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4.3.1 Acceleration

Using the product rule to derive the SEDS expression in (4.4) one obtains

•� =
KX

k=1

d
dt

�
hk (� )

�
(Ak � + bk ) + hk (� )

d
dt

�
Ak � + bk

�
: (4.20)

Continuing using the chain rule for d
dt

�
hk (� )

�
and the time derivative for

�
Ak � + bk

�

one obtains

•� =
KX

k=1

@ hk (� )
@ �

_� (Ak � + bk ) + hk (� ) Ak _�: (4.21)

The expression forhk (� ) is given in (4.5). P(� j k) is the conditional probability

distribution function corresponding to the k-th Gaussian function. Hence, hk (� ) is

a continuous and continuously di�erentiable function. Applying the quotient rule

gives

@ hk (� )
@ �

=

@
@ �

(P(k)P(� j k))
KX

i =1

P(i )P(� j i ) � P(k)P(� j k)
@

P K
i =1 P(i )P(� j i )

@ �
 KX

i =1

P(i )P(� j i )

! 2 :

(4.22)

To compute @
@ � (P(k)P(� j k)) , one considersP(k) 2 R that doesn't depend on �

and thus is a constant in the derivative and P(� j k), which is the multivariate

Gaussian distribution

P(� j k) =
1

(2� )d=2j� k
�� j1=2

exp
�
�

1
2

(� � � k
� )> (� k

�� ) � 1(� � � k
� )

�
: (4.23)

Finally, using the symmetric property of (� k
�� )� 1 for the derivative

�
@ x> A x

@x = 2x> A
�

one obtains
@ P(k)P(� j k)

@ �
= � P(k)P(� j k)( � � � k )> (� k

�� ) � 1: (4.24)

4.3.2 Jerk

Considering the expressions for•� (4.21), hk (� ) (4.22) and P(� j k) (4.24) developed

in the previous section, the jerk signal is given by

d
dt

•� = � (3) =
KX

i =1

(Ak � + bk )

"
_� >

 
@2

@�2
hk (� ) _�

!

+
@
@�

hk (� ) •�

#

+ 2
�

@
@�

hk (� ) _�
�

Ak _� + hk (� )Ak •�; (4.25)
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where @u> v
@x = u> @v

@x+ v> @u
@x was used. The second derivative ofh(� ) w.r.t. � is given

by:

@2

@�2
hk (� ) =

@2

@�2
P(k)P(� j k)

KX

i =1

P(i )P(� j i )

�

@
@�

(P(k)P(� j k))
@
@�

 KX

i =1

P(i )P(� j i )

! >

 KX

i =1

P(i )P(� j i )

! 2

+ 2

P(k)P(� j k)
@
@�

 KX

i =1

P(i )P(� j i )

!
@
@�

 KX

i =1

P(i )P(� j i )

! >

 KX

i =1

P(i )P(� j i )

! 3

�

@
@�

 KX

i =1

P(i )P(� j i )

!
@
@�

(P(k)P(� j k))>

 KX

i =1

P(i )P(� j i )

! 2

�

P(k)P(� j k)
@2

@�2

 KX

i =1

P(i )P(� j i )

!

 KX

i =1

P(i )P(� j i )

! 2 : (4.26)

Finally, deriving P(k)P(� j k) twice w.r.t. � gives

@2

@�2
P(k)P(� j k) = P(k)P(� j k)

h
(� k

�� ) � 1(� � � k
� )( � � � k

� )> (� k
�� ) � 1 � (� k

�� ) � 1
i

:

(4.27)

4.3.3 Snap

The analytical 3rd-order derivation of hk (� ), necessary to compute the desired

snap, is a three-dimensional tensor. The necessary online computational complexity

isn't justi�ed for the reaching motion since control signals up to the Jerk level

are enough to smoothly execute very fast motions without overshooting as shown

in Chapter 5. Nonetheless, the snap, except forhk (� )(4) , is presented below. Future

work might investigate the in�uence of the snap-signal by numerically approximating

hk (� )(4) .
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Starting from the Jerk expression (4.25) the single terms are derived one by one:

d
dt

�
2

�
@
@�

hk (� ) _�
�

Ak _�
�

= 2
�

@
@�

hk (� ) _�
�

Ak •�

+ 2Ak _�

"
@
@�

hk (� ) •� + _� >

 
@2

@�2
hk (� ) •�

!#

(4.28)

d
dt

(Ak � + b)
�

@
@�

hk (� ) •�
�

=
�

@
@�

hk (� ) •�
�

Ak _�

+ ( Ak � + b)

"
@
@�

hk (� )� (3) + •� >

 
@2

@�2
hk (� ) _�

!#

(4.29)

d
dt

(Ak � + b)

"
_� >

 
@2

@�2
hk (� ) _�

!#

= _� >

 
@2

@�2
hk (� ) _�

!

