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ABSTRACT:
Relative humidity, temperature, and wind along flight paths from a 10-year simulation are used to investigate the

effects of the atmospheric conditions on sonic boom loudness generated by the pseudo-Concorde and a low-boom

supersonic aircraft using an acoustic wave propagation tool. Global meteorological conditions are simulated using

the chemistry-climate model EMAC with ECMWF reanalysis data. The results show that atmospheric conditions

lead to a seasonal variation of the perceived level for a N-wave over 10 years of flights, whereas it is difficult to iden-

tify the seasonal variation for the low-boom aircraft because the distribution of perceived levels is widely spread.

The dominant effect from atmospheric conditions during acoustic propagation is found for the low-boom aircraft

cruising at an altitude of 14.478 km. The molecular relaxation effect is dominant for an overpressure reduction at

10 km but does not impact the pressure waveform below 8 km. At altitudes below 8 km, the thermoviscous absorp-

tion exclusively influences the variations in pressure rise time. Moreover, acoustic wave propagation through the tur-

bulent field was simulated at a single location. Even though the acoustic wave passed through the same turbulent

field in the summer and winter cases, the loudness on the ground differs between them.
VC 2024 Acoustical Society of America. https://doi.org/10.1121/10.0028375
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I. INTRODUCTION

Atmospheric variation is a key factor for loudness due

to a sonic boom phenomenon. Shock waves are generated

by supersonic transports (SSTs) cruising at supersonic speed

and propagate through the atmosphere until it reaches the

ground. The representative atmospheric characteristics, such

as humidity, temperature, and wind, vary depending on alti-

tude and location and influence the wavefront of the shock

wave during the propagation.1,2 The temperature and rela-

tive humidity impact both thermoviscous absorption and

molecular relaxation effects on an acoustic pressure wave-

form. A low temperature increases the rise time of a shock

wave, and a low relative humidity decreases its maximum

pressure.3 Acoustic pressure is attenuated by the molecular

vibrational excitation of oxygen and nitrogen gases, and the

attenuation effects of molecular relaxation depend on the

frequency of the pressure waveform.4,5 Although such ther-

moviscous absorption and molecular relaxation effects are

important to understand the pressure attenuation mecha-

nism, velocity fluctuation in atmospheric turbulence signifi-

cantly influences the deformation of an acoustic pressure

waveform.6 Previous experimental and numerical studies7–9

investigated the effects of the turbulence interaction on an

acoustic pressure waveform. They showed that the represen-

tative effects of turbulence interaction include random vari-

ability of the overpressure and pressure rise time, where the

overpressure can double in some cases. Such atmospheric

effects are important for a sonic boom estimation for the

development of the SSTs.

To appropriately estimate sonic boom level on the

ground, it is necessary to simulate an acoustic wave passing

through various atmospheric conditions. An acoustic wave

propagation analysis based on the augmented Burgers equa-

tion10–12 simulates sonic boom propagation with the non-

linear and geometrical spreading effects as well as damping

effects due to thermoviscous absorption and molecular

relaxation. One of the interesting results obtained by the

augmented Burgers equation is that all of the molecular

relaxation, thermoviscous absorption, and non-linear effects

distort the pressure waveform of a non-linear spherically

diverging N-wave, increasing the rise time of the wave-

form.4 The thickness of a shock wave front related to the

pressure rise time influences sonic boom loudness. Doebler

et al.13 investigated numerically the boom-carpet of a low-

boom aircraft: NASA’s X-59 using the PCBoom code,

which solves an enhanced Burgers equation along acoustic

ray and showed that the boom-carpet width is affected by

the atmospheric variation, such as temperature and humid-

ity. The wind effects related to an acoustic ray path becomea)Email: takahiro.ukai@oit.ac.jp
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important for acoustic propagation through the windy atmo-

sphere. Lonzaga14 improved the ray path calculation in the

PCBoom by incorporating the Doppler shift and convective

effect of winds. As mentioned earlier, turbulence interaction

with velocity and thermal fluctuations is a key phenomenon,

and acoustic propagation through a turbulent field is simu-

lated using several methods based on Khokhlov-

Zabolotskaya-Kuznetsov (KZK) equation,8,15 heterogeneous

one-way approximation for the resolution of diffraction

(HOWARD) equation,16–18 and an extended Burgers equa-

tion with backscattering effects.19 A representative previous

numerical result using the KZK equation showed that large-

scale inhomogeneities in the turbulent field govern primarily

the overpressure and arrival time of the acoustic wave.8

Kanamori et al.18 investigated the effects of turbulence on a

low-boom waveform measured during the D-SEND#2 pro-

ject by JAXA using the sonic boom propagation analysis

based on the HOWARD equation. Their results show that

the wavefront of the low-boom waveform has a weak distor-

tion compared with that of a conventional N-wave. The

HOWARD equation is a better model for the diffraction of

waves than the KZK equation. The degree of approximation

is the main difference between the parabolic approximation

in the KZK and the one-way approximation in the

HOWARD. The standard parabolic approximation is valid

for the wave direction of low angular, whereas the one-way

approximation is valid up to 90 degrees. Nevertheless, both

numerical approaches provide sufficient information on the

turbulence effects.8,16–18,20,21 Although there are several

approaches to estimate the acoustic propagation, the atmo-

spheric effects can be well investigated using these numeri-

cal tools, and such tools enable us to estimate the sonic

boom on a flight route with various atmospheric conditions.

A long period of atmospheric variations in location and

season impacts the sonic boom characteristic. Leal et al.22

investigated loudness affected by atmospheric variations

during short (12 h) and middle (12 month) periods. They

showed that relative humidity at a high altitude influences

the perceived levels of a low-boom aircraft throughout the

year. The sonic boom characteristics based on the atmo-

spheric variations over a longer period were investigated in

the literature.23–26 Blumrich et al.25 investigated focused

sonic boom characteristics at the different flight routes over

a 10-year period. Their result shows that an effective speed

of sound in the troposphere and lower stratosphere perpen-

dicular to the flight direction was an important atmospheric

factor for the width of a boom-carpet on the ground.

