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ABSTRACT: Effects of turbulence on ice supersaturation at cirrus heights (.8 km) remain unexplored. Small-scale
mixing processes become important for high Reynolds number flows, which may develop below the buoyancy length scale
(10–100 m). The current study couples a stochastic turbulent mixing model with reduced dimensionality to an entraining
parcel model to investigate, in large-ensemble simulations, how supersaturation evolves due to homogeneous turbulence in
the stably stratified, cloud-free upper troposphere. The rising parcel is forced by a mesoscale updraft. The perturbation of
an initially homogeneous vertical distribution of supersaturation is studied after a 36-m ascent in a baseline case and several
sensitivity scenarios. Turbulent mixing and associated temperature fluctuations alone lead to changes in ensemble-mean
distributions with standard deviations in the range 0.001–0.006, while mean values are hardly affected. Large case-to-case
variability in the supersaturation field is predicted with fluctuation amplitudes of up to 0.03, although such large values are
rare. A vertical gradient of supersaturation (’1023 m21) is generated for high turbulence intensities due to the develop-
ment of a dry-adiabatic lapse rate. Entrainment of slightly warmer (less than 0.1 K) environmental air into the parcel de-
creases the mean supersaturation by less than 0.01. Supersaturation fluctuations are substantially larger after entrainment
events with an additional small offset in absolute humidity (by 63.5%) between the parcel and environmental air. The
predicted perturbations of ice supersaturation are significant enough to motivate studies of turbulence–ice nucleation inter-
actions during cirrus formation that abandon the assumption of instantaneous mixing inherent to traditional parcel models.

SIGNIFICANCE STATEMENT: The purpose of our study is to investigate the effects of microscale turbulence on
ice supersaturation in the upper troposphere. The associated variability in temperature and moisture fields is not re-
solved in cloud models and cannot easily be represented in terms of large-scale flow variables. We specify the condi-
tions in which turbulent mixing and entrainment cause substantial variations in distributions of supersaturation. These
include high turbulence intensity, strong atmospheric stability, and large moisture gradients. Our results suggest that
turbulence may affect the strongly supersaturation-dependent ice formation processes in high-altitude clouds, pointing
to the need to investigate cirrus formation in the presence of turbulence.

KEYWORDS: Cirrus clouds; Stochastic models; Subgrid-scale processes; Turbulence; Upper troposphere;
Microscale processes/variability

1. Introduction

Ice supersaturation s, with respect to the cloud ice phase, is de-
fined as the ratio of the partial pressure of atmospheric water
vapor molecules (H2O), py, and the ice saturation vapor
pressure, ps(T), where T is the air temperature, as defined by
Murphy and Koop (2005), relative to saturation: s5 (py/ps)2 1.

Variability in ice supersaturation in cloud-free air is brought
about by vertical temperature variability and by horizontal vari-
ability in H2O mixing ratios due to advective transport, convec-
tion, and gravity wave (GW) activity. Variability is enhanced
within cirrus due to ice nucleation, deposition, and sublimation

processes (Jensen et al. 2022) and remains for a time after cloud
dissipation. High-frequency aircraft measurements in the tropical
tropopause layer (TTL) point to variability in s down to 2-m
length scales in the vertical (Jensen et al. 2013).

GW activity in the upper troposphere (UT) is often associ-
ated with turbulence (Corcos et al. 2021; Atlas and Bretherton
2023). Turbulence sources include wind shear generation, lead-
ing to GW trapping or breaking (Fritts and Alexander 2003;
Vicari et al. 2024) and radiative-heating-driven convection
(Quante and Starr 2002; Hartmann et al. 2018), inducing an in-
ertial subrange turbulence kinetic energy cascade. While high-
resolution large-eddy simulations investigated flow topology
and turbulence statistics of stably stratified air motions in the
upper troposphere and lower stratosphere (Paoli et al. 2014),
observational studies of ice supersaturation in the UT on even
smaller scales are not available.

A steady-state and isotropic turbulent flow field may de-
velop between the inner and outer length scales, bounding the
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inertial subrange of turbulence. The inner scale represents the
size of the smallest eddies and may be identified with the Kol-
mogorov microscale h (Landau and Lifshitz 1987). At scales
below h [O (1) cm in the UT], in the viscous dissipation range,
mechanical flow energy transforms into heat and molecular
diffusion removes sharp scalar field gradients. At scales above
the outer scale, Lo [O (1) cm in the UT], fluid motions are im-
pacted by buoyancy effects in a stably stratified atmosphere.
Decreasing the grid size in cloud-resolving models to resolve
the inner scale is not feasible in the foreseeable future due to
a corresponding massive increase in computational demand.

Turbulence drives entrainment and subsequent mixing.
These processes are known to exert significant effects on the
lifetime and coverage of liquid-phase clouds (Hoffmann
2023), and aircraft measurements suggest that they may be
relevant for cirrus clouds as well (Atlas and Bretherton 2023).
While cloud model studies addressed the impact of turbulence
or vertical winds on the development of cirrus and contrail
cirrus clouds, often without direct communication between
turbulence parameterization and ice microphysics (Gu and
Liou 2000; Dobbie and Jonas 2001; Spichtinger and Gierens
2009; Dinh et al. 2010; Jensen et al. 2012; Lewellen et al. 2014;
Paoli and Shariff 2016; Gasparini et al. 2019; Ohno et al. 2019;
Nugent et al. 2022; Turbeville et al. 2022; Atlas et al. 2024),
microscale variability in ice supersaturation in the cloud-free
UT, let alone its potential impact on aerosol-mediated ice crystal
nucleation, has not yet been addressed. The interaction with tur-
bulence may also matter for the dissipation of cirrus.

Satellite observations illustrate the many scales of variabil-
ity of relative humidity in the atmosphere that are difficult to
reproduce in models (Gettelman et al. 2006). Large-scale ice-
supersaturated regions, where cirrus and contrail cirrus clouds
predominantly form and evolve, were inferred from a combina-
tion of space-borne remote sensing and aircraft measurements
(Lamquin et al. 2012). Variability in UT ice supersaturation on
the mesoscale due to GWs was studied with a process-oriented
model constrained by in situ measurements, both within cirrus
and in cloud-free conditions (Kärcher et al. 2023).

Previous research into atmospheric supersaturation vari-
ability generated by turbulence employed stochastic models
with a focus on moist convection and droplet growth by con-
densation in liquid-phase clouds (Politovich and Cooper 1988;
Jensen and Baker 1989; Kulmala et al. 1997; Krueger et al.
1997; Su et al. 1998; Lanotte et al. 2009; Paoli and Shariff
2009; Siebert and Shaw 2017; Abade et al. 2018; Chandrakar
et al. 2020, 2022; Lim and Hoffmann 2023). The present study
closes in on ice supersaturation fluctuations in the cloud-free
UT. We investigate variability in ice supersaturation due to
inertial range turbulence and entrainment in stably stratified
conditions. An important goal of our study is to identify phys-
ical and numerical parameters affecting vertical ice supersatu-
ration distributions most strongly. Our work is the first step
toward developing a model to explore the role of microscale
supersaturation fluctuations in ice nucleation in the homoge-
neous droplet freezing region.

We apply the linear eddy model (LEM) (Kerstein 1988), in
which all turbulence length scales down to h are resolved in a
one-dimensional framework. The LEM is a stochastic mixing

model to which turbulence parameters are prescribed and
thus allows us to address parametric sensitivities. Finite-rate
turbulent mixing and molecular diffusion of both, H2O and T,
are treated distinctly. An important goal of our study is to
identify physical and numerical parameters related to UT tur-
bulence, which affect ice supersaturation distributions most
strongly.

