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Understanding the mechanical interplay between sili-
con anodes and their surrounding solid-electrolyte inter-
phase (SEI) is essential to improve the next generation of
lithium-ion batteries. We model and simulate a 2D ellipti-
cal silicon nanowire with SEI via a thermodynamically con-
sistent chemo-mechanical continuum ansatz using a higher
order finite element method in combination with a variable-
step, variable-order time integration scheme. Considering
a soft viscoplastic SEI for three half cycles, we see at the
minor half-axis the largest stress magnitude at the silicon
nanowire surface, leading to a concentration anomaly. This
anomaly is caused by the shape of the nanowire itself and
not by the SEI. Also for the tangential stress of the SEI,
the largest stress magnitudes are at this point, which can
lead to SEI fracture. However, for a stiff SEI, the largest
stress magnitude inside the nanowire occurs at the major
half-axis, causing a reduced concentration distribution in
this area. The largest tangential stress of the SEI is still
at the minor half-axis. In total, we demonstrate the impor-
tance of considering the mechanics of the anode and SEI in
silicon anode simulations and encourage further numerical
and model improvements.

1. Introduction
Silicon anodes can present the next vital step towards im-
proved lithium-ion batteries with higher capacity [1–5]. Nev-
ertheless, the significant ability for lithiation causes massive
volume changes during cycling, hindering the commercial-
ization of pure silicon anodes [6, 7]. The substantial defor-
mations lead to mechanical instabilities of anode particles
larger than 150 nm and cause particle fracture and pulver-
ization [8, 9]. Consequently, hopes are pinned on nanos-
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tructured silicon anodes [10–12] and silicon nanowires in
particular [13–15].

Due to electrolyte instability in contact with anode par-
ticles, the solid-electrolyte interphase (SEI) forms on silicon
anodes, reasonably passivating the electrolyte from further
decomposition [16–19]. However, the SEI continues to grow
during storage and battery operation via electron transport
from the anode towards the electrolyte [20–22]. On silicon
anodes, the SEI and its mechanical behavior merit special
attention as the massive volume changes of the anode chal-
lenge the stability of the SEI [23, 24]. Nonetheless, the inner
SEI is reported to stay intact during cycling [25]. Thus, it
is important to consider the stress generated inside the SEI
and its implication for silicon anodes in simulations of the
silicon-SEI system [26–28].

Our previous works discussed the silicon-SEI system with
spherical symmetry [24, 26, 27, 29]. Additionally, we per-
formed 2D simulations of the nanowire only [30–32] and
restricted expansion by a rigid obstacle [33]. As literature
reports the importance of non-symmetric geometries on the
mechanical properties during cycling [34] in contrast to a
spherical setup [35], we investigate the mechanics of an el-
liptical silicon nanowire covered by SEI in this manuscript.
Therefore, we straightforwardly adapt our 1D radial sym-
metric setup for the chemical and elastic silicon core as well
as the elastic and viscoplastic SEI shell to the 2D elliptical
nanowire. Our variable-step, variable-order time integra-
tion scheme is combined with a higher order finite element
method. In total, we simulate three half cycles, meaning
a first lithiation is followed by delithiation and a second
lithiation. We provide extensive investigations of the me-
chanical characteristics and concentration distribution for
the coupled silicon-SEI structure.

The remaining of this manuscript is structured as follows:
in section 2, we present the key details of our continuum
modeling, followed by a brief summary of our numerical
procedure in section 3. The focus of this work is section 4,
in which we present our extensive numerical results and dis-
cussions. We conclude with a summary and a short outlook
in section 5.

2. Theory
We follow Ref. [29] and briefly recap our chemo-mechanically
coupled model for the silicon-SEI approach. This ansatz
is based on the thermodynamically consistent theory by
Refs. [24, 26, 29–31, 36, 37].

We use a purely elastic (Lagrangian) logarithmic Hencky
strain for the finite deformation model of the electrode nano-
wire, whereas we apply a viscoplastic approach for the SEI.
For a purely elastic particle without SEI, the typically used
Lagrangian strain or Green–St-Venant strain leads to sim-
ilar results compared to the Hencky strain [31, 38]. The
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Figure 1. Sketch of the silicon nanowire core (red) covered by the
SEI shell (blue) with the underlying time-constant computational
grid and the points LR (lower right), UL (upper left) and CE (center)
for further investigations.

deformation Φ relates the reference (Lagrangian) configu-
ration Ω0 ⊂ R3 to the current (Eulerian) configuration Ω.
A silicon core subdomain and a SEI shell subdomain are
identified in each frame, indicated with the subscript C and
S, respectively. In this work, we consider a quarter sec-
tion of an elliptical nanowire, resulting from symmetry as-
sumptions along both half-axes as well as free expansion and
vanishing stresses in the third direction. At the half-axes,
we impose a non-displacement condition in tangential direc-
tion. A sketch of the considered domain with the underlying
computational grid is depicted in Figure 1.

Finite Deformation. The deformation gradient F =
Id+∇0u with the identity tensor Id and the displacement
vector u can be split up multiplicatively into three parts:
F = FchFelFpl, the chemical, elastic, and plastic deforma-
tion, respectively, compare Sect. 10.4 in Ref. [39], Sect. 8.2.2
in Ref. [40] and Ref. [41].

In the silicon core domain, we consider only reversible de-
formations F = FchFel = Frev. The elastic part results from
mechanical stresses and the chemical part from changes of
the lithium concentration during lithiation and delithiation
as Fch = λchId = 3

√
1 + vpmvcmaxc Id with the partial mo-

lar volume vpmv of lithium inside silicon, the normalized
lithium concentration c = c/cmax ∈ [0, 1] of the lithium con-
centration c ∈ [0, cmax] with respect to the maximal con-
centration cmax in the reference configuration. In the SEI
domain, no chemical deformation occurs: F = FelFpl. We
omit the index C or S for reasons of better readability if it
is clear from the context which part is referred to.