Heimann26 investigated the boom-carpet variations during

12 years using an acoustic ray tracing simulation and indi-

cated that the boom-carpet is influenced by both wind speed

and temperature. Doebler et al.13 used five years of atmo-

spheric profiles at an adjacent location in a range of 60 and

150 km and investigated boom-carpet variations over the

contiguous United States of America. They showed that the

boom-carpet width of NASA’s X-59 aircraft varies depend-

ing on season and location. Additionally, its mean width

ranged from 42 to 62 km, whereas Heimann26 showed that

the boom-carpet width of a supersonic aircraft varies

between 70 and 250 km. This is because these flight condi-

tions and meteorological data differ between them.

Salamone23 investigated loudness variations at different air-

craft configurations in atmospheric variations and showed

that the low-sonic boom configuration keeps a low loudness.

In their atmospheric conditions, it seems a limitation in a

period of atmospheric variations and a spatial resolution of

meteorological data. The sonic boom characteristics during

a long period are affected by the climate conditions, aircraft

configurations, and flight conditions, to name a few.

This study focuses on the sonic-boom characteristics

between the different aircraft models over the same flight

route using a long period of meteorological data. We simu-

late a meteorological map of the earth over a 10-year period

based on simulated meteorological data and investigate

sonic boom loudness directly under a flight path. Two types

of SST models, namely, the Concorde and a low-boom

supersonic aircraft, were used to understand atmospheric

effects depending on a sonic boom signature. Even the KZK

equation has appropriately captured acoustic propagation

through the turbulent field and provides useful information.

Thus, the KZK equation is employed to investigate turbu-

lence effects in this study, whereas an augmented Burgers

equation is used for acoustic propagation without a turbulent

field.

II. NUMERICAL METHODS AND CONDITIONS

A. Sonic boom simulation

To investigate the effects of the atmospheric conditions

on the sonic boom propagating through the atmosphere, a

propagation analysis tool based on the KZK equation devel-

oped by Takeno et al.27 is used. They referred to the

articles28,29 to develop the analysis tool, and the framework

of this propagation analysis tool is the same as the

Xnoise10,30 simulating the propagation of the acoustic waves

affected by thermoviscous absorption, relaxation, non-

linearity, geometrical spreading, and inhomogeneity of a

medium. Additionally, an acoustic propagation through the

turbulent field involving velocity fluctuations can be simu-

lated to investigate turbulence effects. The KZK equation is

expressed as follows:
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where p is the acoustic pressure; and z and x, y are the prop-

agation coordinate and transverse coordinates, respectively.
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s ¼ t�
Ð

dz=c0 is the retarded time of the wave. The right-

hand side of Eq. (1) represents the various effects on the

pressure change along the propagation direction. The first

and second terms denote the diffraction and non-linear

effects in the acoustic pressure propagation, respectively. b
is the coefficient of non-linearity. c0 and q0 are the ambient

speed of sound and the ambient density of the medium,

respectively. The third term denotes the thermoviscous

absorption effects involving the diffusivity of sound D. The

fourth term includes effects of molecular relaxation pro-

cesses, where si and Dc are the relaxation time and incre-

ment in speed of sound. The fifth and sixth terms denote the

geometric spreading related to the ray tube area A and the

atmospheric stratification, respectively. Note that, while

the current propagation tool can simulate the ray path of the

acoustic wave below the flight path, it cannot simulate the

propagation in the circumferential direction. The last two

terms represent the convection effects due to turbulence. uz

is the axial component of the flow, and u? ¼ ux; uyð Þ is the

transverse component. The terms expressed as the atmo-

spheric effects on the sonic boom can be individually simu-

lated, thereby transforming into an augmented Burgers

equation if the first, seventh, and eighth terms are eliminated.

In other words, the augmented Burgers equation is used in

the present study when we do not investigate the turbulence

effects. We do not simulate the sonic boom–turbulence inter-

action phenomena along the whole flight path because a huge

computational resource is required. Alternatively, acoustic

propagation through a turbulent field is simulated at a single

ground location (latitude of 53.0555 degrees and longitude of

�34.9206 degrees) in a summer (July 15, 2009 at 15:24:00)

and a winter (January 15, 2010 at 15:24:00). In the present

numerical conditions, the location is not important to investi-

gate the turbulence effect on the sonic boom in winter and

summer because the turbulent field is not generated based on

meteorological data estimated by the EMAC model. Hence,

we chose the middle location of the flight path. The above

location is approximately a middle point from New York to

London over the flight path. On the other hand, we chose the

15th of July and 15th of January, which are the middle of

summer and winter, respectively.

Two types of SST models are employed to investigate

the effects of the atmospheric variation on the sonic-boom

waveforms. The Concorde, the first aircraft which provided

supersonic passenger service, generated a general sonic-

boom waveform, namely, an N-wave. The N-wave is

suitable for the understanding of basic effects in various

atmospheric conditions under a flight route in the past, and

its characteristic is useful as the benchmark. Second, a low-

boom SST [Low-Boom Concept (LBC)] designed by NASA

in the Nþ 2 program31 is used for the comparison between

general and low sonic-boom concepts. The LBC provides a

long rise time sonic-boom waveform, we call it LR-wave in

this study. A cruise Mach number for both aircraft are com-

parable (Table I) and sonic boom characteristics for both

can be found in the literature.32,33 Furthermore, results in

this study on the effects of atmospheric variations are useful

for future low boom SSTs developments. Figure 1 shows the

near-field pressure waveforms for both aircraft. We use a

near-field pressure waveform estimated by Ishikawa et al.34

based on a pseudo-Concorde shape35 for the N-wave gener-

ated by the Concorde. Magee et al.32 numerically estimated

the near-field pressure waveform of the LBC, and we use

the near-field pressure waveform under an ideal design con-

dition (flight Mach number of 1.8 at h/L¼ 3.0 and CL¼ 0.1)

for this study. h and CL denote a distance under the body

and a lift coefficient, respectively.

