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Negative dynamic conductivity of the photoinduced 7 pairing state
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We report the observation of a sharp dynamic negative optical conductivity, o(w;t), above the
equilibrium Mott gap w > A., after an electromagnetic pump pulse in the half-filled Hubbard
chain. The negative peak in the real part of o(w;t) is a distinctive hallmark of the photoinduced
n-pairing state, distinguishing it from phases dominated by incoherent doublon formation, which
do not exhibit this feature. The negative conductivity and its dynamic oscillations, observed in the
absence of continuous driving, are indicative of a nonequilibrium excitation, akin to the Higgs mode
observed in s- and d-wave superconductors. We use the time-dependent tensor-network algorithm in
the infinite matrix-product-state representation, providing a detailed characterization of the optical

response in this nonequilibrium state.

Recent developments in laser technology have revolu-
tionized various scientific fields, enabling exceptional pre-
cision and control. Innovations such as ultrafast pulse
lasers have opened new frontiers in quantum physics and
material science, and have also found significant appli-
cations in condensed matter physics, particularly in the
study of strongly correlated electron systems [IH3]. Ex-
amples include the ultrafast switching of Weyl semimet-
als [4], anomalous Hall effect in graphene [5] and charge-
density waves in rare-earth tritelluride LaTes [6].

A particular interesting prospect is the use of laser
pulse femtosecond drives to dynamically induce novel
states in quantum materials [7], with light-induced su-
perconductivity as a most prominent example [S8HIT].
Significant theoretical efforts have been devoted to un-
derstanding the conditions under which such exotic non-
equilibrium states emerge [I2HI6], yet the mechanisms
and detection of these phases remain under debate.

In this context, one intriguing phenomenon that has
attracted attention is the 7 pairing, first proposed by
C. N. Yang for the Hubbard model [I7], which repre-
sents a state with off-diagonal long-range order that is
crucial for understanding high-temperature superconduc-
tivity and other quantum phenomena. However, 1 pairs
are absent in the ground state and have received only
specific attention, especially from a theoretical point of
view. A recent study has shown that pulse irradiation
can induce 7 pairing in the Hubbard model, even in its
Mott insulating phase [I§]. The nonlinear optical re-
sponse is crucial in enhancing the number of n pairs,
thereby promoting superconducting correlations in the
photoexcited state. These findings highlight the poten-
tial of nonequilibrium dynamics as a way to access ex-
otic quantum states and enhance superconductivity [19].
The synergy between advanced laser technologies and the
Hubbard model provides a promising avenue for explor-
ing new quantum phases and understanding the mecha-

nisms underlying high-temperature superconductivity.

The detection of 7 pairs in experimental settings
presents significant challenges due to the intricate nature
of these quantum states. First, the Hamiltonian of the
system must preserve the number of n pairs, correspond-
ing to a hidden SU(2) symmetry. This requirement is not
easily met in typical experimental setups, making it diffi-
cult to create and maintain the required conditions for 5
pairs. In addition, the transient nature of photoinduced
7 pairs adds another layer of complexity. These pairs are
typically short-lived and require ultrafast measurement
techniques to capture their dynamics. The use of ad-
vanced laser systems, such as ultrashort pulse lasers, is
essential to induce and probe these states, but even with
these tools, the signal can be weak and easily obscured
by noise.

As a candidate physical quantity, Kaneko et al. demon-
strated one of the hallmarks of superconductivity, the
nonvanishing charge stiffness of the photoinduced 7-
pairing states, by analyzing the system-size dependence
using the exact diagonalization method [20]. Time- and
angle-resolved photoemission spectroscopy experiments
would provide us with the signature of the photoinduced
insulator-to-metal quantum phase transition [2I], while
it is still challenging to carry out such an experiment
in optical lattices, they are strong candidates to prepare
Hubbard-type models. The other candidate might be the
entanglement entropy, showing the entanglement growth
due to the photoinduced 7-pairing state [22], since the
von Neumann entropy and the second-order Rényi en-
tropy can be detected in optical lattices [23] [24].