Free Energy. We consider all model equations in the ref-
erence configuration at constant temperature and state the
Helmholtz free energy ψ(c,∇0u,Fpl) = ψch(c)+ψel(c,∇0u,
Fpl) resulting in ψ(c,∇0uC) = ψch(c) + ψel(c,∇0uC) and
ψ(∇0uS,Fpl) = ψel(∇0uS,Fpl) for the respective silicon
core and SEI shell domain. With the mass density ρ0 of sil-
icon in the reference configuration the chemical and elastic
free energy densities can be defined as

ρ0ψch(c) = −cmax

∫ c

0

F UOCV(z) dz

with an experimental open-circuit voltage (OCV) curve
UOCV [24, 26, 31, 33] and the Faraday constant F as well as

ρ0ψel(c,∇0u,Fpl) =
1

2
Eel(c,∇0u,Fpl) :C[Eel]

with Fpl = Id for silicon, the elastic strain tensor Eel,
and the constant, isotropic stiffness fourth-order tensor C
as C[Eel] = λ tr(Eel) Id + 2GEel. Here, λ = 2Gν/(1 − 2ν)
and G = E/

(
2(1 + ν)

)
are the first and second Lamé con-

stants, respectively, depending further on Young’s modu-
lus E and Poisson’s ratio ν. In Table 1, we give the pa-
rameters for silicon and SEI. The (Lagrangian) logarith-
mic Hencky strain tensor Eel is given as Eel = ln(Uel) =
ln
(√

Cel
)
=
∑3

α=1 ln
(√
ηel,α

)
rel,α ⊗ rel,α with the eigen-

values ηel,α and eigenvectors rel,α of Uel. The tensor Uel

is the unique, symmetric and positive definite right stretch
part of the unique polar decomposition of Fel = RelUel, see
Sect. 2.6 in Ref. [42].

Chemistry. The lithium concentration changes during
lithiation and delithiation inside the reference silicon core
domain Ω0,C can be stated via a generalized diffusivity equa-
tion [24, 43, 44]

∂tc = −∇0 ·N . (1)

The lithium flux N = −D (∂cµ)
−1 ∇0µ with the diffusion

coefficient D for lithium in silicon is applied for an isotropic
case. The chemical potential µ can be derived as the par-
tial derivative of the free energy density with respect to the
concentration c [24, 26, 31, 33, 36]

µ = ∂c(ρ0ψ) = µch + µel

= −F UOCV − vpmv

3λ3
ch

tr(C[Eel]) . (2)

Therefore, the total lithium flux N = N ch + N el can be
divided into the lithium concentration-driven diffusive flux
component N ch = −D (∂cµ)

−1 ∇0µch and the stress-driven
convective flux component N el = −D (∂cµ)

−1 ∇0µel, re-
spectively. A uniform and constant external flux Next in the
Lagrangian domain with either positive or negative sign (for
lithiation or delithiation, respectively) is applied at the sur-
face of the silicon core. This external flux is measured with
regard to the charging rate (C-rate) connecting the state of
charge (SOC) to the simulation time via the external lithium
flux and the initial concentration SOC(t) = c0+Nextt. Fur-
ther information about the SOC, the C-rate and Next can be
found in Refs. [24, 30, 31] and the references cited therein.

Elastic and Inelastic Deformation. We solve the mo-
mentum balance equation [24, 30, 31, 33] in the silicon core
domain and the SEI shell domain

0 = ∇0 ·PC(c,∇0uC), 0 = ∇0 ·PS(∇0uS,Fpl) (3)

for the respective deformation. The first Piola–Kirchhoff
tensor P is thermodynamically consistently derived as

P = 2F∂C(ρ0ψ) = F
(
FT

elFel

)−1 (
F−1

pl
)T

F−1
pl C[Eel],

see Refs. [24, 26, 31, 33]. With the first Piola–Kirchhoff
tensor P we state the related symmetric Cauchy stress σ in
the current configuration as σ = PFT/ det (F), see Sect. 3.1
in Ref. [42].

In this work, we rely on the rate-dependent plastic ap-
proach [29, 31]. Therefore, we introduce the scalar yield
stress σY and the evolution equation of the scalar accumu-
lated equivalent inelastic strain εeqpl ≥ 0 as

ε̇eqpl =


0,

∣∣∣∣Mdev∣∣∣∣ ≤ σY,

ε̇0

(∣∣∣∣Mdev
∣∣∣∣ − σY

σY∗

)β

,
∣∣∣∣Mdev∣∣∣∣ > σY,
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which replace the typical Karush–Kuhn-Tucker (KKT) con-
ditions for the plastic approach, compare Sect. 1.7 in Ref. [45]
and Refs. [29, 31, 41]. The deviatoric Mandel stress Mdev =
M − 1/3 tr(M) Id is computed via the Mandel stress M =
∂Eel(ρ0ψel) = CS[Eel] in the SEI domain. The remain-
ing values are the positive-valued stress-dimensioned con-
stant σY∗ , the reference tensile stress ε̇0, and the measure
of the strain rate sensitivity of the material β which are
given in Table 1. Furthermore, we rescale the yield stress
with the factor

√
2/3 due to consistency with the one di-

mensional tensile test, see Sect. 2.3.1 in Ref. [45]. Finally,
we use a projector formulation to map the stresses onto
the set of admissible stresses, stated for our viscoplastic ap-
proach in Ref. [31]. This procedure is also known as static
condensation [46, 47]. Therefore, Fpl and εeqpl are applied as
internal variables. This procedure has the advantage that
the nonlinear system of partial differential equations does
not need to be extended by the plastic part of the deforma-
tion gradient, in contrast to Refs. [24, 26].