B. Climate simulation

We use the chemistry-climate model EMAC 2.54

(ECHAM/MESSy Atmospheric Chemistry)36,37 to simulate

meteorological conditions using the European Centre for

Medium-Range Weather Forecasts (ECMWF) ERA-Interim

reanalysis data.38 The atmospheric profiles directly under

the flight path are extracted using the air traffic simulation

tool AirTraf 2.0.39 This method provides realistic atmo-

spheric profiles for the simulation period, representing past

meteorological conditions on the whole earth, including

meteorological observation data. We assume that the

TABLE I. The specifications of the Concorde and LBC aircraft.

Concorde LBC

Body length L (m) 62.0 61.6

Cruise Mach number Mf 2.0 1.8

Cruise altitude Hc (km) 15.3 14.478

Passenger capacity 100 35-70

FIG. 1. The near-field pressure waveforms calculated by computational fluid

dynamics in the literature (Refs. 32 and 34). P/Patm denotes pressure change

P from an atmospheric pressure Patm around the aircraft. x is the axial loca-

tion along the aircraft. (a) Pseudo-Concorde (h/L¼ 0.5). (b) LBC (h/L¼ 3.0).
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Concorde flies from John F. Kennedy Airport at 13:30:00

(UTC) to London Heathrow Airport (i.e., eastbound flight)

every day (Fig. 2) on the great circle at Mf¼ 2.0 at an alti-

tude of Hc¼ 15.3 km for the sonic boom estimation. The

atmospheric profiles along the altitude H from March 1,

2009 to February 28, 2019 are used in this study (Fig. 3).

We do not estimate sonic boom for the takeoff and landing

phases because of no sonic boom occurrence. The distance

between adjacent positions of the supplied meteorological

data is approximately 490 km along the flight path for the

supersonic cruise. For estimating the ground sonic boom

without turbulence interaction, all meteorological profiles

along the flight path over the whole 10 years are used.

According to observed meteorological data,40 the atmo-

spheric turbulence was assumed as a homogeneous turbulent

field. Thus, we use the homogeneous turbulent field for the

sonic boom–turbulence interaction in this study. This field is

estimated by the turbulence energy spectrum of von Karman

and Pao41 that satisfies well in an inertial subrange up to a dis-

persion range, and the energy spectrum is expressed as follows:

E kð Þ ¼ 2

3

� �3=2
K5=2

e
k=keð Þ4

1þ k=keð Þ2
h i17=6

exp � 9

4

k

kd

� �4=3
" #

;

(2)

where the K is the kinetic energy of the turbulence, and the e is

the turbulence dissipation rate. The k is the wave number of the

energy spectrum. The subscripts e and d denote the peak and

dissipation wave numbers, respectively. These characteristics

are obtained based on the observed atmospheric conditions, and

they are set as K¼ 0.4 m2/s2, e¼ 1.15� 10�4 m2/s3, ke¼ 6.28

� 10�3 m�1, and kd¼ 628 m�1 with reference to a previous

study.42 The turbulence intensity is calculated using the random

Fourier mode expressed as follows:43

ut yð Þ ¼ 2
XN

n¼1

~utncos kn � yþ wnð Þrn: (3)

The number of Fourier components of N¼ 200 is used; con-

sequently, the homogeneous turbulent field with a velocity

fluctuation Vrms¼ 2.5 m/s can be generated. For the calcula-

tion of the sonic boom propagation in turbulence interaction,

a numerical region of X¼ 14 km, Y¼ 14 km, and Z¼ 18 km

is used (Fig. 4). An atmospheric boundary layer simulated

by Eq. (3) reaches 2 km above the ground. The numerical

region is large enough to simulate the diffraction waves due

to turbulence interaction. This is because the acoustics pres-

sure field passing through the turbulent region has a lateral

extent of 200 m, whereas the calculation region is much

larger (14 km) in the horizontal directions. A wide acoustic

FIG. 2. (Color online) Representative

temperatures (contours) with wind vec-

tors at 15.3 km altitude at 10:00 UTC

on June 1, 2008 (left) and on

December 1, 2008 (right). Thick black

solid line denotes the flight route.

FIG. 3. (Color online) The mean atmospheric profiles over 10 years of flights. Solid line and the translucent edges denote the ensemble mean value and its

standard deviation, respectively.
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pressure field with fine spatial resolution provides many

sample data for obtaining statistical information, such as

average and standard deviation. However, such acoustic

pressure fields require a high computational cost to simulate

their propagation through the turbulent field. On the basis of

a preliminary investigation, the acoustic pressure field of

200 m with spatial resolution of 25 m is suitable so that rea-

sonable sonic boom–turbulence interaction phenomena can

be captured with low computational cost. The grid given the

velocity component interval in the turbulent field is 100 m in

all directions. The duration time of the present pressure

waveforms on the ground is approximately 200 ms, resulting

in an extent of the acoustics pressure field in the y- and z-

directions of 68 m (¼ duration time of 200 ms� 340 m/s)

and 125 m, respectively. The grid interval for the sonic

boom propagation simulation by the KZK equation is 0.1 m

until the pressure waveform reaches to the ground. In this

study, 60 cases of the turbulent fields are generated to inves-

tigate the turbulence effect on the pressure waveform pass-

ing through various turbulent fields. However, the

turbulence characteristics, namely, the kinetic energy, the

turbulence dissipation rate, are constant in the turbulent

regions.

Ideally, the turbulence field should be simulated based

on meteorological data as well as the various turbulence

characteristics. The EMAC model simulated meteorological

data at approximately 2.8� � 2.8� horizontal resolution cov-

ering the whole earth in the present study. It is difficult to

estimate reasonable turbulent fields based on the meteoro-

logical data at this rather coarse grid resolution. One of the

solutions to create a suitable turbulent field is the improve-

ment of the grid resolution for the simulation; however, the

requirement of huge computational resources makes it diffi-

cult to simulate. The present simulation cost even at this

rather coarse grid resolution was approximately 59 h using a

supercomputer at the German Climate Computation Center.

Therefore, we focused on the investigation of the turbulence

effects between the normal-boom and low-boom signatures

using the same homogeneous turbulent field, which is gener-

ated based on a previous study.42 The present investigation

is useful to know the turbulence effects between the differ-

ent pressure waveforms passing through the simulated real

atmospheric profile, such as temperature, humidity, and

wind.

