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Abstract— Low-frequency synthetic aperture radar (SAR)
images are affected by trans-ionospheric propagation of the
radar waves. The 2-D total electron content (TEC) maps can be
obtained as a product of the ionospheric corrections, allowing for
imaging of ionospheric irregularities at very high resolution and
broader coverage compared to other sensing technologies (such
as Global Navigation Satellite Systems (GNSS) and ionosondes).
We analyze, in this article, the case of the Biomass mission and
characterize the errors in the imaging of the ionosphere resulting
from the calibration algorithms foreseen for its ground processor
prototype: a Faraday rotation (FR)-based and an autofocus (AF)
approach. The analysis relies on a turbulent power law Rino
model for the perturbation of the ionosphere and the spectral
behavior of the calibration algorithms. We also discuss the
suitability of both approaches for image correction in different
scenarios (varying signal-to-noise ratio (SNR) and geographic
location).

Index Terms— Autofocus (AF), Biomass, Faraday rotation
(FR), ionosphere, synthetic aperture radar (SAR).

I. INTRODUCTION

THE ionosphere is a region of the atmosphere that
extends from ∼50 to 1000 km of altitude and consists

of ionized plasma. It is a dispersive and dynamic medium
for which the level of ionization and orientation of plasma
depends on its interaction with the Earth’s magnetic field and
other factors like solar activity. Its state can be described by
the free electron density. In most satellite applications, this
electron density is measured as the integrated total electron
content (TEC) between the platform and the ground. Several
mechanisms have been developed over the years for sensing
the ionosphere. Ionosonde techniques, for example, can
provide vertical (or oblique, if operated in a bistatic mode)
electron density profiles. This approach alone cannot provide
global coverage despite increasing stations. On the other hand,
Global Navigation Satellite Systems (GNSS) signals can be
used for monitoring the spatially slow-changing ionosphere
(background component) and, to some extent, continuous
monitoring of ionospheric irregularities using the rate of TEC
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index (ROTI) [1], [2], able to provide average values to char-
acterize the scintillation strength (e.g., using the S4 parameter)
[3]. Even some approaches to imaging and tomography have
been proposed [4]; however, they require large interpolations
and smoothing (which lowers the resolution), and their capa-
bilities are limited by the number and nonuniform distribution
of the GNSS receivers that can be hundreds of kilometers
apart.

The images of synthetic aperture radar (SAR) satellites
are also affected by trans-ionospheric propagation, especially
when operating at lower frequencies, and allow for sensing
the ionosphere not with constant-global temporal coverage
but with very high 2-D resolution. An example is the new
SAR mission, Biomass from the European Space Agency
(ESA), to be launched in 2024. Its main goal is quantifying
the global forest Biomass, thus contributing to monitoring
carbon fluxes and stocks. To reach this objective, it will be the
first spaceborne SAR mission operating in P-band (435 MHz,
∼69-cm wavelength) with full polarimetry, allowing for both
deep penetration into the forest canopies and good coherence
for repeat-pass interferometry [5]. With a 12-m antenna, the
SAR image resolution in azimuth for the single-look case is
6 m [6]. The ionosphere will leave its footprint in the images
by introducing amplitude modulations, time delay, and phase
advance in the radar echos (seen as geolocation and phase
errors), as well as crosstalk among the polarimetric channels
induced by Faraday rotation (FR). Of particular interest are the
effects caused by ionospheric irregularities that change rapidly
compared to the synthetic aperture (the synthetic aperture
length of Biomass projected at the ionospheric height is about
20 km), inducing defocusing (seen as a loss of contrast)
and intensity scintillation (patterns in the intensity images)
that degrade the quality of the radiometric products. These
distortions occur predominantly in the regions close to the
geomagnetic equator [7] in the very early morning and evening
times due to the characteristic appearance of instabilities of
ionospheric plasma in these regions, as well as near the poles.

From the signal processing point of view, one can benefit
from these adverse effects by retrieving information about the
current state of the ionosphere while correcting the images.
The ionospheric calibration of the images itself will allow the
generation of 2-D TEC maps with the very high resolution that
SAR provides. We will exploit the proportionality relationship
between FR, phase advance, and TEC. Biomass will have a
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Sun-synchronous polar low Earth orbit (average altitude of
660 km) with an orbital period of around 1.5 h. Beyond
the calibration of the SAR images, the high-resolution TEC
products over large areas unlock important scientific research
opportunities, such as improving ionospheric equatorial irreg-
ularity models or the effect of space weather events in the
polar regions.

