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Abstract

In this study, a finite deformation phase-field formulation is developed to investigate the effect of hygrothermal conditions on
the viscoelastic—viscoplastic fracture behavior of epoxy nanocomposites under cyclic and monolithic loading. The formula-
tion incorporates a definition of the Helmholtz free energy, which considers the effect of nanoparticles, moisture content,
and temperature. The free energy is additively decomposed into a deviatoric equilibrium, a deviatoric non-equilibrium, and
a volumetric contribution. The proposed derivation offers a realistic modeling of damage and viscoplasticity mechanisms
in the nanocomposites by coupling the phase-field damage model and a viscoelastic—viscoplastic model. Numerical simula-
tions are conducted to study the cyclic force—displacement response of both dry and saturated boehmite nanoparticle (BNP)/
epoxy samples, considering BNP contents and temperature. Comparing numerical results with experimental data shows
good agreement at various BNP contents. In addition, the predictive capability of the phase-field model is evaluated through
simulations of notched nanocomposite plates subjected to monolithic tensile and shear loading.
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1 Introduction

In the field of engineering, a major challenge is reducing
the weight of structures to improve their performance and
functionality for specific applications. To achieve this,
researchers are focusing on both optimizing the structure
and developing new materials that have superior thermo-
mechanical properties but are lightweight. One such material
is polymer nanocomposites, which combine the desirable
attributes of polymers, such as low weight and high ductility,
with the unique features of nanoparticles [1-3]. Studies have
shown that boehmite nanoparticle (BNP) reinforced epoxy
composites are among the most promising composites for
lightweight structures due to their high strength-to-weight
ratio [4]. Compared to neat epoxies, BNP/epoxy nanocom-
posites have significantly improved mechanical properties,
including strength and fracture toughness [4—6].
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To advance the material innovation, reliable models
are required to predict how external conditions (such as
loading rate, temperature, and moisture) and microstruc-
tural parameters (such as nanoparticle/matrix interactions)
affect the material behavior of nanocomposites. Continu-
ing research activity on polymers and their composites
has led to a variety of phenomenological or physically

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00366-024-02041-8&domain=pdf

Engineering with Computers

motivated constitutive models [7—12] to elucidate their
nonlinear rate- and temperature-dependent behavior.
Boyce et al. [13] developed a constitutive model based
on a composite-type formulation considering the micro-
structure of semicrystalline polymers. In the model, the
soft amorphous and stiff crystalline phases are treated as
the matrix and fillers, respectively. Later, based on the
model, Qi and Boyce [14] proposed a viscoelastic—vis-
coplastic constitutive model to capture the nonlinear,
rate-dependent, and softening behavior of thermoplastic
polyurethanes. Li et al. [15] introduced a physically-based
viscoelastic constitutive model for elastomers at large
deformation, where elastomers are assumed to be cross-
linked networks with superimposed free chains. Nguyen
et al. [11] developed and experimentally calibrated a rate-
dependent damage constitutive model for epoxy resins to
study the nonlinear behavior of amorphous glassy poly-
mers. Based on the definition of Helmholtz free energy,
N’Guyen et al. [16] derived a thermodynamical framework
for the thermo-chemo-mechanical couplings in polymer
materials at finite deformation.

However, predicting the nonlinear stress—strain response
of polymer nanocomposites is more challenging due to the
heterogeneous distribution of agglomerated nanoparticles
in the matrix and complex interactions between the matrix
and nanoparticles. To overcome these challenges, Fankhénel
et al. [17] developed an atomistically-informed finite element
(FE) model to investigate the material properties of BNP/
epoxy nanocomposites. They used molecular simulations to
characterize the interphase properties between BNPs and
epoxy matrices, which were then scaled up to the continuum
level. FE simulations of representative volume elements of
the nanocomposites were then performed to homogenize the
effective material properties. Arash et al. [6, 18] proposed
a multiscale framework to calibrate a viscoelastic damage
model for BNP/epoxy nanocomposites at finite deforma-
tion. The resulting model was validated through experimen-
tal-numerical testing, demonstrating its ability to accurately
capture the stress—strain relationship of the nanocomposites,
including nonlinear hyperelastic, rate-dependent, and soften-
ing behavior. Unger et al. [19, 20] extended the framework
to characterize the thermo-viscoelastic damage behavior of
BNP/epoxy nanocomposites and developed a robust param-
eter identification procedure.