3. Numerical Approach
Again, we follow Ref. [29] and state only the most important
details. All in all, after non-dimensionalization and omitting
the accentuation for the non-dimensionalization, we solve
for given Fpl and εeqpl the continuity equation in Eq. 1, the
chemical potential equation in Eq. 2, and the momentum
balance equations in Eq. 3. As a result, we obtain the con-
centration c, the chemical potential µ, and the silicon core
displacement uC as well as the SEI shell displacement uS.
Therefore, we imply boundary conditions at the interface
between the silicon core and the SEI shell domain: uC = uS

and PC · n = PS · n with the normal vector n = nC. At
the outer boundary of the SEI, we have no stresses mean-
ing PS · nS = 0. Furthermore, we impose initial condi-
tions c(0, ·) = c0, Fpl(0, ·) = Id and εeqpl (0, ·) = 0.

For the numerical solution of the nonlinear system of par-
tial differential equations, we choose an admissible mesh
for the computational domain, use the isoparametric La-
grangian finite element method, see Chapt. III §2 in Ref. [48],
derive a weak formulation and a spatial and temporal dis-
cretization [29]. For the spatial discretization, we apply a
fourth order finite element approach using a uniform and
time-constant mesh in the reference configuration, displayed
in Figure 1. Note that the original set of equations is derived
in 3D, however, all equations are also mathematically valid
in 2D [30, 31]. The temporal discretization is realized with a
variable-step, variable-order time integration scheme using
the numerical differential formulation (NDF) of linear mul-
tistep methods [49–51]. The temporal discretization of the
internal variables are treated with an implicit exponential
map. For a detailed procedure of the temporal integration
for Fpl and εeqpl , we refer to Ref. [31]. In each time step,
the nonlinear system is solved using the Newton–Raphson
method and the adaptive scheme for the time presented as
Algorithm 1 in Ref. [30].

We start with the constant initial concentration c0 = 0.02
and µ0 = ∂cρψch(c0). The initial time step size is 10−8 h,
the maximal time step size 10−3 h and temporal relative
and absolute tolerances 2 · 10−4 and 2 · 10−7, respectively.
The grid has around 87 · 103 degrees of freedom. Additional
zero-displacement boundary conditions are applied on the
major half-axis with uy = 0 and on the minor half-axis
with ux = 0. The Newton update is computed with an

LU-decomposition from the UMFPACK package [52, Ver-
sion 5.7.8] and shared memory with OpenMP Version 4.5
is enabled for assembling the Newton method. Our imple-
mentation is based on the open-source finite element library
deal.II [53]. All simulations are performed on a single node
at the BwUniCluster2.0 with GCC 12.1 [54].

4. Results and Discussion
Due to the importance of mechanics and the silicon anode
geometry, we investigate the chemo-mechanical coupling of
an elliptical silicon nanowire covered by the SEI in a 2D
setup. We discuss the stresses occurring inside the silicon
anode and the SEI in comparison to a symmetric nanowire.
Additionally, we examine the lithium concentration distri-
bution and gradients during lithiation and delithiation in-
fluenced by mechanics. To assess the impact of the SEI, we
compare the chemo-mechanical results for a silicon anode
covered by a soft and a stiff SEI layer.

During cycling, the lithium concentration inside the sili-
con nanowire changes. An increase in the lithium concen-
tration results in a chemical expansion of the anode, while
a decrease leads to a shrinkage. Inhomogeneous lithium
distribution inside the silicon implies inhomogeneous vol-
ume changes that have to be accommodated by mechanical
deformations. These mechanical strains inside the lithiated
silicon generate stresses. While the silicon can deform chem-
ically and elastically, the SEI features elastic and viscoplas-
tic material behavior. During cycling, the SEI layer has to
adjust to the volume changes of the silicon anode. As the
SEI can only deform mechanically, expansion and shrinkage
of the silicon anode lead to significant mechanical strains,
creating stresses inside the SEI as well. The stresses inside
silicon and SEI are coupled due to the interface condition
of equal stress in normal direction.

4.1. Silicon Nanowire with Soft SEI
First, we investigate the behavior of an elliptical silicon
nanowire covered by a soft SEI layer. The ratio of the mi-
nor to the major half-axis is 0.6:1. The SEI thickness is one
eighth of the silicon core length. We simulate three half cy-
cles (1st lithiation, 1st delithiation, and 2nd lithiation) with
a rate of 1C. The simulation parameters are stated in Ta-
ble 1. We begin our discussion with the mechanics inside
the silicon anode and the SEI layer and continue with the
examination of the lithium concentration distribution. Es-
pecially, we consider the quantities of interest at the lower
right of the major half-axis (point LR), at the upper left
of the minor half-axis (point UL), and at the center of the
silicon (point CE), respectively. The interfacial points (LR
and UL) and the central point (CE) are illustrated in Fig-
ure 1.