There exist several calibration proposals for this challenging
aspect of the mission. These exploit the FR [8], refocus-
ing with an autofocus (AF) algorithm or a combination of
both [9]. This article aims to characterize the residual errors
expected after these calibration approaches. This article is
structured as follows. Section II introduces the methodology
and assumptions to solve this problem. We show that the error
standard deviation can be expressed as the sum of different
error sources. Section III discusses the residual errors after
a multisquinted version of the Bickel and Bates algorithm
for the estimation of FR; it also analyzes the impact of
geomagnetic field uncertainty in TEC retrieval when using the
FR. Section IV analyzes the remaining errors for a phase-based
estimation with an AF. Section V discusses and compares the
suitability of the two methods, and Section VI concludes this
article with a summary.

II. PROBLEM STATEMENT

The propagation of radar waves through the ionosphere
results in a perturbation of the amplitude, phase, and polar-
ization of the signals [10]. We will use in our analysis the two
following assumptions: 1) the perturbations show a specific
consistency when observed from different positions along
the satellite track, which allows us to model the impact as
coming from a single surface (not necessarily spherical or
ellipsoidal) and 2) the perturbations at spatial scales larger
than the extension of the projection of the radar beam on
the ionospheric surface have been successfully calibrated at
previous processing stages. The former assumption is fre-
quently found in the literature and justified by the continuity
in the models of the ionospheric height [11], as well as
supported by data collected from previous missions [12]. The
latter assumption is justified by the dense sampling used in
SAR, which allows the estimation of large-scale perturba-
tions with large averaging windows. Following the previous
discussion, we can approximate the impact on the radar
waves by using a turbulent, stationary, dispersive, Doppler-
dependent, and elevation-dependent perturbation field. The
field consists of irregularities in the electron density, which
directly translate into a phase and polarization distortion of
the signals [13]. The spatial statistics of the stationary phase
distortion field are often described by the Rino power law
expression [14],

8φ

(
κx , κy

)
=

λ2
· r2

e · sec2θinc · ab · (2 · π/1000)p+1
· Ck L(

κ2
0 + A · κ2

x + B · κx · κy + C · κ2
y

)(p+1)/2

(1)

where φ refers to the phase advance, κx and κy describe
the orthogonal spatial frequencies in the reference geometry
of the ionosphere, in this case, the geomagnetic North and

TABLE I
PARAMETERS USED FOR THE IONOSPHERIC REALIZATION

East directions, λ is the carrier wavelength, re is the classical
electron radius, θinc is the incident angle onto the ionospheric
surface, p is the ionospheric spectral index, Ck L is the
vertically integrated strength of turbulence at 1-km scale, and
κo = 2π/ lo is the outer scale wavenumber. The A, B, and
C parameters relate the magnetic field and anisotropy factors
to the direction of propagation of the radar waves [15]. The
relationship between the two-way phase advance φ, TEC, and
FR � can be expressed as

φ =
ζ · 4 · π

c0 · f
· TEC (2)

and

� = ζ ·
qe · B⃗ · k̂

c0 · me · f 2 · TEC (3)

where ζ ≈ 40.31 m3/s2 is a constant, c0 is the velocity of
propagation in vacuum, f is the frequency, qe is the electron
charge, B⃗ is the Earth’s electromagnetic field vector, k̂ is
the direction of propagation of the radar waves in the same
reference frame, and me is the electron mass. The power
spectral density (PSD) of the FR can be related to (1) as
follows:

8�
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qe · B⃗ · k̂

me · f · 4 · π

)2

· 8φ

(
κx , κy

)
. (4)

The statistical characterization of the errors in estimating
the turbulent component of the ionosphere will result from
filtering these PSD functions with the frequency response
of the calibration algorithms. For this approach to yield
representative results for a SAR acquisition, we need to make
the additional assumption that this PSD is known (e.g., via
models such as wideband model (WBMOD) for ionospheric
scintillation [16]) or can be estimated from the data. The
direct estimation from the data can be carried out by fitting
the PSD of the observed ionosphere to the parameters of (1)
or an approximation of it. For example, in [17], where the
fitting is done based on what is retrieved in the interferometric
correction, or [18], where the equatorial scintillation stripe
signature is used. However, the correctness of the methodology
and the illustrative power of the presented results are not
affected.

