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Labyrinth seal flutter is a critical phenomenon in turbomachinery, as it can lead to
severe structural vibrations and potential component damage. Accurate prediction and
mitigation of flutter are paramount to ensuring the reliability and performance of modern
turbomachinery systems. This paper explores the numerical computation of a labyrinth
seal flutter test case using a low Mach preconditioned harmonic Balance (HB) solver
and investigates how this approach can improve the accuracy and response time of flutter
computations.

HB solvers have gained prominence in turbomachinery computations for their ability
to efficiently capture unsteady flow phenomena and significantly reduce computational
time compared to time-domain analyses. In labyrinth seals, however, the flow is often
characterized by low Mach numbers, and preconditioning for these conditions has been
shown to significantly improve convergence and accuracy. The goal of this paper is to
demonstrate how to implement low Mach preconditioning in a HB solver in the frequency
domain.

We employ iterative preconditioning to alleviate the stiffness associated with density-
based solvers under low Mach conditions and analyze the effect of the preconditioning
parameters on the convergence rate. Furthermore, we address inaccuracies linked to the
classical Roe solver in low Mach scenarios by adapting it to the low Mach preconditioned
governing equations. Through the combined utilization of iterative preconditioning and a
preconditioned Roe solver, this study aims to improve convergence rates and the overall
quality of flutter predictions.

We demonstrate the method with an academic labyrinth seal test case originally pre-
sented by Corral et al. [1]. While previous investigations have primarily relied on lin-
earized frequency domain solvers and reduce-order models, in this research a precondi-
tioned HB solver is applied to this test case.

Keywords: Harmonic Balance, Low Mach Preconditioning, Labyrinth Seal Flutter

1 Introduction

Controlling leakage flow in turbomachinery is crucial for opti-
mizing the machine’s performance. Labyrinth seals limit leakage
flow between rotating and non-rotating components by dissipating
kinetic energy through a series of fins and cavities [2]. These seals,
however, are susceptible to aeroelastic instabilities, which can lead
to structural damage and critical engine failure [3]. Therefore, it is
essential to make precise and reliable predictions of the aeroelastic
stability of labyrinth seals.

Alford [4] investigated aeroelastic instabilities in labyrinth seals,
emphasizing the significance of the support side and the tangential
velocity in reducing self-excited vibrations. Ehrich [5] highlighted
the sensitivity of seal stability to the fin clearance, and derived the
first analytical model for seal flutter predictions. Abbott [6] pointed
out that, in addition to the support side, the ratio of the acoustic
frequency to the seal’s natural frequency determined its stability
and developed an analytical model based on these two criteria.

With advances in modern numerical methods, computational
fluid dynamics (CFD) has become a viable tool for comprehensive
aeroelastic stability analysis of labyrinth seals. Hirano et al. [7]
used a steady-state solver to compute rotor dynamic forces in a
five-finned straight labyrinth seal. They found that analytical mod-
els produced pessimistic predictions of the forces within the seal.
Phibel et al. [8], Di Mare et al. [9] and, more recently, Miura and
Sakai [10] conducted comprehensive stability analysis of realis-
tic four finned labyrinth seals, identifying relevant parameters and
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methods to suppress seal flutter. Miura and Sakai [10] confirmed
their results and demonstrated good agreement with experimen-
tal data. These studies demonstrate the potential of using CFD
to improve our understanding of labyrinth seal flutter. However,
unsteady time-domain CFD simulations require considerable com-
putational resources.

In recent years, Corral and Vega [11, 12], proposed a model to
predict flutter in labyrinth seals, based on an analytical formula-
tion of the work per cycle inside the cavity. To validate this model,
Greco and Corral [13] computed an academic two-finned labyrinth
seal using a linearized frequency-domain CFD solver. Linearized
computations are an efficient alternative to unsteady-time domain
simulations. However, they are limited to small displacement am-
plitudes to avoid nonlinear effects.

HB solvers [14, 15] are an efficient approach to reduce the cost of
non-linear unsteady CFD computations. Here, the temporal peri-
odicity is used to express the solution in terms of truncated Fourier
series about the system’s fundamental frequency. This yields a non-
linear system of equations for the solution’s harmonics, that can be
solved directly in the frequency domain with efficient steady-state
methods. This significantly reduces the computational cost com-
pared to conventional unsteady time-domain methods.

