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Abstract 

Turbomachinery disks are highly stressed components that contribute significantly to the overall engine mass. 
Therefore, disk design is crucial and should be already considered in the early phase of conceptual design. In 
order to advance this field of engineering, this paper proposes a preliminary design process for turbomachinery 
disks. The process includes the knowledge-based modeling of disk geometries with subsequent mass 
prediction. Since the temperature has a substantial impact on the material properties and the occurring 
mechanical stresses, a novel approach for estimating the disk material temperature is also presented. Finally, 
a stress and burst analysis is performed to evaluate the structural disk integrity. To ensure that the conceptual 
design process generates reliable results, it is calibrated based on the high- and low-pressure turbine of the 
NASA Energy Efficient Engine (E3). This additionally enables the determination of knowledge-based design 
parameters for turbine disks as well as the assessment of safety factors used in stress and burst analysis. 
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1. Introduction 
Rotating disks are essential components of every turbomachinery, since they transfer the torque 
between the rotor blades and the shaft. According to Reed [1], the disks accounts for approximately 
20 % of the total weight and roughly 10 % of the economic value of a civil engine. Therefore, 
turbomachinery disk design is crucial and should be already considered in the early phase of 
conceptual design [2-5]. Preliminary disk modeling is a highly challenging task, as there are usually 
many uncertainties that engineers have to face, but accurate predictions are required nonetheless. 
Especially the tradeoff between disk mass and life time is a critical aspect that has to be handled 
carefully [2,3].  
In order to facilitate this task for engineers, this paper provides knowledge-based design parameters 
for turbine disks which are derived from the NASA Energy Efficient Engine (E3). Performance and 
geometry models are generated for the high- and low-pressure turbine of the NASA E3 and a 
conceptual disk design process is calibrated based on these models. Although the developed 
process has a low fidelity compared to finite element method simulations, it enables the rapid 
analysis of large design spaces and thus the identification of a reasonable starting point for more 
detailed investigations. Nevertheless, the calibration performed in this paper ensures that the 
process generates reliable results even in the early phase of conceptual design. To the authors' 
knowledge, the calibration of a preliminary design process for turbomachinery disks based on the 
high- and low-pressure turbine of the NASA E3 is unique in the literature. Moreover, a novel approach 
for estimating the disk material temperature is presented. 
Several contributions on conceptual disk design have been published in recent decades. Already in 
the 1970s, General Electric (GE) carried out studies on a high-pressure turbine disk of the CF6-50 
turbofan engine considering disk stress and low cycle fatigue lifetime [6]. In the 1990s, Armand [2] 
presented a structural design methodology for disks which was implemented in a computer program 
and validated using the 10th stage high-pressure compressor disk of the NASA E3. An important 
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contribution was published in 2004 by Tong et al. [3] who improved disk mass calculation and 
incorporated a disk stress and lifetime approach into a conceptual design tool. More recent studies 
have been carried out by Gutzwiller et al. [4] as well as Kolias et al. [5]. Gutzwiller et al. developed a 
rapid low fidelity turbomachinery disk optimization process and Kolias et al. presented a preliminary 
mechanical design tool for gas turbine disks which was also validated based on the high-pressure 
compressor of the NASA E3. 
 

2. Reference Turbine Models 
The NASA Energy Efficient Engine (E3) of Pratt & Whitney (P&W) [7] is used as reference for the 
calibration of a conceptual disk design process in this paper. This engine was developed under the 
NASA E3 program in the 1970s in response to the energy crisis and the rapidly increasing fuel 
prices [8]. As part of the NASA E3 program, the research and test results were published in a series 
of detailed reports that have become well-established in academia. Since this paper focuses on 
turbine disk modeling, the design reports of P&W’s high-pressure turbine (HPT) and low-pressure 
turbine (LPT) are used as main literary source [9,10]. Correspondingly, all models applied in this 
work are created based on these reports. 
The reference models of P&W’s NASA E3 HPT and LPT are generated by using the framework GTlab 
(Gas Turbine Laboratory) developed by DLR [11]. Figure 1 illustrates the performance models of the 
single-stage HPT and the four-stage LPT which are created by means of the GTlab performance 
module. Additionally, important turbine performance data is listed in Table 1. Since this work focuses 
the HPT and LPT of P&W’s NASA E3 and sufficient data is available in the corresponding reports, 
only the turbines and not the entire engine are modeled. The HPT model is generated in a 
comprehensive design process reported in [12,13]. Subsequently, the thermodynamic LPT model is 
designed based on the same modeling approach (note that the four-stage LPT is modeled as an 
equivalent single-stage turbine [14]). The performance models are briefly described below, details are 
provided in [12]. As in the NASA E3 design reports, both models are designed for cruise conditions 
(CR). The highest shaft speeds are reported at takeoff (TO), which is therefore an important off-design 
point for disk modeling. Basically, both models consist of the respective turbine that is connected 
through a shaft to a generator consuming the turbine power. Cooling and sealing air is provided by 
the secondary air system (SAS) to the turbine (flow states at the bleed extraction are reproduced from 
the reports). In order to calculate appropriate fuel to air ratios, a combustor is included in the HPT 
performance model. Moreover, the HPT outlet conditions are applied as LPT inlet conditions. Since 
the performance models reproduce the available data of the NASA E3 design reports [9,10], they are 
suited for the calibration of the turbine disk design process. 

 
Figure 1 – Performance models of P&W’s NASA E3 single-stage HPT and four-stage LPT. 
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Table 1 – Turbine performance data of P&W’s NASA E3 HPT and LPT. 

Parameter Unit 
HPT LPT 

CR 
(Design) 

TO 
(Off-Design) 

CR 
(Design) 

TO 
(Off-Design) 

𝑇𝑡,𝑖𝑛 K 1633 1713 1161 1226 

𝑃 MW 14.1 31.7 13.5 28.2 

𝑛 1/s 220.5 231.1 65.0 64.4 

𝑝𝑡,𝑖𝑛 𝑝𝑡,𝑜𝑢𝑡⁄  - 4.0 4.0 5.51 4.91 

�̇�𝑆𝐴𝑆 �̇�𝑖𝑛⁄  % 15.84 15.84 2.02 2.02 

 
By using the GTlab predesign module, reference geometries are generated for the single-stage HPT 
and the four-stage LPT to represent the NASA E3 turbine cross-sections. These reference geometries 
are illustrated in Figure 2 and include the turbine annulus, disks and LPT shrouds which are an integral 
part of the LPT rotor blades. The flow path and blade row dimensions as well as the disk radii and 
thicknesses are reproduced from the NASA E3 design reports [9,10]. Note that the disk rim radius 
shown in Figure 2 corresponds to the radius at which the disk is no longer interrupted by blade root 
cavities (see also Figure 6). 
 

 
Figure 2 – Reference geometries of P&W’s NASA E3 single-stage HPT and four-stage LPT 

reproduced from the design reports [9,10]. 
 