III. RESULTS AND DISCUSSIONS

A. Sonic boom characteristics over 10 years of flights

The present acoustic wave propagation tool provides

overpressure magnitude, which is almost the same as previ-

ous results. Figure 5 shows the sonic booms at time passing

aircraft over 10 years of flights at the given latitude and lon-

gitude on the surface of the earth. Note that the sonic booms

passing through the turbulence field created by Eq. (3) are

FIG. 4. (Color online) The calculation area for acoustic propagation

through the turbulent field.

FIG. 5. (Color online) The variation of the pressure waveforms on the ground over 10 years of flights. Solid black line and the translucent red edges denote

the ensemble mean pressure waveform and its standard deviation, respectively. Note the different scaling of the y axis. (a) Pseudo-Concorde. (b) LBC.
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not discussed until Sec. III C. On the basis of arrival time of

the sonic boom reaching the ground, mean pressure value at

each elapsed time on the pressure waveform was calculated,

thereby providing these statistical pressure waveforms

shown in Fig. 5. We made the pressure magnitude of a

ground pressure waveform double due to the pressure reflec-

tion on the ground surface. The present pressure waveform

of the LBC [Fig. 5(b)] and its overpressure are in good

agreement with the waveform and the overpressure shown

in a previous study.32 Additionally, the acoustic wave propa-

gation tool estimates well the N-wave generated by the

pseudo-Concorde [Fig. 5(a)], and its ensemble mean over-

pressure is cDP¼ 101 Pa, which is similar to the previous

information.33,44

The atmospheric variations influence the pressure

change, even though the acoustic waves do not pass through

atmospheric turbulence. Table II shows the statistical values

obtained from 36 520 ground pressure waveforms over

10 years of flights. The pressure rise time is defined as the

elapsed time between 10% and 90% of the overpressure.

The front overpressure of the N-wave (pseudo-Concorde)

varies in a range of 87.1 and 111 Pa, and its standard devia-

tion is rDP¼ 2.90 Pa. In meteorological data, the relative

humidity is widely distributed in a range of 0.328 and 138%

below the altitude of 15 km. The relative humidity of more

than 100% denotes a supersaturation state. The wide humid-

ity variation might cause the large deformation of the pres-

sure waveforms during sonic boom propagation because the

molecular relaxation effects mainly related to the relative

humidity strongly attenuates the acoustic pressure.5 We dis-

cuss more the relaxation effects in Sec. III B. Such atmo-

spheric variation influences the low-boom pressure

waveform as well. The overpressure of the LR-wave (LBC)

does not strongly fluctuate over 10 years of flights compared

with the overpressure of the pseudo-Concorde (Table II);

however, the pressure rise time of the LBC shows a large

standard deviation of rs¼ 0.563 ms. The standard deviation

of the rise time is a key factor for loudness in the LR-waves.

Both overpressure and rise time are the important char-

acteristics for loudness due to the sonic-boom pressure

waveforms. The loudness of the LBC fluctuates largely

because of the large standard deviation in the rise time of its

pressure waveform. We estimate the perceived level in deci-

bel calculated based on energy in the frequency domain of

the pressure waveform, including the overpressure and rise

time characteristics. The energy content in each frequency

band is obtained via fast Fourier transform analysis on the

pressure waveform. On the basis of a sound pressure level

related to the energy content, a sound pressure level for the

given frequency band is calculated. The sound pressure level

is converted into an equivalent loudness for each of the one-

third octave frequency bands.45 Then, an equivalent loud-

ness in sone is analytically estimated, and a total loudness in

sone St is used to calculate a perceived level,

PL ¼ 32þ 9log2 Stð Þ. The sone is defined by Stevens as the

perceived magnitude of the reference standard 3.15 kHz at

the sound pressure level of 32 dB.46 The full explanation of

the calculation procedure is described in the literature.45,47

The analytical results show that the ensemble mean PL of

the pseudo-Concorde is 100 6 0.460 PLdB, whereas for the

LBC it is 80.9 6 2.10 PLdB. As explained above, the LR-

wave has a large standard deviation of the rise time, thereby

providing a wide range of perceived levels, even though its

variation in the overpressure is small. Despite the large vari-

ation in perceived levels, the mean perceived level of the

LBC is approximately 19 PLdB lower than that of the

pseudo-Concorde, with the maximum PL¼ 84.2 PLdB of

the LBC. Therefore, the LBC still retains the advantage of a

low sonic-boom aircraft.

The overpressure is significantly fluctuating with the

seasons throughout the 10 years and decreases in winter and

increases in summer. The overpressure variation over

10 years of flights is shown in Fig. 6 for a deeper under-

standing of the atmospheric effects. This is because the

characteristics of an equivalent loudness are involved in cal-

culating the perceived level, it is complicated for the under-

standing of the pressure waveform deformed due to the

atmospheric effects. The vertical axis in Fig. 6 shows a

TABLE II. The statistical values of the overpressure and rise time over

10 years of flights.

cDP (Pa) rDP (Pa) bs (ms) rs (ms)

Pseudo-Concorde 101 2.90 0.470 0.0706

LBC 52.7 1.31 26.2 0.563

FIG. 6. (Color online) The seasonal variation of the difference between the overpressure and its mean value over the 10-year period. Solid black line and the

translucent red edges denote the ensemble mean pressure difference and its standard deviation, respectively. (a) Pseudo-Concorde. (b) LBC.

1534 J. Acoust. Soc. Am. 156 (3), September 2024 Iura et al.

https://doi.org/10.1121/10.0028375

https://doi.org/10.1121/10.0028375


pressure difference between the overpressure and its mean

value over the 10-year period. According to a numerical

study by Hodgson,3 the rise time of a pressure waveform is

increased by a low temperature under the assumption of a

weak magnitude of the pressure wave, constant surrounding

pressure of 1 bar, and constant relative humidity of 50%.

Additionally, another numerical investigation showed that a

low temperature leads to a large thickness of a shock wave

front.48 On the basis of these results, the overpressure is

decreased by the low temperature because the long rise time

leads to a general reduction of the overpressure.