Ak _�

+ ( Ak � + b)

"
_� >

 
@2

@�2
hk (� ) •�

!#

+ ( Ak � + b)

" 
@3

@�3
hk (� ) _�

!
_�

#

+ ( Ak � + b)

2
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@2

@�2
hk (� ) •�

! >

•�

3

5 (4.30)

d
dt

hk (� ) •� =
�

@
@�

hk (� ) _�
�

Ak •� + hk (� )Ak � (3) : (4.31)

Grouping these terms gives the expression for the Snap signal:

� (4) = 3 Ak _�

" �
@
@�

hk (� ) •�
�

+ _� >

 
@2

@�2
hk (� ) _�

!#

+ 3Ak •�
�

@
@�

hk (� ) _�
�

+ ( Ak � + b)
�

_� >

" 
@3

@�3
hk (� ) _�

!
_�

#

+
@
@�

hk (� )� (3)
�

+ ( Ak � + b)

"

3 _� >

 
@2

@�2
hk (� ) •�

!#

+ hk (� )Ak � (3) : (4.32)

4.4 Upper and Lower Bounds of Covariance Eigenvalues

When providing the controller with the higher-order reference signals, the model

outputs rapid acceleration (factor 12) and jerk (factor 104) with small changes of

the state (within 1 mm 3), see Fig. 4.3a and Fig. 4.3b. Running such a model on
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the robot results in seemingly unpredictable behavior and therefore needs to be

addressed. This section will �rst discuss the cause of this irregular model behavior,

explain why and where it occurs and lastly propose a solution to prevent it from

happening, all without impacting model performance.

(a) Unbounded acceleration signal from the
model derivative.

(b) Unbounded jerk signal from the model
derivative.

Figure 4.3. Example for increase and decrease in acceleration and jerk for covariance with
small eigenvalues. Z-axis has been replaced with model output magnitude.

4.4.1 Cause of Volatile Acceleration and Jerk Signal

The model output is the nonlinear sum of K linear systems, each created by a

Gaussian distribution (4.4). Analysis of each Gaussian shows that only one Gaussian

is responsible for the irregular behavior. In the term for that Gaussian, the inverse

of the covariance(� k
�� ) � 1 is ill-conditioned (Frobenius norm of � 1010 versus the

Frobenius norm of other covariances with� 500). The inverse of the covariance� k
��

is proportionally present in the acceleration and jerk signal through the derivatives

of hk (� ) (4.22), (4.26) and the constant matricesAk (4.5) and vectors bk (4.5). If

the inverse increases, so do these terms. With regard to the velocity the inverse is

only present in Ak and bk . However, it is balanced by the corresponding priorP(k)

being very small so that even for an ill-conditioned inverse, there is no signi�cant

increase in velocity, see Fig. 4.4. Other than the velocity, the extension to higher

order derivatives doesn't have such a balancing mechanism because the model is

trained solely on velocity and not acceleration and jerk data so that the contribution

of (� k
�� ) � 1 for the derivatives of hk (� ) (4.22), (4.26) cannot be considered by the

optimizer in the same way. Furthermore, _hk (� ) and •hk (� ) are not bounded ashk (� ),

and can therefore increase uncontrollably, see Fig. 4.5.

Given that hk (� ) is the activation function of the kth Gaussian it is in�uenced

by � k
�� and � k . The closer � is to � k , the larger hk (� ). If the variance of a Gaussian
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Figure 4.4. Example of the increase in velocity around the critical point.

decreases, the activation occurs within a smaller radius around� k . Furthermore, if

the covariance matrix is ill-conditioned, hk (� ) is activated only very close to � k and

reaches its maximum when� coincides with � k (Fig. 4.5). Therefore the irregular

behavior occurs around the mean of the Gaussian with the ill-conditioned covariance.

Figure 4.5. Example of rapid changes in•hk (� ) given small changes of� along the x and y
axis for ill-conditioned gaussian.

4.4.2 Cause of Ill-Conditioned Covariance Matrices

Already the k-means initialization yields ill-conditioned covariances, due to the

fact that trajectory data is very biased towards one of three spatial directions,

resulting in a large eigenvalue along one direction and small eigenvalues along the

other two. This is also true for some of the covariances after the EM step. However,

even if the solver starts with an initial guess that doesn't contain an ill-conditioned
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covariance, it might still converge to one. There is no optimization constraint to

prevent this as the velocity data is still well reproduced even with an ill-conditioned

covariance and the model's output of acceleration and jerk is not included in the

cost function.

4.4.3 Preventing Ill-Conditioned Covariance Matrices

There are two ways for a symmetric positive de�nite matrix to be ill-conditioned

which results in large elements in magnitude of its inverse: 1. near-singular matrices,

caused by small eigenvalues of that matrix, 2. large conditioning number, caused by

large ratio between largest and smallest eigenvalue.

The condition number for a positive de�nite matrix C is given asK(C) = � max
� min

.

To prevent a large conditioning number an upper bound on the eigenvalues can

be implemented. To prevent near-singular eigenvalues, a lower bound during the

optimization is enforced that guarantees a minimum value for all eigenvalues. The op-

timizer uses the constraint formulation c(x) � 0, therefore the resulting optimization

constraint for the i th eigenvalue� of the kth Gaussian is

c�k;i;lower = � � k;i + � � 0; (4.33)

c�k;i;upper = � k;i � � � 0; (4.34)

with � and � being the lower and upper bound, respectively.