For example, Fig. 1 shows one ionospheric realization in
the Biomass observation geometry (satellite flying along the
horizontal axis) according to the model described above for
a region close to the North pole. The parameters of the
simulation are listed in Table I. The Biomass End-to-End Per-
formance Simulator (BEEPS) [19] is used to incorporate the
ionospheric perturbations (phase and change in polarization)
in the simulated SAR raw data.
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Fig. 1. Ionospheric irregularity realization generated with the parameters in
Table I. From the TEC map (top), FR (middle) and phase (bottom) maps are
obtained from (2) and (3).

Fig. 2. Sketch of the PSD of the phase advance error observed by the SAR
(black). The green area describes the calibration filter used in the ionospheric
mitigation algorithms also used for ionospheric imaging. The blue, magenta,
and red lines correspond to the intrinsic filtering errors caused by aliasing,
limited bandwidth, and thermal noise, respectively. Aliasing replicas (dashed
lines) occur by sampling the nonbandlimited ionospheric irregularity (here
described by a power-law) function.

Fig. 2 sketches the errors (in blue, red, and magenta) in the
ionospheric signal when reconstructing the phase field from
the data. For simplicity, Fig. 2 refers to the azimuth dimension
of the survey ( fa refers to azimuth or Doppler frequency),
but the situation in the range is analogous. The green area
corresponds to the filter that defines the calibration operations
and extends to what we define as calibration bandwidth, Bcal.
The blue lines within the filter correspond to the aliased power
coming from the tails of the first spectral replicas. Replicas
occur because of the sampling of a nonbandlimited field.
The magenta solid lines outside the filter correspond to the
power outside the calibration bandwidth, whereas the red line
represents the power of thermal noise.

The one-sided PSD of the error when reconstructing the
irregularity field (in our case, either using the FR or the phase
signature that it leaves in the image) can be approximated as
the sum of the contributions within and outside the calibration
bandwidth, fa ≤ Bcal/2 and fa > Bcal/2, respectively,
as described in (5), as shown at the bottom of the next page.
8N( fa) is the PSD of the thermal noise, assumed constant
for white noise. The variance of the phase error (or the FR)
is given in (6), as shown at the bottom of the next page:
the first integral corresponds to the error within the band,
composed by the noise plus the tails of the aliased replicas
(that as we will see, might or might not be neglected). Here, i
is the index of the aliasing replicas that occur every sampling

TABLE II
SIMULATION PARAMETERS

frequency fsamp. The calibration filter B modulates these two
components. The second integral shows the high frequency
of the original perturbation lost because it falls outside the
calibration window.

For the characterization of the errors, i.e., the residual
disturbances in the imaging of the ionospheric irregularities,
we will consider the two ionospheric calibration algorithms
available in the Biomass Ground Processor Prototype (GPP)
[20]. They should provide exemplary ionospheric recovery
maps and the residual errors expected in Biomass images.
The baseline for ionospheric correction in Biomass uses the
estimation of the FR using the Bickel and Bates algorithm [8].
The estimation of the FR has proven to be a robust and
effective method for ionospheric imaging in quad-pol systems.
Still, the accuracy of the Bickel and Bates algorithm is latitude
and signal-to-noise ratio (SNR)-dependent. From (3), one can
see that the sensitivity depends on the value of the dot product
B⃗ · k̂. Close to the geomagnetic equator, these two vectors
are almost perpendicular, which makes FR-based calibration
algorithms insensitive to the ionosphere. Fig. 3 shows a global
map of the error in the TEC estimation for a 1◦ error in the
FR measurement. The geographic variations come from the
geomagnetic field distribution. Note that from (3), errors in
the FR scale to errors in TEC with the inverse of B⃗ · k̂, and
since at low latitudes the dot product is very small in practice
it not possible carry out ionospheric inversion at the so-called
equatorial gap. This region is depicted in red in Fig. 3.

For tracking fast ionospheric variations within the synthetic
aperture, which might degrade the performance of the FR
estimation, the GPP also incorporates a map-drift autofocus
(MDA) algorithm [9], [21], [22]. This method takes obser-
vations of local defocusing across the image and transforms
them into second derivatives of the phase variation along
azimuth, which can also be integrated into TEC estimates.
The AF performance depends on the image contrast and
content, where a lack of contrast significantly reduces its
robustness (and attractiveness); therefore, the MDA is kept
as a backup solution in the processing flow. The fact that the
MDA reconstructs higher order errors from second derivative
measurements makes it insensitive to zeroth- and first-order
errors (this is the reason for the previous assumption that
any slowly varying background component is assumed to be
removed). Errors in the measurements integrate into random
walks during the double integration step. Sections III and IV
will present the error characterization for the two suggested
algorithms. Table II summarizes the main parameters for the
simulations on the L-band image in Fig. 4 (in the absence
of satellite P-band data, we used an actual ALOS-2 image).
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Fig. 3. Error in TEC estimation for 1◦ error in the FR measurement. The geometry is an ascending polar orbit with a 25◦ incidence angle onto the horizontal
ionospheric layer. The red area shows the equatorial gap, where B⃗ · k̂ tends to zero and there is no FR sensitivity.