3. Knowledge-Based Geometry and Mass Estimation 
An essential part of GTlab are the sketchpad and mass estimation modules offering the opportunity 
for knowledge-based conceptual geometry and mass prediction. Figure 3 summarizes the 
methodology; details of the entire process are provided in [15]. In summary, the geometry estimation 
is based on thermodynamic data provided by a performance model and dimensionless geometrical 
characteristics, such as blade aspect or taper ratio. The dimensionless characteristics are extracted 
from a reference geometry and inherently contain the knowledge of the engine technology. Once the 
knowledge-based sketching process is calibrated, the reference geometry is reproduced accurately. 
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Moreover, a comprehensive geometry model is generated, which can be visualized in a 2D or 3D 
plot. Finally, the mass is estimated based on the generated performance and geometry model as 
well as a material database provided by GTlab. 
 

 
Figure 3 – Methodology of knowledge-based conceptual geometry and mass estimation [15]. 

 
As part of this paper, the described process is carried out for P&W’s NASA E3 HPT and LPT. Figure 4 
shows the 3D plot of the created turbine geometry models.  
 

 
Figure 4 – 3D plot of the geometry models of P&W’s NASA E3 single-stage HPT and four-stage 

LPT (LPT shrouds are not plotted). 
 
The predicted blade masses 𝑚𝑏𝑙 are listed in Table 2 (note that the corresponding materials are 
included in Table 3). Solid airfoil masses 𝑚𝑎𝑓,𝑠𝑜𝑙 are calculated by the GTlab internal CAD kernel [16] 
based on the airfoil cross-sections plotted in the NASA E3 design reports [9,10]. In order to consider 
the cavities of cooled HPT airfoils, a cavity factor 𝐶𝐹𝑎𝑓 is applied that is estimated by means of the 
reported HPT airfoil cross-sections (see Eq. (1) and Eq. (2)). Since the LPT rotor blades are shrouded, 
shroud masses 𝑚𝑠ℎ are added to the LPT rotor airfoil masses 𝑚𝑎𝑓 which are also calculated by the 
GTlab internal CAD kernel according to the shroud reference geometries shown in Figure 2. 
 

𝐶𝐹𝑎𝑓 = 𝑉𝑎𝑓,𝑐𝑎𝑣 𝑉𝑏𝑙,𝑠𝑜𝑙⁄  (1) 
𝑚𝑎𝑓 ≈ 𝑚𝑎𝑓,𝑠𝑜𝑙 ⋅ (1 − 𝐶𝐹𝑎𝑓) (2) 
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Table 2 – Turbine performance data of P&W’s NASA E3 HPT and LPT. 

Parameter 
HPT LPT 

S1 R1 S1 R1 S2 R2 S3 R3 S4 R4 

𝑁𝑜𝐵 [-] 24 54 54 120 72 96 84 100 108 122 

𝐶𝐹𝑏𝑙 [-] 60.4 42.8 0.0 (uncooled) 

𝑚𝑎𝑓 [kg] 4.5 3.8 9.4 6.4 13.9 8.6 18.7 15.5 29.3 21.8 

𝑚𝑠ℎ [kg] - 0.0 - 2.5 - 2.8 - 4.5 - 4.2 

𝑚𝑏𝑙 [kg] 4.5 3.8 9.4 8.9 13.9 11.4 18.7 20.0 29.3 26.0 

 

4. Knowledge-Based Disk Modeling 
In this section, the knowledge-based design process presented in section 3 is extended in order to 
incorporate turbomachinery disks. After the selection of suitable disk materials (see section 4.1), the 
knowledge-based modeling of disk geometries is focused (see section 4.2). Subsequently, the disk 
mass and material temperature are estimated (see section 4.3 and 4.4). Finally, a stress and burst 
analysis is performed to evaluate the structural disk integrity (see section 4.5 and 4.6). 

 

4.1 Material Selection 
In general, turbomachinery disks are produced by casting, forging or powder metallurgy (PM), 
whereby combinations of these processes are also possible [1,17,18]. The popularity of the PM route 
has grown steadily over the last decades and is now an essential manufacturing process for 
turbomachinery disks. The component materials used in this paper are presented in Table 3. 
Additionally, yield strength curves are provided, since the yield strength 𝜎𝑦 is an important parameter 
for structural turbomachinery disk analysis, as carried in this paper (see section 4.5). According to the 
NASA E3 design report [9], the HPT turbine disk is made of “advanced MERL 80”, however, no 
information on this material is available. Therefore, Rene 95 is applied in this paper which was 
developed by GE in the 1970s and thus corresponds well to the technology level of the 
NASA E3 [19-21]. Rene 95 is processed primarily by PM, has a temperature capability up to 650 °C 
and is one of the strongest nickel-base superalloys for highly stressed disks. Compared to normal 
MERL 80 [22], Rene 95 provides a slightly higher yield strength curve and is consequently a suitable 
substitute for the unknown HPT alloy “advanced MERL 80” (see Table 3). For the LPT disks, MERL 76 
is used which is an advanced high strength hot isostatic pressed (HIP) PM superalloy [10,23]. 
 
Table 3 – Materials used to model P&W’s NASA E3 single-stage HPT and four-stage LPT including 
yield strength characteristics. 

 
 

Turbine Component Material

HPT
S1, R1 PWA 1484 [24]

D1 Rene 95 [20]

LPT

S1 PWA 1484 [24]

S2, R1 MAR-M 247 [25]

S3, S4, R2, R3, R4 Inconel 713C [26]

D1, D2, D3, D4 MERL 76 (HIP) [23]
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4.2 Geometry Modeling 
After determining the turbine flow path and blade masses (see section 3), the next step is to model 
the blade root and disk geometries. A first tensile stress prediction of the rotors can be performed in 
advance, e.g. by evaluating the well-established parameter 𝐴𝑁2 [14, 27]. However, in this paper, it is 
assumed directly that the rotors withstand the occurring centrifugal forces, since the focus is on 
conceptual disk design and an already tested and constructed turbine is investigated. In the following 
step, engineers have to choose between a detailed blade root design or an initial disk design without 
extensive blade root analysis. Due to complex geometries, such as dovetail or fir tree, blade root 
modeling is a challenging task [28], but the portion of the blade roots in total engine weight is 
significantly lower than that of the disks (see Table 7). Consequently, direct disk design is an effective 
approach which is also pursued in this paper in terms of the knowledge-based geometry and mass 
estimation methodology presented in Figure 3. 
A principle blade-disk assembly is illustrated in Figure 5. 
The blades are connected to the disk through the blade 
roots, whereby the toothing of the disk is referred to as 
the disk tang. This paper proposes to approximate the 
area of disk tang and blade root as a simplified annulus 
in order to be able to start directly with the intended disk 
modeling (see also Figure 6). Generally, the simplified 
root annulus represents the corresponding volume with 
sufficient accuracy; merely peripheral elements, such as 
parts of the blade root platform, could be outside of the 
annulus boundaries. The annulus size is dimensioned by 
the blade root width 𝑤𝑟𝑡 and the average blade root 
height ℎ𝑟𝑡,𝑎𝑣𝑒 which are transformed into dimensionless 
parameters by referring to the axial chord at the blade 
hub 𝑐𝑎𝑥,ℎ𝑢𝑏. The annulus volume 𝑉𝑎𝑛 is calculated by the 
GTlab internal CAD kernel [16]. By defining a blade root 
volume share 𝑆ℎ𝑟𝑡, the annulus volume is split into the 
blade root volume 𝑉𝑟𝑡 and the disk tang volume 𝑉𝑑𝑡 (see 
Eq. (3)). Additionally, a cavity factor 𝐶𝐹𝑟𝑡 is used to 
consider the blade root cavity volume 𝑉𝑐𝑎𝑣 (see Eq. (4)). 
Assuming equal blade root width 𝑤𝑟𝑡 and disk tang width 
𝑤𝑑𝑡, these parameters are determined using a 
representative cross-section (see Figure 5). After the 
volume computation, the corresponding masses are 
calculated based on the materials listed in Table 3. 
 

