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Investigating the unsteady
dynamics of a multi-jet
impingement cooling flow using
large eddy simulation
We investigate the unsteady behavior of an in-line jet impingement array of nine jets
at a Reynolds number of 10 000 in a narrow channel subjected to a developing cross
flow of up to 25% of the bulk jet velocity. To this end, we present an improved version
of a previously published large eddy simulation (LES) now with resolved turbulence at
the inflow boundaries. After a careful analysis of the transient behavior and statistical
convergence of the LES, we discuss the time-averaged heat transfer characteristics of the
configuration compared to numerical references of similar configurations. We then show
how the large-scale unsteadiness increases from jet to jet. Both space-only and spectral
proper orthogonal decompositions (POD and SPOD) are used to discuss the large-scale
organization of single jets and multiple jets in combination. The latter shows a qualitative
change in the unsteady behavior of the temperature footprint on the impingement wall with
increasing cross flow.

Keywords: impingement cooling, large eddy simulation, unsteady analysis, modal decom-
position

Nomenclature1

Roman letters2

𝐷 = Pipe or jet diameter [m]3
𝑒𝑁 = Statistical error on the mean after 𝑁 realizations4
𝑓 = Frequency [Hz]5
𝐻 = Channel height [m]6
𝐿 = Length [m]7
𝑝 = Pressure [Pa]8
𝑃 = Axial pipe or jet spacing [m]9
𝑞 = Heat flux magnitude [W m−2]10
𝑄 = 𝑄-criterion for vortex visualization [s−2]11
𝑟 = Cross flow ratio12
𝑡 = Time [s]13
𝑇 = Temperature [K]14

𝑢, 𝑣, 𝑤 = Cartesian velocity components [m s−1]15

1Corresponding Author.
August 5, 2024

𝑉 = Volume [m3] 16
𝑥, 𝑦, 𝑧 = Cartesian coordinates [m] 17

Greek letters 18

Δ = Cell size or length [m] 19
𝜆 = Thermal conductivity [W m−1 K−1] 20
𝜆𝑖 = POD or SPOD eigenvalue of mode 𝑖 21
𝜈 = Kinematic viscosity [m2 s−1] 22
𝜙 = POD or SPOD mode 23
𝜎𝑖 = SVD singular value 24

Dimensionless groups 25

Ma = Mach number 26
Nu = Nusselt number 27
Re = Reynolds number 28
St = Strouhal number 29

Superscripts and subscripts 30

aw = Adiabatic walls 31
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bulk = Spatial average over cross section32
c = Convective33

jet = Jet value34
wall = Wall value35

rel = Relative value36
ref = Reference value37

s = Sampling38
0 = Stagnation value39
‖ = Parallel to wall40
+ = Wall unit41

Operators42

� = temporal average43
〈�〉 = spatial average44

1 Introduction45

In modern gas turbines engines, the thermodynamic efficiency46
is affected by the turbine inlet temperature and the compression47
ratio. Hence, high-pressure turbine blades often face temperatures48
exceeding their material’s melting point. To withstand these con-49
ditions, an active cooling system, which utilizes air extracted from50
the compressor, is mandatory. However, diverting air for cooling51
reduces the engine’s overall efficiency. A commonly used cooling52
technique for turbine blades is impingement cooling, which typ-53
ically employs arrays of jets that direct cooling air onto the hot54
internal surfaces. The efficiency of impingement cooling is cru-55
cial, as it directly impacts the overall performance and longevity56
of high-pressure turbine parts. A major drawback of impingement57
cooling is the creation of hot spots, resulting in uneven cooling. In-58
troducing periodic variations in the flow can improve its interaction59
with the hot surface, effectively mitigating the hot spot effect. The60
flow’s unsteadiness disrupts the thermal boundary layer, enhancing61
heat transfer. Hence, predicting the heat transfer rates in complex62
cooling systems is difficult and often results in non-optimized de-63
signs using too much cooling air. Effectively implementing novel64
strategies necessitates a comprehensive understanding of the un-65
steady behavior of jet flow.66