When it comes to computational modeling of fracture in
polymer nanocomposites, accurately predicting crack ini-
tiation and propagation is crucial. Research has shown that
cracks are related to the generation of microvoids and micro-
cracks in loaded polymer materials [11, 21]. As loading
continues, these microvoids and microcracks will coalesce,
leading to the birth of complete cracks. The damage mecha-
nisms and nonlinear material behavior are also affected by
nanoparticle contents and hygrothermal conditions [22-25].
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However, FE modeling of the damage mechanisms based
on the local continuum description of damage typically suf-
fers from an inherent mesh dependence [26, 27]. This occurs
when displacement discontinuities are introduced in numeri-
cal methods with a continuous displacement field. One way
to address these discontinuities is to use remeshing tech-
niques based on the linear elastic fracture mechanics or the
cohesive zone model at the element boundaries [28, 29].
The discontinuities can also be addressed by employing the
embedded strong discontinuity approach and the extended
FE method at the intra-element level [30-32]. While the lin-
ear elastic fracture mechanics and cohesive zone model are
popular due to their simplicity and effectiveness in specific
applications, they require additional criteria to study crack
initiation, propagation, and branching [33]. In the enriched
FE methods, the discontinuities can be incorporated into
the approximation space by enhancing the kinematics of
FE. However, despite the advantages of these discrete frac-
ture mechanics models, explicitly tracking the discontinuity
surface in these models can be a difficult task, especially
for problems with arbitrary and complex crack paths [34].
Consequently, modeling complex fracture problems remains
a challenging issue.

To overcome these issues and investigate damage and
failure in materials, regularized solutions have been pro-
posed in the literature. Various models have been devel-
oped based on regularization theories, such as the gradient-
enhanced damage model and its variations [35-39]. These
models include the phase-field model (PFM) [40-42], which
provides variational fracture models by minimizing poten-
tial energy consisting of the bulk energy, external forces
work, and surface energy. PFMs use a scalar phase-field
parameter to describe the smooth transition from an intact
material to a fully broken state, making them an alterna-
tive to discontinuous crack modeling. They are capable of
predicting complex patterns of crack initiation, propagation,
and branching. PFMs have been used to study brittle, quasi-
brittle, and ductile fracture [43-51]. Shanthraj et al. [52] for-
mulated a PFM for elasto-viscoplastic materials, which gives
a physically realistic description of the material behaviour
at the crack tip. Dean at al. [53] developed a PFM for long
fiber polymer composites by encompassing the differentia-
tion of fiber and matrix failure phenomena. The formulation
incorporates plastic effects via an invariant-based plastic-
ity model for matrix-dominated deformation states. Msekh
et al. [54] developed a PFM to predict the tensile strength
and fracture toughness of clay/epoxy nanocomposites, while
Goswami et al. [55, 56] proposed a neural network algorithm
for phase-field modeling of fracture in brittle materials. The
simulation results show that the proposed approach can
match the crack paths reported in the literature.

Furthermore, some phase-field formulations have
been derived to study the rate-dependent fracture of
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solids [57-60]. In the case of polymer nanocomposites,
Arash et al. [24, 39] developed a phase-field formulation to
study the nonlinear viscoelastic fracture behavior of BNP/
epoxy nanocomposites at finite deformation, considering
the effect of hygrothermal conditions. The formulation
takes into account the effect of temperature, moisture, and
nanoparticle contents, and defines the Helmholtz free energy
through an additive decomposition of energy into equilib-
rium, non-equilibrium, and volumetric contributions, with
varying definitions under compressive and tensile loading.