Concerning the mechanics inside the silicon anode, lithi-
ation from the outside leads to concentration gradients and
inhomogeneous volume changes. The volume mismatch gen-
erates compressive stress at the outer boundary of the nano-
wire and tensile stress at the center. During delithiation,
lithium flux out of the anode leads to tensile stress at the
outer boundary and compressive stress at the center. To
investigate the mechanics in detail, we illustrate the simu-
lated stresses for the elliptical silicon nanowire covered by a
soft SEI layer in Figure 2. We depict the stress distribution
during lithiation at 30% SOC for the normal component σn
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Figure 2. Cauchy stresses for the elliptical silicon nanowire with a soft SEI. Distribution of (a) normal and (b) tangential Cauchy stress
inside the silicon core and the SEI shell during lithiation at 30% SOC. Evolution of Cauchy stress at the points LR and UL during three half
cycles for (c) normal, (d) tangential core, and (e) tangential shell stress.

in Figure 2(a) and the tangential component σt in Figure
2(b). Both stress distributions reveal the general trend of
tensile stress at the center and compressive stress at the
outer boundary of the silicon nanowire. The largest com-
pressive stresses appear in normal direction at the end of
the major half-axis at point LR and in tangential direction
at the end of the minor half-axis at point UL. The largest
tensile stresses appear in normal direction along the major
half-axis and in tangential direction along the minor half-
axis, each close to the center. Therefore, possible plasticity
[31] and fracture might occur along the minor half-axis.

We depict the time evolution of the stress inside silicon
during three half cycles for the normal component in Fig-
ure 2(c) and for the tangential component in Figure 2(d).
The evolution of the stress components during the first lithi-
ation reveals permanent compressive stress at points UL
and LR, with significantly larger stress magnitudes for the
tangential component. The normal stress in Figure 2(c) al-
ways shows the largest magnitude at the major half-axis at
point LR, and the tangential stress in Figure 2(d) shows
the largest magnitude at the minor half-axis at point UL.
During the subsequent delithiation, tensile stresses arise at
the outer boundary, showing the largest magnitudes at the
same points as before. The normal stress during the second
lithiation in Figure 2(c) deviates from the first lithiation in
the beginning due to a different initial state, but the stresses
continuously approach the ones during the first lithiation.
The tangential stress during the second lithiation in Figure
2(d) coincides with the first lithiation. The largest stress
magnitudes during cycling occur at low SOC in particular
in tangential direction at the end of the minor half-axis at
point UL. This supports our previous finding that the ellip-
tical silicon nanowire might be prone to plasticity [31] and
fracture in this regime.

To highlight the influence of the elliptical geometry, we
compare our simulation results to the case of a symmetric
silicon nanowire with the same capacity in Figure 6. Due to

the symmetry, the stresses at points UL and LR are equal.
The stress magnitudes of the normal and tangential stress
components at the outer boundary in the symmetric case
are always in between the stress values at point UL and
LR for the elliptical case. Therefore, the largest stresses
reached during cycling in the symmetric case stay smaller
than the ones for the elliptical case. Consequently, the sym-
metric silicon nanowires are mechanically more stable than
elliptical silicon nanowires with the same capacity.

Next, we discuss the mechanics of the SEI shell during cy-
cling. The Cauchy stress in normal direction in silicon and
SEI is coupled at the interface. At the outer boundary of
the SEI, the stress in normal direction vanishes. Therefore,
we focus on the description of the tangential component of
the SEI stress depicted in Figure 2(e). During lithiation, the
volume expansion of the nanowire leads to tensile tangential
stress inside the SEI. The tangential stress magnitude at the
minor half-axis at point UL is slightly larger compared to
point LR. This can be expected as the curvature of the SEI
is smallest at the end of the minor half-axis. Thus, the SEI
might be prone to fracture at point UL. During delithia-
tion, the tangential stress inside the SEI is compressive and
the maximum value is reached again at point UL. During
the second lithiation, the size of the stress overshoot reduces
and the stress converges to that one of the first lithiation.
Compared to the symmetric nanowire, we observe the same
trend for the stresses inside the SEI shell as for the sili-
con core. The stress magnitudes are in between the stresses
at points UL and LR. Consequently, the maximum value
is smaller for the symmetric case, meaning a superior me-
chanical stability of the SEI. To investigate the influence of
viscosity, we vary the parameter for the plastic strain rate
ε̇0 in Figure 8. A smaller value retards plastic flow, leading
to a larger stress overshoot and larger stress magnitudes in
general. Nevertheless, the shape of the stress profiles does
not change significantly upon variation of ε̇0.

After the mechanical description, we investigate the lithi-

4



(a)
5%SOC

0.04

0.05

0.06

0.07
0.074 (b)

30%SOC

0.3

0.35

0.263

0.376 (c)
90%SOC

0.89

0.9

0.91

0.92

c
/c

m
ax

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
−0.1

−0.08

−0.06

−0.04

−0.02

0

0.02

0.04

0.06

0.08 (e)

SOC / -

c̄
−
SO

C
/-

LR
UL
CE

1st lith.
1st delith.
2nd lith.

(d)
30%SOC

0

0.1

0.2

0.3

0.39

0.
7
|N

ch
|/

c m
ax
L
C
/t

cy
cl
e

Figure 3. Lithium concentration for the elliptical silicon nanowire with a soft SEI. Distribution of the lithium concentration inside silicon
during lithiation at (a) 5%, (b) 30%, and (c) 90% SOC. (d) Concentration-driven diffusive lithium flux N ch scaled with 0.7. (e) Deviation
of the lithium concentration from the mean at the points LR, UL, and CE during three half cycles.