In the past, heat transfer analysis primarily focused on steady-67
state conditions. However, examining the dynamic behavior of the68
flow can provide a deeper understanding, allowing for strategic69
alternation of the impingement domain to enhance heat transfer70
efficiency. A comprehensive overview of basic steady-state physi-71
cal phenomena and advancements in impingement jet heat transfer72
over the past decades is documented in several review papers. Re-73
cent review papers such as Weigand and Spring [1] and Barbosa74
et al. [2] describe the flow phenomena and interactions, providing75
correlations for heat transfer and discussing recent developments76
regarding heat transfer enhancements. Dutta and Singh [3] specif-77
ically focus on heat transfer enhancements, such as the use of ribs78
and surface obstructions, as well as features that increase the sur-79
face area in impingement jet setups, while Plant et al. [4] discuss80
the literature on both jet impingement and sprays. Comprehen-81
sive reviews and evaluations of various numerical methods, such82
as Reynolds-averaged Navier-Stokes (RANS), Large Eddy Simula-83
tion (LES), and Detached Eddy Simulation (DES), for predicting84
impingement jets, with a particular emphasis on single jet setups,85
have been presented by Shukla and Dewan [5] and Zuckerman and86
Lior [6].87

There exists rather limited literature on high-fidelity simula-88
tions of single-row impingement configurations in narrow chan-89
nels. While there are Direct Numerical Simulation (DNS) studies90
on single impinging jets in the relevant Reynolds number regime91
of O(104) [7,8], configurations involving multiple jets have been92
investigated in the recent years using LES due to the increased93
computational effort required to resolve larger domains. Hossain94
et al. [9] claim to have published the first LES study of such a95
narrow-channel configuration which was validated with Particle96
Image Velocimetry (PIV) and Temperature Sensitive Paint (TSP).97

They simulated 5 jets at a Reynolds number of 15 000 spaced 5𝐷 98
(jet diameters) apart, which impinge on a heated plate of width 99
5𝐷 at a distance of 3𝐷, using a second-order accurate commercial 100
flow solver with the subgrid stresses modelled by the wall-adapting 101
local eddy-viscosity (WALE) model. Their simulation resolved a 102
small part of the plenum over the short pipes of one jet diameter 103
length. Not only the impingement wall but also the side walls of 104
the channel were heated with a constant heat flux boundary condi- 105
tion. Both in terms of velocity field and heat transfer they showed 106
consistent results with the experiments. While the channel of Hos- 107
sain et al. [9] was closed to one end, such that the jets are exposed 108
to a self-generated developing cross flow, Otero-Pérez et al. [10] 109
presented a configuration in which they were able to prescribe de- 110
fined cross flow profiles as an inlet boundary condition. It consists 111
of 3 jets at a Reynolds number of 10 000 and a Mach number of 112
0.3, which impinge on a plate with a constant heat flux at a distance 113
of 4.5𝐷. In their parametric study, they varied the jet spacing with 114
values of 5𝐷, 10𝐷 and 15𝐷 for the case without cross flow and 115
subjected the jets at 10𝐷 spacing with both laminar and turbulent 116
cross flow boundary layer profiles at different velocities. While 117
they also employed the WALE model for the subgrid stresses, they 118
used an in-house fourth-order accurate finite fifference (FD) solver 119
with skew-symmetric convective fluxes and a filter to avoid numer- 120
ical oscillations [11]. Since their configuration featured spanwise 121
periodic boundary conditions instead of solid walls, it technically 122
represents a 2D array of jets instead of a single row of jets in a 123
channel. Note, that their spanwise domain size was always equal 124
to the axial jet spacing. Their analysis focused mainly on the in- 125
fluence of the different parameters on the heat transfer in terms of 126
local and spanwise-averaged Nusselt number. 127

Other recent LES studies are geometrically different from the 128
configuration considered in this paper. Draksler et al. [12] pre- 129
sented an analysis of a hexagonal array of jets at a Reynolds num- 130
ber of 20 000 impinging on a heated plate at a distance of 4𝐷. 131
They showed that LES was able to reproduce the relevant physical 132
effects such as fountain flow due to wall jet collision and negative 133
production of normal stresses near the impingement wall. In a 134
follow-up paper, Draksler et al. [13] presented an analysis of grid 135
dependence and statistical errors on first and second moments of 136
velocity. Yet another type of configuration was investigated by 137
Nguyen et al. [14]. Here, the cross flow was varied in a pipe 138
feeding a linear array of 7 jets at a Reynolds number of 5 000, 139
which are spaced at 2.25𝐷 and impinge on a heated flat plate of 140
20𝐷 × 15𝐷 mounted at a distance of 3𝐷 in an even larger domain 141
allowing the jet fluid to expand laterally in a nearly undisturbed 142
manner. Besides the cross flow in the pipe, they also varied the 143
Mach number. They used a lattice Boltzmann method to perform 144
an LES, which they validated against PIV and infrared thermog- 145
raphy data. A configuration representative of the cooling scheme 146
within a vane was introduced by Laroche et al. [15] where jets 147
at a mean Reynolds number of 10 000 are directed in to the con- 148
cave, narrow leading edge region at a distance of 6.4𝐷 as well as 149
onto flat plates at a distance of 2𝐷. It was analyzed both exper- 150
imentally and with a hybrid RANS/LES method implemented in 151
a second-order accurate, unstructured in-house code. The hybrid 152
RANS/LES showed advantages over conventional RANS schemes 153
in terms of heat transfer prediction. 154