For this article, we ingested the reflectivity image into the
BEEPS/GPP processing chain to investigate the ionospheric
effects and realistically process the data, demonstrating the
capability of the MDA in a realistic scenario.

III. BICKEL AND BATES-BASED ESTIMATION

The examples in this section will be generated using a
multi-squinted version, based on azimuth sublooks, of the
Bickel and Bates estimator to estimate the FR. For a detailed
description of the fundamentals, the reader should refer to [8],
[23], and [24]. The calibration bandwidth is estimated from the
PSD of the data. Fig. 5 shows that the azimuth cutoff frequency
(gray) can be chosen where the PSD of the simulated FR
field in the middle of Fig. 1 (blue) cuts the noise floor of
the simulation (red). The noise floor depends on the SNR and
the polarimetric coherence as discussed in [8] and [25]. The
polarimetric coherence is related to the SNR as follows:

γSNR =
SNR

1 + SNR
. (7)

The variance of the additive noise to FR (depicted with
the red dashed line in Fig. 5) is given by (8), as shown at the
bottom of page 6, where Li2 is the Euler dilogarithm. An SNR
of 25 dB leads to 0.996484 polarimetric coherence, and the
corresponding filter azimuth bandwidth allows 476 nonover-
lapping sublooks to cover the entire SAR azimuth bandwidth
in the multisquint processing.

The calibration filter can be extended to the range dimension
to improve noise suppression. For this analysis, we give it a
rectangular shape in range, with a cutoff frequency that limits
the noise inside the calibration bandwidth. Similar to (6), the
final expression for the error variance is given in (9), as shown
at the bottom of page 6. Here, B represents the spectral shape
of the averaging window, Scbw is the area of the calibration
bandwidth, and Sc

cbw is its complement. d fr is the frequency
in the slant range direction, and i and k are the indexes of the
replicas both in azimuth and range. Note that i, k ∈ Z \ {0}.
In the following, we only consider 2-D rectangular bandpass
filters, but we can also use more elaborate filters oriented along
the geomagnetic field for better performance.

81φ( fa) =


8φ( fa) for fa > Bcal/2

B ·

(
8N( fa) +

+∞∑
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(
8φ

(
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)
+ 8φ

(
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)))
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(5)
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·
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. (6)
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Fig. 4. Reflectivity image used in the simulations. The scene shows a forested and mountainous area with the L-band sensor ALOS-2 over Indonesia.
An L-band acquisition is used in the absence of spaceborne P-band data.

Fig. 5. Azimuth profile PSD of the simulated phase scaled to FR. The red
horizontal line represents the noise power corresponding to the simulated with
an SNR = 25 dB and γ = 0.996484. The vertical dashed line represents half
the bandwidth of one of the 476 sublooks used in this simulation.

Fig. 6. (Top) Recovered FR map using Bickel and Bates and (bottom)
corresponding error map for the simulated FR field in Fig. 1.

Fig. 6 shows the FR map recovered with this technique.
Note the agreement in the structure with respect to the middle
map in Fig. 1 and range of values (with a slight variability).
Any discrepancy is better visualized in the error map below.
This error contains mainly the high-frequency component of
the original field that is not seen by the calibration bandwidth
(note that the small structure still preserves the orientation).
We can better validate this claim by looking at Fig. 7, where
we compare the PSD of the recovered FR field (orange) to the
PSD of the original one (blue). For reference, the PSD of the
error is shown in green. Here, one can see that, as expected,
the frequency coverage of the recovered FR only extends to

Fig. 7. (Top) Azimuth and (bottom) range PSD of the simulated FR field
(blue), the recovered FR field using the multisquint approach (orange), and
errors (green). Note that the frequency coverage of the recovered FR field
only extends to the cutoff frequencies.

the cutoff frequency, so the error outside of the band is just the
part of the spectrum not seen by it. Inside the band, there is a
part of the noise spectrum and a smaller contribution coming
from possible interpolation errors in the processing. Note that
this error is still more than two orders of magnitude smaller
than the original signal. The aliasing contribution depends
on the sampling and the transfer function of the calibration
filter, which, for the FR, is narrow compared to the high SAR
sampling, making it negligible.