In addition to the above-mentioned inelastic mechanisms
(i.e., nonlinear viscoelasticity and damage), experimental
observations suggest the presence of additional irreversible
deformation in nanocomposites subjected to cyclic load-
unloading [23]. This indicates that the nanocomposites
undergo viscoplastic deformation, which could significantly
affect their overall behavior. Hence, for the more realistic
modeling of these materials, a phase-field formulation,
which incorporates both nonlinear viscoelasticity and vis-
coplasticity, is necessary.

To address the issue, this study focuses on developing
a PFM to investigate the cyclic viscoelastic—viscoplastic
fracture behavior of BNP/epoxy nanocomposites under
hygrothermal conditions. For this, a PFM with a fracture
mechanics-based crack driving force is developed, consider-
ing the effect of nanoparticles, moisture content, and tem-
perature. Meanwhile, dogebone tensile tests under dry and
saturated conditions are conducted to calibrate and validate
the proposed PFM at various BNP contents. The numeri-
cal-experimental comparison reveals that the PFM can accu-
rately predict the damage and viscoplasticity mechanisms in
the nanocomposites. Furthermore, the predictive capability
of the model is qualitatively evaluated through simulations
of notched nanocomposite plates subjected to monolithic
tensile and shear loading.

This work is organized as follows. Section 2 presents
a viscoelastic—viscoplastic model describing the rate- and
temperature-dependent behavior of the BNP/epoxy nano-
composites at finite deformation. In Sect. 3, the governing
equations of the PFM and the corresponding weak form
and discretized equations are provided. In Sect. 4, numeri-
cal simulations are presented to validate the proposed PFM
and study the effect of nanoparticle content, moisture and
temperature on the fracture evolution in the nanocomposites.
Finally, Sect. 5 summarizes the findings.

2 Constitutive model for nanoparticle/
epoxy

In this section, a viscoelastic—viscoplastic model illustrated
in Fig. 1 is presented for BNP/epoxy nanocomposites. The
stress response comprises of an equilibrium, two viscous,
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Fig.1 One-dimensional schematic of the viscoelastic-viscoplastic
constitutive model

and a volumetric component to capture the nonlinear rate-
dependent behavior of materials. The effect of BNPs and
moisture on the stress—strain relationship is taken into
account by defining an amplification factor as a function
of the nanofiller and moisture contents. A modified Kita-
gawa model is also adopted to account for the effect of
temperature.

2.1 Kinematics

The total deformation gradient, containing the mechanical
deformation, is multiplicatively split into a volumetric and
deviatoric part as

F = J'F, M

where J = det[F] and F are the volumetric deformation and
the deviatoric deformation gradient, respectively. The vol-
ume deformation is further decomposed into two terms: the
mechanical compressibility J,,, the thermal dilatation J,,
and the moisture-induced swelling J,, leading to an overall
volumetric deformation as

J =10y, @
where

Jop=1+a,(0-6,), 3)
and

J,=1+a,w,. 4)

In the equation above, a, and «a,, are, respectively, the ther-
mal expansion and the moisture swelling coefficient, 6 is
the absolute temperature, 6, = 296 K is the reference tem-
perature, and w,, is the moisture content [24]. Our model
incorporates experimental characteristics by decomposing
the material behavior into a viscoelastic and a viscoplas-
tic part, corresponding to the time-dependent reversible
and time-dependent irreversible response, respectively. We
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further decompose the viscoelastic stress response into a
hyperelastic network and a viscous network. The hyper-
elastic spring, associated with the entropy change due to
deformations, captures the equilibrium response, while the
viscous network composed of an elastic spring and a viscoe-
lastic dashpot describes the non-equilibrium behavior of the
nanocomposites.