𝑆ℎ𝑟𝑡 =
𝑉𝑟𝑡+𝑉𝑟𝑡,𝑐𝑎𝑣
𝑉𝑎𝑛

= 𝐴𝑟𝑡+𝐴𝑟𝑡,𝑐𝑎𝑣
𝐴𝑟𝑒𝑓

 (3) 

𝐶𝐹𝑟𝑡 =
𝑉𝑟𝑡,𝑐𝑎𝑣

𝑉𝑟𝑡+𝑉𝑟𝑡,𝑐𝑎𝑣
= 𝐴𝑟𝑡,𝑐𝑎𝑣
𝐴𝑟𝑡+𝐴𝑟𝑡,𝑐𝑎𝑣

 (4) 

 
According to the knowledge-based geometry prediction illustrated in Figure 3, the described simplified 
root annuls parameters are extracted from the reference geometries (see Figure 2) as well as the 
NASA E3 design reports [9,10]. The results are presented in Table 4. 
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Blade 
Root

Disk 
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Simplified
Root Annulus

Figure 5 – Principle blade-disk assembly. 
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Table 4 – Knowledge-based simplified root annulus parameters. 

Turbine 𝒉𝒓𝒕,𝒂𝒗𝒆 𝒄𝒂𝒙,𝒉𝒖𝒃⁄  [-] 𝒘𝒓𝒕 𝒄𝒂𝒙,𝒉𝒖𝒃⁄  [-] 𝑺𝒉𝒓𝒕 [%] 𝑪𝑭𝒓𝒕 [%] 

HPT R1 1.71 1.19 72.0 17.1 

LPT 

R1 0.97 0.90 

75.9 0.0 
R2 0.90 0.74 

R3 0.73 0.74 

R4 0.63 0.69 

 
After modeling the simplified root annulus, the rim radius  𝑟𝑖  and rim width 𝑤𝑟𝑖  are determined 
which provide the interface to the actual disk (see Figure 6). The rim radius is an important parameter 
because it indicates the border between dead and live weight. It has become established to consider 
the sum of blade mass 𝑚𝑏𝑙, blade root mass 𝑚𝑟𝑡 and disk tang mass 𝑚𝑑𝑡 as dead mass 𝑚𝑑𝑒, whereas 
the disk mass 𝑚𝑑𝑖 is refered to as live mass 𝑚𝑙𝑖 [2-4]. Moreover, it is assumed that the dead weight 
causes the pull stresses on the rim of the live disk. Stresses are only absorbed in the live disk; the 
disk tang does not absorb any stresses according to the assumption made.  
 

 
Figure 6 – Dead and live mass calculation and illustration of disk types with dimensions. 

 
Basically, there are three different types of disks: ring, web and hyperbolic. The disk types and the 
corresponding dimensions are illustrated in Figure 6. Important parameter sets for the dimensionless 
parametrization of disk geometries are listed in Table 5, whereby it is presupposed that the rim 
radius  𝑟𝑖  and rim width 𝑤𝑟𝑖  are already known. Ring disks are simple to model, whereas web and 
hyperbolic disks require a more comprehensive data set. To approximate the curved part of symmetric 
hyperbolic disks, the so-called disk shape factor 𝑑𝑠𝑓 is introduced additionally. By means of this factor, 
the radial thickness distribution of the disk is described as follows: 
 

𝑤( ) = 𝑤𝑏𝑜𝑟𝑒−𝑤𝑏𝑜𝑟𝑒,𝑠ℎ
(ℎ𝑏𝑜𝑟𝑒,𝑠ℎ)

𝑑𝑠𝑓 ⋅ ( 𝑏𝑜𝑟𝑒 + ℎ𝑏𝑜𝑟𝑒 + ℎ𝑏𝑜𝑟𝑒,𝑠ℎ −  )
𝑑𝑠𝑓 + 𝑤𝑏𝑜𝑟𝑒,𝑠ℎ (5) 
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𝑚𝑟𝑡 ≈ 𝑚𝑎𝑛 ⋅ 𝑆ℎ𝑟𝑡 ⋅ (1 − 𝐶𝐹𝑟𝑡)
𝑚𝑑𝑡 ≈ 𝑚𝑎𝑛 ⋅ (1 − 𝑆ℎ𝑟𝑡)
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Furthermore, Table 5 provides typical disk applications. Web and hyperbolic disks are essential for 
HPTs and LPTs, whereas ring disks are mainly used in fans, low-pressure compressors (LPCs) or in 
the first stage of high-pressure compressors (HPCs) [4]. 
 
Table 5 – Parameter sets for dimensionless disk geometry parametrization and typical disk 
applications. 

Disk Type Ring Web Hyperbolic 

Input 
 𝑟𝑖  
𝑤𝑟𝑖  

General Disk 
Parameters 

 𝑏𝑜𝑟𝑒  𝑟𝑖 ⁄   𝑏𝑜𝑟𝑒  𝑟𝑖 ⁄   𝑏𝑜𝑟𝑒  𝑟𝑖 ⁄  
- 𝑤𝑏𝑜𝑟𝑒 𝑤𝑟𝑖 ⁄  𝑤𝑏𝑜𝑟𝑒 𝑤𝑟𝑖 ⁄  

Specific Disk 
Parameters 

- ℎ𝑟𝑖 𝑤𝑟𝑖 ⁄  ℎ𝑟𝑖 𝑤𝑟𝑖 ⁄  
- ℎ𝑟𝑖 ,𝑠ℎ 𝑤𝑟𝑖 ⁄  ℎ𝑟𝑖 ,𝑠ℎ 𝑤𝑟𝑖 ⁄  
- 𝑤𝑟𝑖 ,𝑠ℎ 𝑤𝑟𝑖 ⁄  𝑤𝑟𝑖 ,𝑠ℎ 𝑤𝑟𝑖 ⁄  
- ℎ𝑏𝑜𝑟𝑒 𝑤𝑏𝑜𝑟𝑒⁄  ℎ𝑏𝑜𝑟𝑒 𝑤𝑏𝑜𝑟𝑒⁄  
- ℎ𝑏𝑜𝑟𝑒,𝑠ℎ 𝑤𝑏𝑜𝑟𝑒⁄  ℎ𝑏𝑜𝑟𝑒,𝑠ℎ 𝑤𝑏𝑜𝑟𝑒⁄  
- 𝑤𝑏𝑜𝑟𝑒,𝑠ℎ 𝑤𝑏𝑜𝑟𝑒⁄  𝑤𝑏𝑜𝑟𝑒,𝑠ℎ 𝑤𝑏𝑜𝑟𝑒⁄  
- - 𝑑𝑠𝑓 