However, an additional challenge in the computation of labyrinth
seals is the low Mach numbers that dominate the flow within the
seal’s cavities. In density-based solvers, low Mach numbers tend to
cause degraded convergence rates and inaccurate solutions [16—18].
both problems can be overcome using low Mach preconditioning
techniques.
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The slow convergence at low Mach numbers results from the
discrepancy between the acoustic and convective timescales. To
equalize the timescales of the system, iterative preconditioning ar-
tificially reduces the acoustic speed in the pseudo-time. this method
was first introduced by Chorin [19] for incompressible solvers and
later adapted for steady-state compressible solvers by Turkel [16].
Used in combination with a dual-time stepping scheme, it pre-
serves temporal accuracy in unsteady computations. However,
Venkateswaran and Merkle [20] found that for unsteady simula-
tions, the optimal preconditioning parameter depends on the phys-
ical time step size. They proposed a new preconditioner for un-
steady time-domain simulations. This method has since been ap-
plied by Campobasso and Baba-Ahmadi [21] and Djeddi et al. [18]
in a HB solver, which solves the HB system of equations in the
time-domain.

The standard Roe scheme [22], produces excessive dissipation
at low Mach numbers, leading to inaccurate solutions [23]. To
address this issue, Godfrey et al. [24] proposed an adapted ver-
sion of the Roe scheme, known as the preconditioned Roe scheme
(P-Roe). In P-Roe, the artificial dissipation is derived based on the
preconditioned convective fluxes and retrieves the proper dissipa-
tion for convective low Mach flows. However, Potsdam et al. [25]
showed, that using P-Roe excessively dampens acoustic waves and
is therefore not suitable for unsteady computations. Potsdam et
al. [25] proposed an adaptation of the preconditioned Roe dissi-
pation, which blends the preconditioned dissipation based on a
steady preconditioner [16] and an unsteady preconditioner [20].
This method achieves proper dissipation for convective flows, while
maintaining good accuracy for acoustic waves.

The main goal of this paper is to present an accurate and efficient
low Mach preconditioned HB solver for labyrinth seal flutter pre-
dictions. To achieve this goal, we convert the time step dependency
of the unsteady preconditioner by Venkateswaran and Merkle [20]
into a dependency of the system’s frequency. We apply the iterative
preconditioner to the two-finned academic labyrinth seal presented
by Greco and Corral [13] and perform a parameter analysis to op-
timize the preconditioning parameters. Additionally, the results for
two academic test cases are reported: the steady lid driven cavity
and an acoustic wave propagation test case. These results demon-
strate the shortcomings of the classical Roe scheme and P-Roe
schemes compared to Potsdam’s Roe scheme. Finally, a stability
analysis of the labyrinth seal is performed using the HB solver
with iterative preconditioning in combination with Potsdam’s Roe
scheme.

2 Harmonic Balance
The unsteady governing equations are defined as

dq _
E+R(Q)—0 (D

where, ¢ represents the physical time, g represents the state vector
and R represents the nonlinear residual. For time-periodic solu-
tions, the state is expressed in terms of Fourier series about the
frequency w

q(t,x,y,7) =Re

Dk (x.3.2) e”“”) : o)

k=0

Here, g is the Fourier coefficient of the k-th harmonic of w. The
state is approximated by a finite number of harmonics K and is
inserted in the governing Equations (1), leading to the nonlinear
HB system of equations
ikwy + Ri(q) =0, for k=0,... K. 3)
Because the time-domain residual R is nonlinear, its Fourier coef-
ficients Ry (q) depend on all harmonics of the state . To solve
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the system of equations, we use a mixed frequency-domain time-
domain method. In each iteration, the state is reconstructed at
equidistant sampling points in time. Then at each sampling point,
the nonlinear residual is computed and the harmonics of the resid-
ual are computed using of a Fourier transform. The system of
Equations (3) is solved in the frequency domain using pseudo-time
marching [26].