The deviatoric part of the deformation gradient
is decomposed into a viscoplastic and a viscoelastic
component [61]:

F=F,F, )

Also, the viscoelastic deformation gradient is split into an
elastic and an inelastic part as

F,=FF, (6)

Accordingly, similar decompositions are obtained for the left
Cauchy—Green deformation tensors:

B=FF , @)
B, =FF, 8)
B,=F,F.. )

The total veloc}ty gradient of the viscoelastic network,
L, =F,(F,) ", can be decomposed into an elastic and a
viscous component analogously to Eq. (6)

L,=L +FLF =L +L, (10)
and
L=FF'=D+W, (11)

Here, a tilde (~) is used to denote the intermediate con-
figuration. ﬁv represents the rate of the viscous deformation
and Wv is a skew-symmetric tensor representing the rate of
stretching and spin, respectively. With no loss in generality
as shown in [14, 62], we make the intermediate state unique
by prescribing W, = 0. The rate of the viscoelastic flow is
described by

D = i devl|o’
T 7 V[0 eq (12)
neq
where 7,,,, =|| dev[o,,,] || represents the Frobenius norm of
the driving stress, £ is the viscous flow and6’ =R’o,, R
neq e qe

represents the stress acting on the viscous component in its
relaxed configuration. The viscous flow is defined by the
Argon model

@ Springer

wmaen G () )

where k,, £,, AH and 7, are the Boltzmann constant, a pre-
exponential factor, the activation energy and the athermal
yield stress. Recent models [63] have shown a better agree-
ment with experimental data by using the exponential fac-
tor m as a material parameter and therefore reconcile the
moisture- or temperature dependency of the stiffness with
the softening of the viscoelastic flow. We also modify the
athermal yield stress of the argon model and propose a non-
linear behavior of the athermal yield stress driven by the
local chain stretch A, in contrast to the linear modifica-
tion proposed by [14]. )

It can be shown that the time derivative of F, can be
derived from Egs. (11) and (12) as follows [64]:

dev[o" ] .

— neq

P=F'¢,— - "F (14)
¢ Tneq

Similarly, the total velocity gradient of the overall network,
L = F(F)~, can be expanded to the following:

- — — — — _l — ~
L= Lve + LvevaFve = Lve + va' (15)
Again, we consider the viscoplastic velocity gradient to be
additively decomposed into the symmetric rate of stretching
and the skew-symmetric rate of spinning:

= __1 ~
L,=F,F =D, +W,, (16)

v~ vp

and we take VVW = 0 again leading to:

. £y
D,, = — dev[o], (17)
T
tot
where dev[o] is the deviatoric part of the total stress and
7,,; =|| dev[o] ||. To characterize the viscoplastic flow £,
we implement a simple phenomenological representation as
follows:

Tiot < O

fo
fw = { ale — €)’¢ 1, > 0y’ (18)

where a, b and o, are material parameters. €, is the stress at
which the viscoplastic flow is activated, represented by the
Frobenius norm of the Green strain tensor || E ||, which is
derived from the deformation gradient:

E= % F'F—1), (19)

and ¢ is the strain rate of the effective strain || E ||,
thus introducing a simple strain-rate dependency of the



Engineering with Computers

viscoplastic flow. Analogous to Eq. (14), the time derivative
of the viscoplastic deformation gradient is given by

- - d -
= F;el évaFa (20)

Tt ot

characterizing the rate kinematics of the viscoplastic flow.
We obtain the viscous and viscoplastic deformation gradi-
ents at the end of a time increment using the Euler backward
time integration.

In Egs. (20) and (14), the midpoint method is used to
numerically obtain the inelastic deformation gradient at the
end of a time increment, i.e.,

—i+d o dt =

t
v/vp _Fv/vp 2 Fv/»p 2D

d/

—t+dt

o/ =F T th : (22)
To calculate the elastic deformation gradient at the midpoint,
it is also required to find the total deformation gradient at the
midpoint. This is done by taking the average of the deforma-
tion gradient at the start and end of the increment

t+dt

F + F
2

—H——

F (23)
The equations to be solved for each time increment are sum-
marized in Table 1.