Additionally, the relative humidity contributes to the sea-

sonal variation as well. This is because a low atmospheric

relative humidity enhances the pressure attenuation.5 This

same tendency as that in the variation of the relative humid-

ity with season is shown in Table III. Consequently, most of

the overpressures in winter are smaller than those in summer

(Fig. 6). However, the overpressure variation for the

N-wave in winter is wider than that in summer. The reason

would be that the standard deviation of the relative humidity

and the temperature in winter is larger than that in summer

(Table III).

Loudness of the LBC would not change in season

because of the large standard deviation of the perceived

level. The perceived level is clearly fluctuating with season

for the pseudo-Concorde, and variation is lower in winter

and higher in summer [Fig. 7(a)]. As explained at the third

paragraph, the perceived level is related to the overpressure;

thus, the seasonal tendency is the same as that of the over-

pressure [Fig. 6(a)]. On the other hand, the seasonal fluctua-

tion of the perceived level would appear for the LBC, but it

is not clearly observed because of a wide perceived level

distribution [Fig. 7(b)]. Since the pressure rise time is

involved in the perceived level, the large standard deviation

of the rise time causes the wide perceived level distribution.

Although it is not simple relationship between the perceived

level and the pressure rise time, we estimate roughly the

impact of the overpressure and rise time characteristics to

the perceived level based on these standard deviations

shown in Table II. The rDP¼ 2.90 Pa of the N-wave

(pseudo-Concorde) is approximately two times as large as

that of the LR-wave (LBC), and the rs¼ 0.0706 ms of the

N-wave is much smaller than that of the LR-wave; thus, the

rDP influences dominantly the standard deviation of the per-

ceived level for the pseudo-Concorde. On the other hand,

the rs¼ 0.563 ms of the LR-wave is approximately eight

times as large as that of the N-wave, thereby providing the

larger fluctuation than that of the N-wave. This is because

the LBC has the large variation ratio discussed here com-

pared with that of the pseudo-Concorde.

B. Waveform variations during sonic boom
propagation

Since the atmospheric conditions vary with altitude, we

investigate what the dominant atmospheric features for the

deformation of the pressure waveform are. Figure 8 shows

the Pearson product-moment correlation coefficient rp

between the atmospheric conditions at each altitude and the

overpressure at the ground pressure waveform. The rp is

obtained from 36 520 ground pressure waveforms propagat-

ing through each atmospheric profile over 10 years of flights.

On the basis of the general threshold for the Pearson’s corre-

lation coefficient,49,50 we assume that r � 0:3j j has an influ-

ence on the pressure waveform. As shown as the green lines

in Fig. 8, the correlation coefficients of the atmospheric

northward and eastward winds have no correlation with

respect to the altitude. Thus, we focus on the effects of the

temperature and the relative humidity.

The atmospheric temperature hardly influences the

ground overpressure for the acoustic propagation below the

flight path. The temperature is dominant at a low altitude

during the sonic boom propagation (Fig. 8), whereas the rel-

ative humidity effect is more prominent higher altitudes.

Here, we discuss the effects of the atmospheric variations on

the N-wave (pseudo-Concorde). The effects on the LR-wave

(LBC) are discussed in Sec. III C. The temperature and rela-

tive humidity are mainly related to the thermoviscous

TABLE III. The seasonal atmospheric conditions in the altitude range of 0

and 14 000 m over 10 years of flights. The ensemble mean relative humiditycRH and temperature bT were obtained in all of the atmospheric profiles

under the present 10-year flight routes.

cRH (%) bT (K)

Summer 64.1 6 23.4 248 6 4.48

Winter 59.4 6 26.3 238 6 6.01

FIG. 7. (Color online) The perceived level in seasonal variation over the 10-year period. Note the different scaling of the y axis. Solid black line and the

translucent red edges denote the ensemble mean PL and its standard deviation, respectively. (a) Pseudo-Concorde. (b) LBC.
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absorption and molecular relaxation effects, respectively.

To investigate the impact of those effects over 10 years of

flights, the sonic boom propagation affected by each effect

was separately simulated. Additionally, only two acoustic

characteristics, i.e., the non-linear effects and geometric

expansion, were calculated during the sonic boom propaga-

tion for the comparison of the pressure waveforms due to

the thermoviscous absorption and molecular relaxation

effects. Consequently, the ground overpressure by the ther-

moviscous absorption and molecular relaxation effects are

123 6 3.95 Pa and 101 6 2.92 Pa, respectively. On the other

hand, the ground overpressure without the effects of the

atmospheric variations shows 124 Pa. Thus, the thermovis-

cous absorption effect hardly influences the pressure change.

Although the thermoviscous absorption effect is dominant at

low altitudes during sonic boom propagation, the pressure

reduction by thermoviscous absorption is minor. The present

numerical investigation is limited to acoustic propagation in

one direction. Hence, it shows that the atmospheric tempera-

ture hardly reduces the ground overpressure below the flight

path, whereas the previous results showed that the wind and

temperature affect the boom-carpet and shadow zone.13,24

The features, in which the molecular relaxation effects

due to the relative humidity are dominant at the relatively

high altitude, can be explained based on a frequency analy-

sis. Pressure attenuation due to the molecular relaxation is

strong in both high- and medium-frequency bands in the

pressure waveform.5 Hence, we investigated the frequency

characteristics changing along the altitude. The power spec-

tral densities of the present pressure waveforms at altitudes

of 2000, 8000, and 14 000 m, were calculated using the fast

Fourier transform analysis, and then the energy spectral den-

sities (ESD)¼ power spectral density� the duration time of

analysis data were obtained. A total of 120 pressure wave-

forms (¼ a pressure waveform each month� 10 years) at

each altitude were used to obtain an ensemble mean. The

ensemble mean ESDs at each frequency are shown in Fig. 9.