um concentration inside the elliptical silicon nanowire. Dur-
ing lithiation, the lithium flux points from the outside into
the interior of the silicon anode. Thus, we expect that the
concentration at the outer boundary of the anode exceeds
the concentration at the center, as shown for the symmet-
rical nanowire covered by SEI in Figure 7. During delithi-
ation, we expect a decreased lithium concentration at the
outer boundary compared to the center. We show our sim-
ulation results for the lithium concentration in Figure 3.
The lithium distribution inside the elliptical silicon nanowire
during lithiation is illustrated in Figure 3(a) to (c) for 5%,
30%, and 90% SOC. As expected, the lithium concentra-
tion increases in general from the outside. The lithium dis-
tribution reveals the highest concentration at the end of
the major half-axis at point LR. At this point, the ellipti-
cal geometry has the highest local surface-to-volume ratio,
resulting in faster lithium concentration increase, compare
Section 2.2.3 [55]. Contrary to our expectation, the lithium
concentration at the end of the minor half-axis at point
UL is lower than the concentration at the center point CE
during lithiation at 30% SOC. For a better illustration of
this concentration anomaly, we depict the concentration-
driven diffusive lithium flux N ch during lithiation at 30%
SOC in Figure 3(d), indicating negatively scaled concentra-
tion gradients. Along the major half-axis, lithium diffusion
points towards the center of the ellipse, as expected. How-
ever, along the minor half-axis, diffusion points towards the
outer boundary of the nanowire, revealing the concentra-
tion depletion at point UL. While the arrows indicating
the direction of lithium diffusion partially point towards the
outer boundary, the more pronounced stress-driven convec-
tive lithium flux N el depicted in Figure 9(a) points towards
the interior. This ensures that the total flux N always
points towards the interior of the silicon core during lithia-
tion.

To confirm the appearance of the concentration anomaly,
we examine the deviation of the lithium concentration from
the mean during cycling in Figure 3(e). As expected during
lithiation, the concentration at point LR is always larger,

and at point CE smaller than the mean concentration. Dur-
ing delithiation, this concentration distribution is inverse.
However, the concentration at point UL is smaller than the
mean concentration and even smaller than the concentration
in the center CE during lithiation in a wider SOC regime
between 15% and 45% SOC. The concentration anomaly at
point UL also appears during delithiation as concentration
excess between 35% and 5% SOC and the second lithia-
tion again as depletion. Thus, the concentration anomaly
at point UL is no simulation artifact in a narrow SOC range
during the first lithiation but significant and robust during
cycling.

The concentration anomaly also appears during slow cy-
cling with C/20 and inside an elliptical silicon nanowire
without SEI as shown in Figure 11. Thus, we exclude kinetic
limitations or the mechanical impact of the SEI on the sili-
con core as reasons for the concentration anomaly. Instead,
we attribute this effect to a mechanical origin inside the el-
liptical silicon nanowire. During lithiation, the lithium con-
centration increases the fastest at point LR at the end of the
major half-axis due to the highest surface-to-volume ratio.
The significant increase causes pronounced volume expan-
sion, leading to compressive stress along the outer boundary
of the nanowire. This compressive stress is largest at point
UL at the end of the minor half-axis due to the smaller
curvature at this point. The substantial compressive stress
affects the chemo-mechanical potential and hinders further
lithium concentration increase at point UL. During delithi-
ation, the fastest decrease in concentration appears at point
LR, generating tensile stress, especially at point UL. The
substantial tensile stress impedes lithium concentration de-
crease at point UL, generating a local concentration excess.
Investigating a purely chemical 2D elliptical silicon nanowire
without mechanical coupling, such a concentration anomaly
does not occur. Thus, the concentration anomaly during
cycling results from the chemo-mechanical interplay inside
the silicon nanowire significantly influenced by the elliptical
geometry.
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Figure 4. Cauchy stresses for the elliptical silicon nanowire with a stiff SEI. Distribution of (a) normal and (b) tangential Cauchy stress
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4.2. Silicon Nanowire with Stiff SEI
After discussing the soft SEI, we want to investigate the
influence of a stiff SEI layer on the mechanics and the lithi-
ation behavior of an elliptical silicon nanowire as discussed
for a spherical nanoparticle in Ref. [26]. Therefore, we in-
crease the value of Young’s modulus and the yield stress of
the SEI shell by a factor of 100 compared to the soft SEI, i.e.
E = 90GPa and σY = σY∗ = 4.95GPa. The increase in the
mechanical parameters immediately evokes elevated stresses
inside the SEI. We depict the stress distribution in Figure
4(a) for the normal component and in Figure 4(b) for the
tangential component at 30% SOC during lithiation. Ana-
log to the soft SEI scenario, the largest compressive stress
in the SEI in normal direction occurs at the major half-axis
at point LR and the largest tensile stress in tangential di-
rection appears at the minor half-axis at point UL due to
the local curvature effects. Therefore, possible cracking of
the SEI might occur again at point UL due to the largest
tangential stresses.

The time evolution during cycling of the normal stress
in Figure 4(c) and the tangential stress in Figure 4(e) con-
firms this observation. During delithiation, we observe the
largest tensile stress in normal direction inside the SEI at
the major half-axis at point LR and the largest compres-
sive stress in tangential direction at the minor half-axis at
point UL accordingly. The stresses during the second lithi-
ation approach the stresses during the first lithiation but
deviate due to the viscoplastic behavior. The comparison
to the soft SEI case reveals a stress increase inside the SEI
for both components by approximately a factor of 100, rep-
resenting the increase in the mechanical parameters.

The stress inside the silicon nanowire is affected by the
stiff SEI layer due to the mechanical coupling of the silicon
core and the SEI shell. We depict the normal stress compo-
nent inside silicon and SEI during lithiation at 30% SOC in
Figure 4(a). The illustration reveals that the normal stresses
at the interface are equal as imposed by the boundary condi-

tion. The stress distribution shows significantly larger com-
pressive stresses within the whole silicon nanowire except a
small region along the minor half-axis close to the center,
where tensile stresses appear. Compared to the soft SEI, the
most significant normal compressive stress occurs again at
the end of the major half-axis at point LR due to the largest
curvature and pronounced impact of the SEI. The tangential
stress component inside silicon depicted in Figure 4(b) is in-
directly affected by the different SEI mechanics. The stress
distribution reveals compressive stresses within the whole
silicon nanowire with the largest stress magnitude at the
end of the major half-axis at point LR. This is in contrast
to the case with the soft SEI, where the largest compressive
stress occurs at the end of the minor half-axis at point UL
and where tensile stresses occur in a larger region around
the center.