Analytical derivative of constraints w.r.t. optimization parameters

The optimizer uses analytical derivatives of the cost function and the constraints

w.r.t. the optimization parameters � to speed up the optimization. The derivatives of

the upper and lower bound eigenvalue constraints are equal and opposite, therefore

only the derivatives for the upper bound
@c�k;i;lower

@� will be developed. The upper

bound � is constant, thus zero in the derivative which results in
@c�k;i;lower

@� =
� k;i
@�.

Out of all the parameters in � , � k;i only depends on the entries of� k
�� , the derivative

for all other parameters is zero. Furthermore, the parameters of� k are stored in

the cholesky decompositionL k of � k , see Section 4.1.2. As� k
�� is the upper left

submatrix of � k , the matrix B k (B k )> = � k
�� , with B k lower triangular is introduced

to ease notation.

Starting from the general result in [49]1, the derivative of an eigenvalue w.r.t.

the entries of a matrix, given that the matrix is symmetric and eigenvectors and

1@�i = v>
i (@G) vi , with G being a symmetric matrix and vi , � i the i th eigenvector, eigenvalue

respectively.
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eigenvalues are smoothly varying is:

@�k;i

@� k
��;m;n

= v>
i (

@� k
��

@� k
��;m;n

) vi : (4.35)

The derivative of � k
�� = B k (B k )> , w.r.t. the optimization parameters is given by

@� ��

@Bm;n
=

@BB>

@Bm;n
=

@B
@Bm;n

B > + B
@B>

@Bm;n
= Jm;n B > + BJ >

m;n ; (4.36)

where @(X > ) = @(X )> and @B
@Bm;n

= Jm;n , with Jm;n as the single-entry matrix,

with a one at (m; n) and zero elsewhere. Thek superscript is omitted for readability.

Substituting (4.36) into (4.35), the derivative of the i th eigenvalue � of the kth

Gaussian w.r.t. the relevant optimization parameters given byBm;n is:

@�ki
@Bk

m;n
= ( vk

i )>
�
Jm;n (B k )> + B k J >

m;n

�
vk

i ; (4.37)

where vk
i is the corresponding eigenvector. This expression is passed to the solver.

4.5 Orientation Learning

So far only the position, but not the orientation of the robot has been consid-

ered. To enable orientation learning, this section illustrates the adopted approach

presented in [29] for learning from demonstration in SO(3) via compact orientation

representation of UQ.

4.5.1 Optimization

The approach [29] bears similarities to SEDS but in contrast to it, the GMM

is not used to learn Ak and bk , but only used for the optimization of the state-

dependent mixing term 
 k (q i ) (hk (� ) in SEDS), similar to LPV-DS [ 28]. Ak is

optimized separately along with an additional matrix P to in�uence the gradient of

the LF, while bk is �xed to zero. The model is given by

(qatt )des =
MX

i =1


 k (q)Ak logqatt
(q); (4.38)

with logqatt
: M ! Tqatt M being the logarithmic mapping from the manifold to the

TS spanned atqatt , and (qatt )des the desired orientation in Tqatt .

The optimization process has two steps. First, the GMM is trained. However, it

is only used to compute the mixing term 
 k (q). Secondly, theAk and P matrices
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are optimized separately under the constraint (4.43), resulting in a non-convex

optimization problem. The problem can be solved by non-linear constraint semi-

de�nite programming. To optimize the GMM, EM is used. However, since EM

assumes linearity of the space it operates on, it cannot be used directly as quaternions

are naturally de�ned in the Hilbert Space. Given that UQ form a Riemannian

manifold and that the TS of a Riemannian manifold is Euclidean, EM can be applied

in the TS of a Riemannian manifold. All trajectories are therefore shifted to end at

the same attractor. All trajectories are then mapped from the manifold into the TS

of the attractor qatt . With the data being in a Euclidean space represented by the

TS of the attractor, EM can be applied which yields a GMM in Tqatt . To compute

the GMM on the manifold, each data point in the TS is assigned to a Gaussian

based on the maximum likelihood. With this hard assignment, the GMM of the TS

can be projected to the Riemannian manifold. To do this, each Gaussian mean on

the manifold is computed according to

~� = argmin
p2 S3

NX

i =1

d(q i ; p)2; (4.39)

with p; q; ~� 2 M and d(p; q) = arccos (p> q), representing the shortest path between

two points on the manifold, known as a geodesic. ~� is found with the Frechet

mean [50], which extends the mean from Euclidean Space to Riemannian manifolds.

In practice, ~� is e�ciently computed with the iterative approach in [ 51]. Once the

means are found, the covariance is computed, similar to the Euclidean space

� =
1

(N � 1)

NX

i =1

log~� p i log~� p>
i : (4.40)

Having de�ned mean and covariance, the probability of observing a UQ on a Gaussian

is given by

N (log~� j � = 0 ; �) ; (4.41)

where the UQ is projected inT~� and � = 0 since the Logarithmic mean w.r.t. itself

is the origin of the TS. With this, 
 k (q) is de�ned as the posterior probability of a

quaternion q in the GMM


 k (q) =
� kN (q~� k j � k )

P K
j =1 � j N (q~� k j � j )

; (4.42)

where N (~� j � k ) is the probability of observing q from the k-th Gaussian component

parametrized by the mean and covariance matrix� k = f ~� k ; � kg.