Application Fan, LPC, 1st HPC stage LPC, HPC, LPT HPT 

 
As part of this paper, the knowledge-based geometry and mass estimation methodology illustrated in 
Figure 3 is extended by the previously described disk modeling strategy. All disks are approximated 
as symmetric disks; in case of an asymmetric disk, an equivalent symmetric disk in modeled (by 
symmetric thickness distribution around the corresponding centerline). Table 6 presents the 
determined disk design parameters which are derived from the generated reference geometries of 
P&W’s NASA E3 single-stage HPT and four-stage LPT (see Figure 2). Using the values listed in 
Table 6, the knowledge-based sketching process reproduces the reference geometries accurately. 
Since the HPT disk has almost no curvature in the bore shoulder area, the disk shape factor 𝑑𝑠𝑓 is 
set to 1, which corresponds to a thick web disk. Figure 7 shows a 3D plot of the extended turbine 
geometry models including the generated simplified root annuli and disks. Furthermore, the disk 
geometries are provided in the appendix (see Figure 13). 
 
Table 6 – Knowledge-based disk design parameters. 

Parameter 
HPT LPT 
D1 D1 D2 D3 D4 

Disk Type Hyperbolic Web Web Web Web 
 𝑏𝑜𝑟𝑒  𝑟𝑖 ⁄  0.25 0.76 0.77 0.78 0.64 
𝑤𝑏𝑜𝑟𝑒 𝑤𝑟𝑖 ⁄  2.93 0.51 0.88 0.89 0.85 
ℎ𝑟𝑖 𝑤𝑟𝑖 ⁄  0.23 0.42 0.30 0.73 0.62 
ℎ𝑟𝑖 ,𝑠ℎ 𝑤𝑟𝑖 ⁄  0.00 0.00 0.33 0.20 0.20 
𝑤𝑟𝑖 ,𝑠ℎ 𝑤𝑟𝑖 ⁄  0.62 0.33 0.30 0.30 0.44 
ℎ𝑏𝑜𝑟𝑒 𝑤𝑏𝑜𝑟𝑒⁄  0.45 0.65 1.18 1.08 1.06 
ℎ𝑏𝑜𝑟𝑒,𝑠ℎ 𝑤𝑏𝑜𝑟𝑒⁄  0.45 0.46 0.36 0.24 0.39 
𝑤𝑏𝑜𝑟𝑒,𝑠ℎ 𝑤𝑏𝑜𝑟𝑒⁄  0.34 0.42 0.39 0.47 0.38 

𝑑𝑠𝑓 1 - - - - 
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Figure 7 – 3D plot of the geometry models of P&W’s NASA E3 single-stage HPT and four-stage 

LPT including simplified root annuli and disks (LPT shrouds are not plotted). 
 

4.3 Mass Estimation 
The rotor assembly mass estimation results are summarized in Table 7. Note that the corresponding 
materials are listed in Table 3 and that all masses are calculated by the GTlab internal CAD kernel [16] 
based on the generated knowledge-based turbine geometry models shown in Figure 7. As defined 
in Eq. (6), the rotor assembly mass 𝑚𝑟𝑜𝑡𝐴𝑠𝑠 is calculated by summing the masses of all rotating 
components per stage, such as rotor blade masses 𝑚𝑏𝑙,𝑖, rotor blade root masses 𝑚𝑟𝑡,𝑖, disk tang 
masses 𝑚𝑑𝑡,𝑖 and disk masses 𝑚𝑑𝑖,𝑖. Additionally, the mass of rotating seals 𝑚𝑠𝑒𝑎𝑙 and, if present, the 
mass of a frame connected to the disks 𝑚𝑓𝑟𝑎 𝑒 are considered. 
 

𝑚𝑟𝑜𝑡𝐴𝑠𝑠 = 𝑚𝑠𝑒𝑎𝑙 + 𝑚𝑓𝑟𝑎 𝑒 +∑(𝑚𝑏𝑙,𝑖 + 𝑚𝑟𝑡,𝑖 + 𝑚𝑑𝑡,𝑖 + 𝑚𝑑𝑖,𝑖) (6) 
 
The predicted total rotor blade mass of the HPT amounts 29.2 kg and is close to the mass of 32.0 kg 
published in the HPT design report [9]. According to [28], the reported mass was calculated for solid 
rotor blades, however, hollow blades are considered in this paper, since such blades are also used in 
the actual turbine. If the mass estimation is carried out for solid rotor blades by setting the airfoil cavity 
factor 𝐶𝐹𝑎𝑓 to zero, a total rotor blade mass of 31.96 kg is computed which matches the literature 
value well. The mass for the disk and seals is stated in the HPT report as 150.0 kg [9]. In [28], a disk 
mass prediction was performed without seals and a total disk mass of 118.4 kg was published which 
agrees with the mass of 121.3 kg calculated in this paper. To determine the mass of the rotating seals, 
the live disk geometry is extended manually and all connected seals are incorporated as illustrated 
in Figure 8. Thus, a sealing mass of 31.3 kg is obtained, resulting in a total disk mass including seals 
of 152.6 kg. This value matches the literature value of 150.0 kg well, validating the disk geometry and 
mass modeling carried out in this paper. 
Regarding the LPT, there are no other publications in the literature to date, so that only the original 
LPT design report [10] is used for comparison. The published rotor assembly mass amounts 381.8 kg, 
but the bookkeeping for the assembly is not clear and it seems that an A-frame is included. In this 
paper, a rotor assembly as shown in Figure 8 is assumed, leading to a rotor assembly mass of 
348.2 kg. Compared to HPT, the deviation from the literature value is greater, but the deviation is still 
less than 10 %. Considering the uncertainties of the report and the simplified assumptions made, this 
is a reasonable result. 
 
 

HPT LPT
Blade

Simplified
Root Annulus

Disk
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Table 7 – Rotor assembly mass estimation results. 