The N-wave in the vicinity of the aircraft (altitude of

14 000 m) contains more high- and medium-frequency bands

than that at other altitudes [Fig. 9(a)]. This is because the

shock waves generated from various parts of an aircraft are

propagated and integrated, which results in the pressure

waveform consisting of the shock waves with the high-

frequency bands. Therefore, the molecular relaxation effect

is enhanced at the higher altitudes, but the correlation coeffi-

cient is slightly smaller at the altitude of 14 000 m

[Fig. 8(a)]. We discuss the reason for small rp at 14 000 m in

the following paragraph. The relative humidity is strongly

related to the pressure reduction in a range of approximately

5000 and 10 000 m in altitude [Fig. 8(a)]. The reason for the

large correlation coefficient in this region is that the pressure

FIG. 8. (Color online) The correlation coefficient between the overpressure

of the waveform at ground and atmospheric condition at each altitude.

Subscripts WE and SN of the wind denote the flow direction: west-east and

south-north, respectively. (a) Pseudo-Concorde. (b) LBC.

FIG. 9. (Color online) The ensemble mean ESD of the pressure waveform at the altitudes of 2000, 8000, and 14 000 m. (a) Pseudo-Concorde. (b) LBC.
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waveform still consists of the high- and medium-frequency

bands at 8000 m [Fig. 9(a)]. On the other hand, the ESD at

the altitude of 2000 m is relatively small in the high-

frequency band [Fig. 9(a)] and has a small rp [Fig. 8(a)].

Thus, the pressure attenuation due to molecular relaxation

has no strong effect at the altitude of 2000 m.

The reason for the weak molecular relaxation effect in

an altitude range of approximately 10 000 and 14 000 m is

that a non-linear effect is dominant in the vicinity of the

pseudo-Concorde. Figure 10 shows the pressure reduction

ratio (d(DP)/dz)j¼ (DPjþ1�DPj�1)/2 dz along propagation

direction z based on the acoustic wave propagation analysis

applying only non-linear effects and geometric expansion.

The subscript j indicates a grid point at an arbitrary altitude.

The linearity of the waveform can be identified based on the

reduction ratio d(DP)/dz. A large reduction ratio indicates

non-linearity. In the range of approximately 8000 and

14 000 m, the overpressure of the N-wave decreases non-

linearity, whereas the pressure changes weak non-linearity in

the range of approximately 0 and 8000 m, where the reduc-

tion ratio is relatively constant (Fig. 10). It deduces that pres-

sure waveform attenuated by the molecular relaxation effects

is strongly deformed by the non-linear effects in the range of

approximately 8000 and 14 000 m. Consequently, we cannot

identify molecular relaxation effects in this region for the

N-wave.

C. Atmospheric effects on the LR-wave

The contribution of the molecular relaxation effect dif-

fers between the N-wave and the LR-wave. As shown in

Fig. 8, the correlation coefficient of the relative humidity is

large at the relatively high altitude for the LR-wave, and

its peak appears at the altitude of 12 000 m, whereas the

coefficient peak of the N-wave appears at 8000 m. The

reason for the different coefficient peaks between the N- and

LR-waves is that the non-linear effect preventing the molec-

ular relaxation effect would depend on the frequency char-

acteristics of the waveform and overpressure magnitude.

The pressure reduction ratio shows weak non-linearity

below the altitude of approximately 10 000 m for the

LR-wave (Fig. 10). Additionally, the reduction ratio of the

LR-wave more than 9000 m in altitude is smaller than that

of the N-wave. Hence, the non-linear effect on the LR-wave

is not strong in the vicinity of the LBC, and the molecular

relaxation effect is dominant at a relatively higher altitude

for the LR-wave compared with the N-wave.

The molecular relaxation effect for the LR-wave is not

important at a middle/low altitude. The LR-wave has a

lower magnitude in the high-frequency bands at the altitudes

of 2000 and 8000 m compared with that of the N-wave (Fig.

9). The LR-wave shows a relatively smooth waveform con-

sisting of low- and medium-frequency components. Since

the molecular relaxation effects are enhanced in both high-

and medium-frequency bands,5 the low magnitude in the

high-frequency bands results in weak contribution to the

pressure reduction. Therefore, the weak correlation coeffi-

cient of the relative humidity appears below the altitude of

7000 m for the LR-wave [Fig. 8(b)].

Let us focus the molecular relaxation effect on the rise

time of the LR-wave. Figure 11 shows the Pearson’s correla-

tion coefficient rs between the atmospheric conditions and

the pressure rise time of the LR-wave at the ground. The rs

of the relative humidity is small below the altitude of

10 000 m, whereas it becomes large above the altitude of

10 000 m. Although the non-linear effect prevents the

molecular relaxation effect acting on the overpressure

reduction, its impact on the pressure rise time is not clearly

seen in the present results. At least, the molecular relaxation

effect significantly influences the pressure rise time at the

high altitude.

The temperature variation does not strongly influence

the overpressure reduction for the LR-wave; however, it

influences the pressure rise time. Overpressure reduction

due to the thermoviscous absorption and molecular relaxa-

tion effects for the LR-wave was investigated, and the

FIG. 10. (Color online) The representative pressure reduction ratio related

to the linearity of the sonic boom propagation along the altitude.

FIG. 11. (Color online) The correlation coefficient between the rise time at

the ground pressure waveform and atmospheric condition at each altitude

for the LBC.
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overpressure without the atmospheric effects was calculated

as well. Consequently, their pressure differences of the over-

pressure without the atmospheric effects are 0.7 and

�4.1 Pa, respectively (Table IV). Note that the calculation

procedure is the same as that of the N-wave described in

Sec. III B. The relative humidity is more impactful on the

overpressure reduction, even though the rp of the tempera-

ture is large at the low altitudes [Fig. 8(b)]. However, the

thermoviscous absorption leads to variation in the rise time

(Table IV). The ensemble mean rise time hardly changes

due to the atmospheric variations, but a relatively large stan-

dard deviation appears (rs¼ 0.616 ms, shown in Table IV)

by the thermoviscous absorption effect. As shown in Fig.

11, the rs is large at all altitudes, but its contribution to each

altitude is unclear, and further investigations are necessary

for understanding it. Although the thermoviscous absorption

effect is related to both overpressure and the rise time at the

low altitude, the effect strongly influences only the rise time

variation.