It has to be noted that this approach can introduce errors in the learned model
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because even though the TS is linear, the underlying geometry and the mapping

between the manifold and TS aren't. This creates distortions if the optimization

occurs in a single TS [25]. Future work might address this by deploying the EM for

Riemannian manifolds similar to [52].

The learned 
 k (q i ) can now be used in the optimization ofAk and P where the

following optimization problem is de�ned

argmin
�

MX

i =1






 (q̂i

att )des � (qi
att )des








2
;

s.t.
n P K

j =1
P K

k=1 
 j (q i ) 
 k (q i ) A j PA>
k � P � 0;

(4.43)

with (q̂i
att )des as the model output given by (4.38) and P = P> � 0. With the

additional matrix P in the LF, one can �atten the gradient of the LF along one

direction of the state space, thus increasing the range of possible model outputs.

This increase in �exibility is indeed needed as the problem is more complex. See [29]

for the stability analysis of this discrete system.

4.5.2 Model Output to Reference Signal

Given that neither angular velocities nor quaternion derivatives live in quaternion

space, it is impossible to use the usual a�ne mapping from state� to _� known from

SEDS and LPV-DS. Instead, the discrete system that, given the current orienta-

tion q, predicts the desired orientation represented in the TS of the attractor was

designed(4.38). To convert the desired orientation qdes
att into a reference angular

velocity, the vector is parallel transported to the TS of the current orientation

� qatt ! q : Tqatt M ! Tq M , where the exponential map is used to map it onto the

manifold which then represents the desired orientation in the world frame. The de-

sired angular velocity is obtained by �rst computing the error between the current and

the desired orientation qe = �q � (q̂)des, converting it to the axis angle representation

and dividing by the demonstration sampling time dt: ! des = quat2rotvec (qe)=dt,

with quat2rotvec as the conversion from UQ to axis-angle representation [53]. For

an overview see Algorithm 1.

The labels(qi
att )des for the optimization are generated according to Algorithm (2).

4.6 Simulation Results

This section presents to which extent the demonstrated data characteristics have

been learned by the model and quanti�es the model's performance with the error

metrics MSE, dynamic time warping (DTW), and direction error. The performance
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Algorithm 1 Model Output to Reference Signal

Input q̂des
att ; q, dt . model output, current orientation, and

data sampling rate respectively
Output ! des

q̂des
body = � qatt ! q

�
q̂des

att

�
. note that bodyonly refers to the TS origin

q̂des = expq

�
q̂des

�

qe = �q � q̂des . body frame rotation to align q with q̂des

! des = quat2rotvec (qe) =dt . desired angular vel in body frame

Algorithm 2 Creating Labels from Data

for each trajectory do
Input Q := f q i gN

i =1
for i < N do

(q i )des = q i +1

(qi
body)

des = log q i (q i )des . map desired orientation in local TS
(qi

att )des = � qatt ! q i (qi
body)

des . Move TS vector into TS at attractor
end for
(qN )des = qN

(qN
body)

des = log qN (qN )des

(qN
att )des = � qatt ! qN (qN

body)
des

end for

is given w.r.t. the hyperparametersK , � , and � , where K is the total number of

Gaussians and� and � the value for the lower and upper bound on the covariance

eigenvalues respectively. Models of both the position, see Section 4.1, and orientation,

see Section 4.5, motion generators are discussed. The demonstration data was

captured by physically guiding the right arm of neoDavid in gravity compensation

mode. Details on the motion demonstration data can be found in Section 5.1.

For this section, trajectory roll-outs in MATLAB are used. Given an initial

position, the model is queried and then integrated with the Euler method to obtain

the position of the next time step: � i +1 = � i + _� d dt. The step size for the simulations

was set to0:001s.

4.6.1 Hyperparameter Design

To compare the in�uence of the number of GaussiansK and the lower and

upper bound � and � for the covariance eigenvalues, di�erent error metrics are

used. The common MSE has the downside of not explicitly considering the direction

discrepancy between the model output and the demonstration data. The ability

to reproduce the desired direction is important and not properly captured by the

MSE. Therefore a direction error is used as well. MSE and direction error are given
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respectively by

emse =
1
T

NX

n=1

T n
X

t=0

( _� t;n � _̂� t;n )> ( _� t;n � _̂� t;n ); (4.44)

edir =

0

B
@1 �

( _� t;n )> _̂� t;n





 _� t;n












 _̂� t;n






 + �

1

C
A

2

: (4.45)

Lastly, DTW is used as a metric to evaluate the models. DTW measures similarities

between temporal sequences which may vary in speed. It produces optimal discrete

matching between one series to another and from these matches an Euclidean-based

distance. Provided two time signals, DTW is given by:

DTW (A; B ) = min
s X

i;j

d(ai ; bj )2: (4.46)

First introduced in [ 54] it was adopted in [55] and used in many LfD works as an

error metric [56], [57].