3 Low Mach Preconditioning

3.1 Iterative Preconditioning. The main goal of iterative pre-
conditioning is to improve the convergence of low Mach simula-
tions by artificially reducing the acoustic velocity to the same order
as the local convective velocity. This is achieved by multiplying the
time derivative of the governing equations with the precondition-
ing matrix P~, which alters the characteristics of the computed
system [16]. For the steady-state governing equations solved using
a pseudo-time marching scheme, the preconditioned equations are

7]
PSR () =0 @)

where 7 is the pseudo-time. In this work, we use the precondition-
ing matrix proposed by Turkel [27]. In conservative variables it is
defined as

z-l =D
Pl (ﬁ2 a)2
% - - -0 —w 1
u (U2 - ) o —w
o(lIP-E) —w = w0 )
w(lUP-E) —w —ow —0? w
H(WUI2~E) ~uH ~oH —wH H

Here, [ is the identity matrix, a is the speed of sound, y is the
specific heat ratio, U = (u, v, w) is the vector of cartesian velocity
components, H is the specific total enthalpy and E is the specific
total energy [27]. the preconditioner is controlled by the precon-
ditioning parameter 82. The appropriate definition of 82 is crucial
to guarantee an efficient but stable computation. For steady com-
putations, it is defined as

ﬁ2=mm (]7maX (kﬁM2 p (aAh) ,ﬁiﬁn)) 6)

where M is the local Mach number, Ap is the maximum pressure
difference between neighboring cells, v is the dynamic viscosity
and Ah is a characteristic cell length. This definition consists of
the following terms:

- kgM 2. Definition for the optimal equalization of the
timescales [16]. kg > 1 is a stabilization parameter.

2
- (ﬁ) : Equalization of the acoustic and diffusive timescales

for very low Reynolds numbers [28].

- [%: Stabilization for large local pressure fluctuations [29].

- ﬁfnin: User-defined lower limit, to avoid singular precondi-
tioning matrix [16].

For ﬁ2 = 1, the preconditioning matrix becomes the identity matrix
and the non-preconditioned system is retrieved. The preconditioner
is disabled in the supersonic regime by ensuring 82 < 1. In the
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Fig. 1 2D representation of the academic two-finned labyrinth seal test case with measurements

following sections, the definition in Eq. (6) of the preconditioning
parameter will be called “steady preconditioning”.

In unsteady time-domain computations, a dual-time stepping
scheme is used to prevent the loss of temporal accuracy caused by
preconditioning

-19q  9dq
P 6T+6t+R(q)_O' @)
For very large physical time steps Af, the steady precondi-
tioner greatly improves the convergence of the pseudo-time iter-
ations. However, for very small physical time steps Az, the non-
preconditioned system already converges optimally and steady pre-
conditioning tends to worsen the convergence [20]. Therefore,
Venkateswaran and Merkle [20] introduced an unsteady Mach
number ME as an additional lower limit for the preconditioning
parameter

. Ap (v \?
ﬁﬁ:mln(l,max(kﬁMz,p?,(m) ,ﬁﬁlin,MS)), ®)
with
2
L
M? = . 9
" (nAla) ®

Here, the time step Az represents the largest resolved frequency and
L is a characteristic length of the computation, which represents
the largest resolved wave length. L is typically set to the size of
the computational domain [20, 25].

In this paper, we apply iterative preconditioning to the HB equa-
tions analogously to Eq. (7)

10qk . . =
PkIF+lkqu+Rk(q)=O, for k=0,...,K. (10

For the HB system, the frequencies of the solution are part of the
problem setup. It is thus natural to replace the definition of the
unsteady Mach number in Eq. (9) with

2
M2 _ L(A)k
hb, k 212a

where wy is a frequency defined in the following. Then, the
preconditioning parameter and the preconditioning matrix Py are
computed according to Eq. (8).

As for the definition of wy, we differentiate between two types
of preconditioning. The first setup employs a single definition for
the unsteady Mach number (cf. Eq. (11)) for all harmonics and will
be called “unsteady preconditioning” below. Here, M}%b ¢ 1s based
on the frequency of the first harmonic, i.e., wy = w. The second
setup (“individual preconditioning”) uses an individual unsteady

an
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Mach number (cf. Eq. (11)) for each harmonic, i.e., w; = kw. In
particular, the mean flow is preconditioned with the steady precon-
ditioning.

It should be noted, that, since iterative preconditioning alters
the pseudo-time characteristics of the computed system, boundary
conditions that are formulated in terms of characteristics need to
be adjusted. The non-reflecting boundary conditions used in the
following computations are formulated in the frequency domain.
The boundary conditions for each harmonic employ the precondi-
tioned characteristic matrix for the corresponding preconditioning
parameter [30].