We depict the stress evolution within the silicon core dur-
ing cycling in the normal direction in Figure 4(c) and in the
tangential direction in Figure 4(d). As discussed for the SEI
mechanics, the normal stress inside silicon at the boundary
is approximately 100 times larger compared to the soft SEI
scenario with a similar shape of the stress profile. The tan-
gential stress inside silicon is compressive during lithiation
and changes to tensile stress during delithiation analog to
the soft SEI case. However, the largest tangential stress
magnitudes appear at point LR in contrast to the scenario
with the soft SEI, where the largest tangential stress mag-
nitude appears at point UL. Thus, the maximum stress
magnitudes inside silicon occur at the same point LR for
the normal and tangential component due to the impact of
the stiff SEI shell, which is most significant at this point due
to the largest curvature. This effect emphasizes the impor-
tance of the mechanical interplay between the silicon core
and the SEI shell.

Next, we discuss the influence of the stiff SEI mechanics
on the lithiation behavior of the silicon nanowire core. We
depict the lithium concentration distribution during lithi-
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Figure 5. Lithium concentration for the elliptical silicon nanowire with a stiff SEI. Distribution of the lithium concentration inside silicon
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ation in Figure 5 at (a) 5%, (b) 30%, and (c) 90% SOC.
The illustration reveals that upon the start of the lithia-
tion, lithium concentration increases at the outer boundary
of the silicon core, proceeding gradually towards the center
as expected. Nevertheless, this trend is broken during fur-
ther lithiation, and a concentration anomaly occurs at the
end of the major half-axis at point LR. The concentration-
driven diffusive lithium flux N ch during lithiation at 30%
SOC depicted as arrows in Figure 5(d) indicates the nega-
tively scaled concentration gradient and confirms the con-
centration depletion at point LR. This is in contrast to the
concentration anomaly found for the soft SEI case at the
end of the minor half-axis at point UL, where no anomaly
occurs for the stiff SEI case. Instead, the anomaly appears
at the point with the largest curvature and the most signifi-
cant stress magnitude generated by the stiff SEI. Again, the
stress-driven convective lithium flux N el depicted in Fig-
ure 9(b) guarantees that the total lithium flux N always
points towards the interior of the silicon core during lithia-
tion. This confirms the importance of the chemo-mechanical
interplay and the severe influence of the stiff SEI shell on
the lithiation behavior of the silicon nanowire core. The stiff
SEI shell acts similarly to a rigid obstacle hindering local
volume expansion and, consequently, lithiation as discussed
in Ref. [33].

We depict the evolution of the lithium concentration in
Figure 5(e) to estimate the robustness of the mechanical im-
pact during cycling. During the first lithiation, the decrease
in concentration at point LR exists in the whole SOC range.
During the subsequent delithiation, this decrease in concen-
tration reduces continuously, and an increase in concentra-
tion, meaning an anomaly, appears for SOC values smaller
than 20%. During the second lithiation, a concentration
anomaly appears for SOC values larger than 30%. The sec-
ond lithiation deviates significantly from the first lithiation
due to the viscoplastic behavior of the SEI shell. Neverthe-
less, the concentration anomaly caused by the mechanical
impact of the stiff SEI shell is a robust effect appearing dur-
ing every cycle.

The stiff SEI mechanics influences the chemo-mechanical
potential inside silicon. Due to the viscoplastic behavior, the
stiff SEI shell generates a stress hysteresis during cycling,
causing a voltage hysteresis as depicted in Figure 12. Thus,
the hysteresis effect discussed in Refs. [26, 27] for a spherical
silicon particle covered by a stiff SEI shell also occurs for
elliptical nanowires. This demonstrates the importance of
mechanical considerations for silicon cores and SEI shells
in simulations dealing with silicon anodes as battery active
material.

5. Summary and Conclusion
In this study, we have systematically investigated the me-
chanical behavior and lithiation characteristics of an ellipti-
cal silicon nanowire core covered by a viscoplastic SEI shell
with a 2D chemo-mechanical simulation. We have compared
the influence of a soft and stiff SEI shell on the system and
discussed the effect of the elliptical geometry. We base our
model and numerical simulation on a higher order finite el-
ement method with a variable-step, variable-order time in-
tegration scheme extended straightforwardly from the 1D
radial symmetric case [29].

Concerning the mechanics, the silicon and soft SEI system
shows the largest stress magnitudes in tangential direction
at the end of the minor half-axis at point UL, where the
curvature is minor. The normal component of the stress
shows the largest magnitude at the end of the major half-
axis at point LR, however, with significantly smaller values
compared to the tangential stresses. For the stiff SEI case,
the system reaches the largest stress magnitudes at the end
of the major half-axis at point LR, where the curvature
is major and the mechanical impact of the SEI is domi-
nant. Thus, the stress magnitudes are significantly higher
compared to the soft SEI case. Only the tangential stress
component inside the SEI is larger at the point with the
smallest curvature UL, where the SEI is prone to cracking.
Symmetric silicon nanowires with the same capacity and
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corresponding SEI shell are mechanically more stable than
elliptical nanowires.