To this end, we investigate variability in s brought about by
fluctuations in moisture and temperature fields in the LEM
that is coupled to an entraining parcel model (EPM). Vertical
motion is forced by a mesoscale updraft. In a one-dimensional
representation of the evolution of individual flow realizations
within the parcel, we examine the impact of stochastic turbu-
lent temperature fluctuations on the vertical distribution of s
down to the Kolmogorov scale. The explicit treatment of en-
trainment allows us to study how turbulent mixing of environ-
mental air affects s in the rising air column.

We present the EPM setup in section 2 and the LEM in
section 3. Molecular diffusion processes are outlined in
section 4, and simulation scenarios are described in section 5.
We present and discuss our results in section 6 and conclude
the paper in section 7. A list of symbols and acronyms used
here is provided in Table C1 in appendix C.

2. Entraining parcel model setup

We seek the simplest possible model setup to explore UT ice
supersaturation variability due to turbulence. For convenience
of discussion, we define the ice saturation ratio, S 5 s 1 1,
equivalent to ice supersaturation. The basic EPM framework is
shown schematically in Fig. 1.

In the EPM, an air parcel is temporarily subject to a cons-
tant updraft speed w induced by small-scale fluid motions
(i.e., in Kelvin–Helmholtz billows) or by GWs. In the context
of our study, the air parcel is assumed to represent cloud-free
UT conditions but may actually contain ice crystals few
enough so that they do not affect the evolution of ice super-
saturation on time scales of a few minutes relevant for our

FIG. 1. EPM setup. The vertically oriented, Lagrangian numerical
LEM domain inside the parcel follows the blue temperature profile.
The effect of the triplet map on a segment of an initially linear
scalar profile within the domain is also shown (inset). Molecular
diffusion subsequently smoothens the sharp edges of the mapped
profile.
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study (section 3c). Supersaturation quenching times within
cirrus clouds typically exceed 0.5 h (Kärcher et al. 2023).

Initially, temperature T0 and pressure p0 in the parcel and
the environment are uniform. The rising parcel may experi-
ence a number of entrainment events nb at different altitudes,
whereby a portion of the parcel air is replaced by one or more
blobs of environmental air. In the baseline configuration,
nb 5 1.

The environmental air pressure follows from hydrostatic
balance for a constant lapse rate g and constrains the air pres-
sure in the parcel: pe 5 p0(Te/T0)

k, k 5 g/(gRg), with the
acceleration due to gravity g and the specific gas constant for
dry air Rg. Atmospheric pressure differences are assumed to
be instantaneously damped by the emission of acoustic waves,
which have a typical phase speed of about 300 m s21. The as-
sociated time scale for a parcel dimension of, e.g., 10 m, is
therefore about 30 ms. The air parcel temperature adjusts
rapidly to the dry-adiabatic lapse rate, G: T(h) 5 T0 2 Gh, as
the time scale of the imposed vertical motion is much shorter
than radiative relaxation times. The environmental tempera-
ture follows from Te(h) 5 T0 2 gh $ T(h). This implies that
entrainment causes a larger temperature perturbation (warm-
ing) when it occurs at a higher altitude.

The initial value S0 defines the H2O mixing ratio in the par-
cel, q0 5 S0ps(T0)/p0, which is conserved during adiabatic as-
cent. Thus, the mean ice saturation increases due to the uplift.
We prescribe an initial ice saturation ratio in the environment
Se, which we set to S0 in the baseline configuration, i.e., identi-
cal H2O mixing ratios in the parcel and its environment.
Otherwise, the latter is given by qe 5 (Se/S0)q0. In both cases,
we keep qe constant, so that Se increases with altitude because
ps(Te) decreases.

Entrainment of warmer environmental air decreases the av-
erage supersaturation in the parcel to a degree determined by
the total mixing fraction (ratio of entrained vs parcel air vol-
ume). Entrainment can only lead to an increase in the parcel
supersaturation if qe is significantly larger than q0.

The EPM is coupled to the LEM, which is discussed in
more detail in section 3. This framework differs from previous
applications of the LEM. Krueger (1993) used the LEM to ex-
amine the effects of mixing on buoyancy of entrained air in
stratus clouds. Krueger et al. (1997) combined the LEM and
entrainment in an ascending parcel model allowing condensa-
tion using saturation adjustment but no droplet microphysics.
Su et al. (1998) extended the latter study to include the
condensational growth of Lagrangian aerosol particles, includ-
ing their activation into water droplets.

In the EPM, the computational domain (LEM grid) in the
air parcel is oriented vertically and has a length L1. Associ-
ated altitude levels z 2 [0, L1] are defined as a set of discrete
stations with constant grid spacing, dz 5 L2/6 (section 3d).
Here, L2 and L1 represent the smallest and largest model
eddy sizes (the size of an eddy represents the distance over
which the fluid velocity varies substantially). Placing the do-
main in the vertical allows us to represent stochastic cooling
and warming events due to turbulent temperature fluctuations
(TTFs), caused by randomly ascending or descending eddies

of various sizes. TTFs tend to establish a dry-adiabatic lapse
rate across the LEM domain.

We opt to set the entire LEM to the parcel values q0 and T0

in view of future model applications to cirrus ice formation,
except in a control simulation designed to examine the gen-
eral mixing behavior of our model in section 6a. This will ulti-
mately allow us to compare results with those obtained based
on the traditional parcel approach used to estimate nucleated
ice numbers in cirrus (Lin et al. 2002). We stop the simula-
tions at the point where homogeneous freezing of aqueous
supercooled aerosol droplets would commence in the real at-
mosphere, i.e., around Shom 5 1.5 at 220 K (Kärcher and
Lohmann 2002). Ice crystals would form and begin to deplete
the supersaturated vapor, causing S to relax toward ice satura-
tion (freezing relaxation).

In the absence of H2O losses and spatial gradients, S
evolves over the parcel time t as S ≃ S0 exp(awt), with the ini-
tial value, S(t5 0)5 S0, and a thermodynamic factor a related
to adiabatic expansion and contraction (Korolev and Mazin
2003). Assuming a ≃ 1023 m21 to be constant in a small inter-
val below T0 defines the simulation time after which Smax is
reached:

tmax 5 ln(Shom/S0)/(aw), (1)

and the air parcel’s maximum lifting distance, H 5 wtmax. To
minimize the impact of larger scale processes, we choose
S0�Shom, i.e., S0 5 1.45. As a is weakly T-dependent, Eq. (1)
is only approximate and the maximum value, Smax 5 1.504, is
slightly larger than S ≃ Shom.

Altitudes of entrainment events, h 2 [0, H], are sampled
randomly from a uniform distribution. Additional stochastic
processes are treated in the LEM, which is implemented as
a Monte Carlo simulation of many individual flow field
realizations.

3. Linear eddy model

The LEM constitutes a model for the transport and mixing
of diffusive tracers by turbulence. As such, it does not predict
turbulence and parameters describing the turbulence are in-
puts that do not evolve. It has been employed in a wide range
of research fields including turbulent mixing (Kerstein 1991)
and reactive flow combustion studies (Menon and Kerstein
2011), cloud physics (Su et al. 1998; Hoffmann and Feingold
2019), and supernovae explosion simulations (Woosley et al.
2009), as well as in studies of gas phase chemistry and aerosol
dynamics in jet aircraft exhaust plumes (Menon and Wu 1998;
Wu and Menon 2001).

The LEM models turbulent mixing due to eddy motions in
the inertial range by stochastic, mass- and energy-conserving
scalar stirring events. The representation of a three-dimensional
scalar field is interpreted as a line segment aligned locally with
the scalar gradient. In other words, the LEM grid depicted in
Fig. 1 can be viewed as a particular vertical line in the flow field,
explicitly representing spatial variability in one dimension due
to entrainment and turbulent mixing down to the smallest tur-
bulence scale.
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a. Turbulence parameters

Scalar flow constituents (such as moisture or heat) are af-
fected by turbulent mixing and molecular diffusion. Irrevers-
ible mixing only happens at scales near the Kolmogorov scale,
which is defined as

h 5 (n3/e)1/4, (2)

and is determined by the dissipation rate of turbulence kinetic
energy (TKE) per unit mass of air e, and the kinematic viscos-
ity of air n .