3.2 Preconditioned Dissipation. The artificial dissipation of
the standard Roe scheme [22] is

1 ~
Fd,Roe = —§|D|Aq (12)
where D = g—g + % + %—Z, F, G and H are the convective fluxes in

each cartesian direction and Ag denotes the difference between the
left and right face states. The tilde denotes quantities based on the
Roe-averaged state [22]. The Roe matrix |D| is computed based
on the eigenvectors R and the absolute values of the eigenvalues
A; of the flux Jacobian D

ID| = RIAIR™! (13)

where R is the right eigenvector matrix and
IAl = diag (|11, 12]. 1431, |24]. |45]).

At low Mach numbers, the classical Roe scheme exhibits poor
scaling of the artificial dissipation resulting in inaccurate prediction
of convective flows [23]. A commonly used approach to retrieve
proper scaling is to redefine the Roe matrix based on the low Mach
preconditioned convective fluxes [24, 31]. This yields the so-called

P-Roe scheme with the artificial dissipation

1~_1 ~—
Fd,P—Roe = _EP |PD|Ag. 14)

Although this method is derived from iterative preconditioning, it
can be used independently [31]. Therefore, when using P-Roe, we
will always apply the steady preconditioning parameter (cf. Eq. (6))
for the corrected dissipation in Eq. (14) regardless of whether un-
steady, individual, or no preconditioning is applied for the iterative
preconditioning.

P-Roe does greatly improve the accuracy of convective low
Mach simulations, but in unsteady computations, it excessively
dampens acoustic waves [21]. To maintain the accuracy of P-Roe,
while simultaneously reducing the damping of acoustic waves,
Potsdam et al. [25] proposed a novel Roe scheme, which blends the
preconditioned dissipation based on the steady preconditioner (cf.
Eq. (6)) with the preconditioned dissipation based on the unsteady
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Fig. 2 Mean distribution of the Mach number inside the
labyrinth seal

preconditioner in Eq. (8). Here, the definition of the unsteady
Mach number in Eq. (9) is used based on the frequency of the first
harmonic. The resulting artificial dissipation reads

l~ 1/~ ~ -~
Fapoistam = =3Py (IPuDILu+|PDILs) Ag.  (15)
The subscripts u and s described the use of the steady and unsteady
preconditioners respectively and Ly are the blending matrices,
which are described in the appendix.

4 Test Case

This study applies the low Mach preconditioned HB solver to the
academic two-finned straight labyrinth seal, which was investigated
by Greco and Corral [13] using a linearized frequency domain
solver. Figure 1 presents the test case’s geometry along with all
relevant measurements. The original publications [1, 13] provided
the cavity radius, the cavity height, the seal clearance and the inter-
fin distance. Missing geometrical parameters were extracted from
the illustrations in those publications and might differ slightly from
the original test case.

Figure 2 depicts the Mach number distribution within the seal’s
inter-fin cavity. Mach numbers up to 0.65 are observed at the seal’s
fin clearance, while the Mach number is 0.001 in the corners of
the cavity. To ensure uniform pressure at the inlet and outlet of the
seal, two large relaxation chambers are positioned at each end of
the seal [13]. In these chambers, the Mach number does not ex-
ceed 0.005 and 0.05 in the inlet and outlet chambers, respectively,
which poses a major challenge for classical density-based solvers.
Therefore, this test case is ideal to test the capabilities of the low
Mach preconditioned HB solver.

The computations are performed using the HB solver of the hy-
brid finite volume multi-block solver TRACE [15], developed at
the German Aerospace Center (DLR). The iterative precondition-
ing techniques used in these computations were presented in sec-
tion 3.1. The convective fluxes are discretized using one of the Roe
schemes presented in section 3.2, which are elevated to second-
order accuracy using the MUSCL reconstruction [32]. The vis-
cous fluxes are discretized using a central scheme. The turbulence
is modeled using the log-w Menter-SST turbulence model [33]
in combination with the Kato Launder stagnation point anomaly
fix [34]. Higher harmonics of the turbulent quantities resolving
the unsteadiness of turbulence are not included in the computa-
tions. Transitional effects are neglected, therefore, no transition
model is used. An implicit Euler backward pseudo-time marching
scheme is employed to solve both the steady and HB equations.
The local pseudo-time step is calculated for each cell and each har-
monic based on the local solution and the iterative preconditioning
parameter, using a CFL number of 10 for all simulations.