Two main hyperparameters in�uence the performance of a model: the number

of GaussiansK and whether the eigenvalues of the Gaussian covariance matrices

are constrained according to section 4.4. Given that the optimization problem is

not convex, there is no guarantee that the solver �nds the global minimum of the

cost function. Di�erent initial points in the optimization can make for di�erent

points of convergence. Each hyperparameter set is therefore trained four times

with random initialization and the best model is kept. The model performances for

di�erent combinations of these hyperparameters are presented in Table 4.1. The

upper bound is chosen to be� = 100� as it results in a conditioning number of

100 which ensures that the matrix won't be ill-conditioned due to a di�erence in

minimum and maximum eigenvalues. The lower bound values� = 10 � 3 and 10� 2

have been chosen as both promote signi�cant smoothness of the models' output. For

� = 10 � 2, the model performance decreased signi�cantly w.r.t to the error metrics.

The constraints are too restrictive and hinder the model from correctly learning

the data. On the other hand, � = 10 � 3 exhibits a similar performance level to

the unconstrained models and was therefore chosen for the �nal model. With a

growing number of K , the computation time for training and inference increases

proportionally. Still, the biggest model with K = 35 was trained on a MacBook Air

with the ARM Apple M1 chip and 16 GB of RAM in 57 minutes. This is signi�cantly

faster than the training of deep learning motion generator approaches which can

require hours or days of training on high-end GPUs.
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Table 4.1. Error metrics by giving di�erent hyperparameters.

MSE DTW
Direction

Error
Number of
Gaussians

No
Const.

� = 10 � 3 � = 10 � 2

0.0688 25.321 0.1056 5 1 0 0
0.0676 24.991 0.1017 5 0 1 0
0.0654 23.479 0.1127 10 1 0 0
0.0651 24.030 0.0989 10 0 1 0
0.0674 24.017 0.1291 10 0 0 1
0.0700 26.949 0.1216 15 1 0 0
0.0583 19.354 0.0846 15 0 1 0
0.0709 25.512 0.1243 15 0 0 1
0.0673 26.769 0.1025 25 1 0 0
0.0577 17.2983 0.0823 25 0 1 0
0.0671 26.038 0.1149 25 0 0 1
0.0522 17.0466 0.0772 35 0 1 0
0.0514 16.662 0.0788 45 0 1 0

4.6.2 Qualitative Assessment of Motion Generator

The best model obtained from the numerical evaluation is used to qualitatively

evaluate the motion generator's ability to capture the demonstration data characteris-

tics. In the following, the origin represents the attractor of the system. Furthermore,

from neoDavid's point of view, the orientation of the coordinate system is such

that the x-axis points straight ahead, the y-axis left, and the z-axis up. Therefore,

positions relative to the target are labeled as in front, if the x-axis is negative, and

left/right if the y-axis is positive/negative respectively. Up or below the target refers

to a positive or negative z-axis, respectively.

"Bottom-to-top" motion

As seen in Fig. 4.6, the bottom-to-top motion is encoded successfully to avoid

a potential shelf or table for motions that start below and from the right side of

the target. Due to the workspace ofneoDavid and the limited possibilities to reach

behind and below a target, these are the most likely cases in which a reaching motion

has to avoid a potential shelf or table. Initial positions where the model wasn't able

to capture this behavior can be seen in some trajectories of Fig. 4.7.

"Reach-around" motion

The second characteristic set out to be captured in the motion generator was

the reach around for starting positions left of the target, to avoid knocking over

the object. For the majority of the cases where the initial position is left and in
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Figure 4.6. A qualitative assessment of the bottom-to-top reaching motion via di�erent
trajectory roll-outs.

Figure 4.7. A qualitative assessment of the implicit reach around capability of the motion
generator.

front of the target the reach around works. However, when for the same x and y

coordinates thez-axis coordinate decreases, the reach-around motion fails. This is
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caused by a lack of demonstration data: As can be seen in Fig. 5.3 in the bottom-left,

demonstrations are lacking for this particular part of the region. Furthermore, some

demonstrations violate the quadratic LF (4.7) because the collected data increases

its distance to the target temporarily Fig. 5.2. As discussed, this cannot be captured

by the model. With additional demonstration data and a more expressive LF, these

shortcomings are expected to disappear.

4.6.3 Simulation of Orientation Motion Generator

Other than the positional motion generator, the evolution of the orientation

trajectory is obtained by converting the model output to the desired orientation qd

and using this as the model input for the next time step. A comparison of a demon-

stration versus the motion generator's reproduction given the initial demonstration

orientation is shown in Fig. 4.8. Trajectories from di�erent initial orientations behave

similarly.

Figure 4.8. Quaternion trajectory of motion generator output versus provided training
demonstration.The black dashed lines stand for demonstration data.



41

Chapter 5

Experimental Validations

This chapter outlines the practical steps taken to realize the theoretical concepts

discussed in the previous chapter and presents the outcomes of the conducted exper-

iments. The chapter begins with an overview of the demonstration setup, followed

by a discussion about the desired motion characteristics and the demonstration

data pre-processing. Additionally, it covers the available hardware setup and the

development of control signals based on the motion generators' reference signals,

followed by the presentation of the conducted experiments. Lastly, it discusses the

chosen approach in relation to the initial goals formulated in Section 1.1.