The variance of an initial scalar gradient with characteristic
length scale ‘ imposed on a homogeneous turbulent flow field
is significantly reduced after t‘, the turbulent mixing time for
an eddy of size ‘ (Landau and Lifshitz 1987):

t‘ 5 (‘2/e)1/3: (3)

The eddy diffusivity Dt characterizes the rate of turbulent
mixing of a tracer from the scale of the largest eddies down to
h. Following previous studies (e.g., Podglajen et al. 2017), we
use the relationship proposed by Lilly et al. (1974):

Dt 5 e/(3N2), (4)

where N is the Brunt–Väisälä (buoyancy) frequency:

N2 5 g(G 2 g)/T: (5)

Equation (4) assumes steady-state, isotropic turbulence and is
an appropriate choice in stably stratified conditions (N2 . 0).
The buoyancy Reynolds number is defined by Re 5 Dt/n ; ac-
tive turbulence only appears for Re.. 1.

As a measure of turbulence intensity, e and N are key pa-
rameters driving the LEM, since they combine to determine
Dt. The UT is mostly stably stratified; local episodes of strong
(active) turbulence do not occur frequently (Quante and Starr
2002; Podglajen et al. 2017; Dörnbrack et al. 2022). Vertical
shear of the horizontal wind field and breaking of gravity
waves dominate turbulence production. We examine observa-
tional data sources in appendix A to constrain e in our simula-
tions. Then, we prescribe a value for N to estimateDt.

It is possible to have strong shear overcoming stratifica-
tion and generating turbulence despite moderate or even
large values for N. For very weak stratification, little op-
poses vertical motions of air and the occurrence of stronger
turbulence appears more likely. However, a universal rela-
tionship between e and N does not exist. As a measure of
stability of air to vertical displacements, we therefore treat
N as an independent parameter. Finally, we derive the envi-
ronmental lapse rate, g # G, from N using Eq. (5). We recall
that g determines the perturbation of s with regard to T in
entrainment events (section 2).

b. Entrainment

The turbulent mixing process can be affected by discrete
events of entrainment of environmental air into the LEM do-
main (Fig. 1). Entrainment events may be characterized by

simulations of the hydrodynamic flow field at high resolution.
For example, direct numerical simulations (DNS) of stratified
shear turbulence revealed highly intermittent entrainment
zones at the edges of shear layers (Werne and Fritts 1999).
However, harvesting results from such simulations to con-
strain entraining motions is not straightforward. For this rea-
son, we treat mixing and entrainment distinctly in our study
and seek the simplest possible representation of entrainment,
which is assumed to leave the imposed wind speed unaffected.

When coupled to the EPM, the LEM applies a discrete set
of entrained blobs of air at randomly selected parcel altitudes
(section 2), in line with Krueger et al. (1997). The fraction of
the LEM domain of length L1 (Fig. 1) occupied by a single
blob is b # 1. In these new segments of parcel air, q and T are
replaced by their corresponding values in the environment at
the respective altitude. The location of each entrained blob
within the LEM domain is also sampled randomly from a uni-
form distribution.

It is generally difficult to constrain precisely parameters
such as nb and b. Observations, when available, may not be
able to constrain them along with the domain size. For strato-
cumulus clouds, Krueger et al. (1997) discuss how they used
available observations to assign entrainment parameters. For
cirrus clouds, no observations are available to determine nb
and there are no fixed rules to determine b. Variations in
both b and nb change the average temperature and air mixing
fraction in the parcel. Our default choices are nb 5 1 due to
the short parcel ascent time and b 5 0.2.

We do not vary b but investigate the sensitivity of our re-
sults to the entrainment process by increasing nb. For nb . 1,
we scale the fractional blob size, b/nb, leaving the total frac-
tional size of inserted blobs unchanged. We note that due to
mixing and diffusion, it is possible that a new entrainment
event replaces air that was already affected by a previous
blob. Therefore, the total mixing fraction may be smaller than
b in the case of multiple blobs. The time scale for the turbu-
lent breakdown of a blob, b2/3tL1

, follows from Eq. (3) with
‘5 bL1, where tL1

is the mixing time for the largest eddy
represented in the LEM.

c. Model turbulent length scales

The L2 and L1 denote the model inner and outer turbulence
length scales used in the LEM, which can differ from values for
h and Lo, respectively.

1) INNER SCALE

Air viscosity acts as momentum diffusivity. Thus, the associated
Kolmogorov length scale quantifies the inner scale for velocity
fluctuations. The inner scale for fluctuations in concentrations of
H2O or T may differ from h. The Schmidt number, Sc 5 n /Dm,
relates n to molecular diffusivity,Dm. For Sc. 1, velocity fluctua-
tions will be damped out by viscosity at a scale larger than for the
scalar fluctuations (Batchelor scale). For Sc , 1, the smallest
scalar length scale appears in the inertial range (Obukhov–
Corrsin scale). Typically, Sc’ 1 in air. Similar arguments hold for
thermal diffusivity.
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In principle, we could scale L2 5 c1h with appropriate fac-
tors c1 determined separately for H2O and T by comparison
with data. However, due to the lack of constraints on c1, we
set L2 5 h, except in sensitivity studies investigating the
model resolution dependence of our results.

2) OUTER SCALE

We choose a value for the model outer length scale L1.
The true (physical) outer scale Lo characterizes the size of the
largest eddies in the inertial range. It is related to the Ozmi-
dov length scale,

LO 5
�������
e/N3

√
, (6)

which represents the largest scale at which turbulent eddies
can overturn against the stratification (Riley and Lindborg
2008). At larger scales, the flow is anisotropic. The proper
choice of the factor c2 when setting Lo 5 c2LO is largely em-
pirical. Individual c2 values range from 1 to ≃10 (Weinstock
1978; Waite 2011; Dörnbrack et al. 2022); however, c2 may
not even be a constant. Resulting estimates for LO are O (1) m
based onN5 0.015 s21 and typical UT values for e (appendix A).
Other outer length scales have been suggested, such as the buoy-
ancy and Thorpe length scales (Wilson 2004).

Equating the eddy turnover time scale from Eq. (3) up to a
constant factor with the time scale for turbulent diffusion
from dimensional analysis, tt 5 ‘2/Dt, yields the inertial range
(Kolmogorov) scaling: Dt ~ ‘4/3e1/3. Inserting ‘5 Lo ~ LO
gives Dt ~ e/N2, consistent with the physical diffusivity, Eq. (4).
Contributions of larger scales to turbulent mixing are suppressed
by stable buoyancy. The scaling Dt ~ ‘4/3 lends itself to the defi-
nition of a model Reynolds number, ReLEM 5 (L1/L2)

4/3.
Given the uncertainty in determining c2 and in view of fu-

ture applications to cirrus ice formation, we opt to identify L1

with the vertical thickness (depth) of homogeneous freezing
layers Lf. The corresponding parcel ascent time scales ~1/w
and measures the typical duration of an entire freezing event,
from first-to-last nucleation. Below we give a practical method
for determining the layer depth based on microphysical
modeling of homogeneous freezing events.

Values for Lf observed in cirrus range from about 20 to 100 m
according to aircraft measurements in the TTL (Jensen et al.
2022) but might be as low as a few meters (Jensen et al. 2013).
However, homogeneous freezing layer depths cannot be well
constrained by such measurements due to unknown times of ob-
servations past nucleation allowing for diffusive broadening of
the layers and due to the fast horizontal aircraft motions. These
factors make it hard to disentangle horizontal and vertical cloud
structures, primarily affecting inferred larger Lf values.