The entire computational grid is composed of 291 680 cells,
with 10 cells in pitch-wise direction, resolving a pitch segment of

4 | GTP-24-1511 - Sivel, ASME ©; CC-BY

10°. Without the relaxation chambers, the mesh for the labyrinth
seal comprises 137 800 cells. The domain is periodic in pitch-wise
direction. All wall boundary layers are resolved with y* < 1, using
a low-Reynolds no-slip boundary condition. The inlet and outlet in-
terfaces of the domain are modeled using low Mach preconditioned
non-reflecting boundary conditions (NRBC) [30]. At the inlet, the
stagnation temperature and the pressure, as well as the flow angles
are prescribed, whereas at the outlet, the static pressure is pre-
scribed. The pressure ratio of the seal is 7T = py, inlet/Poutlet = 1.5
and the Reynolds number based on the fin clearance and the inlet
velocity is Re = 25 320. All HB computations are initialized with
a steady-state solution.

For the flutter analysis, torsion modes are prescribed on the bot-
tom wall of the seal (depicted in red in Fig. 1). The torsion center is
positioned at the same radius as the bottom of the inter-fin cavity, at
three different axial positions, r = —0.069m, r = 0.0087 m and
r = 0.122m (see Fig. 1). For each torsion radius, the prescribed
torsion amplitude is adapted to ensure a maximum displacement at
the fin tip of 0.1% of the fin clearance. The unsteady flow gener-
ated by the motion of the seal is resolved with only one harmonic,
since nonlinear effects are not expected at these amplitudes. Five
equidistant sampling points in time are used for the reconstruction
of the HB system’s non-linear residual.

For the iterative preconditioning and the preconditioned dis-
sipation, the lower limit of the preconditioning parameter is
,Brznin =10720 and the stabilization parameter is kg = 10. The
characteristic length L is given for each computation in the follow-
ing section.

5 TIterative Preconditioning

The labyrinth seal test case is computed without precondition-
ing, with the steady preconditioner, with the unsteady precondi-
tioner and with the individual preconditioner. In a first step, to
isolate the effect of the iterative preconditioner, the classical Roe
scheme is applied for the artificial dissipation. The results pre-
sented in this section focus on the torsion mode with the frequency
f =423.6 Hz, which matches the non-dimensional frequency from
the computations performed by Greco and Corral [13]. The nodal
diameter is set to ND = 6 and the torsion radius to r = 0.0087 m.
The convergence of other nodal diameters and torsion radii was
similar. For the unsteady and individual preconditioners, the char-
acteristic length is L = 0.142 m, which corresponds to the length
of the domain in axial direction.

Figure 3 compares the convergence history of the L1-residuals of
the zeroth and first harmonics for each preconditioner. For the ze-
roth harmonic, the individual and the steady preconditioners yield
the fastest computations, reaching a converged state after approx-
imately 80 000 iterations. The unsteady preconditioner and the
non-preconditioned computations did not reach a fully converged
state after 200 000 iterations. However, the final residual using the
unsteady preconditioner is three orders of magnitude smaller than
the non-preconditioned residual. For the first harmonic, the non-
preconditioned computation yields by far the fastest convergence,
reaching a reduction of the initial residual by seven orders of mag-
nitude in 200 000 iterations. The steady preconditioner resulted in
the worst convergence, reducing the residual by only two orders of
magnitude over 200 000 iterations. The individual and unsteady
preconditioners yield the exact same convergence, showing only
a slightly improved convergence rate compared to the steady pre-
conditioner. Even though the individual preconditioner does not
yield the overall fastest convergence for both harmonics, these re-
sults demonstrate that, indeed, it does combine the behavior of the
steady preconditioner for the zeroth harmonic and the unsteady
preconditioner for the first harmonic.