Figure 5.1. Kinesthetic teaching of the robot in gravity compensation mode. The ketchup
bottle was used as a reference for the demonstrator. Reaching motions for di�erent
initial and target positions were captured to cover the whole workspace of the robot.
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5.1 Motion Demonstration

This section introduces the capture and pre-processing of the demonstrated

motions.

5.1.1 Demonstration Setup

In this work, the gravity compensation mode of neoDavid was used to collect

17 demonstrations that were believed to su�ciently cover the relevant state space.

Kinesthetic teaching was chosen as a way to collect the demonstrations since it doesn't

require additional hardware and no computer vision, making it the quickest and

most convenient method. The right arm of neoDavid was guided to execute reaching

motions from di�erent starting positions, see Fig. 5.1. During the demonstrations,

the SE(3) pose of the hand TCP was recorded in the form of transformation matrices.

5.1.2 Demonstration Characteristics

The demonstration data was collected to best represent the reaching motion of a

right arm as the hand of neoDavid is attached to its right arm. Two characteristics

were chosen to be most important for this: 1) all trajectories approach the target

from the right, even if they start left of it, see Fig. 5.2 and 2) a reaching motion

starting below the target should �rst rise to the target height without decreasing

the distance along the x- and y-axis. Only if it is leveled with the target it should

approach it,see Fig. 5.3. Humans approach an object with their right hand from

the right side instead of the left due to the wrist's natural range of motion. Even

though the neoDavid's wrist joints would allow for left-side grasping, the goal of

human-like execution of the task justi�es the additional complexity introduced in

the demonstration data.

Assuming that an object is positioned on a shelf or table, adjusting the height

to the correct level before approaching the target on the x-axis and y-axis when

starting from below the target height reduces the risk of a collision with the table or

shelf.

5.1.3 Pre-Processing

The raw demonstration data is pre-processed to obtain a suitable dataset for

the optimization. First, the demonstration data is shifted so that all trajectories

are aligned to terminate at the origin. This is essential for the model to learn a

consistent motion. The obtained positions are smoothed with a moving average and

a window size of 150 milliseconds, centered around the current data point. The

position data is numerically derived and then truncated in the beginning when the
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Figure 5.2. Top view of shifted translation demonstration data to end at the origin, velocity
scaled, showing approach direction.

Figure 5.3. Side view of translation demonstration data, shifted to the origin, velocity
scaled, showing avoidance of a shelf or table for "bottom-to-top" motions.

velocity norm �rst exceeds 0.1 m/s and in the end when it drops below 0.01 m/s.

Next, each demonstration is downsampled to roughly 300 data points to �rst, reduce

the computational burden of the training, as one optimization step involves the

computation of as many predictions as there are data points, and second, prevent
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longer demonstrations from in�uencing the training disproportionaly. Close to

the target, all demonstrations are overlapping, thus holding the same information,

resulting in an overrepresentation of the origin region during the optimization. Some

demonstrations are therefore truncated before entering a 10 cm radius around the

attractor.

The pre-processing results in a datasetD = f � t;n ; _� t;n gT n ;N
t=0 ;n=1 of 5492 tuples

with � = x � x � as the position error, _� its time derivative, N = 17 the total number

of demonstrations andTn the number of tuples per demonstration. x � is the �nal

position of each demonstration that is used to shift the whole trajectory to end at

zero, resulting in � � = 0 2 R3.

5.1.4 Solver Settings

For the optimization of the problem in (4.17a), MATLAB's [ 58] fmincon [59]

solver was used.fmincon is a solver for constrained non-linear optimization problems.

This solver is free to use and is generally considered to perform well for this type of

constrained non-convex optimization problem. Besides the main hyperparameters of

the method, the number of Gaussian and the consideration of eigenvalue constraints,

the solver has been used with the following settings:

ˆ the interior-point optimization algorithm was used, as it is generally the

fastest and most reliable algorithm for this kind of problem.

ˆ The StepTolerance was set to 10� 15. If the parameters are updated by a

smaller value than this tolerance, the optimization terminates.

ˆ The FunctionTolerance was set to10� 12 and is the minimum that the cost

function has to change for each optimization step without the solver terminat-

ing.

ˆ TolCon, the tolerance by which the constraints are allowed to be violated was

set to 10� 12.

ˆ MaxIter , the maximum number of iterations was set to 2000, and chosen in a

way that it is not a signi�cant limiting factor. Most of the time, the solution

converges before reaching the maximum iteration and doesn't terminate only

because theStepTolerance and FunctionTolerance are set to very small

values.

5.2 Experimental Setup

To validate the motion generator on a real system, theneoDavid robot introduced

in Section 2.1.1 was used to execute a reaching-and-grasping motion. To show the
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reactiveness to target perturbations, the RGB-D camera insideneoDavid's head

together with the existing object detection and tracking pipeline [60] and [61] was

leveraged to track a ketchup bottle. Fig. 5.4 shows the experimental setup. The

pipeline gives the current position of the tracked object which was fed back as the

attractor of the motion generator. To execute the developed method the reference

signal was converted to the joint space and provided as input to the ESP controller

which generated the control signals. A SIMULINK model was connected to a real-

time kernel that was responsible for receiving sensor data and relaying reference

control signals to the robot. The unused torso joints were �xed. Due to technical

di�culties, the last two joints, joints 6 and 7, had to be kept constant. Since at least

6 DoF are necessary for full pose control, the experiments focus on the positional

motion generator without the orientation signals.