In numerical parcel simulations of homogeneous freezing
of supercooled aerosol droplets (Kärcher 2017), we assume,
for given w, that the calculated layer depth measures the alti-
tude difference from the point where 1% of all ice crystals
have formed to the point where the nucleated ice crystal num-
ber mixing ratio increases by less than 0.1%. This pragmati-
cally captures the full width of the freezing pulse without
letting its wings have a strong influence. At p0 5 230 hPa and

T0 5 220 K, the simulations predict layer depths 11–15 m within
the range w5 0.01–1 m s21. (For much colder conditions in the
TTL, the simulations yield a similar range, Lf 5 10–22 m.) In
stronger updrafts, air parcels reach higher levels faster, and at
the same time, freezing proceeds more rapidly. Both effects
approximately offset each other so that the layer depth should
depend only weakly on w.

Taken together, we use L1 5 Lf 5 15 m as a baseline value
in the LEM. Coincidentally, this value is in line with the
above estimates of Lo. We employ different values for L1 in
sensitivity studies. With these choices, all LEM parameters
are defined.

d. Turbulent mixing

Turbulent mixing is represented by stirring events, in which
spatial positions of eddies along the LEM grid are altered
without intermixing of their content while obeying Kolmogo-
rov scaling laws (Kerstein 1988). Interfacial filaments created
by the stirring eventually become very thin, and molecular dif-
fusion (section 4) removes the resulting large scalar gradients
(Menon and Kerstein 2011). Stirring events are not associated
with an intrinsic time scale but occur at a certain frequency.
While eddies take a finite time to transport scalars, stirring is
implemented as a specific sequence of instantaneous permuta-
tions of fluid elements (triplet maps), which conserve fluid
properties without causing discontinuities and significant
error in the statistically mean fields (Kerstein 1991; Wu and
Menon 2001).

In the triplet map, three copies of the segment to be stirred
are made, each is compressed by a factor of 3, and the middle
segment is flipped (Fig. 1). The latter ensures that the map imi-
tates the rotational folding effect of real turbulent motions.
Applying the map to a function g(z) (taken to be q and T) at
any time over the interval [z0, z0 1 ‘] leads to (Kerstein 1991)

ĝ(z) 5
g(3z 2 2z0) z0 # z # z0 1 ‘/3
g(23z 1 4z0 1 2‘) z0 1 ‘/3 # z # z0 1 2‘/3
g(3z 2 2z0 2 2‘) z0 1 2‘/3 # z # z0 1 ‘
g(z) else

,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(7)

where z0 is the lower endpoint of the mapping interval and ‘

represents the size of an eddy. In this algorithm, eddies of size 3
(in terms of the LEM grid spacing dz) do not perturb a scalar
profile, as their triplet segments collapse to points. Therefore,
an eddy must be at least of size 6 and a multiple of 3. Thus, the
size of LEM grid cells is dz 5 L2/6. (We neglect small changes
in dz during entrainment that are brought about by differences
in air density between the parcel and the environment.) The
largest eddy with z0 5 0 covers the entire LEM domain. The
triplet map is not applied if z0 1 ‘. L1. If an air parcel is dis-
placed by m grid cells, it experiences a dry-adiabatic tempera-
ture change (i.e., a TTF) of size6 mGdz.

The boundary condition means that fewer mixing events
are realized near the lower and upper domain boundaries.
The lapse rate in the LEM domain approaches neutral stabil-
ity in the presence of TTFs for sufficiently strong vertical mix-
ing, implying that the dry lapse rate develops later near the

KÄRCHER E T A L . 1593SEPTEMBER 2024

Brought to you by DLR | Unauthenticated | Downloaded 09/03/24 02:20 PM UTC



boundaries than in the interior of the domain. Physically, we
are thus placing the LEM in a fluid-dynamical environment
characterized by larger static stability, which acts to dampen
vertical mixing at the edges of the domain.

In the next step, we estimate the frequency of stirring (rear-
rangement) events based on a probability distribution f (‘) of eddy
sizes. The size of a rearrangement event is equal to a selected eddy
size. The turbulence diffusivity associated with a 1D random walk
of a marker particle (fluid element) is given by D t 5L‘h‘2i/2,
where h‘2i is the mean square displacement and L‘ is the event
frequency (L is the stirring frequency per unit eddy length). If an
eddy displaces a marker particle, the center of the event must lie
within ‘/2 of that particle and its frequency is given by L‘. Within
the triplet map, the particle’s mean square displacement is given
by h‘2i5 4‘2/27 (Kerstein 1991); hence,D t 5 2L‘3/27.

Accounting for a probability distribution of eddy sizes, f (‘),
yields the total eddy diffusivity

Dt 5
2
27

L

�L1

L2

‘3f (‘)d‘: (8)

In Eq. (8), we have replaced D t by Dt from Eq. (4), because
stirring by eddies of all sizes should recover the total diffusiv-
ity stochastically. Note that Dt is viewed as the average turbu-
lence diffusivity for the entire LEM domain. The eddy sizes
are obtained from the normalized distribution

f (‘) 5 5
3

‘28/3

L25/3
2 2 L25/3

1

,
�L1

L2

f (‘)d‘ 5 1: (9)

The power-law coefficient 28/3 is chosen such that Kolmogo-
rov scaling, in particular D t ~ ‘4/3, is satisfied (section 3c).
Using this distribution in Eq. (8) allows us to solve for the stir-
ring frequency per unit eddy length:

L 5
54
5
Dt

L25/3
2 2 L25/3

1

L4/3
1 2 L4/3

2

: (10)

The average frequency of stirring events is given by

n s 5 LL1: (11)

Inasmuch asDt represents mixing due to all eddies up to size L1,
it can be shown that in the limit L1 .. L2, L becomes indepen-
dent of L1. In the same limit, the average eddy size in stirring
events is

�L1

L2

‘f (‘)d‘5 (5/2)L2. Thus, with L2 5 h ’ 10 mm,
the average TTF magnitude is DT 5 (5/2)Gh ’ 0.25 mK. How-
ever, when occasionally large eddies are sampled from Eq. (9),
DT can be significantly larger.

To implement the triplet map, we first select a random loca-
tion for the stirring event within the LEM domain from a uni-
form distribution. Then, an eddy size is chosen from f by
calculating the cumulative distribution,

F(‘) 5
� ‘

L2

f (‘̂)d‘̂ 5 ‘25/3 2 L25/3
2

L25/3
1 2 L25/3

2

: (12)

After sampling a uniformly distributed, random number
0 # R # 1, the desired value of ‘ follows from solving
R5 F(‘) for ‘.

Stirring occurs at randomly determined times during parcel
ascent. Assuming statistical independence of individual stir-
ring events, we sample the number of stirring events after a
waiting time from a Poisson probability distribution with the
expectation value n sDt, where Dt is the time elapsed since
the last stirring event (waiting time). The minimum waiting
time is set by the numerical model time step. For low turbu-
lence intensity, the waiting time for a new stirring event to oc-
cur may cover many time steps. For strong turbulence, many
stirring events may occur in a single time step.

We expect our results to be relatively insensitive to L1, be-
cause the largest eddies do not contribute much to turbulent mix-
ing. Furthermore, in the limitL1 .. L2, we have shown that the
mean size of eddies is on the order of L2 and the stirring fre-
quency depends only weakly on L1. Finally, molecular diffusion
is an inherently small-scale process unaffected by entrainment
until scalar length scales have been reduced to near L2.

4. Molecular diffusion

Diffusion coefficients for vapor and heat characterize scalar
mixing at the dissipation scale. Pruppacher and Klett (1997)
provide a relationship for the diffusivity of H2O in air Dy as a
function of air pressure and temperature. Thermal diffusivity
quantifies how fast heat diffuses through a material. Since both
diffusion coefficients are approximately equal for the condi-
tions of this study, we use a constant value Dm for both vapor
and heat diffusion, corresponding to Sc5 0.7 (section 3c).