Here, we demonstrate that the nonequilibrium optical
conductivity o(w;t) shows a characteristic negative spec-
tral weight only for the optimal pump-pulse parameter
set, which maximally enhances photoinduced 7-pairing
state. The integrated negative spectral weights f(t) co-
incide almost perfectly with those from the pair corre-
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FIG. 1. Contour plots of P(q = m,t) (a) and 2nq4(t) at t =
25t L in the wp-Ap plane for the half-filled Hubbard chain
with U/tn = 8, obtained by iTEBD.

lations after the Fourier transformation. The time de-
pendence of f(t) shows coherent oscillations similar to
previously reported Higgs oscillations in conventional s-
wave and unconventional d-wave superconductors [25].

The Hamiltonian of the one-dimensional (1D) half-
filled Hubbard model is defined as

H=—1t, Z (e ¢41.0 +He)

—i—UZ

—1/2) (2 = 1/2) , (1)

where c;r[, (¢;,) s the creation (annihilation) operator
of an electron with spin projection o € {f,]} at lattice
site j, and 7 , = cj +Cj o 18 the number operator. ¢, and
U are nearest-neighbor hopping amplitude and on-site
Coulomb repulsion (U > 0), respectively. The so-called n
operators, introduced in the seminal paper by Yang [17],

construct exact eigenstates of the Hubbard model,

it =3 (-1 Ajzznj, =@ @)
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which obey the SU(2) commutation relations.
AT = c;r ic; is the on-site singlet- palr creation operator.
Smce the Hubbard Hamiltonian commutes with the
operator 7> = $(AT 7~ +7~7T)+ (77 )2, so that Hubbard
eigenstates are also eigenstates of 1%, and most impor-
tantly eigenstates with a finite value of (f)?) have long-
ranged pairing correlations (ﬁ;rﬁ[) [17].

As demonstrated in Ref. [I§], n pairs can be induced by
applying a pump pulse to Mott insulators described the-

oretlcally with the gauge transformation thcj oCitl,0 =
1A(t)

the  »Cj 11,00 Where A(t) is the vector potential asso-
ciated Wlth the external electric field of the pump pulse
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Here,

A(t) = Age =0 @D cos wy (t —t0)] . (4)

where A is the amplitude, wy is the frequency and
op is the width centered at time ¢y (> 0). This so-
called Peierls substitution makes the Hamiltonian time-
dependent H — H(t). By utilizing the infinite time-
evolved block decimation (iTEBD) technique [26] with
second-order Suzuki—Trotter decomposition, the initial
ground state evolves in time as [(0)) — [¢(¢)). In the
following, we take #;, (£, ') as the unit of energy (time)
and set the time step ¢ = 0.01¢; . In this study we use
the pump pulse with width o, = 2t L centered at time
to = 10t .

To detect the photoinduced n-pairing state we simulate
the time evolution of the pair correlations

LZ

and its Fourier transform P(q,t) = 3, €l9" P(r,t), where
L is the number of lattice sites. Note that the pair cor-
relation at r = 0 is equal to the number of double occu-
pancy, P(0,) = 2nq(t) = (2/L) ¥, (6(t)ity piny [0(1))-

Figures a) and (b) demonstrate the w, and Ay de-
pendence of P(q = m,t) and 2n4(t), respectively, for the
time ¢ = 25t ! which is related to the nonequilibrium
optical conductivity results discussed later. Instead of an
artificial stripe structure seen in the previous studies with
small clusters [I8, [27], the single peak structure appears
around wy, /ty, = 7.0 and Ay = 0.4 in Fig.[T{a) by simulat-
ing the system directly in thermodynamic limit (L — 00)
using iTEBD, while the double occupancy is only slightly
enhanced around wy,/ty ~ U as seen in Fig. [[(b). The
longer-range contributions of the n-pairing correlations
play a significant role around the peak region of Fig. (a).

Let us now explain the numerical approach to compute
the nonequilibrium optical conductivity. In the pres-
ence of A(t) the current operator J becomes also time-
dependent:

HIALLA; + Helo)  (5)

J OH(t) _ s AA(E) AT
/ OA(t) *ch(le Cj,ocj+1,g+H-c.) . (6)
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In addition to the pump pulse we apply a weak and nar-
row probe pulse A, (t) = Agre_(t_tgr)2/2"gr, which in-
duces a current deviation Jp,, () = <jA+Apr>t— (Ja)¢. Set-
ting the probe parameters as A" = 0.05 and o}, = 0.05
with the delay time between pump and probe pulses
T = t§" — to, the nonequilibrium optical conductivity is

given by [28] 29]

jpr (w) (7)