Mass in [kg] 
HPT LPT 
R1 R1 R2 R3 R4 

Dead Mass 

𝑚𝑏𝑙a) 3.8 8.9 11.4 20.0 26.0 
𝑚𝑟𝑡 25.4 10.6 10.3 10.4 8.8 
𝑚𝑑𝑡 11.0 3.1 3.3 3.3 2.8 
𝑚𝑑𝑒 40.2 22.6 25.0 33.7 37.6 

Total Rotor Blade Mass 𝑚𝑏𝑙 + 𝑚𝑟𝑡 29.2 19.5 21.7 30.4 34.8 
Live Disk Mass 𝑚𝑙𝑖 = 𝑚𝑑𝑖 110.3 15.7 21.9 28.8 34.5 
Total Disk Mass 𝑚𝑑𝑖 + 𝑚𝑑𝑡 121.3b) 18.8 25.2 32.1 37.3 
Sealing Mass 𝑚𝑠𝑒𝑎𝑙 31.3 65.8 

Total Disk + Sealing Mass 𝑚𝑑𝑖 + 𝑚𝑑𝑡 + 𝑚𝑠𝑒𝑎𝑙 152.6c) 191.7 
Frame Mass 𝑚𝑓𝑟𝑎 𝑒 no frame 62.6 

Rotor Assembly Mass 𝑚𝑟𝑜𝑡𝐴𝑠𝑠 167.1 348.2d) 
           a) See also Table 2. 
           b) Comparable to mass estimation results in [28]. 
           c) Comparable to mass estimation results in [9]. 
           d) Comparable to mass estimation results in [10]. 
 

 
Figure 8 – Extended live disk geometries including connected seals and frames used for mass 

estimation (the live disk extension mass is considered in the sealing mass of Table 7). 

4.4 Temperature Estimation 
An appropriate disk material temperature estimation is crucial, since the temperature has a significant 
impact on the material properties (see Table 3) as well as the occurring mechanical stresses (see 
section 4.5). Basically, the heat diffusion and thus the temperature distribution in a solid component 
is described by Fourier's heat equation. In the stationary case (𝜕𝑇 𝜕𝑡⁄ = 0), considered in this work, 
Fourier's heat equation results in Poisson’s equation (see Eq. (7)) which includes the material thermal 
conductivity 𝑘 and the volumetric heat source �̇�𝑉. Note that the thermal conductivity 𝑘 is considered 
constant in Eq. (7). 
 

𝑘∇2𝑇 + �̇�𝑉 = 0 (7) 
 
In this paper, it is assumed that the temperature does not change in the circumferential and axial 
direction, leading to a one-dimensional heat diffusion equation. Based on this assumption, the 
following second order ordinary differential equation (ODE) results for an infinitesimal disk element at 
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the radius   after solving the Laplace operator ∇2: 
 

1
𝑟
𝜕
𝜕𝑟
( 𝜕𝑇
𝜕𝑟
) + �̇�𝑉

𝑘
= 0 (8) 

 
Since the disk thickness 𝑡 is a function of the radius  , it is not reduced in the derivation and has to 
be considered [29]: 
 

1
𝑟
𝜕
𝜕𝑟
( 𝑡 𝜕𝑇

𝜕𝑟
) + 𝑡 �̇�𝑉

𝑘
= 0 (9) 

 
To calculate the resulting disk temperature distribution from the ODE shown in Eq. (9), the ODE is 
solved numerically by means of finite difference method. Therefore, the disk is divided into equidistant 
elements with a finite height ∆  by a user-defined number of radial discretization points. The 
discretization applied in this paper is illustrated in Table 8. For all disks, 100 discretization points are 
used leading to 99 elements. As indicated by the relative element height ∆ 𝑟𝑒𝑙, the disks are finely 
discretized, but the calculation is nevertheless rapid. Additionally, two boundary conditions have to be 
specified at the disk rim and bore radius to solve the ODE. In this work, the rim and bore temperature 
are predefined which can be reproduced from the NASA E3 design reports (see Figure 6.4-1 in [9] 
and Figure 5.2.1-18 in [10]). Finally, the described process is repeated in an outer loop with the 
calculated temperature distribution as input until the thermal conductivity 𝑘 is converged in order to 
account for the temperature dependence of this material property. 
 
Table 8 – Equidistant turbine disk discretization including schematically discretized disk. 

Turbine Discretization 
Points [-] ∆𝒓𝒓𝒆𝒍 =

∆𝒓
𝒓𝒓𝒊𝒎−𝒓𝒃𝒐𝒓𝒆

 [%] 

 

HPT D1 100 1.0 

LPT 

D1 

100 1.0 
D2 

D3 

D4 

 
To consider the convective heat transfer between the disk and the surrounding air cavities, the 
discretized volumetric heat source �̇�𝑉,𝑑𝑖𝑠𝑐𝑟𝑒𝑡 is used as suggested in [29] (see Eq. (10)). Note that 
ℎ𝑐𝑎𝑣 is the cavity heat transfer coefficient which varies in radial direction. 𝐴𝑑𝑖𝑠𝑐𝑟𝑒𝑡 is the front and rear 
surface connected to the surrounding cavities, 𝑉𝑑𝑖𝑠𝑐𝑟𝑒𝑡 is the volume and 𝑇𝑑𝑖𝑠𝑐𝑟𝑒𝑡 is the temperature of 
the respective discretized disk element. Furthermore, the total cavity temperature 𝑇𝑡,𝑐𝑎𝑣 is applied 
which is averaged between the front and rear side for simplification as illustrated in Figure 9. 
 

�̇�𝑉,𝑑𝑖𝑠𝑐𝑟𝑒𝑡 =
�̇�

𝑉𝑑𝑖𝑠𝑐𝑟𝑒𝑡
= ℎ𝑐𝑎𝑣𝐴𝑑𝑖𝑠𝑐𝑟𝑒𝑡(𝑇𝑡,𝑐𝑎𝑣−𝑇𝑑𝑖𝑠𝑐𝑟𝑒𝑡)

𝑉𝑑𝑖𝑠𝑐𝑟𝑒𝑡
 (10) 

 
The cavity heat transfer coefficient ℎ𝑐𝑎𝑣 in Eq. (10) is influenced by many factors, however, a proper 
estimate is required nonetheless. A common conceptual approach for heat transfer coefficient 
prediction is the use of Nusselt number correlations which are usually obtained from simulations or 
experiments. Based on the Nusselt number 𝑁𝑢, the cavity thermal conductivity 𝑘𝑐𝑎𝑣 and the local disk 
radius  , the cavity heat transfer coefficient ℎ𝑐𝑎𝑣 is calculated as shown in Eq. (11). A Nusselt number 
correlation for rotating generic disks is presented in Eq. (12). Note that 𝑅𝑒 is the Reynolds number 

 𝑟𝑖 

 𝑏𝑜𝑟𝑒

∆ 

 

Discretization
Point
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and 𝑎 is a correlation factor that has to be calibrated for each disk (see Figure 10). This correlation 
has been formulated in various publications [30-33] and is valid for fully turbulent flows with a 
Reynolds number greater than about 320000 (all disks investigated here are above this limit). The 
Reynolds number 𝑅𝑒 is determined as defined in Eq. (13) based on the local disk radius  , the angular 
velocity 𝜔, the cavity density 𝜌𝑐𝑎𝑣 and the cavity dynamic viscosity 𝜇𝑐𝑎𝑣. Both the cavity thermal 
conductivity 𝑘𝑐𝑎𝑣 in Eq. (11) and the cavity dynamic viscosity 𝜇𝑐𝑎𝑣 in Eq. (13) are calculated by means 
of VDI Heat Atlas polynomials for air [34]. The cavity density 𝜌𝑐𝑎𝑣 is estimated using the ideal gas law, 
whereby the total cavity temperature 𝑇𝑡,𝑐𝑎𝑣 (see Figure 9) and the total turbine inlet pressure are 
applied approximately. 
 