While most of the studies listed above focus on time-averaged 155
results and turbulence statistics, Yang et al. [16] also discuss the 156
unsteady behavior of a single row of 10 jets fed from a plenum 157
with cross flow through pipes of length 𝐷, which impinge onto a 158
cylindrical target at a distance of 3𝐷 and are spaced at 3𝐷. They in- 159
vestigate the configuration both experimentally with time-resolved 160
surface temperature measurement techniques and numerically us- 161
ing steady and unsteady RANS simulations with a commercial 162
flow solver. While this study included a variation of jet Reynolds 163
number from 10 000 to 20 000, the same authors present a more 164
detailed analysis of the unsteady effects for the Reynolds number 165
of 15 000 [17]. In both papers, they connect the unsteadiness of 166
the jets with a Kelvin-Helmholtz (KH)-like shedding of the cross 167
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Fig. 1 Computational domain of the LES with heated portion of the wall marked in black and instantaneous turbulent structures
for case C1 visualized by isosurface of QD2•w2

ref = 5

Table 1 Geometrical properties of the configuration

Pipe diameter 𝐷 0.0152m
Pipe separation 𝑃 5𝐷
Pipe length 𝐿pipe 3𝐷
Channel height and width 𝐻 5𝐷
Heated length 𝐿𝑥,heated 55𝐷
Heated width 𝐿𝑦,heated 4.45𝐷
Position jet 7 𝑥jet7 0
Closed channel end 𝑥end −39.6𝐷
Outflow 𝑥outflow 38.8𝐷

flow downstream of the blockage caused by the jets. Another re-168
cent study by Rönnberg and Duwig [18] discusses the unsteady169
heat transfer and associated flow features in a single impinging jet170
configuration. The authors demonstrate how modal decomposition171
techniques can be successfully applied to extract knowledge on the172
large scale organization in the flow even if the relative energy in173
these modes is low.174

In the present paper, we focus on unsteady effects in a generic175
configuration of nine cooling jets with a separation of 5𝐷 in a176
square channel. The cooling jets with an average Reynolds num-177
ber based on the jet diameter of 10 000 impinge on a heated plate at178
a distance of 5𝐷 with a constant wall heat flux. The configuration179
is not only realized numerically but has also been set up with good180
optical access for PIV measurements, which limited the jet bulk181
Mach number to 0.045. It was initially introduced by Tabassum et182
al. [19] with a focus on RANS approaches compared to temporally183
averaged PIV and a baseline LES with a wall heat flux of 5 000184
W/m2. We extend the presentation and discussion of our origi-185
nal LES setup along with a sensitivity study related to the inflow186
boundary conditions. Therefore, an additional LES is considered,187
where resolved turbulence is introduced at the previously laminar188
inflow boundaries. We will investigate the effect of these modified189
boundary conditions on the development of the cooling jets and190
their heat transfer characteristics. The primary aspect of this study191
is our focus on the unsteady behavior of the interacting jets. We192
will assess the (potential) coupling between adjacent jets and those193
further apart using modal decomposition techniques. To the best194
of our knowledge, no modal analyses based on high-fidelity simu-195
lations of single-row impinging jets with steady-state inflow can be196
found in the literature to date. We seek to provide valuable insights197
necessary for the design of advanced cooling channel geometries198
targeted at improved efficiency of the cooling system.199

2 Numerical setup200

The configuration investigated with LES represents a slight mod-201
ification of the experimental setup as briefly discussed by Tabassum202