7T ) A

where A, (w) and jp(w) are the Fourier transforma-
tions of Apy(w) and jp(t)[= Jpr(t)/L], respectively. The
damping factor y(= 0.1) is introduced when the Fourier
transformations are performed due to the finite simula-
tion time. This is also necessary to distinguish the Drude



— [ Ay =040, wy/t, = 4.0]] Ay =040, wp/ty = 7.0]| | (A0 = 0.95, wy/t, = 8.4]
0.2 : 1
:\D: m 1
\b/ Teseg A
A~ — equilibrium
—0.2 - =206 || i 1
5 (a) — t= 25151:1 1 : H (C)
AT e s 10012 14 0 2 4 6 8 101214 0 2 4 6 8 10 12 14
w/th w/th w/th

FIG. 2. Nonequilibrium optical conductivity o(w;t) for various pump-pulse parameters. The black line is the optical conduc-
tivity o(w) at equilibrium. The blue (red) line exhibits o(w;t) at t = 20t * (t = 25t '), respectively. The vertical dotted line

denotes the position of the Mott gap, wp, = Ac.

component of the spectral weight in the limit w — 0. In
this paper, we rewrite Eq. as o(w;t) with redefining
t =t =to+ T to compare the result of pair correlation
functions shown in Fig.

Note that the expectation value of J(¢) in (quasi-) 1D
systems can be simulated directly in the thermodynamic
limit by iTEBD, which allows us to observe o(w,7) for
L — o0, i.e., in the absence of finite-size and boundary
effects. For more details, see Ref. [30].

Figure [2| shows the optical conductivity o(w;t) af-
ter pulse irradiation (t = 25t 1) in the n-pairing non-
dominant (a) and dominant (b) regimes in addition to
the doublon-dominant region (c). In the panel (a) for
wp/tn = 4.0 and Ag = 0.40 [marked in Fig. [I] as ‘x|,
where the pair correlation P(r,t) doesn’t enhance, o(w;t)
is almost equivalent to the one in equilibrium as ex-
pected. Namely, the spectral weight becomes positive
finite above the Mott gap (w, 2 A, with A./ty ~ 4.68
for U/t, = 8, see the vertical dotted line) and o(w;t)
are almost equal to the optical conductivity at equilib-
rium o(w). Moreover, o(w;t) is rarely time-dependent,
consistent with the former results of photoemission spec-
tra at nonequilibrium [21I]. The situation changes signif-
icantly in the n-pairing dominant regime as in Fig. [2(b)
for Ap = 0.4 and wp/t, = 7.0 (marked as ‘+’ in Fig
After pump-pulse irradiation, the spectral weight above
the Mott gap is not positive at all but negative. Most re-
markably, it exhibits a sharp peak structure, which differs
from the former results of the Hubbard model in infinite
dimensions [31), 32]. The small enhancement of the pair
correlations occurs also around w, ~ U due to the dou-
blon formation [Fig. [I[b)]. The double occupancy 2nq(t)
is most enhanced around Ay ~ 0.95 and wy/t, ~ 8.4
marked as ‘¢’ in Fig. With this pump-pulse param-
eter set, o(w;t) is also not positive for w, 2 A, as in
the n-pairing dominant regime, but the spectral weight
is only slightly negative as shown in Fig. c). Thus, the
negative conductivity with a sharp peak structure can

be a fingerprint of the photoinduced n-pairing state in
pump-probe experiments. Importantly this contradicts
previous interpretation of the negative conductivity as
coming purely from doublon-hole recombination [31], 32].
In the following, we demonstrate that the photoinduced
7) pairs can be searched by integrating out the (negative)
spectral weight of o(w,t) for w > A..

Note that in Ref. [31] Li et al. discussed the Drude
weight D, which is given by Re o (w) ~ Dd(w), since this
relates to the 7 pair correlations as D = 4.Jex(7);-7),) with
Jex = 2t% /U. Unfortunately, it costs much more compu-
tational effort to simulate Reo(w) in the limit w — 0
since the larger time simulations with keeping the ap-
propriate accuracy are necessary by iTEBD. This task
remains a subject for future work.