ℎ𝑐𝑎𝑣 =
𝑁𝑢⋅𝑘𝑐𝑎𝑣
𝑟

 (11) 
 

𝑁𝑢 = 𝑎 ⋅ 𝑅𝑒0.8 (12) 
 

𝑅𝑒 = 𝜌𝑐𝑎𝑣⋅𝑢⋅𝑟
𝜇𝑐𝑎𝑣

= 𝜌𝑐𝑎𝑣⋅𝜔⋅𝑟
2

𝜇𝑐𝑎𝑣
 (13) 

 
Since the air temperature of the surrounding disk cavities significantly affects the resulting material 
temperature distribution through heat transfer (see Eq. (9) and Eq. (10)), cavity temperature modeling 
is crucial. This is particularly challenging for HPT disks which feature multiple cavities due to cooling 
air routing as well as sealing. For P&W’s NASA E3 HPT and LPT considered here, it is possible to 
reproduce the cavity temperatures of each disk by means of the corresponding design reports (see 
Figure 6.4-1 in [9] and Figure 5.2.5-5 in [10]). The radial cavity temperature distribution of the HPT 
disk at TO conditions is illustrated in Figure 9 as a function of the relative disk radius  𝑟𝑒𝑙 defined 
in Eq. (14). The temperatures are plotted as difference to the total high-pressure compressor (HPC) 
outlet temperature 𝑇𝑡,3 which is the dominating temperature for HPT disks due to the cooling air 
extraction. Consequently, positive values indicate cooling air heating within the secondary air 
system (SAS), mainly caused by the combustor, whereas negative values imply cooling air extraction 
at a lower pressure level in the HPC. Obviously, a large portion of the disk front cavity air is hotter 
than 𝑇𝑡,3, except for the pre-swirl cavity highlighted in green and the bore cavity.  
 

 𝑟𝑒𝑙 =
𝑟−𝑟𝑏𝑜𝑟𝑒
𝑟𝑟𝑖𝑚−𝑟𝑏𝑜𝑟𝑒

 (14) 

 

 
Figure 9 – Disk cavity temperature distribution of P&W’s NASA E3 HPT at TO conditions. 
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The air enters the pre-swirl cavity through the so-called pre-swirl nozzles which are used to generate 
a pre-swirl in order to ensure a swirl-free flow into the rotating disk. Afterwards, the air flows to the 
rotors to cool them. Since the air in the pre-swirl cavity is completely surrounded by rotating solid parts 
(see Figure 8), it is valid to consider the air in the relative system, leading to a reduction in the total 
cavity temperature 𝑇𝑡,𝑐𝑎𝑣 as shown in Figure 9 (note that this temperature drop is also included in 
Figure 6.4-1 of the NASA E3 HPT design report [9]). The air for the bore cavity is mainly extracted 
after the seventh HPC stage and is therefore significantly colder than 𝑇𝑡,3. From the front bore cavity, 
the air flows through a clearance between the disk and the shaft to the rear cavity (highlighted in 
orange in Figure 9), resulting in similar front and rear bore cavity temperatures. The air then heats up 
in radial direction on its path through the rear cavities to the main gas flow. In the course of the 
one-dimensional disk material temperature modeling followed in this paper (see Eq. (9) and Eq. (10)), 
an axial disk temperature change cannot be considered, so an average cavity temperature between 
disk front and rear side is applied as illustrated in Figure 9. 
For the NASA E3 LPT disks, the determination of the cavity temperature is not as complex as for the 
HPT disk, since each LPT disk rotates entirely in a single cavity (see Figure 8). Consequently, no 
radial subdivision of the cavity temperature distribution is required. Based on Figure 5.2.5-5 of the 
NASA E3 LPT design report [10], the following values result for the temperature difference between 
the total cavity temperature 𝑇𝑡,𝑐𝑎𝑣 and the total HPC outlet temperature 𝑇𝑡,3 at TO conditions: -61 K for 
the first, second and third disk and -74 K for the fourth disk. 
 
Since the cavity temperature distributions are appropriately modeled (see Figure 9), the disk thermal 
conductivity is given in the literature (see Table 3) and the NASA E3 design reports contain the real 
disk material temperature distributions (see Figure 6.4-1 in [9] and Figure 5.2.5-5 in [10]), it is possible 
to calibrate the Nusselt correlation factor 𝑎 introduced in Eq. (12). Figure 10 presents the calibrated 
disk material temperature distributions for PW’s NASA E3 HPT and LPT at TO conditions. The 
temperatures are plotted as difference to the disk bore temperature 𝑇( 𝑏𝑜𝑟𝑒) so that the temperature 
increase in radial direction is visible. By using a Nusselt correlation factor of 𝑎 = 0.006 for the HPT, 
the reported disk material temperature is reproduced accurately. Moreover, it is apparent that the 
pre-swirl nozzle causes a temperature drop in the upper disk part (see also Figure 8 and Figure 9). 
Regarding the LPT, only a few literature values are available for the first disk, but it is nevertheless 
possible to calibrate the Nusselt correlation factor to 𝑎 = 0.031. The material temperature distributions 
of the other LPT disks are qualitatively adjusted, the corresponding Nusselt correlation factors are 
provided in Figure 10. 
 

 
Figure 10 – Disk material temperature distribution of P&W’s NASA E3 HPT (left) and LPT (right) 

at TO conditions. 
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To the authors' knowledge, the disk material temperature prediction presented in this section and its 
calibration to the NASA E3 HPT and LPT is novel in the literature. The approach is specially tailored 
to turbine disks and their conceptual design. By analyzing the secondary air system and the cooling 
air extraction positions, it is possible to provide a first estimate of the disk cavity temperature already 
in the early phase of conceptual design. The use of Nusselt number correlations enables a preliminary 
assessment of the heat transfer coefficient. 
 

4.5 Stress Analysis 
After disk geometry modeling (see section 4.2) and valid mass prediction (see section 4.3) of all 
rotating components as well as a realistic disk material temperature estimation (see section 4.4), it is 
necessary to perform a first conceptual stress analysis in order to evaluate the structural integrity of 
the disks. Based on an infinitesimal disk element with the thickness 𝑡 at the radius  , the following 
differential equation is derived by calculating the force equilibrium in radial direction (where 𝜎𝑟 is the 
radial stress and 𝜎𝑡 the tangential stress) [2,3]: 
 

𝑑
𝑑𝑟
(𝑡 𝜎𝑟) − 𝑡𝜎𝑡 + 𝑡𝜌𝜔2 2 = 0 (15) 

 
Moreover, the radial strain 𝜀𝑟 and tangential strain 𝜀𝑡 results from the infinitesimal disk element by 
analyzing the kinematic relationships (note that 𝜈 is Poisson’s ratio, 𝐸 is the modulus of elasticity and 
𝛼 thermal expansion coefficient): 
 

𝜀𝑟 =
1
𝐸
(𝜎𝑟 − 𝜈𝜎𝑡) + 𝛼(𝑇 − 𝑇𝑟𝑒𝑓) (16) 