The mechanics of the elliptical geometry significantly in-
fluences the lithiation behavior of the silicon nanowire. Gen-
erally, the lithium concentration is increased at the outer
boundary during lithiation and decreased during delithia-
tion, with the fastest concentration changes at the end of
the major half-axis at point LR due to the largest surface-
to-volume ratio at this point. For the soft SEI case, the con-
centration distribution reveals a deviation from this trend
at the end of the minor half-axis at point UL. This con-
centration anomaly also appears during slow cycling and
without SEI. Therefore, the mechanics of the elliptical sil-
icon nanowire causes this effect. For the stiff SEI case, in
contrast, a concentration anomaly occurs at the end of the
major half-axis at point LR. The SEI influences the lithi-
ation behavior more dominantly at this point due to the
pronounced curvature. In total, the soft SEI has only a
minor effect on the silicon nanowire, while the stiff SEI sig-
nificantly impacts the lithiation behavior.

As shown in Refs. [56–58], inhomogeneous lithiation on
particle scale is also responsible for considerable overpoten-
tial fluctuations on electrode scale. Our results demonstrate
that inclusion of mechanical effects not only predicts me-
chanical degradation but also influences electrochemically
induced degradation due to the mechanically induced over-
potential fluctuations.

To conclude, we have demonstrated the importance of
the chemo-mechanical coupling, the geometry, and the SEI
on the silicon anode behavior during cycling. Based on our
work, further simulations could include plasticity of the sili-
con nanowire, fracture modes inside silicon and SEI, or SEI
growth. From a numerical perspective, an adaptive spatial
grid algorithm could optimize the simulation.
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Appendices

A. Symmetric Nanowire with Soft SEI
For comparison, we investigate the stresses and the lithiation characteristics of a symmetric silicon nanowire during cycling.
We choose the radius as LC = 38.73 · 10−9 m to obtain the same capacity as for the elliptical nanowire and the thickness
of the SEI is chosen as an eighth of the core length as LS = 4.84 · 10−9 m.

We depict the stress distribution during lithiation at 30% SOC for the normal and tangential component in Figure
6(a) and (b). Inside the silicon core, both components show compressive stresses close to the outer boundary and tensile
stresses close to the center. Inside the SEI, the normal stress is compressive close to the nanowire and vanishes at the outer
boundary. The tangential component is tensile inside the whole SEI shell.

We show the evolution of the stress components at the interface during three half-cycles in Figure 6(c), (d), and (e).
During lithiation, the normal component and the tangential component inside the silicon core show compressive stress,
while the tangential component inside the SEI shell shows tensile stress. Stresses are opposite during delithiation. During
the second lithiation, the normal stress inside the silicon and the tangential stress inside the SEI converge gradually to the
stress during the first lithiation. The tangential stress inside the silicon during the second lithiation coincides with the first
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Figure 6. Cauchy stresses for the symmetric silicon nanowire with a soft SEI. Distribution of (a) normal and (b) tangential Cauchy stress
inside the silicon core and the SEI shell during lithiation at 30% SOC. Evolution of Cauchy stress at the interface during three half cycles
for (c) normal, (d) tangential core, and (e) tangential shell stress.
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Figure 7. Lithium concentration for the symmetric silicon nanowire with a soft SEI. (a) Distribution of the lithium concentration inside
silicon during lithiation at 30% SOC. (b) Deviation of the lithium concentration from the mean at the interface LR and the center CE
during three half cycles.
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lithiation for the whole SOC range. The stress magnitude is always smaller than the maximum magnitude in the elliptical
case.

In Figure 7(a), we depict the concentration distribution within the symmetric silicon nanowire during lithiation at 30%
SOC. The concentration increases from the outer boundary during lithiation and no concentration anomaly occurs. The
deviation of the lithium concentration at the outer boundary and the center from the mean during cycling is shown in
Figure 7(b). As expected, during lithiation, the lithium concentration at the outer boundary exceeds the mean, while
the concentration at the center is smaller than the mean. The concentration profiles are vice versa during delithiation, as
expected.

B. Variation of Plastic Strain Rate ε̇0
To estimate the influence of the viscoplastic behavior, we vary the plastic strain rate ε̇0 for the soft SEI. For higher values,
plastic flow starts quickly upon reaching the yield condition, while it starts only slowly for smaller values. We depict the
normal component of the stress inside the SEI shell in Figure 8(a) and the tangential component in Figure 8(b). The
magnitude of both stress components and the size of the stress overshoot increase with decreasing plastic strain rate ε̇0.
This is expected due to the retarded plastic flow for low plastic strain rates ε̇0. Nevertheless, the stress profiles reveal a
similar shape for all tested values. For our simulations, we take the medium parameter ε̇0 = 10−5 s−1.
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Figure 8. Variation of the plastic strain rate ε̇0 for the soft SEI. Evolution of the Cauchy stress inside the SEI during cycling for (a) the
normal and (b) the tangential stress component.