2.2 Phenomenological viscoelastic-viscoplastic
model coupled with a phase-field description

Following the additive decomposition of the free energy pro-
posed in [46], the overall free energy of the material can be
decomposed into an equilibrium y,,,, a non-equilibrium v,
and a volumetric party,, as

w(B,.B,.J. ) =¢(@) (W, (B,.) + Wuey(B,) + w,0i()).

(24)

The energetic degradation function g(¢) captures the evo-
lution of the strain energy versus the phase-field variable
(¢ € [0, 1]) and satisfies the following conditions

g(0) =1, g(1) =0, g'(¢) < 0andg'(1) = 0. (25)

The conditions prescribe a monotonic decreasing behavior
during the fracture evolution.

Here, the equilibrium y,, and non-equilibrium v, parts
of the free energy are defined by the neo-Hookean hyper-
elastic model as

1 _
PoWeq =7 Heq(Vips 05 w,,) (11 (B.) = 3), (26)
and

1 _
pOWn(_q 2)“11(:(1( np> 9 w )(11 (Be) - 3)’ (27)

where /,(-) = tr[-]is the first invariant of the tensor, y,, and
Hneq @re BNP content-, temperature- and moisture content-
dependent material parameters, and p, is the initial density.
The material parameters y,, and p,,, depend on temperature,
BNP volume fraction v,,, and water content w,,

Heq (Vips 0:w,,) =X (Vs w,, ) HO,(0), (28)

”neq( np’e w ) =X(Vnp’WW)”2eq(9)‘ (29)

Assuming that BNPs are well-dispersed rigid particles in
the epoxy matrix, the Guth—Gold model is adopted by which
the effective stiffness of particle-filled solids is obtained by
(E) = XE,,, where E,, is the stiffness of matrix [65]. The
amplification factor X is typically a function of fillers’ vol-
ume fraction and distribution. So far, some attempts of vari-
ous levels of sophistication have been conducted to incorpo-
rate the effect of particle/matrix interactions on the effective
modulus of polymer composites. Most of these models sug-
gest a polynomial series expansion for the amplification fac-
tor. Here, a modified Guth—Gold model suggested in [24] is
used to account for uniformly distributed nanoparticles and
moisture content as follows

X =(1-95w, +0.05Tw2)(1+3.5v,+182 ). (30)

In Eq. (30), the effect of moisture content on the material
behavior is taken into account based on experimental data.
The modified amplification factor proposed in this work is a
first step to capture the stress—strain behavior of BNP/epoxy
nanocomposites under hygrothermal conditions. Further-
more, to consider the effect of temperature on the material

Table 1 Summary of step-by-
step algorithm for each time
increment

1. Known values at time #: Deformation gradient (F), and state variables (FV, va))

2. Known values at time ¢ + dt: Deformation gradient F

3. Calculate F, at ¢ + dt using Eq. (14) and the time integration equations presented in Egs. ()—()

4. Calculate va at ¢ + dr using Eq. (20) and the time integration equations presented in Eqs. ()—()

@ Springer



Engineering with Computers

properties, a modified Kitagawa model proposed by Unger
et al. [20] is utilized with the following equations:

,Ll #eqref(z_exp [(1'(0—90)]), (31)
”it)eq z‘ugeq,ref(z — &xp [a(e - 00)] ) (32)

The volumetric part of the free energy v, is also defined by

J2
=%h< 1n[]> (33)

where the bulk modulus is assumed to be
k, = (2 —exp [a(O —0))])Xk", and k* is the bulk modulus
at room temperature. The total stresses are then obtained

from

PoW¥vor

0 =8(Cu + 0101 (34)
where
D
O ey = J- (l’lquve + /’lnqug )’ (35)
and
k J J, — L 1 36
Oyl = 2 v m Jm . ( )

Here, 11is the identity tensor. The constitutive model is able
to capture the nonlinear elasticitiy at finite deformation, the
nonlinear viscoelastic behavior, viscoplastic flow because of
stress driven chain sliding, and the effect of temperature and
moisture content on the stress—strain relationship.