Now, we simulate the nonequilibrium optical conduc-
tivity o(w;t) for various pump-pulse parameters Ay and
wp and integrate out the spectral weight of o(w;t) for
w> A as f(t) = fw>AC dw Reo(w;t). Figure 3] demon-
strates the contour plot of f(t) of the model (I after
pulse irradiation, in which the two-peak structure ap-
pears. The position of the highest peak coincides with
that of the n-pair correlations in Fig. [[fa) (marked as
‘+7), implying the strong relation between the negative
conductivity and the formation of 7 pairs due to the
population inversion by pump-pulse irradiation. Exam-
ining the negative conductivity sharpens also the sec-
ond peak around Ay = 0.84 and w,/ty, = 7.0, which
was unclear in Fig. [[(a). This extra peak can be re-
confirmed by exploring the modified structure factor
Pooo(q,t) = a0 €9 P(r,t) in order to get rid of the
contribution of local pairs (doublons) from P(q = =, t)
as demonstrated in Ref. [33]. In Fig. 3b), we show the
contour plot of Pr~o(q = m,t) =, ., €9 P(r,t) in the
Ap-wp plane. Compared with Fig. a), the two-peak
structure is more clearly visible. In addition, the posi-
tions of the two peaks agree very well with those obtained
from Fig. a), further indicating that the longer-range
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FIG. 3. Contour plot of the integrated negative spectral
weight f(t) (a) and the modified structure factor Prso(q =
m,t) (b) at t = 25¢; " in the Ag-wp plane for an infinite Hub-
bard chain at half filling with U/t, = 8.

correlations play a peculiar role in the 7-pairing dominant
regime and are directly related to the negative dynamic
conductivity.

Figure[d demonstrates the time dependence of the inte-
grated negative weights with the pump-pulse parameters
Ao = 0.4 and wp,/t, = 7.0, i.e., the n-pairing dominant
point denoted as '+’ symbol in Figs. [T and [3] A clear
oscillation can be seen here with the period T ~ 1/ty,
which gives us the frequency w’ = 27 /T ~ 6.28, showing
a reasonable agreement with the negative peak position
w/ty ~ 6.2 [see Fig. [2[(b)]. This is similar to the oscilla-
tions of the optical conductivity due to the Higgs mode
[34H39], with respect to the time delay between pump and
probe pulse. Since the Higgs is a charge neutral mode it
does not couple to linear optical probes and requires an
impulsive excitation in nonequilibrium via a nonlinear
process. The oscillation is intrinsic to the superconduct-
ing state, as the pump pulse is already finished at that
point.

Higgs-mediated optical amplification was recently re-
ported for the light-induced superconducting state out of
metallic K35Cgo and requires a prompt quench [40] which
was followed by an observed negative conductivity below
10 meV. In our case the superconducting state emerges
from a Mott insulator, which leads to a negative conduc-
tivity above the Mott gap.

To sum up, we studied the nonequilibrium optical con-
ductivity of the half-filled Hubbard model in one dimen-
sion, by utilizing the unbiased tensor-network algorithm
in the infinite matrix-product-state representation. In
the photoinduced n-pairing dominant regime the spec-
tral weight becomes significantly negative with a sharp
peak structure, reflecting the formation of n pairs. This
is a smoking gun to detect the photoinduced 7-pairing
state of the Hubbard model in spectroscopy experiments
since the negativity in the doublon-dominated region is
strongly suppressed. Most significantly, by analyzing
the time dependence of the negative weight at the 7-
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FIG. 4. Time dependence of the integrated negative weights
f(t) at the n-pairing dominant point [Ay = 0.4 and wp/ty =
7.0 denoted as '+’ symbol in Fig. [3].

pairs most dominant point, a significant oscillation has
been observed, reflecting a Higgs-mediated optical ampli-
fication due to the non-equilibrium 7-pair condensation.
Further investigation of this characteristic oscillation is
highly desirable.

In the 1D Hubbard model, the spectral weight of o(w;t)
becomes significantly negative even with the sharp peak
structure in contrast to those in the Bethe lattice [31].
Hence, it would be of particular interest to study those in
the two-dimensional Hubbard model, e.g., by employing
exact diagonalization, to prove the effect of dimensional-
ity.

As demonstrated in Ref. [4I] using the exact-
diagonalization method, the study of the photoinduced
n-pairing state in the Hubbard model can also be applied
to the A-pairing state in the extended Falicov-Kimball
model for spinless fermions, as also confirmed by iTEBD
directly in the thermodynamic limit [42]. The nega-
tive dynamic conductivity is expected to be observed in
the A-pairing dominant region of the extended Falicov-
Kimball model after pulse irradiation.
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