Fig. 2 Schematic of the flow topology focusing on jets 6, 7 and
8 (adapted from [20])

et al. [19]. It consists of nine pipes which feed the jet fluid into 203
a square channel with a heated impingement wall as sketched in 204
Figure 1. Notably, the channel remains closed to the left, exposing 205
the jets to a self-generated, developing cross flow. The geometrical 206
properties of the configuration are summarized in Tableau 1. Note 207
that the origin of the coordinate system is on the heated wall below 208
the center of jet 7. 209

Figure 2 illustrates the flow dynamics the impingement jet array 210
under self-induced cross flow, specifically focusing on jets 6, 7, and 211
8. A free jet emerges from the impingement hole, entraining the 212
surrounding fluid ( AO). In the stagnation zone, the fluid encounters 213
an adverse pressure gradient, decelerating its velocity to zero ( BO). 214
Following impingement, the pressure field accelerates the flow ra- 215
dially, leading to the formation of wall jets ( CO). These wall jets 216
collide with those from neighboring impingement jets, creating a 217
fountain flow that ultimately forms a vortex ( DO). The fluid is then 218
displaced towards the side walls by adjacent jets, guiding it along 219
the walls to the hole plate ( EO). A portion of this fluid recycles 220
back into the jet, while the remainder merges with the cross flow, 221
recirculating in a corkscrew movement towards the outlet ( FO). The 222
cross flow significantly deflects the jet’s trajectory towards the tar- 223
get, enhancing shear forces and, consequently, reducing the heat 224
transfer ( GO). The cross flow around the jet induces a vortex pair 225
parallel to the impingement jet axis ( HO). 226

Numerically, the heated wall is realized through a constant heat 227
flux boundary condition, while all other solid walls are treated as 228
adiabatic. At the outflow, a 1D non-reflecting boundary condi- 229
tion based on a characteristics formulation [21] controls the time- 230
averaged pressure, which was determined iteratively to yield the 231
experimental mass flow. The inflow conditions for each jet pipe 232
are extracted from preliminary RANS computations of the config- 233
uration including the plenum [19] to be able to account for the 234
non-homogeneous velocity distribution and to reproduce a vena 235
contracta effect. They are prescribed as temporally constant 2D 236
distributions using local Riemann boundary conditions. 237

We use TRACE’s finite volume (FV) method to solve the fil- 238
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Table 2 Simulated operating conditions

Case C1 C2 C3

Rejet 10 000
Majet 0.034 to 0.037
@wall / Wm� 2 5000 5000 2000
In�ow Laminar Turbulent Laminar

Csimulation•Cc 1118.9 1072.0 443.7

Table 3 Area-averaged and maximum wall adjacent cell sizes
in wall units (reproduced from [19])

Domain location � x¸
k Ḩ1

avg max avg max

Pipes 15.78 80.13 0.42 1.54
Impinging wall 15.63 79.76 0.41 1.17
Upper wall 9.15 35.49 0.22 1.94
Side walls 14.76 49.96 0.31 0.93

tered compressible Navier-Stokes equations using a second-order239
accurate, density based scheme applying MUSCL reconstruction240

with ^ = 1•3 [22] for the convective �uxes. A fraction of10� 2241
of Roe's numerical �ux [23] is added to a central �ux to avoid242
odd-even decoupling. The viscous �uxes are computed using cen-243
tral di�erences. Time integration is performed using a third-order244
accurate Runge-Kutta method [24]. The subgrid stresses are com-245
puted using the WALE model of Nicoud and Ducros [25]. This246
solver setup has successfully been used to generate LES data of247
turbomachinery �ows [26�28].248

Three di�erent operating conditions have been computed as249
summarized in Tableau 2. The �rst case C1 is the same setup250
as described by Tabassum et al. [19] but with a longer period sam-251
pled to allow for the analysis of low-frequency phenomena. Apart252
from the good agreement of time-averaged data between LES and253
PIV, Schroll et al. [29] have shown that local unsteady e�ects ex-254
tracted from high-speed PIV were reproduced consistently for this255
case. The cases C2 and C3 represent variations of the boundary256
conditions. It was expected that missing resolved turbulence might257
be a reason for the discrepancies between PIV and LES observed258
in the jet velocity pro�le reported by Tabassum et al. [19]. There-259
fore, case C2 introduces resolved turbulence at the in�ow bound-260
aries through a Synthetic Turbulence Generator (STG) as proposed261
by Shur et al. [30], which is supplied with the turbulent kinetic en-262
ergy and dissipation rate distribution from the preliminary RANS263
computation. For the sake of completeness, we also list case C3,264
which was intended to be more closely aligned with measurements265
using TSP (cf. Schroll et al. [29]) but will not be analyzed in detail266
in this paper.267