On the basis of the discussion earlier, the dominant

atmospheric effects on the LR-wave are summarized in

Fig. 12. The LR-wave is strongly dominated by the non-

linear effect in the vicinity of the LBC, but the non-linear

effect acting on the overpressure reduction becomes weak

once the sonic boom propagates to the altitude of 10 000 m

(Fig. 12, black box). In the altitude range of 12 000 and

8000 m, the molecular relaxation effect due to the relative

humidity is dominant for the overpressure reduction (Fig.

12, blue box), and it does not impact the pressure waveform

any more at altitudes below 8000 m. Instead of the molecu-

lar relaxation effect below the altitude of 8000 m, the ther-

moviscous absorption effect due to the temperature is

dominant but affects only the variation of the pressure rise

time (red box shown in Fig. 12).

D. Effects of atmosphere turbulence

Our tool provides the similar results reported in the lit-

erature.51–53 The N-wave transforms into rounded or spiked

waveforms due to turbulence interaction [Fig. 13(a)]. The

spiked waveform shown as a red line in Fig. 13(a) presents a

maximum overpressure due to turbulence interaction in the

1080 pressure waveforms, whereas the round-shaped wave-

form indicates a minimum overpressure. These pressure

waveforms are observed in several flight tests during the

investigations of the turbulence interaction for sonic

booms.51–53 To investigate an overpressure distribution due

to turbulence interaction, we calculated the histogram of the

overpressure for the summer case (Fig. 14). The overpres-

sure by the turbulence effect is normalized by that of the

non-turbulence. The bin widths in Fig. 14 were set to

(DPturb/DPno)max� (DPturb/DPno)min /
ffiffiffi
n
p
� 0.10 and 0.03

TABLE IV. The rise time and overpressure variations due to the thermovis-

cous absorption and molecular relaxation effects over 10 years of flights for

the LR-wave. The cDP and bs obtained in the conditions of both non-linearity

and geometric expansion do not denote mean value and are the same as that

of all locations.

The atmospheric effects cDP (Pa) bs (ms)

Non-linearity and geometric expansion 56.9 26.1

Thermoviscous absorption 57.6 6 1.36 26.1 6 0.616

Molecular relaxation 52.8 6 1.31 26.2 6 0.563

FIG. 12. (Color online) The dominant atmospheric conditions for the pres-

sure variations of the LBC. Dashed line denotes an obscure area in each

effect.

FIG. 13. (Color online) The pressure waveform distorted due to turbulence interaction in both summer and winter cases. (a) Pseudo-Concorde. (b) LBC.
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for the pseudo-Concorde and the LBC, respectively. n¼ 540

is the number of the pressure waveforms in the range of the

maximum normalized overpressure (DPturb/DPno)max and

the minimum one (DPturb/DPno)min in each season. The

subscripts turb and no denote turbulence interaction and

non-turbulence interaction, respectively. The histogram of

the N-wave shows a right-skewed distribution, which is

comparable to those of previous studies from a flight test.54

In a previous numerical study by Yuldashev et al.,21 the

influences of turbulence intensity on the overpressure of a

N-wave were investigated using the KZK-type equation.

One of their results indicated that the probability density of

the overpressure in a linear propagation case showed a wide

right-skewed distribution at long acoustic propagation.

The previous experimental and numerical results in a non-

linear propagation case indicated the wide right-skewed dis-

tribution of the overpressure.8,55 Additionally, previous

studies51,56 indicated that a sonic boom loudness change due

to turbulence interaction is well approximated by a normal

distribution. Although we discuss deeply turbulence effects

on the loudness in the following paragraph, the present

results show the same tendency. Therefore, the numerical

conditions as well as the sonic boom propagation tool pro-

vide the reasonable results for the simulation of sonic

boom–turbulence interaction. Despite such results, the

homogeneous turbulent field does not perfectly simulate a

real turbulence field in an atmospheric boundary layer; thus,

an inhomogeneous turbulent field provided by the simulated

meteorological data is required for further investigations.

Turbulence interaction causes the deformation of the

LR-wave as well, but its overpressure magnitude does not

vary widely compared with that of the N-wave. The ground

overpressure magnitude of the N-wave varies in a range of

58.9 and 292 Pa in the summer and winter cases, namely,

the overpressure variation of 233 Pa (¼ 292 – 58.9 Pa). The

overpressure of the N-wave increases to a maximum of

191 Pa from the pressure waveform of non-turbulence inter-

action in the summer case. On the other hand, for the LR-

wave, the maximal overpressure difference is 18.6 Pa

between the cases with and without turbulence interaction.

Moreover, the overpressure variation between maximum

and minimum is 34.5 Pa in the summer case, which results

in overpressure variation of approximately 0.148

(¼ 34.5 Pa / 233 Pa) times smaller than that of the N-wave.

Additionally, the overpressure is not dramatically increased

due to turbulence interaction for the LR-wave. As shown in

Fig. 14(a), a large overpressure magnitude, which is more

than double as large as that of the pressure waveform with-

out turbulence interaction, appears only in very few percen-

tages of occurrence, and the normalized overpressure

DPturb/DPno distributes widely on the larger end. On the

other hand, the normalized overpressure of the LR-wave

looks relatively like a normal distribution [Fig. 14(b)], and

there is not double normalized overpressure which appears

for the N-wave. The maximum normalized overpressure of

DPturb/DPno¼ 1.34 appears for the LBC.

Although the effect of turbulence interaction on the

overpressure differs between the N- and LR-waves, the tur-

bulence effect is similar between their perceived level

values. As shown in Fig. 14, they are distributed in a non-

normal distribution. To quantitatively investigate their fea-

tures, the skewness Sk and the kurtosis Ku were calculated

as follows:

Sk ¼

1

n

Xn

i¼1

xi � bxð Þ3

s3
; Ku ¼

1

n

Xn

i¼1

xi � bxð Þ4

s4
; (4)

where s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1=nÞ

Pn
i¼1 xi � bxð Þ2

q
and x¼DPturb/DPno. The

circumflex denotes the ensemble mean. Positive and nega-

tive Sk values denote a distribution deviation to the right

and left sides, respectively, and Sk¼ 0 means a normal dis-

tribution. A normal distribution appears at Ku¼ 3, and the

distribution becomes a round peak when Ku is more than 3.