To find a better setup for the convergence of the individual pre-
conditioner in the first harmonic, a parameter analysis for the char-
acteristic length is performed. The resulting convergence history of
the residual of the first harmonic is depicted in Fig. 4(a). Increas-

ing L and, therefore, Ml%b,l continuously improves the convergence
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Fig. 7 Real part of the density of an acoustic wave with an
amplitude of 10 Pa at M = 0.01.

rate of the simulation, until Mﬁb , = 1 is reached and the precon-

ditioner is disabled. At this point, the convergence rate is at its
highest. This means that for this specific frequency, any form of
preconditioning for the first harmonic will harm the convergence.

One might suspect that preconditioning the first harmonic will
always have a negative impact on its convergence. Therefore, the
same parameter study as above is performed for a significantly
lower frequency of f = 1.2Hz and the results are presented in
Fig. 4(b). For the small frequency, all L leading to Mt?b,l < 1yield
a faster convergence than not preconditioning the first harmonic at
all (Mt%b,l > 1). This means that deactivating the preconditioner

is not always the optimal approach for the higher harmonics. Fur-
thermore, the results for the two frequencies indicate that a much
greater value for L than the domain length is necessary to improve
the convergence.

Figure 5 compares the convergence history of simulations using
the individual preconditioner, the steady preconditioner and the
non-preconditioned with a value of L = 4.5m, effectively deacti-
vating the preconditioning of the first harmonic. Compared to the
previous runs, adapting the individual preconditioner for the first
harmonic did not influence the convergence of the zeroth harmonic.
However, even though both the non-preconditioned computation
and the individual preconditioner have the same preconditioning
parameters, with the individual preconditioner, the first harmonic
reaches a converged state after approximately 120 000 iterations.
Supposedly, the improved convergence of the zeroth harmonic con-
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tributes to a faster convergence of the first harmonic. In con-
trast, the non-preconditioned computation requires approximately
1 000 000 iterations to fully converge both harmonics to machine
precision. Therefore, the individual preconditioner reduces the
number of iterations by approximately 88%.

6 Preconditioned Dissipation

Before applying P-Roe and Potsdam’s Roe scheme to the
labyrinth seal test case, the shortcomings of the classical Roe
scheme and P-Roe are demonstrated using two additional academic
test cases. For the computation of the academic test case, the it-
erative preconditioner is deactivated to isolate the effect of the
artificial dissipation on the computations.

The first test case is the steady-state lid driven cavity, which con-
sists of a 2D squared domain enclosed in four solid walls. The up-
per wall of the domain moves at a constant speed of iy, = 1 m/s,
driving the flow inside the cavity. This simplified labyrinth seal
cavity imitates the vortex structure inside labyrinth seal cavities.
With a domain length of / = 0.014 81 m, the initial conditions are
defined, such that a Reynolds number based on the wall veloc-
ity of 1000 is attained. The Mach number in the domain ranges
between M = 1073 and 1078, The test case is computed with
the standard Roe scheme, the P-Roe scheme and with Potsdam’s
blended Roe scheme. Since this is a steady state computation, the
unsteady Mach number for Potsdam’s scheme is set to Ml%b,l =1
The simulations are performed on a 81x81 grid, and the results
are compared with the reference computed by Erturk [35] on a
601x601 grid using an incompressible solver.

The x-velocity and y-velocity profiles along x =[/2 and y = 1/2,
respectively, are presented in Fig. 6 for each artificial dissipation.
The standard Roe scheme fails to predict the correct strength and
position of the vortex inside the cavity, leading to a strong disparity
to the reference. P-Roe and Potsdam’s scheme are both in very
good agreement with the reference. This demonstrates that the
two adapted dissipation formulations should be preferred over the
standard Roe scheme to accurately predict low-speed convective
flows in labyrinth seal cavities.

Next, an inviscid acoustic wave propagation test case is com-
puted with the HB solver. The domain is 0.0125 m long and peri-
odic in y-direction. At the entry of the domain, an acoustic wave
is prescribed with a frequency of 78 531.4 Hz and an amplitude of
10 Pa. The domain is discretized by a 64x64 grid. The background
mach number is 0.01. For Potsdam’s scheme L is set to the domain
length.

Figure 7 shows the real part of the density of the acoustic wave
propagating through the domain. The Roe scheme and Potsdam’s
scheme both yield similar results, with a reduction of the wave
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amplitude by 6.3 % over the domain length. P-Roe, however, atten-
uates the acoustic wave significantly more, resulting in a reduction
of the amplitude by 31.2 %, demonstrating the limited applicability
of P-Roe for unsteady computations.