While turbulent convection is represented as a random se-
quence of eddy motions, viscous and conductive motions are
incorporated as deterministic processes governed by evolu-
tion equations defined on the LEM grid, i.e., two parabolic,
linear diffusion equations: ­ty5Dm­

2
zy, with y 5 q, T. These

equations are cast into Crank–Nicholson difference schemes
(Crank and Nicolson 1947). Implicit solutions are obtained by
solving the resulting systems of tridiagonal matrix equations
at every time step with zero gradient (no flux) boundary con-
ditions, i.e., ­zy 5 0, across the LEM domain boundaries. This
is consistent with the noncyclic boundary condition in the
LEM (section 3d). A numerical time step that yields suffi-
ciently accurate solutions is given by dt 5 0.5(dz)2/Dm, with
dz 5 L2/6 (section 3d), setting the overall time step in the
EPM.

Coarse LEM grid sizes, obtained by setting L2 . h, may be
used to perform sensitivity studies addressing how poorer spa-
tial resolution affects our results (section 3c). In such cases, Dm

is replaced by the diffusivity due to eddies with sizes up to L2:

Dm " Dt(L2/L1)4/3, (13)

with the diffusion coefficientDt from Eq. (4).

5. Simulation scenarios

We reiterate that input parameters to the EPM are w, p0,
T0, S0, and Se. The LEM is driven by the parameters e, Dt,
and nb, where N is additionally used to estimate g and Dt,
Moreover, L2 5 h and L1 5 Lf. The environmental
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parameters qe and Te are determined by g, T0, and Se, respec-
tively. The environmental air pressure follows from hydro-
static balance.

We describe parameters characterizing the simulation sce-
narios discussed in section 6. The maximum parcel altitude in
all scenarios is H 5 36.2 m (section 2). TTFs are accounted
for in all scenarios, except in a discussion of the general mix-
ing behavior of our model in section 6a. All random numbers
in the EPM are derived consecutively from the Mersenne
Twister algorithm (Matsumoto and Nishimura 1998).

As for the time sequence of processes in the EPM, we first
determine the new parcel altitude, forcing the mean supersatu-
ration in the parcel, and then update the environmental temper-
ature and H2O mixing ratio. One or more entrainment events
occur according to their randomly determined times (but never
at the same time), followed by a series of stirring events (eddy
size selection and triplet maps) determined stochastically based
on their average rate n s (section 3d). Finally, we solve the pre-
dictive equations for molecular diffusion (section 4).

The result of the kth individual simulation is the ice super-
saturation distribution (SD) across the LEM grid (i.e., vertical
profile), with indices j 5 1, … , J, at tmax: s

(k)(zj). For each
scenario, we generate K 5 50 different statistical representa-
tions (section 6a). We evaluate ensemble-mean SDs,
sm(zj)5 (1/K)∑ks

(k)(zj), at each LEM grid point. We also
compute the corresponding domain-average supersaturation,
AVG, variance, VAR, and associated standard deviation,
SDEV5

��������
VAR

√
, and dispersion, ds 5 SDEV/AVG of the en-

semble mean SD. The latter is useful as a relative measure of
statistical spread as AVG increases over time due to cooling
(section 2).

The baseline (Base) scenario assumes w 5 0.1 m s21,
p0 5 230 hPa, T0 5 220 K, Se 5 S0 5 1.45, e 5 1025 m2 s23,
N 5 0.015 s21, L1 5 15 m, nb 5 1, and b 5 0.2. This gives
Dt 5 0.015 m2 s21, g 5 4.72 K km21, and Re5 377. The inner
model length scale is L2 5 h 5 8.8 mm, the LEM grid size is
dz 5 1.47 mm, and the time step is dt 5 19 ms. The LEM do-
main extends over 10 206 grid cells. The maximum parcel alti-
tude is reached after tmax ≃ 5.6 min. The large-eddy mixing
time in this scenario is tL1

5 4:7 min, somewhat shorter than
tmax. The total number of stirring events is estimated from
Ns 5 n stmax 5 57961.

MostDt values in our simulations are smaller than the mea-
surement estimates reported by Podglajen et al. (2017). Rep-
resenting averages over an entire aircraft campaign, the latter
are dominated by relatively rare, large magnitude events.

The following sensitivity studies are defined relative to sce-
nario Base, changing one parameter at a time.

The updraft speed is varied in scenarios Wind-s (w 5

0.02 m s21, slow updraft) and Wind-f (w 5 0.5 m s21, fast
updraft), encompassing a typical range of updraft speeds
due to gravity waves (Kärcher and Podglajen 2019). Such
updrafts are approximately constant over a fraction of a
buoyancy period (a few minutes). These scenarios explore
the dependence of our results on the large-scale driver of
supersaturation. The simulations stop at tmax 5 28 min
(Wind-s) and tmax 5 1.1 min (Wind-f); the total number of
stirring events changes accordingly.

Scenarios Turb-l (e 5 1026 m2 s23) and Turb-h (e 5

1024 m2 s23) assume lower and higher values and allow us to
study the impact of turbulence intensity. They encompass a
range of commonly observed values in the UT (appendix A).
We enhance and lower the atmospheric stability by decreas-
ing and increasing the buoyancy frequency in scenario Stab-l
(N5 0.01 s21) and Stab-h (N5 0.02 s21), respectively.

Scenarios Blob-0 (nb 5 0) and Blob-3 (nb 5 3) allow us to
investigate how pure TTFs (no entrainment) and multiple en-
trainment events affect our results. We study the sensitivity
with regard to moisture entrainment by assuming a slightly
drier or moister environment in scenarios Env-d (Se 5 1.4)
and Env-m (Se 5 1.5), respectively.

Scenarios Inner-0.1 (Inner-1) assume larger inner model
length scales, hence, coarser grid spacing, L2 5 0.1 m (1 m),
to explore the effect of a poorer resolution of eddy sizes.
Molecular diffusion is in these scenarios represented by the
diffusion due to eddies up to size L2 . h [Eq. (13)]. Sensitiv-
ity studies Outer-5 (Outer-25) assume a smaller (larger) outer
model length scale, L1 5 5 m (25 m), to assess the sensitivity
of our results on the assumed depth of a homogeneous freez-
ing layer.

Parameters that characterize all scenarios are summarized
in Table 1. These scenarios may be compared to a reference
case without turbulence and entrainment. This case repre-
sents an adiabatic air parcel, wherein a spatially uniform su-
persaturation field evolves up to the final value smax 5 0.504
(section 2). We refer to the values of AVG and SDEV also
listed in Table 1 in section 6.

6. Results and discussion

We present and discuss the results from the scenarios de-
scribed in section 5, focusing in greater detail on scenario Base
(section 6a). We then discuss scenarios dealing with variations
in the vertical wind forcing, turbulence intensity, atmospheric
stability, the entrainment process, and scenarios in which we
vary the model length scales of turbulence (section 6b).

a. Scenario Base

We first examine the general mixing behavior of our model
by modifying scenario Base with respect to the treatment of
entrainment and the consideration of TTFs. To this end, we
inspect the temporal evolution of the domain-average super-
saturation variance, VAR, after an initial perturbation. As for
the latter, we insert one or more blobs of environmental air at
the start of each simulation. All blobs have the same H2O
mixing ratio, but a slightly different temperature, 0.1 K, rela-
tive to the parcel temperature. This mimics the perturbation
in T that occurs during entrainment happening around a par-
cel altitude h5 20 m in scenario Base.