Fig. 8 shows the apparent azimuth and range resolution
corresponding to the simulated ionospheric scenario for dif-
ferent SNRs. Here, a Monte Carlo simulation was carried
out, generating various additive noise realizations for the FR
field and choosing the cutoff frequency by looking at the
magnitude of the corresponding Wiener filter (maintaining
only the part before its magnitude reached −3 dB). The
noise floor decreases for higher SNR, and a larger apparent
bandwidth can improve the resolution to the kilometer scale
in azimuth and subkilometer scale in range. Because the
irregularity field is described as stationary, the variance of the
error field is also stationary, and it is reasonable to characterize
it with the standard deviation, σ1�. Disregarding aliasing and
interpolation errors, Fig. 9 shows the change in FR standard
deviation for different SNRs. According to this, the main
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Fig. 8. For the simulated scenario, the resolutions in range and azimuth of the
retrieved FR with the multisquint approach for different SNRs after a Monte
Carlo simulation. The cutoff frequencies in range and azimuth correspond to
the first −3-dB cut of the corresponding Wiener filter.

Fig. 9. Standard deviation of different error components (thermal noise inside
of the band and signal outside) and the sum. Note that the main contribution
comes from the signal part, which is not seen by the calibration bandwidth.

contribution to the error comes from the part of the spectrum
that falls outside of the calibration bandwidth.

As described in [8], the estimated FR can be scaled to phase
and used to correct phase errors. We can assess the impact of
the residual errors in the quality of the image by looking at the
radiometry. With remaining phase errors after the calibration,
apart from the defocusing, the interpretation of the images will
be distorted by discrepancies in the radiometry. We refer to
the change power 1P with respect to the image without any
distortion |A| over an averaging window, i.e.,

1P =
E
[
|A′

|
2
]

E
[
|A|2

] (10)

where |A′
| is the amplitude of the image with the residual

errors after calibration. Errors in the radiometry distort the
measured radar cross section of the imaged targets and mislead
the interpretation of the data. Fig. 10 shows the radiometric
error after the FR scaled to dB. The FR-based approach gives
a good result in a polar scenario with a standard deviation of
≈0.068 dB.

Fig. 10. Radiometric error after correction based on the FR field recovered
in Fig. 6 scaled to phase.

A. Global Uncertainty Due To Geomagnetic Field

In addition to the calibration residuals presented so far,
other error sources come from system uncertainties or model
variability. We shall consider geometry errors that affect
the line-of-sight (LOS), uncertainties introduced by the thin
layer approximation and ionospheric height estimation, and
residuals in the antenna pattern compensation, which are seen
as polarimetric crosstalk contaminating the FR estimation,
to mention a few. Assuming that these variables are controlled
to a certain extent, we will shortly comment on the effect of
the geomagnetic field uncertainty.

From [26], average values for the geomagnetic field vector
uncertainty σ⃗ B associated with the International Geomagnetic
Reference Field (IGRF) model are 144 nT for the North
(X ), 136 nT for the East (Y ), and 293 nT for Down (Z )
components. The geomagnetic field vector, together with the
LOS, is used for converting from FR into TEC and phase
advance; as we will see in the following, this uncertainty intro-
duces nonnegligible errors in the ionospheric retrieval with
the Biomass system. Following the error propagation method
described in [27] and assuming that the single uncertainties
are independent and the orbit is polar, the uncertainty in B⃗ · k̂
is given by (11), as shown at the bottom of the next page,
which simplifies to

σB⃗·k̂ =

√
k̂2 · σ⃗ 2

B . (12)

Considering that Biomass has a polar orbit with a
left-looking geometry and a mean incidence angle onto
the ionospheric horizontal plane of 25◦, this uncertainty is
271.70 nT, constant everywhere on Earth. Different values are
obtained with orbit inclinations or incidence angles, reflected
in k̂. Similarly, when estimating TEC (background or turbulent
component) from FR, the uncertainty σTEC(�) depends on σB⃗·k̂
and the local B⃗ · k̂

σTEC(�) =

√√√√( ∂TEC
∂
(

B⃗ · k̂
))2

· σ 2
B⃗·k̂ (13)