Figure 5.4. Setup for the target perturbation experiments.

5.2.1 Control Signals

To control neoDavid, the available ESP controller requires reference signals in

the joint space. However, SEDS and its analytical derivatives provide a desired

Cartesian velocity _xd, acceleration •xd, and jerk x(3)
d signal with x 2 R3 as the

translation along x, y and z axis. A mapping from Cartesian space to joint space is

needed. This mapping is given by the JacobianJ (q) and its derivatives _J (q; _q) and
•J (q; _q; •q). Usually J (q) 2 R6� 7 but given that _xd 2 R3� 1, and the last two joints are

disfunctional, J (q) is truncated to J (q) 2 R3� 5. The geometric Jacobian has been
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used as this Jacobian also maps to the end-e�ector angular velocity, which is needed

for future orientation control. Together with its time derivatives and the unique

right side pseudo inverseJ (q)# they give the mappings between the desired cartesian

and the desired joint signals. For computation e�ciency, the static consistent null

space projector has been used instead of the dynamically consistent projector

_qd = J # _xd; (5.1a)

•qd = J # (•xd � _J _qd); (5.1b)

q(3)
d = J # (x(3)

d � 2 _J •qd � •J _qd); (5.1c)

where J # 1 is given by

J # = J > (JJ > ) � 1: (5.2)

J # is only valid for non-singular J as the joint reference signals grow unbounded

when J approaches a singularity. In general, one uses the QR-Factorization to

�nd the pseudo-inverse for rank-de�cient Jacobians [62]. Dependencies on the joint

con�guration of J (q) have been omitted for readability.

Furthermore, since the available joints result in 5 DoF, and the cartesian reference

signal has three dimensions, two additional DoF need to be accounted for to prevent

null space joint drift. Therefore, a null space controller to stabilize the null space

dynamics is deployed. The following signals are given to the controller

_qref = _qd + ( I � J # J ) _qnull ; (5.3a)

•qref = •qd + ( I � J # J ) •qnull � (J # _J + _J # J ) _qnull ; (5.3b)

q(3)
ref = q(3)

d + ( I � J # J )q(3)
null � 2(J # _J + _J # J )•qnull (5.3c)

� ( _J # _J + J # •J + •J # J + _J # _J ) _qnull :

To develop the time derivatives of the pseudo inverse, the auxiliary variable

Z = JJ > is introduced and its inverse is derived twice to yield d(Z � 1) and dd(Z � 1).

1 In practice, a damped least square (DLS) Jacobian given by JDLS = J > (JJ > + I� ) � 1 with
� = 0 :0001 is used to approximate the pseudo-inverse JacobianJ # . I� ensures that the expression
remains well-conditioned when J is singular or near-singular. BecauseJDLS isn't a mathematically
exact pseudo-inverse,(I � JDLS J ) also does not perform an exact orthogonal projection into the
nullspace of J , but prioritizes computational e�ciency and ease of implementation over the accuracy
of the introduced, reasonably small, error.
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d(Z � 1) = � Z � 1( _JJ > + J _J > ) Z � 1; (5.4a)

dd(Z � 1) = � d(Z � 1) ( _JJ > + J _J > ) Z � 1;

� Z � 1 ( •JJ > + 2 _J _J > + J •J > ) Z � 1; (5.4b)

� Z � 1 ( _JJ > + J _J > ) d(Z � 1):

With these terms, the pseudo inverse derivatives can compactly be given by

_J # = _J > Z � 1 + J > d(Z � 1); (5.5a)

•J # = •J > Z � 1 + 2 _J > d(Z � 1) + J > dd(Z � 1): (5.5b)

The null space command is often used to avoid singularity con�gurations based on

the derivative of a manipulability measure w.r.t. q [63]. However, in the experimental

setup, singularities only occur when the robot is fully stretched out, a situation

not to be expected to arise. Therefore, further considerations to prevent this are

unnecessary. To streamline computational e�orts, a constant con�guration is used

as a reference resting position. A PD-controller is deployed that draws the arm to

the desired con�guration qnominal (5.9). (5.6a) is derived twice to provide the null

space signal on the acceleration and jerk level

_qnull = K null (qnominal � q) � Dnull _q; (5.6a)

•qnull = � K null _q � Dnull •q; (5.6b)

q(3)
null = � K null •q � Dnull q(3) : (5.6c)

Diagonal matrices with higher values give the gains for the �rst 4 joints as their

motors are stronger in comparison to the last 3 joints

K null = diag([5; 5; 5; 5; 2]); (5.7)

Dnull = diag([1; 1; 1; 1; 0:1]); (5.8)

qnominal = [0 ; 30� ; 0; 30� ; 0]: (5.9)

Note, that the motion generator doesn't yield a desired position. Therefore the

proportional K P term in the ESP controller is not used by setting qd = q. Also, as

the motion generator is purely state-dependent, there is no initial transition phase to

gently accelerate the robot to the desired speed. To avoid saturation of the motors

at the beginning of the motion, a ramp-up phase was implemented that is used to
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scale the reference signals

 (t) = min
�

1; �
Z

dt
�

; (5.10)

where t is the current time starting at zero,  (0) = 0 , and � is the scaling factor

of the ramp-up time, chosen to be 6, 20, and 50 for velocity, acceleration, and jerk

respectively.

