow, because the gaps between the bands E,, and E,,;, with
n=1,2,..., are so small that the transition probability is almost one. However, this fraction T17 of atoms
will always populate the state e 7% As a result, we obtain (L,)(t3) = —2Ili(1 — Ti2) and this is the value
marked by the red line in figure C1.

At the edge of the second Brillouin zone, 1 = 3/, there is next Landau-Zener transition between the bands
Ey and E; with the rate Ty 7. Here only the fraction Tiz(1 — T1z) of atoms goes to the band E; and populates
the state e 72, while the fraction (1 — Tyz)? of atoms remains in the band E, and populates the state e 74/,
as displayed in figure C2. Hence, we have (iz> (2tg) = —2IhTy7(1 — Tiz) — 4Ih(1 — T1z)?. This value is
marked by the red line in figure C1. Analogously, by considering the next Landau-Zener transition at the
edge of the third Brillouin zone, 77 = 51, and taking into account that the fractions Tz, Tiz(1 — Ti.z),
Trz(1 — Tiz)? and (1 — Tyz)? of atoms populate the states e =%, e 72/¢ e =142 and e ~1% accordingly, we
arrive at equation (C.14) for Np = 3.

Appendix D. Ground state energy band

In this appendix, we derive the analytical formulas for the first two energy bands Ey(q) and E; (q) for a
shallow lattice. These help us to evaluate analytically the different parameters of the observable quantities
utilized for the applications of ABOs.

In appendix C we have already discussed the non-adiabatic dynamics of our system in the limit of a
shallow lattice occurring around the edge of the first Brillouin zone g = I. By putting the constant quasi
angular momentum g instead of the time-dependent one 7(#) in equations (C.2) and (C.3) as well as using
the relation equation (20) between the eigenvalues of system (C.2), (C.3) and the energies E,(q) of
equation (19), we arrive at

Eo(q)%%/—i-Er {1+(1—‘§)2] - §+4E§(1—%)2 (D.1)
and
E, (q)zg—FEr [1+(1—?>2]+\/Y2+4E§(1—?)2, (D.2)

valid for |g— 1| < 1.

In figure D1 we compare these results, presented by solid lines, to the exact ones, dashed lines, obtained
with the numerical solution of equation (19) for V = E,. The bands are in fact well reproduced over the
whole range of quasi angular momentum, q € (0,21), and it justifies the validity of considering only the two
unperturbed states of the system in the case of a shallow lattice. Thus, the whole band structure can be
obtained by repeating Ey(q) and E;(g), equations (D.1) and (D.2), to the next Brillouin zones.
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Figure D1. Comparison of the energy bands Ey(q) and E; (q) obtained with solving equation (19) numerically for V = E;, dashed
lines, to the ones given by equations (D.1) and (D.2), solid lines.

Now we apply equation (D.1) for deriving analytical formulas for the observable (L,)(t), equation (27),
in the regime of shallow lattice. By calculating the first derivative dE;/dq and putting g = 7)(t), we obtain

(L)) = —hl |1+ n() -1 (D3)
Vin) — 1+ v 85,
and
dgtz) g VI/ (8E)]’ . (D.4)

Ll 1+ vy (821}

For the linear function 7)(t) = st, equation (15), with the scanning parameter s = I3/(2Hl),
corresponding to the case of no external rotation, Q(¢) = 0, and a linear frequency chirp Aw(t) = —Bt,
section 4.2, the function d(L,) /dt has peaks at half-integer number of the Bloch period, t, = (1 +1/2)t3
withn=0,1,2..., with heights

B
=212 =4, (D.5)

as shown in figure 8.
Moreover, these peaks are sharp, since the their heights scale as V!, whereas their relative widths
At \%
SHWHM T 413 (D.6)
g 8E,
scale as V and are small for a shallow lattice, V < E,. Here Atpway denotes the full width at half maximum
of the peaks.
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