σ 2
� =

1
16

(
π2

3
− π · sin−1 γSNR +

(
sin−1 γSNR

)2
−

Li2
(
γ 2

SNR

)
2

)
(8)

σ 2
1� =

inside of band︷ ︸︸ ︷∫ ∫
Scbw

B ·

(
8N +

+∞∑
i=−∞

∞∑
k=−∞

8�[i, k]

)
d fr d fa +

outside of band︷ ︸︸ ︷∫ ∫
Sc

cbw

8� d fr d fa (9)
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Fig. 11. Global TEC maps at 6 A.M. extracted from IONEX database for the 40th DoY 2015 (solar maximum, top) and 2020 (solar minimum, bottom).

with

∂TEC
∂
(

B⃗ · k̂
) = −

c0 · me · f 2

ζ · qe
·

1(
B⃗ · k̂

)2 · �(TEC). (14)

Note that in (14), we highlight that the uncertainty in TEC
depends on the local FR angle that is given by the value
of TEC itself. Plugging �(TEC) from (3), we come to the
following expression for the uncertainty in TEC based on the

local TEC and B⃗ · k̂:

σTEC(TEC) =
TEC
|B⃗ · k̂|

· σB⃗·k̂ . (15)

Now, we proceed to give some representative numbers.
For that, Fig. 11 shows the global TEC maps from the
ionosphere map exchange (IONEX) database [28] at 6 A.M.
that corresponds to what Biomass will observe (with the Sun-
synchronous orbit, the same can be done for 6 P.M.), and

σB⃗·k̂ =

√(
∂ B⃗ · k̂
∂ BX

)2

· σ 2
BX

+

(
∂ B⃗ · k̂
∂ BY

)2

· σ 2
BY

+

(
∂ B⃗ · k̂
∂ BZ

)2

· σ 2
BZ

(11)
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Fig. 12. Global uncertainty in estimating the background TEC from FR. Consider the ascending node of a polar Sun-synchronous orbit with the Biomass
left-looking geometry at a time of solar maximum (top) and solar minimum (bottom).

we do this for two dates: the 40th day of the year (DoY)
2015 (solar maximum) and 2020 (solar minimum). The color
bars show that in the solar maximum times, the TEC values
triple the solar minimum values. Note that the irregularities
in the map potentially come from the interpolations over the
low resolution of the IONEX products; however, it does not
invalidate our analysis since the purpose of this article is to
have a sense of the global sensitivity variation. Putting these
values in (15) with the local B⃗ ·k̂ leads to Fig. 12. Here, we see
the uncertainty in TEC estimation from FR for the Biomass
geometric configuration at a time of solar maximum and a
time of solar minimum. Note that the uncertainty distribution
strongly depends on the geomagnetic field dipole and its
anomalies and that the higher uncertainty is found around the
geomagnetic equator.

IV. MAP-DRIFT AUTOFOCUS

An essential factor to consider when assessing the perfor-
mance of the MDA is that it works with partially overlapped
blocks across the image. Because of this, the measurements
constitute a map of second derivatives (of the variation of the
phase in the azimuth direction) that represents the difference
between the average slopes across the two corresponding
nonoverlapping synthetic aperture sublooks. In Fig. 13, they
are illustrated by the two slopes in red and green in the
sublooks shaded in yellow and orange. Because of the block
operation and the assumption that the second derivative is
constant across the block, some averaging happens in range
and azimuth, too. Note that the second derivative map is
subsampled to the block center spacing in both directions,
leading to significant aliasing in the solution, as we will see.
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Fig. 13. Second derivative of azimuth variation across the synthetic aperture
as seen by splitting the azimuth spectrum in the MDA.

Fig. 14. (Top) Recovered phase after applying MDA and (bottom) corre-
sponding error map.

The integration of this second derivative map into a TEC map
can be done, for example, with a Wiener filter [9] or with a
weighted least-squares (WLS) approach [21]. Either method
will minimize the effect of the integrated random walks
that derive from integrating errors in the second-derivative
measurement. Even though random walks fail to be stationary,
complicating the spectral analysis, an iterative MDA with a
WLS integration has shown to dampen them to a reasonable
extent. The MDA is an iterative method, and in each iteration,
a phase map of the original size is obtained using a linear
interpolation.