We infer from the results of the academic test cases that, out
of the three presented schemes, only Potsdam’s scheme is able to
accurately predict both convective and acoustic effects in the low
Mach regime. Therefore, for the stability analysis of the labyrinth
seal, we only compare Potsdam’s scheme with the original clas-
sical Roe. For this analysis, we apply the optimized individual
preconditioner with M}%b,l = 1 for the first harmonic and steady
preconditioning for the zeroth harmonic, as described in section 5.
Mﬁb,l = 1 is chosen for Potsdam’s scheme to be consistent with
the iterative preconditioner. The stability analysis is performed for
the constant torsion frequency of f = 423.6 Hz, nodal diameters O
to 10 and the three torsion radii: » = —0.069 m, r = 0.0087 m and
r = 0.122m. These parameters correspond to a seal supported on
the high-pressure side, on the low-pressure side close to the cav-
ity center, and on the low-pressure side far from the cavity center,
respectively.

Figure 8 depicts the streamlines of the mean flow on a 2D-slice
at a constant pitch angle of 0° for r = 0.0087m and ND = 6.
The overall structure of the flow inside the cavity is very similar
for Roe and for Potsdam’s scheme. However, the vortices forming
in the corners and at the entry of the cavity are predicted to be
larger when Potsdam’s scheme is used. The improvement of the
solution is not as significant as for the lid driven cavity test case,
which may result from the Mach number in the labyrinth seal being
several orders of magnitude larger. Still, it should be noted that the
discrepancies between the two solutions are most dominant where
the Mach number is the smallest (see Fig. 2).

In Figure 9, we compare the predicted work per cycle computed
with both methods and the resulting seal stability predictions for
all three torsion radii. The results predicted by both schemes are
in good agreement with the literature [1, 13]. The seal supported
far on the low-pressure side (cf. Fig. 9(c)) is predicted to be stable
for all nodal diameters. However, when the torsion center is close
to the cavity center on the low-pressure side (cf. Fig. 9(b)), it
becomes unstable at large nodal diameters. If the seal is supported
on the high-pressure side (cf. Fig. 9(a)), it remains stable for large
nodal diameter and becomes unstable for small nodal diameters.
Overall, Potsdam’s scheme does not change the predicted stability
compared with the standard Roe scheme. For the torsion center
close to the cavity center at r = 0.0087 m, the work per cycle is
consistent between both schemes, only varying by 0.1% to 1%.
The discrepancy in the computed work per cycle increases with
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increasing torsion radius. At r = 0.069 m and r = 0.122 m, results
computed using Potsdam’s scheme deviate from the Roe scheme’s
prediction by 1.7% to 11%.

Figure 10 presents the convergence history of the labyrinth seal
computations using Potsdam’s scheme with and without individual
preconditioning for f = 423.6 Hz, » = 0.0087 m and ND = 6.
Comparing the convergence of the labyrinth seal computed with
Potsdam’s scheme and with Roe scheme (cf. Fig. 3) showcases
that the improved accuracy of Potsdam’s scheme comes at the cost
of a reduced convergence level and convergence rate. Further,
the originally optimized individual preconditioner does not yield
a faster convergence than the non-preconditioned case anymore
when used in combination with Potsdam’s scheme. It should be
noted that, even though the computations do not converge down to
machine precision, the convergence of the work per cycle is quite
satisfactory (cf. Fig. 11).

The two academic test cases indicate that Potsdam’s scheme
should be used to ensure high-quality HB computations. Addi-
tional analysis of the iterative preconditioner combined with pre-
conditioned dissipation will be necessary to improve the conver-
gence while guaranteeing the best possible accuracy of the HB
solver at low Mach numbers.

7 Conclusions

This paper has presented the implementation of low Mach pre-
conditioning techniques for HB solvers, combining iterative pre-
conditioning and preconditioning of the artificial dissipation. The
methods were applied and optimized on an academic labyrinth seal
flutter test case. The main results of this study were:

* Optimal convergence requires individual preconditioning for
each harmonic. Special attention must be paid to the unsteady
Mach number Ml%b,l’ since choosing an ill-suited value can
hinder convergence.