Scalar variance is reduced by molecular diffusion. For
Péclet numbers Pe .. 1 (,,1), advective (diffusive) processes
dominate mass transport (appendix B). In scenario Base,
Pe .. 1, which means that advection (i.e., turbulent mixing)
accelerates the decay of H2O variance. A similar argument
can be made for heat transport. Therefore, it is meaningful to
analyze ice supersaturation fluctuation variance as a function
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of time scaled by the large-eddy mixing time, t 5 t/tL1
, as tL1

is the shortest time scale governing mass transport.
To illustrate how VAR evolves over the scaled time in the

EPM, we have performed LEM stand-alone Base simulations
(no updraft, w 5 0), without and with TTFs and with nb 5 1
and nb 5 3. Figure 2 shows 50 individual realizations and the
resulting mean VAR evolutions. Without TTFs, VAR decays
monotonically, as s is treated as a completely passive scalar,
i.e., T fluctuates due to stirring, but the resulting adiabatic
changes are set to zero. When TTFs are accounted for, VAR
no longer decays monotonically. A dry-adiabatic lapse rate
tends to establish across the LEM domain after sufficient tur-
bulent mixing (section 2), which leads to a temperature gradi-
ent and, hence, maintains the temperature variance. Once
neutral stability is achieved, triplet maps will have no further

impact on the temperature profile. We note that some of the
larger TTFs create VAR . 1024 (SDEV . 0.01). Regardless
of TTFs, VAR decays faster for nb 5 3, because more blobs
offer a greater scalar surface area, which enhances mixing and
molecular diffusion.

We now turn to a discussion of the unmodified scenario
Base (section 5), which differs from the above (Fig. 2) in the
treatment of entrainment and includes TTFs. No blobs are
present initially, but one blob is inserted randomly during
the simulation. Vertical profiles of supersaturation along the
LEM domain, s(k)(zj), taken at h 5 H (t 5 tmax) are displayed
in Fig. 3, both individually and as the mean over 50 statistical
realizations. Note that the altitude grid points in the LEM are
scaled, z 5 z/Lf. The results show that at specific altitudes, su-
persaturation can vary up to 10.02 and 20.03 around the

TABLE 1. Model parameters for the baseline and sensitivity scenarios. Those include updraft speed w, environmental ice saturation
ratio Se, number of entrainment events nb, TKE dissipation rate e, buoyancy frequency N, and the inner and outer model length
scales (L2 and L1). We also list values for the turbulent diffusivity Dt, the environmental lapse rate g, the eddy diffusion time scale
tt, and the expected total number of stirring events Ns. All scenarios assume p0 5 230 hPa, T0 5 220 K, S0 5 1.45, and b 5 0.2.
Model input parameter changes relative to scenario Base are in bold. Model variables that change according to altered input
parameters are italicized. The last two entries are results of our simulations: mean ice supersaturation (AVG) and associated
standard deviation (SDEV) of each ensemble-mean vertical supersaturation profile taken at the final parcel altitude.

Scenario w (m s21) Se nb e (m2 s23) N (s21) L2 (mm) L1 (m) Dt (m
2 s21) g (K km21) tt (min) Ns AVG SDEV

Base 0.1 1.45 1 1025 0.015 8.8 15 0.015 4.72 253 57 961 0.501 0.0023
Wind-s 0.02 1.45 1 1025 0.015 8.8 15 0.015 4.72 253 57 961 0.501 0.0046
Wind-f 0.5 1.45 1 1025 0.015 8.8 15 0.015 4.72 253 57 961 0.501 0.0012
Turb-l 0.1 1.45 1 1026 0.015 15.7 15 0.0015 4.72 2531 2220 0.501 0.0011
Turb-h 0.1 1.45 1 1024 0.015 5 15 0.15 4.72 25.3 1 512 851 0.501 0.0063
Stab-l 0.1 1.45 1 1025 0.01 8.8 15 0.033 7.52 112.5 130 413 0.503 0.0032
Stab-h 0.1 1.45 1 1025 0.02 8.8 15 0.0083 0.79 450 32 306 0.499 0.0027
Blob-0 0.1 1.45 0 1025 0.015 8.8 15 0.015 4.72 253 57 961 0.504 0.0021
Blob-3 0.1 1.45 3 1025 0.015 8.8 15 0.015 4.72 253 57 961 0.501 0.0020
Env-d 0.1 1.4 1 1025 0.015 8.8 15 0.015 4.72 253 57 961 0.490 0.0049
Env-m 0.1 1.5 1 1025 0.015 8.8 15 0.015 4.72 253 57 961 0.511 0.0036
Inner-0.1 0.1 1.45 1 1025 0.015 100 15 0.015 4.72 253 1013 0.501 0.0019
Inner-1 0.1 1.45 1 1025 0.015 1000 15 0.015 4.72 253 22 0.501 0.0019
Outer-5 0.1 1.45 1 1025 0.015 8.8 5 0.015 4.72 28.1 83 606 0.501 0.0020
Outer-25 0.1 1.45 1 1025 0.015 8.8 25 0.015 4.72 703 48 885 0.501 0.0013
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FIG. 2. Variance of domain-average ice supersaturation fluctuations vs scaled time after initial blob insertion. The
results (left) without TTFs and (right) with TTFs; TTFs produce spikes in the supersaturation variance as the temper-
ature changes when a triplet map displaces an air parcel (note the altered VAR scale). The thin gray curves show
50 individual statistical realizations for nb 5 1. The thick black (green) curves show the averages over all realizations
for nb 5 1 (3). Note that the VAR axes have different scales.
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domain-average value. Such variations are in line with results
from cloud-resolving simulations employing turbulence clo-
sure schemes to model turbulent fluctuations in stably strati-
fied situations with a grid spacing of 100 m (Gu and Liou
2000). Absolute changes in s up to 0.03 occur rarely and repre-
sent the largest excursions seen in the simulations. Due to the
limited sample size, we may not capture all statistical outliers
present in LEM property fields. While such large excursions
are visible, e.g., in the red distribution, the mean SD averaged
over 50 realizations shows only small scatter. Figure 3 also
shows the solution for a dry-adiabatic lapse rate, representing
the limiting case of strong vertical mixing. We recall that mix-
ing is incomplete as tL1

, tmax (section 5).
Domain-averaged mean value and standard variation of the

associated mean SD are AVG5 0.501 and SDEV5 2.33 1023,
respectively. The term AVG is slightly lower than the final mean
supersaturation, smax 5 0.504, in the reference case without tur-
bulence and entrainment (section 5), due to the single entrain-
ment event in scenario Base. The evolution of the distribution
spread in terms of dispersion (relative SDEV) as a function of to-
tal number of statistical realizations K shows that ds decreases

notably after K’ 30 and achieves lower values, ds ≃ 4.53 1023,
for K . 45, and then ds ≃ 4 3 1023, for K . 80.

We recall that our goal is to identify the most important pa-
rameters affecting SDs. Our conclusions do not rely on the
evaluation of statistical significance. We therefore base our
analysis in section 6b on an ensemble size of K5 50.

To complete the discussion of scenario Base, we discuss
with the help of Fig. 4 the temporal evolution of the SD dis-
persion and two probability distributions of supersaturation
fluctuations (around the evolving mean value), s′, for one ar-
bitrarily selected statistical representation. As we start the
simulation with a homogeneous SD, the initial dispersion is
zero and begins to increase due to the action of TTFs. The
associated probability distribution (initially a delta function at
s′ 5 0, not shown) decays approximately symmetrically.

For this ensemble member, an entrainment event occurs
about halfway through the ascent, replacing a fraction of the
parcel air with slightly warmer (by 0.076 K) air from the
environment. This inhomogeneity causes the SD dispersion to
increase abruptly. The perturbation is subsequently broken
down by turbulent mixing, which gradually decreases the
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FIG. 3. (left) Vertical profiles of ice supersaturation vs scaled altitude grid in air parcels at the final lifting distance
for scenario Base, which includes TTFs and one entrainment event at a randomly selected parcel altitude. The thin
gray curves show 50 individual statistical realizations taken at the final parcel altitude, the thick black curve is the dis-
tribution averaged over all 50 realizations, the colored curves highlight three individual cases, and the thick black line
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dispersion over time. This results in a final probability distri-
bution that is broad, yet still peaked at negative fluctuations
of about 20.003, reminiscent of the warming event. The en-
trainment mixing causes supersaturation fluctuations of either
sign about an order of magnitude larger than those induced
by TTFs prior to entrainment.

b. Sensitivity studies

The domain-averaged (mean) final SDs for all scenarios are
shown in Fig. 5. Similar to Base, most sensitivity scenarios
have mean s values around AVG 5 0.501 within a typical
standard deviation of about 2 3 1023 (Table 1), except sce-
narios Blob and Env. We recall from section 2 that the mean s
value at tmax without turbulence is 0.504 and that we reduce
the fractional blob size in entrainment events by the number
of inserted blobs (section 3b).