Fig. 14 shows the phase field recovered by the MDA with a
WLS integration. In this simulation, we use a 128×128 pixel
window (644 × 1106 m in azimuth and range) with shifts
of 40 and 64 pixels in azimuth and range. Compared to the
simulated field in Fig. 1, the MDA outputs a smoothed solution
due to the averaging of the second derivative across the
synthetic aperture, block averaging, aliasing due to sampling,
integration, and linear interpolation reconstruction. Similar to
the previous case, the error map presents structures aligned
with the simulated field, but not only is the high-frequency
component appreciated, as in the last case. This is better
seen in the PSD azimuth profiles shown in Fig. 15: the
PSD of the recovered phase field (orange) extends to the

Fig. 15. Azimuth profile of the PSD of the simulated phase map (blue),
the recovered after MDA (orange), and the result of applying the equivalent
transfer functions to the simulated PSD (green).

TABLE III
PARAMETERS USED FOR EQUATORIAL SIMULATION

end of the frequency coverage. This can be shown to be an
effect of the corresponding aliasing (also responsible for the
higher energy at the beginning of the PSD) and modulation
of the frequency response of the MDA operations (green)
as described in (16), as shown at the bottom of the page.
Here, L is the frequency response of the linear interpolation
operation (a sinc2), j · ω1 represents the differentiation in the

frequency domain,
1

j · ω2
is the integration, M represents the

block averaging, and again the summations with i, k ∈ Z \ {0}

correspond to the aliasing that now plays a role because of the
much lower sampling rate. Note that ω1 and ω2 are different
since one represents the derivative with a step corresponding
to two sublook centers, and the other corresponds to the
displacement of the block centers in azimuth. The development
of random walks has not been included in (16), but the results
shown in Fig. 15 are still consistent. This shows that the
iterative WLS integrator can cancel them appropriately.

As in Section III, we also use the residual radiometric error
to assess the calibration performance (see Fig. 16). As shown
in Fig. 14, the error map has larger granularity, also seen in
the radiometric error map. In this case, the AF performs worse
than the FR-based approach with radiometric errors with a
standard deviation of 0.107 dB.

V. CONVENIENCE OF DIFFERENT
CALIBRATION ALGORITHMS

So far, we have discussed a method for characterizing errors
in two calibration approaches. Now, it is interesting to discuss
their suitability in the ionospheric correction and imaging
process. Regarding the Bickel and Bates measurement, for

8φ,AF =

interpolation︷︸︸︷
L2

·

integration︷ ︸︸ ︷
1

( j · ω2)
4

sampling︷ ︸︸ ︷ ∞∑
i=−∞

∞∑
k=−∞

 M2︸︷︷︸
averaging

· ( j · ω1)
48φ[i, k]︸ ︷︷ ︸

differentiation


 (16)
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Fig. 16. Radiometric error after correction based on the phase field recovered
in Fig. 14.

Fig. 17. Comparison of the expected performance estimating the phase screen
in Fig. 1 using the FR and AF for two different SNRs and different latitudes
along the prime meridian. The curves represent the FR performance that will
change with latitude due to the variation in the B⃗ · k̂ and SNR. The green
horizontal dashed line shows the performance of the AF on the image in
Fig. 4.

a fixed spectral index, the performance will be defined by
B⃗ · k̂, Ck L , the outer scale, and the noise floor, which will
move up or down depending on the SNR, thus increasing
or decreasing the cutoff frequency (Fig. 5). Conversely, for
a fixed SNR, the cutoff frequency will also be determined by
the PSD of the signal that would move up and down with
Ck L and B⃗ · k̂, worsening the performance of this approach
for smaller irregularity strength and when the FR sensitivity
decreases compared to the SNR (toward the equatorial gap).
Irregularities with larger outer scales focus the bigger portion
of their energy in the low frequencies, so they can be resolved
in higher SNR scenarios with a narrower filter. Due to the B⃗ · k̂
latitude dependence, using the FR to correct for phase errors
or directly measure TEC also leads to considerable errors due
to the noise scaling toward the equator.

The performance of the phase estimation using the MDA
is limited by the block sizes and overlapping factors (that
define the new sampling grid and the aliasing introduced in
the spectrum of the solution). The contrast and content of the
image play an essential role in the accuracy of the estimation
of the shift between sublooks, which, as discussed for the
case of split-band interferometry [29], is better estimated with
larger block sizes at the expense of a loss in resolution due to
block averaging. In addition, the fact that the measurements
are not of absolute phase but of a second derivative map that
has to be integrated imposes that the performance of the MDA
also depends on the capability of the integrator (e.g., the WLS
discussed in this article) to disregard outliers and dampen
random walks. The errors in the estimation of the second
derivative cannot be globally characterized since they depend
on the contrast and content of each block. Moreover, the
statistics of the developed random walks cannot be described
with notions of stationary fields.