Consequently, both Sk¼ 1.59 and Ku¼ 7.25 for the N-wave

show a non-normal distribution, whereas the values in the

LR-wave fit a normal distribution better, but it might be a

non-normal distribution. Since turbulence interaction leads

to the wave deformation including rise time variation,51 it is

suitable to evaluate the turbulence effects based on the per-

ceived level on the histogram (Fig. 15). Note that the bin

FIG. 14. Histogram of the normalized overpressure in the summer case. The bin size of 0.10 and 0.03 for these histograms of the pseudo-Concorde and the

LBC, respectively. Vertical black dot-dashed line denotes the ensemble mean normalized overpressure. (a) Pseudo-Concorde. (b) LBC.
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widths in Fig. 15 are suitably adjusted in each histogram.

Both histograms of the N- and LR-waves capture well the

turbulence effects because the distribution shape and the

features (Sk and Ku) indicate a normal distribution. The

mean normalized perceived level for the N- and LR-waves

is dPLturb=PLno ¼ 0.963 6 0.0272 and 0.968 6 0.0265 in the

summer case, respectively. The mean normalized perceived

level in the winter case shows the same feature. It deduces

that turbulence interaction does not significantly change the

perceived level compared with the overpressure, and the dis-

tribution of the PL is similar between the N- and LR-waves.

There is the meteorological impact on the overpressure

variation due to turbulence interaction, but the turbulence

effects on the perceived level hardly change even at the dif-

ferent seasons. Figure 16 shows the atmospheric profiles for

the simulation of sonic boom–turbulence interaction.

Although representative meteorological data were employed

in each summer (July 15, 2009 at 15:24:00) and winter

(January 15, 2010 at 15:24:00), the atmospheric conditions

capture the seasonal features. The mean in altitude of the

temperature and relative humidity are high in summer and

low in winter, respectively. For sonic boom–turbulence

interaction, the acoustic wave passed through such an atmo-

sphere interacts with the turbulent field; thus, the pressure

waveform before the turbulence interaction varies depend-

ing on each atmospheric condition in the summer and winter

cases. On the basis of the results discussed in Sec. III A,

both low temperature and low relative humidity contribute

to the overpressure reduction (see Fig. 6 as well). Note that

these features are obtained in the non-turbulence interaction

case. In the case of the turbulence interaction, the normal-

ized overpressure dDPturb=DPno of the LR-wave decreases in

the winter case, and the standard deviation is larger than that

of the summer case (Table V). It seems that these character-

istics are the same tendency as the overpressure fluctuation

in season. Hence, there is a possibility that the low overpres-

sure waveform before penetrating the turbulent field enhan-

ces the pressure reduction due to turbulence interaction. A

previous result supports such a presumption. They indicated

that a low-pressure magnitude enhances pressure reduction

FIG. 15. (Color online) Histogram of the normalized perceived level in the summer case. The bin size is 0.01 in both histograms. Red dashed and vertical

black dot-dashed lines denote the normal distribution curve and the ensemble mean normalized perceived level, respectively. (a) Pseudo-Concorde.

(b) LBC.

FIG. 16. (Color online) The atmospheric profiles at the location in each summer (July 15, 2009 at 15:24:00) and winter (January 15, 2010 at 15:24:00) case.

(a) Relative humidity. (b) Temperature. (c) Specific humidity.
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when an acoustic wave with a weak overpressure passes

through a turbulent field.21 On the other hand, the normal-

ized perceived level hardly changes between the summer

and winter cases (Table V) because the seasonal fluctuation

is weak in perceived level [Fig. 7(b)].

IV. CONCLUSION

The effects of the atmospheric conditions on sonic

boom loudness generated by the pseudo-Concorde and the

LBC were investigated using supersonic flights from John F.

Kennedy Airport to London Heathrow Airport for 10 years.

Global meteorological condition was simulated by using the

EMAC model with ECMWF reanalysis data; the supersonic

flights were simulated by AirTraf, and the atmospheric pro-

files directly under the flight path were extracted. The dis-

tance between adjacent positions supplied meteorological

data were approximately 490 km along the flight path during

supersonic cruise. The sonic boom propagation through the

representative atmospheric conditions, i.e., relative humid-

ity, temperature, and wind, was simulated using the sonic

boom propagation tool based on the KZK equation.

Turbulence interaction with the sonic boom was simulated

at the single location in winter and summer.

The results for the sonic boom propagation without tur-

bulent interaction showed that the overpressure of the

N-wave significantly fluctuates with the season throughout

the 10 years, especially the overpressure decreases in winter

and increases in summer. The N-wave shows the seasonal

variation of the perceived level as well. On the other hand,

the perceived level did not strongly seasonally fluctuate for

the LR-wave because the rise time of its waveform has the

large standard deviation over 10 years of flights. The domi-

nant effect from atmospheric conditions during the sonic

boom propagation to the ground was found for the low-

boom supersonic aircraft; consequently, the molecular relax-

ation effect is dominant for the overpressure reduction at

10 000 m. It does not impact the overpressure at the middle

altitudes from 8000 m and below. Instead of the molecular

relaxation effect below the middle altitude, the thermovis-

cous absorption effect is dominant but affects only the varia-

tion of the pressure rise time.

The turbulence interaction was investigated using mete-

orological data at the single location in each summer and

winter. The sonic boom passed through the same turbulent

field in the summer and winter cases to mainly clarify the

meteorological impact during the sonic boom–turbulence

interaction. Both low temperature and low relative humidity

contribute to the overpressure reduction of the LR-wave due

to sonic boom–turbulence interaction. There is a possibility

that the low overpressure waveform before penetrating the

turbulent field enhances the pressure reduction due to turbu-

lence interaction. Ideally, the turbulence field should be sim-

ulated based on meteorological data as well as the various

turbulence characteristics. Hence, further investigations are

necessary to clarify the pressure waveform variation due to

the turbulence interaction at several locations and seasons

because a turbulent field varies depending on location and

time of the season.
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