The domain is meshed in a block-structured topology as shown268
for the region around jets 6 and 7 in Figure 3. To ensure an appro-269
priate resolution of the pipe boundary layers, a butter�y topology270
(OH) was chosen, which extends into the channel and follows the271
expected jet de�ection. Across the pipe, there are 15 cells in the272
O-block and30� 30cells in the central H-block. The extended pipe273
O-blocks are surrounded by another O-block to relax the near wall274
resolution and the rest of the channel is �lled with H-blocks which275
are appropriately re�ned towards all solid walls. TheI -direction276
of the square channel is discretized with 210 cells resulting in a277

total of 6•7� 107 cells for the entire con�guration. As summarized278
in Tableau 3, the maximum non-dimensional cell sizes of the wall279
adjacent cells are in line with recommendations for LES [31] while280
the area-averaged values are well below these guidelines. The grid281
resolution in the jet shear layers and remaining channel was con-282
�rmed to be adequate by comparing the spatial cut-o� scale and the283

estimated Kolmogorov length scale� cut• ; [ =+1•3•
�
a3•n

� 1•4
[32].284

Fig. 3 Details of the computational surface mesh around jets
6 and 7 cut in half at y = 0 with two out of �ve elements shown
per index direction. Colors indicate di�erent surface blocks.

In the following, all physical quantities will be normalized us-285
ing the following set of reference values: the jet diameter� , 286
the maximum vertical velocity| ref and the bulk total tempera-287
ture ) ref = ) 0–jet1 of jet 1. We de�ne a convective time scale as288
Cc = � • | ref. For the current study, we sampled primitive variables289
and their gradients on the impingement wall of the channel with a290
resolution of300� 30 and on theH= 0 plane of the channel with 291
a resolution of280� 30 at a rate of5sCc = 13•45. Full 3D solu- 292
tions allowing for later extraction of spatially higher resolved data293
were sampled at a rate of5sCc = 5•35 using TRACE's ParaView 294
Catalyst [33] interface and have also been used in the following295
analyses if required. In addition to the temporally resolved data296
sets, statistical moments allowing to obtain the budget terms of the297
Reynolds stress transport equations were computed online at the298
full spatial resolution. 299

Before any averaging or unsteady analysis can be conducted,300
it has to be ensured that transients from the initialization have301
been washed out of the domain and statistically steady �ow has302
been established. This is often done by a rather subjective in-303
spection of integral quantities such as mass �ows or forces acting304
on surfaces. We choose to employ the marginal standard error305
rule (MSER) [34] on the spatially resolved data sets as described306
in detail by Bergmann et al. [27]. Figure 4 shows the estimated307
end of the initial transientCtransient| ref• � for the vertical velocity 308
component| (top) on the planeH= 0 and for the temperature) on 309
the impingement wall atI = 0 (bottom) for the case C1. For better310
orientation, the positions of the pipes are marked on the top axis311
and as circles, where appropriate, and the mean �ow is illustrated312
as streamlines. At many locations, the MSER determines an end313
of the initial transient forC= 0. This can be explained by the314
fact that the simulation was restarted from an already existing LES315
solution after a correction of the in�ow boundary conditions. A316
majority of the locations is marked converged at well below100Cc. 317
Exceptions can be found in the low-speed areas between the jets318
with the largest values between jets 1 and 2 and between 4 and319
5. On the impingement wall, the maximum transient times can be320
found close to the channel side walls where the heated portion of321
the wall ends. 322

A more quantitative analysis of the estimated transient times323
is presented in Figure 5. At the bottom, we plot the probability324
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Fig. 4 Transient time computed with MSER (C1) for vertical velocity component w on slice at y = 0 (top ) and temperature T on
heated wall ( bottom ). The mean �ow is illustrated with streamlines. Positions where frequency spectra are compute marked with
red squares and circles.