* The classical Roe scheme is inadequate for convective low
Mach flows, while P-Roe excessively attenuates acoustic
waves. To ensure accurate HB computations in the low Mach
regime, it is recommended to use Potsdam’s Roe scheme.

* The combination of iterative preconditioning with Potsdam’s
scheme unexpectedly hinders the convergence. This indicates
the need for further optimization of the preconditioner with
respect to this particular combination.

These conclusions highlight the potential of low Mach precondi-
tioning techniques to improve both the quality of the solution and
to reduce the computational cost of labyrinth seal flutter analysis
using HB solvers. Moving forward, future research should delve
deeper into the optimization of the combination of iterative pre-
conditioning with Potsdam’s Roe scheme.

Nomenclature

a = Speed of sound (m s~h

D = Convective flux Jacobian (-)

E, F,G = Convective flux Jacobian in cartesian directions (-)

E = Specific total energy (J kg_l)

f = frequency (s~

Fy4 = Artificial dissipation vector (-)

hy = Relaxation chamber height (m)

H = Fin cleanrance (m)

H = Specific total enthalpy (J kg™")
I = Identity matrix (-)

kg = Stabilization constant (-)
| = Computational domain length (m)
lc = Cavity length (m)

I = Relaxation chamber length (m)

Iy = Fin tip width (m)

L = Inter-fin distance (m)
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L, /s = Blending matrix (Potsdam) (-)
L = Characteristic Length (m)
M = Mach number (-)
M, = Unsteady Mach number (time-domain) (-)
My, = Unsteady Mach number (harmonic balance) (-)
ND = Nodal diameter (-)
p = Static pressure (Pa)
pt = Stagnation pressure (Pa)
P = Preconditioning matrix (-)
q = State vector (-)
q = Fourier coefficient of the state vector (-)
r = Torsion radius (m)
r¢ = Fillet radius (m)
R = Nonlinear time domain residual (-)
R = Cavity radius (m)
R = Fourier coefficient of the residual (-)
Re = Reynolds number (-)
s = Cavity height (m)
t = Physical time (s)
U = Velocity vector (m s7h
u, v, w = Cartesian velocities (m s_l)
x,y,z = Cartesian coordinates (m)
y* = non-dimensional cell size in normal direction (-)

Greek Letters
a = Fin wall angle (°)
2 = Preconditioning parameter (-)
ﬁﬁ]in = Lower limit for the preconditioning parameter (-)

v = Isentropic heat ratio (-)

1 = Pressure ratio (-)

Aj = Convective flux eigenvalue (m s7h

A = Convective flux eigenvalue matrix (m s7h
v = Kinematic viscosity (m s72)

p = Density (kg m?)
7 = Pseudo-time (s)

w = Angular frequency (rad s~1)

Superscripts and Subscripts

= Roe-averaged
HB = Harmonic balance
k = k-th harmonic
s = Steady
u = Unsteady

Appendix A: POTSDAM’S BLENDING MATRICES

The goal of the blending matrices is to apply the artificial dis-
sipation either only on the pressure field or on the velocity and
temperature field. Therefore, in primitive temperature variables

qgr = (p,u,v,w,T), the matrices are
Ly = diag (1,0,0,0,0)

and
Ls =diag (0,1,1,1,1).

(AD

(A2)

Since the implementation of the Roe scheme is in conservative
variables g = (p, pu, pv, pw, pE), they can be transformed to con-

servative variables via

L _ 9q dqt
u/s,cons — aqT u/s 66] .

This results in the following conservative matrices:

Lu,cons =
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(A3)

ap+1 an as ay as

au aru +1 asu agu asu
apv av azv+1 asv asv , (A4
ajw arw azw aqw + 1 asw
alH azH a3H a4H a5H +1
and
Ls,cons =
—-ap +1 —ap —-as —ay —as
—au —aju + 1 —asu —aqu —asu
—-ayv —anv —aszv+1 —a4v —-asy |,
—-ajw —arw —aszw —aqw+1 —asw
-a1H —-arH —-asH —a4H —asH +1
(AS)
with the parameters
alzl(y—l) (u2+U2+w2) (A6)
2a?
ar= -2 (y-1u (A7)
2a?
ay=-=15 (y -1 (A8)
2a?
ay =25 (y-Dw (A9)
2a?
as=-25(y-1). (A10)
2a?
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