𝜀𝑡 =
1
𝐸
(𝜎𝑡 − 𝜈𝜎𝑟) + 𝛼(𝑇 − 𝑇𝑟𝑒𝑓) (17) 

 
Eq. (16) and Eq. (17) are transformed in order to solve for the radial stress 𝜎𝑟 and tangential stress 𝜎𝑡: 
 

𝜎𝑟 =
𝐸
1−𝜈2

[𝜀𝑟 + 𝜈𝜀𝑡 − (1 + 𝜈)𝛼(𝑇 − 𝑇𝑟𝑒𝑓)] (18) 

𝜎𝑡 =
𝐸
1−𝜈2

[𝜀𝑡 + 𝜈𝜀𝑟 − (1 + 𝜈)𝛼(𝑇 − 𝑇𝑟𝑒𝑓)] (19) 
 
The strains in the polar system are related to the radial displacement 𝑢 as follows: 
 

𝜀𝑟 =
𝑑𝑢
𝑑𝑟

 (20) 

𝜀𝑡 =
𝑢
𝑟

 (21) 
 
Inserting Eq. (20) and Eq. (21) into Eq. (18) and Eq. (19) results in: 
 

𝜎𝑟 =
𝐸
1−𝜈2

[𝑑𝑢
𝑑𝑟
+ 𝜈 𝑢

𝑟
− (1 + 𝜈)𝛼(𝑇 − 𝑇𝑟𝑒𝑓)] (22) 

𝜎𝑡 =
𝐸
1−𝜈2

[𝑢
𝑟
+ 𝜈 𝑑𝑢

𝑑𝑟
− (1 + 𝜈)𝛼(𝑇 − 𝑇𝑟𝑒𝑓)] (23) 

 
In this paper, the radial stress 𝜎𝑟 and tangential stress 𝜎𝑡 are calculated according to Eq. (22) 
and Eq. (23). Furthermore, Eq. (22) and Eq. (23) indicate that the radial stress 𝜎𝑟 and tangential 
stress 𝜎𝑡 are a function of the radial displacement 𝑢 which is still unknown. To calculate the radial 
displacement, Eq. (22) and Eq. (23) are inserted into Eq. (15), leading to a second order ODE which 
only contains the radial displacement 𝑢 as an unknown (detailed information on the ODE is provided 
in the appendix of [29]). Using finite difference method, the ODE is solved numerically to determine 
the radial displacement 𝑢 (note that the same discretization is applied as shown in Table 8). 
Additionally, two boundary conditions have to be specified at the disk rim and bore radius in order to 
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solve the ODE (see Eq. (24)). The dead mass centrifugal force causes the tensile stress at the rim 
radius, whereas the bore radius is treated as stress-free [3]. Table 7 lists the dead masses used in 
this work and the rim radial stress is approximated by smearing the dead mass centrifugal force 
around the disk rim circumference. 
 

𝜎𝑟 = {
 𝑑𝑒𝑟𝑑𝑒𝜔2

2𝜋𝑟𝑟𝑖𝑚𝑤𝑟𝑖𝑚
   𝑎𝑡  𝑟𝑖 
 

            0          𝑎𝑡  𝑏𝑜𝑟𝑒

 (24) 

 
Once the radial displacement 𝑢 has been computed numerically, the radial stress 𝜎𝑟 and tangential 
stress 𝜎𝑡 are determined for each discretized disk element according to Eq. (22) and Eq. (23). Based 
on these stresses, the von Mises stress 𝜎𝑣𝑀 is calculated as follows: 
 

𝜎𝑣𝑀 = √𝜎𝑟2 + 𝜎𝑡2 − 𝜎𝑟𝜎𝑡 (25) 
 
The relation of the yield strength 𝜎𝑦 of the material used (see Table 3) to the von Mises stress 𝜎𝑣𝑀 
results in the disk safety factor 𝑆𝐹 that is used to evaluate the structural integrity of the disk in the 
early phase of conceptual design (see Eq. (26)). It is a common practice to consider a safety factor 𝑆𝐹 
greater than one in order to ensure a sufficient margin for uncertainties and physical effects that have 
not been modeled yet (e.g. lifetime-limiting failure modes such as low cycle fatigue or creep). 
Otherwise, a disk failure is to be expected. Armand [2] recommends a disk safety factor of 𝑆𝐹 = 1.1. 
 

𝑆𝐹 = 𝜎𝑦
𝜎𝑣𝑀

 (26) 

 
Figure 11 and Figure 12 present the disk stress and safety factor results for P&W’s NASA E3 HPT 
and LPT at TO conditions. The HPT stress distribution shows exemplarily that the tangential stress 𝜎𝑡 
is significantly greater than the radial stress 𝜎𝑟 and thus dominates the von Mises stress 𝜎𝑣𝑀. Besides, 
the stresses are greatest at the disk bore radius ( 𝑟𝑒𝑙 = 0) which is consequently the critical radius for 
the disk design.  
It is possible to validate the stress results by comparing the average tangential stresses 𝜎𝑡,𝑎𝑣𝑒 with 
the values provided by the NASA E3 design reports [9,10]. Table 9 proves that reasonable agreement 
is achieved, especially considering the uncertainties related to the reports and the simplified 
assumptions made in this paper. The deviations are less than 5 %, apart from the third LPT disk with 
13.8 %. The first LPT disk is not analyzed anymore, as the stress here is significantly higher than the 
literature value. This is probably due to the fact that the disk is connected to the A-frame in reality and 
is therefore more stress-resistant (see Figure 8). However, this connection cannot be modeled, since 
the conceptual design methods presented in this paper only support the mechanical evaluation of the 
live disk. Without the A-frame, the live disk has an unconventional web geometry and the thin bore 
part is a main reason for the high stresses. 
The safety factor curve of the NASA E3 HPT disk indicates that this component is highly stressed 
(see Figure 11). At the bore radius ( 𝑟𝑒𝑙 = 0), the safety factor is even 0.96, but a safety factor of 1.0 
is already reached in the next discrete disk element ( 𝑟𝑒𝑙 = 0.01). Generally, a safety factor of less 
than one is not permissible, however, it is a very sensitive parameter and can also become greater 
than one if the assumed boundary conditions or material properties change slightly. Additionally, the 
safety factor is greater than unity over a wide range and the average tangential stresses is met 
accurately (see Table 9). Therefore, falling below the safety factor limit at the bore radius is acceptable 
in the scope of this paper, but a safety factor greater than one is mandatory when designing disks for 
a new turbomachinery. Accordingly, the safety factor of 1.1 suggested by Armand [2] is an appropriate 
estimate for HPT disks. Compared to the HPT, the analyzed LPT disks are subjected to significantly 
lower stresses. The minimum safety factors at the bore radius ( 𝑟𝑒𝑙 = 0) are between 1.29 and 1.38 
and thus above the recommendation of Armand [2]. 
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Figure 11 – Disk stress distribution and safety factor of P&W’s NASA E3 HPT at TO conditions. 