C. Stress-Driven Lithium Flux N el

We depict the stress-driven convective lithium flux N el during lithiation at 30% SOC in Figure 9 to complement the
illustrations of the concentration-driven diffusive lithium flux N ch in Figure 3(d) and Figure 5(d). For the soft SEI case
shown in Figure 9(a), the stress-driven lithium flux everywhere points towards the interior of the silicon core. The largest
magnitude of the stress-driven flux occurs at point UL, where the largest stress values and stress gradients exist. For the
stiff SEI case shown in Figure 9(b), the stress-driven lithium flux mostly points towards the interior of the silicon core.
The largest magnitude of the stress-driven flux and a significant deviation from center-directed flux occurs at the outer
boundary in a larger region around point LR, where the largest stress values and stress gradients exist. Combining both
flux components, the total lithium flux always points towards the interior of the silicon core during lithiation for the soft
SEI as well as for the stiff SEI.
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Figure 9. Stress-driven convective lithium flux N el for (a) the soft SEI case and (b) the stiff SEI case with different scaling for the fluxes.
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D. Silicon Nanowire without SEI and C/20
We briefly investigate the stress and lithiation characteristics of an elliptical silicon nanowire without SEI during slow
cycling with C/20 to estimate the influence of the SEI and the C-rate. The stress distribution in normal direction during
lithiation at 30% SOC is depicted in Figure 10(a). The normal component vanishes at the outer boundary due to the
surface condition and shows tensile stress throughout the nanowire. The largest stress magnitude is achieved close to the
center along the major half-axis. We display the tangential stress component in Figure 10(b). The tangential component
shows compressive stress at the outer boundary, with the largest magnitude occurring at the end of the minor half-axis at
point UL. The tangential stress is tensile in a region around the center. In Figure 10(c), we depict the evolution of the
tangential Cauchy stress during cycling at the points LR and UL. The curves reveal compressive stress during lithiation
and tensile stress during delithiation. The largest stress magnitudes occur at the end of the minor half-axis at point UL
for the whole SOC range. The stress distribution and evolution during slow cycling is similar to the soft SEI case and
cycling with 1C. Only the magnitude of the stresses is smaller in general due to the reduced C-rate.

In Figure 11, we display the lithium concentration distribution during lithiation at (a) 5%, (b) 30%, and (c) 90%
SOC. The concentration shows the largest values at the end of the major half-axis at point LR due to the highest
surface-to-volume ratio at this point. At 30% SOC, the distribution shows a concentration depletion at the end of the
minor half-axis at point UL. The negatively scaled concentration gradient during lithiation at 30% SOC in Figure 11(d)
indicates the chemical diffusion component of the lithium flux and illustrates the anomaly at point UL. In Figure 11(e),
we depict the deviation of the lithium concentration at the points LR, UL, and CE from the mean during cycling. The
evolution reveals the pronounced concentration increase/decrease at point LR during lithiation/delithiation. Furthermore,
the evolution reveals the concentration anomaly at point UL during cycling between 10% and 40% SOC. In total, the
lithiation characteristics during slow cycling without SEI are similar to standard cycling with SEI. Only the magnitude of
the concentration deviations is significantly reduced due to the smaller C-rate.
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Figure 10. Cauchy stresses for the elliptical silicon nanowire without SEI during cycling with C/20. Distribution of (a) normal and (b)
tangential Cauchy stress inside the silicon core during lithiation at 30% SOC. (c) Evolution of the tangential Cauchy stress at the points LR
and UL during three half cycles.
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Figure 11. Concentration for silicon nanowire only with C/20. Lithium concentration for the elliptical silicon nanowire without SEI
during cycling with C/20. Distribution of the lithium concentration inside silicon during lithiation at (a) 5%, (b) 30%, and (c) 90% SOC.
(d) Concentration-driven diffusive lithium flux N ch scaled with 0.7. (e) Deviation of the lithium concentration from the mean at the
points LR, UL, and CE during three half cycles.
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E. Voltage Hysteresis
To estimate the mechanical impact of the SEI shell on the lithiation behavior of the silicon nanowire, we compare the
voltage during slow cycling with C/20 with the soft and the stiff SEI shell. Due to numerical reasons, we adjust the plastic
strain rate to ε̇0 = 10−6 s−1. For both cases depicted in Figure 12, the voltages at point LR and UL are equivalent,
revealing chemo-mechanical equilibrium during slow cycling. For the soft SEI case displayed in Figure 12(a), also the
voltages during lithiation and delithiation coincide. In contrast, Figure 12(b) reveals that a voltage hysteresis arises for
the stiff SEI case. This is in agreement with our explanation of the voltage hysteresis for spherical silicon nanoparticles
covered by a stiff SEI shell presented in Refs. [26, 27].
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Figure 12. Voltage for the elliptical silicon nanowire covered by SEI during slow cycling with C/20 for (a) soft and (b) stiff SEI.

F. Table with Parameters
The simulation parameters and constants are summarized in Table 1. Additionally, we follow Ref. [24] and use Umax = 0.5V
and Umin = 0.05V as maximal and minimal voltage for the lithiation and delithiation. Therefore, we choose c0 = 0.02 as
constant initial concentration and 0.9 h as duration of one half cycle. The applied OCV curve

UOCV(c) =
−0.2453 c3 − 0.00527 c2 + 0.2477 c+ 0.006457

c+ 0.002493
(5)

is delivered by Ref. [59].
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Table 1. Model parameters for the numerical experiments [24, 31, 41].

Description Symbol Value Unit Dimensionless

Universal gas constant Rgas 8.314 Jmol−1 K−1 1

Faraday constant F 96485 JV−1 mol−1 1

Operation temperature T 298.15 K 1

Silicon

Core length scale LC 50 · 10−9 m 1

Cycle time tcycle 3600 s 1

Diffusion coefficient D 1 · 10−17 m2 s−1 14.4

OCV curve UOCV Equation (5) V F/RgasT · (5)

Young’s modulus EC 90.13 · 109 Pa 116.74

Partial molar volume vpmv 10.96 · 10−6 m3 mol−1 3.41

Maximal concentration cmax 311.47 · 103 molm−3 1

Initial concentration c0 6.23 · 103 molm−3 2 · 10−2

Poisson’s ratio νC 0.22 − 0.22

SEI

Shell length scale LS 6.25 · 10−9 m 0.125

Young’s modulus ES 900 · 106 Pa 1.17

Poisson’s ratio νS 0.25 − 0.25

Yield stress σY 49.5 · 106 Pa 0.052

Strain measurement β 2.94 − 2.94

Stress constant σY∗ 49.5 · 106 Pa 0.052

Tensile plastic strain rate ε̇0 1.0 · 10−5 s−1 0.036
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