5.3 Experimental Results

This section presents the results obtained from the implementation and testing

of the proposed positional motion generator on theneoDavid.

5.3.1 Unscaled Motion Generator

When deploying the motion generator, the reaching motion was successfully

executed. However, the acceleration and jerk reference signals both have a magnitude

smaller than 1 and they therefore don't contribute signi�cantly to the control signals,

see Fig. 5.5. This is due to the demonstration data that doesn't contain many

high acceleration and high jerk motions and is further caused by the covariance

eigenvalue constraints that promote model output smoothness. Additionally, with a

maximum end-e�ector velocity of 0.25 m/s, the motions are relatively slow. This is

in line with the speed of the collected demonstrations. To evaluate the signi�cance

of the additional reference signals in the tracking performance and to achieve

dynamic motions, the motion generator is scaled by a constant. Since the motion

generator represents a DS and the additional constant doesn't violate the stability

conditions, the system is still GAS, but evolves faster and consequently shows

stronger acceleration and jerk.

5.3.2 Incomplete Reference Signal and Scaled Motion Generator

To establish a tracking performance baseline, the output of the motion generator

is scaled by a factor of 5 and only the reference velocity signal is provided to the ESP

controller with acceleration and jerk signal set to zero. With 1.43 m/s this results in

a signi�cantly faster maximum end-e�ector velocity of the hand's TCP compared to

the unscaled motion generator, see Fig. 5.6b. However, due to the increased velocity

reference signals, there is a signi�cant overshoot of 10 centimeters along both the

x and the y axis in the trajectory (Fig. 5.6a). See Fig. 5.7 for an overlayed image

sequence of the overshooting trajectory. It is concluded that the reference signal

cannot be tracked accurately with only the velocity reference signals.
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Figure 5.5. Cartesian signals of a trajectory based on an unscaled motion generator. Note
the small reference values of acceleration and jerk.
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(a) Cartesian position trajectory without
all reference signals, but only velocity ref-
erence. The motion generator output is
scaled by a factor of 5. Note the over-
shoot.

(b) Cartesian velocity trajectory without all
reference signals, but only velocity ref-
erence. The motion generator output is
scaled by a factor of 5. Note the smaller
velocity norm compared to Fig. 5.8b.

Figure 5.6. Cartesian position and velocity trajectory using a scaled motion generator by
the factor 5 and only providing velocity reference signals to the controller.

Figure 5.7. Trajectory of scaled motion generator by factor 5without acceleration and
jerk signal. Note the overshoot att3. Trajectory with acceleration and jerk didn't exhibit
overshoot (Fig. 5.8a).

5.3.3 Entire Reference Signal and Scaled Motion Generator

To see the impact of the additional reference signal, the motion generator is again

scaled by the factor 5, but now all reference signals, namely velocity, acceleration,

and jerk are given to the ESP controller. As a result, the additional reference signals
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successfully eliminated the overshoot (Fig. 5.8a), while at the same time increasing

the maximum cartesian end-e�ector velocity by a margin of 0.2 m/s to 1.63 m/s.

This proves the e�ectiveness of the developed approach as it increased speed while

at the same time eliminating overshoot.

(a) Cartesian space position trajectorywith
all reference signals. The motion genera-
tor output is scaled by a factor of 5.

(b) Cartesian velocity trajectory with all
reference signals. The motion genera-
tor output is scaled by a factor of 5.
Note the larger velocity norm compared
to Fig. 5.6b.

Figure 5.8. Cartesian position and velocity trajectory using a scaled motion generator by
the factor 5 and providing all reference signals to the controller.

5.3.4 E�ects of Higher-Order Reference Signals in Joint Space

In the joint space, the e�ects of providing the higher-order control signals are also

evident. Scaling the motion generator by a factor of 5 and then comparing the results

for the velocity-only Fig. 5.11 signal and the full reference signal stack Fig. 5.10, one

can see the improved tracking of the reference velocity, acceleration, and jerk, when

comparing their errors Fig. 5.9.

5.3.5 Target Perturbation and Physical Human-Robot Interaction

The experiments for the target perturbation were conducted by moving the

ketchup bottle to di�erent positions along all axes (Fig. 5.13). Since the orientation

control couldn't be evaluated due to the dysfunctional last two joints, the bottle was

kept at a constant orientation throughout the experiments. The motion generator was

able to adapt seamlessly to the changes along all axes. Furthermore, the robot avoided

the table regardless of the attractor's height without explicit obstacle avoidance.

The human-robot interaction was smooth and the robot reacted seamlessly to the

target perturbations.
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