 

 
Figure 12 – Disk von Mises stresses and safety factors of P&W’s NASA E3 LPT at TO conditions. 

 
Table 9 – Average tangential stress compression with NASA E3 design reports [9,10] at TO 
conditions. 

Turbine Disk 𝝈𝒕,𝒂𝒗𝒆 [MPa] 𝝈𝒕,𝒂𝒗𝒆,𝒓𝒆𝒑𝒐𝒓𝒕 [MPa] Deviation [%] 
HPT D1 759 796 [9] -4.6 

LPT 

D1 - 434 [10] - 
D2 579 585 [10] -1.0 
D3 562 652 [10] -13.8 
D4 523 550 [10] -4.9 
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4.6 Burst Analysis 
Turbomachinery disk burst is a worst-case scenario and must be avoided at all costs [35]. 
Consequently, a sufficient safety margin against disk burst should already be considered in the early 
phase of the conceptual design [6,36,37]. One important parameter is the burst margin 𝐵𝑀 
(see Eq. (27)) which is calculated by relating the ultimate tensile strength (evaluated at the average 
disk temperature) 𝜎𝑢(𝑇𝑎𝑣𝑒) to the average tangential stresses 𝜎𝑡,𝑎𝑣𝑒 listed in Table 9 [3,38]. Moreover, 
a burst safety factor 𝑆𝐹𝐵𝑀 is included in Eq. (27), whereby a value of 𝑆𝐹𝐵𝑀 = 0.47 is proposed by 
Tong et al. [3].  
 

𝐵𝑀 = 𝑆𝐹𝐵𝑀
𝜎𝑢(𝑇𝑎𝑣𝑒)
𝜎𝑡,𝑎𝑣𝑒

 (27) 

 
In order to estimate the available burst speed margin 𝑛𝑏𝑢𝑟𝑠𝑡/𝑛 (see Eq. (28)), it is possible to use a 
simple correlation that is referred to several times in the literature [36,37,38]. Note that 𝑛 is the 
maximum speed at which the disk stresses are evaluated. 
 

𝑛𝑏𝑢𝑟𝑠𝑡
𝑛
= √𝜎𝑢(𝑇𝑎𝑣𝑒)𝜎𝑡,𝑎𝑣𝑒

 (28) 

 
A more advanced approach to calculate the burst speed margin was introduced by GE (see Eq. (29)), 
also called the Hallinan criterion [6,36,37]. In addition to further terms related to the maximum 
tangential stress 𝜎𝑡, 𝑎𝑥, the notch strength ratio 𝑁𝑆𝑅 is considered which is a material parameter [20]. 
 

𝑛𝑏𝑢𝑟𝑠𝑡,𝐺𝐸
𝑛

= 0.  [ 1
𝑁𝑆𝑅
(√𝜎𝑢(𝑇𝑎𝑣𝑒)𝜎𝑡,𝑎𝑣𝑒

− √𝜎𝑢(𝑇𝑎𝑣𝑒)𝜎𝑡,𝑚𝑎𝑥
) + √𝜎𝑢(𝑇𝑎𝑣𝑒)𝜎𝑡,𝑚𝑎𝑥

] (29) 

 
Since the burst margin 𝐵𝑀 is provided for each disk in the NASA E3 design reports [9,10], the ultimate 
tensile strength 𝜎𝑢 is given in the literature (see Table 3) and the average tangential stress 𝜎𝑡,𝑎𝑣𝑒 is 
matched accurately (see Table 9), it is possible to calibrate the burst safety factor 𝑆𝐹𝐵𝑀 according 
to Eq. (27). Table 10 presents the calibration results and the safety factors are close together in a 
range between 0.55 and 0.59. Apparently, the value of 𝑆𝐹𝐵𝑀 = 0.47 proposed by Tong et al. [3] is 
relatively optimistic and could result in a design with low safety against disk burst. Again, the first LPT 
disk is not considered anymore, as the connection to the A-frame cannot be modeled mechanically 
(see Figure 8 and section 4.5).  
Furthermore, the burst speed margin 𝑛𝑏𝑢𝑟𝑠𝑡/𝑛 is listed in a Table 10 for each disk which is calculated 
based on Eq. (28) and Eq. (29), respectively. For the disks investigated here, the burst speed 
estimation introduced by GE (Hallinan criterion [6,36,37]) leads to more conservative results and thus 
offers more safety in the design process. All burst speed margins are above 130 %, the lower limit 
specified in [38]. If the Federal Aviation Administration (FAA) [39] or European Union Aviation Safety 
Agency (EASA) [40] certification guidelines on rotor integrity are considered, rotors must withstand a 
maximum of 120 % overspeed. Accordingly, the disks must also guarantee a burst speed margin of 
at least 120 % in order to avoid burst failure. 
 
Table 10 – Burst safety factor calibration based on the NASA E3 design reports [9,10] and burst speed 
margins at TO conditions. 

Turbine Disk 𝑩𝑴 [-] 𝑺𝑭𝑩𝑴 [-] 𝒏𝒃𝒖𝒓𝒔𝒕/𝒏 [-] 𝒏𝒃𝒖𝒓𝒔𝒕,𝑮𝑬/𝒏 [-] 
HPT D1 1.22 [9] 0.58 1.45 1.32 

LPT 

D1 1.66 [10] - - - 

D2 1.43 [10] 0.59 1.55 1.44 

D3 1.36 [10] 0.55 1.57 1.47 

D4 1.48 [10] 0.55 1.64 1.51 
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5. Conclusion 
In this paper, a conceptual design process for turbomachinery disks is proposed which is 
demonstrated and calibrated using the NASA Energy Efficient Engine (E3). Performance and 
geometry models are generated for the single-stage high-pressure turbine (HPT) and four-stage 
low-pressure turbine (LPT) of the NASA E3. The first step is the definition of a suitable disk 
parameterization in order to extend a knowledge-based geometry modeling process. Subsequently, 
the masses of all rotating components are predicted based on the generated geometries and a 
reasonable agreement with the literature values is achieved. The deviation regarding the total rotor 
assembly mass is 1.7 % for the HPT and 8.8 % for the considerably heavier LPT. Disk material 
temperatures are estimated using a novel approach tailored for turbine disks that considers the heat 
transfer between the disk and the surrounding cavities. Therefore, a Nusselt number correlation for 
rotating disks is applied, whose correlation factor is calibrated by means of the created NASA E3 
models. Furthermore, a stress and burst analysis is performed to evaluate the structural disk 
integrity. Average tangential stresses are compared to the literature values, validating the stress 
calculation. The deviations are less than 5 %, apart from the third LPT disk with 13.8 %. Finally, the 
safety factors used in stress and burst analysis are assessed. For HPT disks, the yield strength 
safety factor of 1.1 suggested in the literature is an appropriate estimate. Burst safety factors are 
calibrated for each disk according to the reported burst margins and range between 0.55 and 0.59. 
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Appendix 

 
Figure 13 – Disk geometries of P&W’s NASA E3 single-stage HPT (left) and four-stage LPT (right) 

generated by knowledge-based sketching. 
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