Fig. 18. Recovery of ionospheric irregularity maps closer to the equator.
TEC map (top), recovered from FR (middle) and AF (bottom).

To compare the performance of both methods, we focus
on the phase screen recovery (take the scenario in Fig. 1
as an example). The errors in the estimation of the FR
discussed in Section III (for the 10- and 20-dB SNR cases)
are scaled to phase with the corresponding B⃗ · k̂ for different
latitudes along the prime meridian. The curves in Fig. 17
show the standard deviation of the residual phase error after
scaling from FR. Note that the performance rapidly decreases
toward the equator. The green dashed line shows the standard
deviation of the residual phase after applying the AF algorithm
on Fig. 4, which is not latitude-dependent. Below around 50◦

for an SNR = 10 dB and 30◦ for an SNR = 20 dB the AF is
expected to perform better.

For example, Fig. 18 shows the result for the simulation
parameters in Table III and moving the simulation closer to
the equator. Here, the irregularities are more aligned to the
azimuth direction, and the AF can still recover their structure,
opposite to when the estimation is based on the FR. Based on
the FR, applying any phase correction would not be possible
in such a case, so image restoration is only possible with the
AF.

VI. CONCLUSION

Low-frequency SARs offer an exceptional possibility to
obtain ionospheric maps with spatial resolutions significantly
better than other systems (such as GNSS receivers). As part
of the ionospheric calibration, Biomass produces ionospheric
irregularity maps with resolutions of hundreds of meters or
a couple of kilometers, depending on the algorithm used
and its sensitivity. In addition, these maps can be generated
covering similar latitudes within less than two hours. Despite
its limitations, due to its sensitivity, the ionospheric Biomass
products are expected to reinforce current areas of research and
work in synergy with any other ionospheric sensing approach.
At this point, we highlight the importance of small-scale
irregularity sensitivity, which poses a challenge in terms of
calibration but is highly valuable for the scientific community.

In this study, we have provided an analytical description
of the errors expected in Biomass ionospheric images. These
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were then compared to the results obtained using data simu-
lated and processed with the Biomass simulator and prototype
processors. We focused on two calibration approaches: one
based on the estimation of the FR and one with an MDA.
The errors from the FR approach come mainly from the
high-frequency component of the ionospheric irregularities
that are not captured by the calibration bandwidth. We demon-
strated that the spatial resolution can be maintained to a few
kilometers depending on the sensitivity. The errors from the
MDA calibration approach, on the other hand, are mainly due
to block averaging, sampling (which introduces aliasing in
the frequency domain), and interpolation operations. We also
addressed the issue with the random walks during the double
integration and showed that they can be significantly reduced
with a WLS integrator.

The scenario studied close to the pole shows a better
performance of the FR than the MDA; however, one needs
to account for the fact that good FR sensitivity is not always
warranted. For this reason, the calibration of Biomass products
shall be complemented by an AF algorithm when required.
Sample cases arise when approaching the equatorial gap or
when the strength of the irregularities is low compared to the
SNR. The method described in this article can be extended
to provide a global sensitivity analysis and characterization
of Biomass ionospheric images, which will be the subject of
subsequent research.

This article mainly focused on the filtering operations that
make the calibration algorithms. In addition, one needs to
account for error in other calibration steps (such as the
antenna pattern compensation), and other system and model
uncertainties. To complement this aspect, we carried out a
sensitivity analysis when estimating the TEC from the FR
based on the uncertainties in the geomagnetic field present
in the IGRF. The uncertainty in the geomagnetic field vector
introduces errors in the transformation from FR to TEC and
phase, which are nonnegligible and the spatial structure of the
uncertainly at a global scale depends on the Earth’s magnetic
field. The approach is based on error propagation with partial
derivatives to analyze the contribution of each variable, and
it can be extended to the rest of the variables in the system.
This part of the discussion showed yet another factor to take
into account when using the FR as a proxy for ionospheric
estimation as its geographical limitations. Methods based on
the phase error estimation have other difficulties but are not
dependent on the B⃗ · k̂ product. For this reason, we emphasize
that both approaches should be complementary.

All this contributes to the understanding of error character-
istics in terms of standard deviation and puts focus on the
structure. This article is intended for the user to interpret
different ionospheric calibrations and retrieval error sources.
This knowledge will be relevant when using the provided
ionospheric maps for applications such as ionospheric state
characterization or scintillation model validation.
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