In the Wind scenarios, the simulations terminate earlier or
later than in Base without affecting turbulence parameters
(Table 1). This basically means more (Wind-s) or less (Wind-f)
time available for turbulence to act on the temperature field.
The mean SD is more tilted in the case of the slow updraft, be-
cause turbulence had more time to induce a dry lapse rate;
hence, ­zs . 0 across a significant portion of the domain,
z 5 0.3–0.7, corresponding to a 6-m-thick layer. No notable tem-
perature inversion occurs in the fast updraft scenario. The stan-
dard deviations of the profiles are thus considerably different,
with SDEV 5 4.6 3 1023 (Wind-s) and SDEV 5 1.2 3 1023

(Wind-f), i.e., about twice and half the value in scenario Base,
respectively.

The Turb scenarios show similarities to the Wind scenarios.
In Turb-l, the SD remains oriented vertically with weak pertur-
bations due to the strongly reduced stirring event number rela-
tive to Base. The distribution spread, SDEV 5 1.1 3 1023, is
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the smallest across all sensitivity scenarios and comparable to
that of Wind-f. In Turb-h, stirring occurs much more frequently.
As a result, a dry lapse rate establishes basically across the full
domain, i.e., over a region larger than that in scenario Wind-s.
This results in a large spread, SDEV 5 6.3 3 1023, in the final
SD.

In scenario Wind-s, e is too low to overcome the dampening
effect of the boundary conditions (section 3d), which manifests in
the inverted S-shape of the vertical SD. Note that the Wind-s
simulation stops shortly after one large-eddy mixing time,
tL1

5 4:7 min, preventing full vertical mixing. By contrast, the
distribution in Turb-h is much closer to the dry-adiabatic solution
due to stronger and faster vertical mixing (cp. Fig. 3) with
tL1

5 2:2 min.
Decreasing atmospheric stability increases the number of

stirring events (eddy diffusivity) and decreases the tempera-
ture perturbation in entrainment events (via g). In scenario
Stab-l, where the stability is weaker than in Base (Table 1),
the SD thus shows a larger gradient across the LEM domain
with an increased spread, SDEV 5 3.2 3 1023. In scenario
Stab-h, with increased stability, mixing and diffusion are
slower and temperature perturbations are larger. Accord-
ingly, the final SD shows more microscale variability relative
to Stab-l.

In the Blob scenarios, standard deviations, SDEV ≃ 23 1023,
are similar to Base (with one inserted blob). The main difference
in the case without entrainment (Blob-0) relative to Base is the
slightly increased average, AVG 5 0.504, that coincides with the
unperturbed mean value, smax, basically shifting the Blob-0 SD
slightly toward higher s. This is expected, as entrainment in-
creases the domain-average temperature and thus lowers AVG.
The Blob-3 SD with an increased total mixing fraction has an av-
erage that is coincidentally similar to scenario Base.

The Env scenarios result in the largest changes in the spatial
distributions across all scenarios. Dispersion is large in Env-d
and Env-m, since both temperature and water vapor mixing
ratio is perturbed in the single entrainment event. The water
vapor perturbation amounts to 63.59 ppm by mass, or about
3.5% relative to Base. A slightly drier (moister) environment
in Env-d (Env-m) shifts the SD to the left (right) of the Base
profile. The SDs have average values AVG 5 0.490 (0.511)
that substantially differ from each other and from the Base
distribution.

We finally discuss scenarios in which we vary the inner and
outer length scales that bound the inertial subrange of turbu-
lence in the LEM. Scenario Inner increases L2 more than ten-
fold to 0.1 m (Inner-0.1) and more than 100-fold to 1 m
(Inner-1) to assess the effect of degrading spatial resolution.
Scenario Outer changes L1 from its default value, 15 m, to a
smaller (5 m, Outer-5) and a larger value (25 m, Outer-25).

Setting L2 . h decreases the stirring frequency and in-
creases the mean size of eddies in stirring events and thus the
magnitudes of TTFs (section 3d). The final SDs are not sensi-
tive to this parameter: all SDs are basically indistinguishable
from Base. This may be expected, since the molecular diffu-
sivity is enhanced to include the turbulent mixing contribution
from the missing eddies in the size range [h, L2] (section 4).

For high Reynolds number flow, the LEM results are ex-
pected to depend only weakly on L1 (section 3d). Indeed, we
find that the SDs from scenarios Outer deviate only moder-
ately from Base. The occasional sampling of larger eddies
with longer breakdown time scales causes more fine structure
in the SD from scenario Outer-25 relative to Outer-5, which
basically acts to smoothen the Base SD.

7. Summary and conclusions

Traditional air parcel models have no internal variability and
represent air and cloud properties by assuming instantaneous
mixing. In this way, no information on the internal microstruc-
ture of clouds can be obtained. Dynamical forcing of parcel
motions take into account large-scale motions, at best down to
mesoscale motions such as GWs, but usually disregard turbu-
lence. Cloud-resolving simulations of cirrus have not yet explic-
itly treated ice microphysics on the microscale. In the present
study, we coupled a parcel model to a well-established turbu-
lent mixing model to overcome this situation.

In a first step toward a better understanding of how small-scale
mixing and molecular diffusion of moisture and heat affect UT
ice supersaturation, we simulated the temporal evolution of verti-
cal distributions of ice supersaturation due to turbulence in rising
air parcels over a vertical domain of length 15 m, our best esti-
mate for the thickness of homogeneous freezing layers. Initial
profiles of moisture and temperature, hence ice supersaturation,
were uniform. The parcels were lifted with a constant updraft
speed that represents a (sub)mesoscale forcing. Turbulence pa-
rameters were specified based on upper-tropospheric observa-
tions for stable stratification. We chose initial conditions close to
the homogeneous freezing limit (high ice supersaturation) in
view of future applications to cirrus formation, but our results ap-
ply to other magnitudes of supersaturation as well.

We inspected the ability of the model to predict the decay
of supersaturation variance after an initial perturbation. Fur-
thermore, we examined and characterized in more detail a
baseline scenario and defined a number of sensitivity studies
in which we varied one parameter at a time. We analyzed
ensemble-average SDs (vertical profiles) taken after a lifting
distance of about 36 m based on 50 statistical realizations in
each scenario.

Scenario Base, based on typical UT turbulence intensity,
stability, and GW-induced updraft speed, pointed to a large
variability in individual SDs from the ensemble, with substan-
tial yet rare supersaturation excursions of 60.01 or more
away from the mean value (0.5). Stochastic turbulent vertical
displacements of air parcels cause turbulent temperature fluc-
tuations. TTFs alone led to a standard deviation of the mean
final supersaturation of about 0.002, which is enhanced after
entrainment events with considerable sensitivity to the humid-
ity difference between parcel and environmental air. Large
case-to-case variability in SDs was also found in all other sce-
narios. Entrainment-mixing may cause supersaturation fluctu-
ations much larger than those induced by TTFs alone.

Moisture and temperature fluctuations led to small-scale
variability in supersaturation, small variations in the ensemble-
mean supersaturation within 60.01 around the mean value,
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and standard deviations in the range 0.001–0.006. Entrainment
of warmer air into the parcel decreased the mean supersatura-
tion. In slow updrafts, turbulence acts longer on SDs and
makes meter-scale layers more neutrally stratified.