Fig. 5 Statistical analysis of transient times (C1) for velocity
w , wall shear stress � w;x and temperature T on slice at y = 0
and heated wall with probability density function ( bottom ) and
cumulative area fraction of transient below given time ( top )

density function (PDF) of the transient end times over the two sub-325
domains shown in Figure 4 with additional information about the326
temperature on theH = 0 plane and the shear stress on the im-327
pingement wall, while the top panel shows the cumulative fraction328
of transient end times smaller than the current. The shear stress329
on the impingement wall is the fastest converging quantity with330
roughly 90% of the time signals showing statistical convergence331
according to the MSER before7Cc. The temperature on the wall332
and the velocity in theH = 0 plane follow a similar trend in the333
PDF and by100Cc 99.5% of the time signals have converged. Only334
the temperature in theH= 0 plane shows slightly slower conver-335
gence. After a similarly steep decay in the PDF until50Cc, the rate336
at which more time signals converge becomes considerably slower337
and only 92.7% of the signals show statistical convergence after338
100Cc. We set our global end of transient to100Cc since we do not339
evaluate this particular quantity in further analyses. Nevertheless,340
we consider it worthwhile showing this behavior as it should raise341
awareness about the intricacies of initial transient detection.342

3 Time-averaged results343

To put our later discussion of the unsteady dynamics into a344
perspective, we start with an analysis of the heat transfer on the345
impingement wall. The temperature distribution on the wall can346

be written in terms of a Nusselt number 347

Nu¹G– Hº =
@wall ¹G– Hº�

_¹G– Hº ¹) wall ¹G– Hº � ) refº
(1) 348

with the local thermal conductivity_¹G– Hº, the local wall temper- 349
ature) wall ¹G– Hº and a reference temperature) ref. The latter would 350
ideally be taken as the local adiabatic wall temperature) aw¹G– Hº, 351
requiring another simulation with@wall = 0. At low Mach numbers, 352
the reference temperature is typically chosen as) ref = ) 0–jet [35], 353
which, as Otero-Pérez and Sandberg [11] argued, might not be354
a good choice. To assess the in�uence of the choice of) ref in 355
our case, we extrapolated) aw¹G– Hº using the two laminar in�ow 356
simulations with di�erent wall heat �uxes C1 and C3 [11]. The re-357
sulting Nusselt number distribution yielded negligible di�erences358
to the one obtained with) ref = ) 0–jet. Therefore, we can refrain359
from running another simulation to obtain) aw¹G– Hº for the turbu- 360
lent in�ow case. This is in line with the reasoning by Nguyen et al.361
[14], who decided against a scaling of the case to a higher Mach362
number because that would invalidate the choice of) ref = ) 0–jet. 363

Figure 6 shows the time-averaged Nusselt number distribution364
(top) on the impingement wall for the laminar in�ow case C1. The365
relative 68% con�dence interval (CI) of the mean (bottom) was 366
computed following the method described by Bergmann et al. [27].367
While the mean value was computed from the online time average368
at full spatial resolution, the CI has to be computed from the full369
time series, which was sampled at reduced spatial resolution as370
described above. Note that the lateral bounds of the heated area371
can be identi�ed by values ofNu = 0 close to the channel side372
walls. The CI is only shown for the heated area. The distribution373
of the mean has already been discussed in detail by Tabassum et al.374
[19]. Generally, the increasing cross �ow can be seen to move the375
impingement point of the jets downstream and change the shape376
of the high Nusselt number area under the jet from circular to a377
crescent moon shape. Secondary maxima between the jets can be378
attributed to the recirculation resulting from the colliding wall jets379
which brings colder �uid down to the wall, cf. Nguyen et al. [14].380

The relative CI increases with increasing cross �ow from left to381
right. For each jet, the largest relative errors can be found in the382
regions of the colliding wall jets and the interaction with channel383
side wall. With increasing cross �ow, this region with large error384
moves downstream towards the impingement area of the respective385
jet until it nearly coincides with the stagnation point in jet 9. This386
is already a hint towards larger scale unsteadiness compared to jet387
1, which basically contains only small scale turbulence leading to388
small CI values. While the average CI is at roughly 1.8%, the389
maximum values of 6% can be found under jet 8. We will later390
exclude jets 8 and 9 from the unsteady analysis to avoid boundary391
e�ects. 392
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Fig. 6 Time-averaged Nusselt number and relative 68% con�dence interval on heated wall for laminar in�ow case C1

Fig. 7 Comparison of time- and spanwise-averaged Nusselt number hNui span on heated wall

For a quantitative comparison of the three computed cases, we393

show the time- and spanwise-averaged Nusselt numberhNui spanfor394
the three cases compared with the RANS results of Tabassum et al.395