3 Phase-field model at finite deformation

To evaluate the predictive capability of the proposed consti-
tutive model, we use the model to present a formulation of
the PFM for nanoparticle/polymer composites. This section
presents a variational phase-field formulation for quasi-brit-
tle fracture at finite deformation, the continuum mechanics
incremental scheme and FE equations are derived to show
the procedure of analysis.

3.1 Problem field description
The strong form of the boundary value problem in the ref-

erential configuration for the coupled displacement u and
phase-field variable ¢ can be written as

Vy.P+B=0inQ, 37
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PN=TonT, (38)

Gc -1 ! .

l—d) = G.lyVx.(Vx¢.C™') = —g'(¢)H in Q, (39)
0

Vydp.N=0inT, (40)

from which the Euler-Lagrange equations in the spatial form
are obtained as

V.c+b=0inQ, 41)
on=tonl, (42)
G, , .

Zd) -GV, V.p=—g(dp)Hin L, (43)
V.¢n=0inT,, (44)

where P and o are the first Piola—Kirchhoff stress and
the Cauchy stress, respectively, and C = FF is the right
Cauchy—Green deformation tensor. The coupled equations in
the the spatial configuration is formulated by o = Pcof (F_1 ),
Vy(-)=V_(-)Fand b = J~'B, where cof(F) = JF ",

In the equations above, [, is the length scale that controls
the width of the diffuse crack. It is a numerical parameter used
to regularize sharp cracks, and it is also considered a material
parameter that is experimentally calibrated [66].' =T, U,
B and b respetively represent the vector of body forces in the
referential and spatial configuration, N and n are respectively
the outward unit normal vector on the boundary I', of the
body Q, and the boundary I'; of the body Q,, and T and ¢
are respectively the traction force in the referential and spatial
configuration.

To take into account the effect of BNP content on the
fracture evolution in the nanocomposites, the energy release
rate is taken to be G, = XGS. To account for the tension-
compression asymmetry, the variational formulation has to
be modified. However, there is no general method to split the
energy into tensile and compressive components. All decom-
positions are somewhat arbitrarily and at best justified by
mathematical considerations. Here, to realisticly model dam-
age and viscoplasticity mechanisms in the nanocomposites,
a fracture mechanical-based crack-driving force proposed
in [67] is chosen as follows

H(¢t) =max Y, (45)

7€[0,1]
1> , (46)
+

where

_ G, oy
y _E<O-m>+<o__d -
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and o, is the mean stress defined by
o = (07 + 0y +0p) /3. 47

Here, (a), = %(a + |a|), o, is a material parameter, and
o; > oy > oy are the principal stresses (i.€., the eigenvalues
of the Cauchy stress tensor). Notably, while variationally
determined crack-driving forces are applicable to simple-
structured materials, extending them to materials with com-
plex microstructures and highly nonlinear, rate- and temper-
ature-dependent behavior under complex loading conditions
is unfeasible. Therefore, we use a physically motivated
crack-driving force postulated from a failure criterion. This
allows modeling fracture in the epoxy nanocomposites con-
sistent with experimental observations.

‘H ensures the positive evolution of the phase field vari-
able, which prevents the healing of cracks. Also, a mono-
tonically decreasing degradation function g(¢), satisfying
conditions presented in Eq. (48), is given by

g(@) =(1 — @) +k, (48)

where k is a small positive parameter introduced for ensuring
the stability of the solution [42].

To obtain the weak form of the governing equations, the
weighted residual approach is used. Accordingly, Eqgs. (37)
and (39) multiplied by weight functions and integrated
over £2,. Using the divergence theorem and imposing the
boundary conditions, the weak form of the governing
equations is obtained as follows

/P : VXrludV_/pOB'nudV

QO -QO (49)
—/T-m,dA —0 Vn,€H\(Q)

Ty
and

G, -
/ <g’(¢)Hn¢ + 1y~ GeloVxd - c'. Vxn¢>dV
Q2 0
=0 V 1n,€HQ).
(50)

The weak form in the spatial description can then be derived
as

/0' : Vxnudv—/p,b-nudv—/i-nuda

2, 2, r, (51
=0 Vn, €Hy),

and

/ <J“g’(¢)Hf1¢ +J7! %qbnqa —J'G 1V, Vxn¢>dv
0
2
=0 Vi, € Hy(Q).
(52)
The Egs. (51) and (52) in terms of spatial arguments are
formulated using dv = JdV and nda = cof (F).