In the presence of enhanced stratification, turbulence pro-
duced SDs with more spatial variability. SD standard devia-
tions substantially increased in scenarios with high turbulence
intensity and entrainment of drier or moister air. The former
scenario generates a dry-adiabatic lapse rate over the full
computational domain, resulting in a significant vertical gradi-
ent of supersaturation of about 1023 m21. The two latter sce-
narios changed the mean supersaturation relative to Base
most strongly. These findings call for a better characterization
of the number of, and the properties of ambient air in, en-
trainment processes in ice-supersaturated UT air parcels, in-
cluding variability in the moisture field on scales of order Lo.

Minimum and maximum sizes of turbulent eddies repre-
sented in our model may not be identical to the physical inner
and outer turbulence length scales. We generally found a low
sensitivity of average SD properties upon variation in the
model length scales.

Ice supersaturation development in nature is more complex
than illustrated here. In contrast to observations, further high-
resolution modeling may provide information for the entire
range of scales of interest. For example, future work may em-
ploy stochastic entrainment modeling in the context of a par-
cel model (Abade et al. 2018). Alternatively, our results may
be augmented by applying the one-dimensional turbulence
model (Kerstein and Wunsch 2006), combining the LEM with
a dynamical method for choosing eddy sizes and locations.
Furthermore, DNS may help judge the simplified treatment
of entrainment in our model and pin down the influence of
developing turbulence on ice supersaturation distributions
(Chandrakar et al. 2022).

Our study is a starting point to better understand turbu-
lence–ice nucleation interactions during cirrus formation.
Homogeneous freezing of aqueous solution droplets and
heterogeneous activation of ice-nucleating particles (INPs)
depend on temperature and ice supersaturation. A typical ho-
mogeneous freezing event occurs within a small range of ice
supersaturation, within about 0.03 depending on the updraft
regime. Many INPs activate across a larger range of supersat-
uration, within about 0.1.

Given the level of variations in supersaturation and inho-
mogeneous mixing features discussed here, it is conceivable
that cirrus formation is affected by microscale turbulence. To
which degree nucleated ice crystal numbers change is hard to
estimate without detailed numerical simulations in view of the
nonlinear dependence of the ice nucleation process on tem-
perature and supersaturation. In subsequent work, we will
extend our model to include Lagrangian aerosol and ice
microphysics and study the effect of turbulence on cirrus
formation.
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APPENDIX A

TKE Dissipation Rate: Atmospheric Measurements

In cloud-free UT regions at northern midlatitudes, e can
be as small as 1028

–2 3 1027 m2 s23 (Schumann et al. 1995;
Gultepe et al. 1995; Mühlbauer et al. 2014). Another set of
aircraft measurements in the UT over the southern tip of
South America found (3–9) 3 1025 m2 s23 (Dörnbrack et al.
2022). High vertical-resolution (5 m) radiosonde data
revealed a long-term (12 years) mean value of about 1.8 3

1024 m2 s23 in the UT over the United States (Ko et al.
2019). Median values of e derived from multiyear (2010–13)
radar measurements between 5- and 15-km altitude over
Northern Norway were about (1.6–5.2) 3 1024 m2 s23 (Li
et al. 2016). Breaking of a mountain wave near the tropo-
pause resulted in about 1023 m2 s23 (Whiteway et al. 2003).
Aircraft data suggested a wide range of turbulence condi-
tions also in the TTL, e 5 1028

–1022 m2 s23 (Podglajen
et al. 2017; Atlas and Bretherton 2023). Lindborg (1999)
reports a typical range 1026

–1025 m2 s23 for tropopause
conditions. Turbulence intensities in tropical anvil cirrus in
response to radiative heating reached values up to about
e 5 5 3 1023 m2 s23 in cloud-resolving simulations
(Hartmann et al. 2018), possibly contributing to the longev-
ity of these clouds by promoting ice nucleation.

In sum, very low levels of turbulence in the cloud-free
UT are characterized by values up to e ’ 1026 m2 s23.
Such values are probably characteristic for the UT over
oceans or flat land surfaces away from sources of mesoscale
variability and for regions of strong stratification and weak
wind shear. The highest values exceed 1023 m2 s23 and rep-
resent very rare episodes of intense active turbulence.
While it is arguably difficult to characterize typical UT con-
ditions in terms of a single value for e in cloud-free condi-
tions, a range of values, 1026

–1024 m2 s23, are supported
by observations. In-cloud values can be significantly larger.

APPENDIX B

Scalar Transport and Length-Scale Reduction

The Péclet number Pe, as a measure of scalar transport,
is most generally defined by the ratio of advective to diffu-
sive scalar transport rates, Pe 5 uL/D. Here, u is a flow
velocity, L is a turbulence length scale, and D is a mass
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diffusion coefficient. We introduce inertial range scaling,
i.e., e 5 (TKE)3/2/L and u5

�������
TKE

√
.

In our case, u 5 w′, L 5 L1, and D 5 Dt. Using
tt 5 L2

1/Dt, we get Pe 5 ttw′/L1. Applying the above scal-
ings shows that the advective time scale, L1/w′, is identical
to Eq. (3) for ‘5 L1; hence, Pe 5 tt/L1. Alternatively, for
stratified turbulence, we use Dt 5 e/N2 and L1 5

�������
TKE

√
/N

to evaluate the “advective diffusivity,” w′L1. This leads to
Pe 5 Dt/Dm. Note that in these order of magnitude scal-
ings, Dt differs from Eq. (4) by a factor of 3.

As t‘ represents the time needed for a size-‘ eddy to traverse
the full inertial range, an approximate equation for the eddy
size evolution is given by d‘/dt52‘/t‘ ~ (e‘)1/3 (Jensen and

Baker 1989). With the initial condition ‘(t5 0)5 L1 and the
scaled time t 5 t/tL1

, the solution is ‘(t)5 L1[12 (2t/3)]3/2.
The rate d‘/dt is viewed as the average rate of scale reduction
in the LEM, and the solution shows that this reduction occurs
over roughly one large-eddy mixing time tL1

.
In sum, for Pe.. 1, tL1

is the shortest transport time scale
and scalar features are broken down by turbulence after t .. 1.

APPENDIX C

List of Symbols and Acronyms

Table C1 lists the symbols and acronyms used in this study.

TABLE C1. Symbols and acronyms used in this study.

Symbol Description Units

a Dry-adiabatic coefficient m21

g Acceleration due to gravity m s22

h Lagrangian air parcel altitude m
f Probability distribution of eddy sizes m21

‘ Size of turbulent eddy m
nb Number of blobs inserted during entrainment }

p Air pressure Pa
ps Ice saturation vapor pressure Pa
py Water vapor partial pressure Pa
q Parcel water vapor mixing ratio }

qe Environmental water vapor mixing ratio }

s Ice supersaturation }

sm Gridpoint ensemble-mean s average }

t Lagrangian air parcel time s
tK Kolmogorov time scale s
t‘ Turbulent mixing time for size-‘ eddy s
tmax Maximum simulation time s
tm Time scale for molecular diffusion s
tt Time scale for turbulent diffusion s
tL1

Large eddy mixing time scale s
w Updraft speed of air parcel m s21

z LEM grid altitude in the Lagrangian air parcel m
Dt Turbulent diffusivity m2 s21

Dm Molecular diffusivity m2 s21

F Cumulative distribution of eddy sizes }

H Maximum parcel altitude wtmax m
J Number of LEM grid cells }

K Ensemble size }

L2 (L1) Inner (outer) LEM length scale m
Lf Thickness of a homogeneous freezing layer m
Lo Outer length scale in turbulence m
LO Ozmidov length scale m
N Brunt–Väisälä frequency s21

Ns Total number of stirring events n stmax }

Pe Péclet number for mass transport }

R Random number [0, 1] from uniform distribution }

Rg Specific gas constant for dry air J (kg K)21

Re Buoyancy Reynolds number }

ReLEM Model Reynolds number }

S Ice saturation ratio s 1 1 }

Sc Molecular Schmidt number }

Se Environmental ice saturation ratio }

Shom Homogeneous freezing threshold }
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