[19]2 in Figure 7. RANS generally overestimates the heat transfer396
maxima in the jet stagnation regions due to excessive production397
of turbulent kinetic energy [19] and predicts the Nusselt minima398
slightly further downstream than the LES. The di�erences between399
the LES results are subtler. Cases C1 and C2 produce nearly400
identical results with the exception that the heat transfer in the401
jet stagnation region is slightly larger for the laminar in�ow case402
than for the turbulent in�ow case. This can be explained by less403
turbulence in the initial shear layers of the jet leading to a reduced404
mixing with the surrounding �uid and thus larger potential core405
of the jet. The magnitude of this variation is even lower than the406
variation due to the change in heat �ux boundary condition, which407
was deemed as minor by Tabassum et al. [19].408

Figure 8 shows the jet de�ection de�ned as relative downstream409
shift of the Nusselt number maximum¹GNumax � Gjetº• � over the410
relative bulk cross �ow velocityhDi bulk–channel•h| i bulk–jet. A jet411
with no de�ection will give ¹GNumax � Gjetº• � = 0 as it is found412
for jet 1 in all computations. The bulk cross �ow velocity is413
computed as an area average over the square channel at a position414
2•5� upstream of the respective jet center. All three LES show415
practically the same behavior and we only plot cases C1 and C2416
for a clearer presentation. Two distinct ranges of linear relation417
between the jet de�ection and cross �ow ratio can be observed for418
both cases. After an initial slow increase in jet de�ection at low419
cross �ow ratios, it increases more rapidly from jet 4 onward with420
higher cross �ow ratios. The RANS results [19] on the other hand421
show a more varying slope along the nine jets.422

To put our results into perspective, we also included the jet de-423
�ection derived from Otero-Pérez et al. [10] Fig. 5(a) for both424

2Compared to Tabassum et al. [19], who used a constant thermal conductivity, we
recomputed the Nusselt number using Équation (1) with the local thermal conductivity.

Fig. 8 Jet de�ection over cross �ow for cases C1 and C2 in
comparison with numerical [9,10,19] and experimental [36] ref-
erences in rectangular channels and experimental results with
a cylindrical impingement target [16]

laminar (diamonds) and turbulent cross �ow (squares).3 Note that 425
their channel height and width are4•5� and10� , respectively, and 426
that they have used periodic boundaries in the spanwise direction.427
Furthermore, in contrast to our simulations upstream of jet 7, their428
initial cross �ow does not contain any secondary �ow motions and429

3The cross �ow ratio downstream of the=th jet was estimated assuming incom-
pressible �ow as

A¹=º = A0 ¸
=c� 2

4� ! H

with � • � = 4•5, ! H• � = 10 and the initial cross �ow ratioA0 = 0•2.

6 / MORSBACH / TURBO-24-1139 Transactions of the ASME



Fig. 9 Temporal evolution of spanwise-averaged Nusselt num-
ber hNui span for the turbulent case C2

the jets are injected into the channel as laminar top hat pro�les.430
Considering all these di�erences, the results seem consistent. A431
second comparison is shown with the results of Hossain et al. [9]432
at Rejet = 15 000(triangles), whose con�guration is also realized433

with one closed end and a cross �ow driven by the jets only.4434
Since their channel height is only3� , the jet de�ection is signif-435
icantly lower. Their con�guration also shows a strong increase in436
de�ection after the third jet, which is consistent with their mea-437
sured Nusselt number distribution. Stoy and Ben-Haim [36], on438
the other hand, show a non-linear best �t to experiments conducted439
at several jet Reynolds numbers with� • � = 3•05 and! H• � = 12440
(dotted line). Note that input data was sampled for single jets with441
incoming cross �ow at velocity ratios between 0.13 and 0.4 and,442
hence, do not cover the low cross �ow regime of our �rst four443
jets. Yang et al. [16] also report jet de�ection over jet number444
Rejet = 15 000(crosses). The relative cross sectional area of their445
cylindrical channel is roughly 2.5 times smaller than in our con�g-446
uration leading to a stronger increase in cross �ow velocity with jet447

number5. As above, due to the short distance to the impingement448
target of3� , the jet de�ection grows signi�cantly more slowly.449

4 Unsteady dynamics450

A �rst impression of the unsteady behavior under the developing451
cross �ow is presented in Figure 9 by the temporal evolution of the452
spanwise-averaged Nusselt numberhNui spanover the length of the453
channel for the case C2. The �rst three jets exhibit relatively minor454
oscillations of the Nusselt number primary and secondary maxima455
with slowly increasing amplitude from jet to jet. This plot allows456
to assess the direction in which �ow structures travel by analyzing457
their slope. Here, structures moving both upstream (negative, e.g.458
white dashed line in inset lower right) and downstream (positive,459
e.g. black dashed lines) can be observed. Around jet four multiple460
qualitative changes can be found: First, upstream moving structures461
practically disappear, indicating, that the upstream wall jets cannot462
balance the existing cross �ow in a spanwise-averaged sense. Sec-463
ond, as in the temporally averaged distribution (cf. Figure 7) no464
more secondary maxima can be observed. Finally, the oscillations465
increase more drastically from this point on. These changes corre-466

4Cross �ow ratio estimated with� • � = 3, ! H• � = 4 andA0 = 0.
5Cross �ow ratio for the con�guration of Yang et al. [16] estimated assuming a

240� circle segment for the channel cross section as

A¹=º = A0 ¸
=c

16
�

2c
3 ¸

p
3

4

�

with A0 = 0.

Fig. 10 Premultiplied power spectral density of pressure in
jet shear layers at ¹x jet ¸ 0:3D; 3:5Dº (top ) and axial veloc-
ity u close to impingement wall above Nusselt maximum at
¹xNu;max ; 0:2Dº (bottom )

late with the increased slope in jet de�ection (cf. Figure 8). From467
jet 7 onwards, events can be observed in which very hot �uid (yel-468
low) travels through the impingement region indicating a complete469
separation of the jet. Examples are marked with the black dashed470
lines. For jets 7 and 8, these occur rather sporadically at rates of471
about once every200Cc. The ninth jet, which lacks a downstream472
neighbor, separates at a much higher rate, in some instances with473
intervals below20Cc. To exclude these boundary e�ects in the474
further analysis, we will not consider jets 8 and 9 from here on.475

Before analyzing larger scale organization in the �ow, we need476
to identify the relevant frequencies. For this reason, Figure 10477
shows the premultiplied power spectral density (PSD) below jets478
1, 3, 5 and 7 in the shear layer at¹Gjet ¸ 0•3�– 3•5� º (top, marked 479
with squares in Figure 4) and above the impingement point given480
by ¹GNu–max–0•2� º (bottom, marked with circles in Figure 4). In 481
the shear layer, the pressure? was used as a variable, while we482
plot the PSD of the axial velocityDclose to the wall. The spectra483
were obtained using Welch's method [37] with a window of76Cc 484
and an overlap of 50%, allowing to resolve a minimal frequency485
of 0•0131•Cc. We also compare the cases C1 with laminar in�ow486
(left) and C2 with turbulent in�ow (right). Within the jet shear 487
layers, a clearly dominant peak can be found centered at the natu-488
ral frequency of shear-layer instabilities ofSt = 5 Cc = 0•6 [38]. Its 489
amplitude is consistent over all jets and boundary conditions with490
the exception of jet 1 with turbulent in�ow, which dominates the491
other jets of both cases by a factor of 4. With this notable excep-492
tion, the peaks centered at this frequency are rather broad. Their493
width taken at a tenth of the peak value increases from 0.5 for jet494
1 to 1.5 for jet 7 for case C1. Note that for the downstream jets,495
the high frequency �ank of the peak becomes a part of the turbu-496
lent inertial range. For case C2 with turbulent in�ow, in contrast,497
the width of the peaks remains relatively constant at 1.5, mainly,498
because jet 1 already shows a well-developed inertial range. Close499
to the impingement wall, in the spectrum of the axial velocity, this500
peak cannot be identi�ed anymore. At high frequencies above 0.6,501
a turbulent spectrum can be found as indicated by the black dashed502

lines, representing a decay of the PSD proportional to5� 5•3. More 503
interesting for the current investigation, however, is the lower end504
of the spectrum. Here, we can see a growth in amplitude over the505
jets up to an order of magnitude for frequencies below 0.1. This506
is a �rst indication of larger-scale, low-frequency organization in507
the �ow with increasing cross �ow ratio. Note, that the amplitudes508
are almost two orders of magnitude below the dominant jet vortex509
shedding and the connected largest turbulent structures. This will510
complicate the identi�cation of such structures by pure investiga-511
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