3.2 Consistent incremental-iterative scheme
Assuming that only deformation-independent loads act on the

body, Egs. (49) and (50) can then be expressed in terms of
external and internal nodal forces as

M =fie Sy =0 (53)

o =f —fh =0, (54)

where

f;?” Z/P : VXnudV’ (55)
‘QU

e‘;t=/pOB-nudV—/T-nudA, (56)
Q Q

b = =Lyt _1&
S JT g (dHn, +J 7 1y
0

2 (57)

1

—J7'G Ly V- Ving)dv,

f2,=0 (58)

ext —

By linearizing Eqs. (53) and (54) at iteration i + 1 with
respect to the previous iteration i, a consistent tangent stiff-
ness is obtained as follows

o = A =0, (59
=t A, (60)
where

A=D1 - Au+Dyr! - A\ 61)
and

Ar? =D - Au+Dyr? - Ao. (62)
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The linearization of Egs. (51) and (52) in spatial formulation
can finally be obtained using a push fowrard of the linearized
equation in the referential configuration

/(VxAu-a-Vxnu+V;nu-6-V;Au)dv
o

t

; / (Von, - Dyo - Ad)dv 63)
Qf

= th _fiLrln,i

and

/ (J—‘g’(qs)zﬁ B AN und,)dv
og
2,
G
+ / (J‘lg”(@H AN ny+J7! 7 Dy +IGL VY, AN g Vxnd,)dv
0
&2,

=fed;r _f[fz.[
(64)
In the equations above, ¢ = J “le= % is the tangent moduli,

and S is the second Piola—Kirchhoff stress. Also,
90 _ poOET
og aCc-

3.3 Finite element formulation

The linearized equilibrium and phase-field equations are
finally summarized in the following system of equations:

K?u K;“ﬁ AUH_I — f;xz _ f;‘lm,i (65)
K;l’” Kf’d’ YA fZl-, f?:zz,i
where
K" = / B,¢B,dQ + / B oB,dQ, (66)
Q Q
K= [ B7( 22 \N, d0
i = u a_ ¢ ’ (67)
o
du _ T —1 ,267_{
k= [ N¢<J o )Budﬂ, (68)
Q

- Ge
K = / -1 <N£ <gu’]-[ + l—>N¢ + GCZOB(TﬁBd))d.Q,
o 0
(69)

In the equations above, the shape function matrices N, and
N interpolate the nodal values u and ¢, respectively, and
B, and B are the gradient operators for the displacement
and the nonlocal equivalent strain, respectively. The same
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shape functions interpolate the nodal values of the weight
functions n, and 7,

In what follows, the two fields of the phase-field frac-
ture problem are solved using a staggered algorithm pro-
posed by Miehe et al. [43]. The staggered solution, which
decouples the equilibrium and phase-field equations, has
shown to be computationally efficient and robust through
its broad application in the literature [68, 69]. Accord-
ingly, the coupling terms K;‘d’ and K;ﬁ" are not taken into
account.

3.4 Consistent tangent moduli based
on the Jaumann-Zaremba stress rate

When dealing with large rotations, it is incorrect to use
just the material derivatives of the stress tensors (such as
the rate of Cauchy stress), as they do not transform prop-
erly as a tensor under a superposed rigid body motion. To
ensure the objectivity of the stress rate, the formulations
presented in this section is used to compute the tangent
that is consistent with Jaumann—Zaremba rate formulation.

In order to integrate the viscoelastic model into the
incremental-iterative FE framework, the tangent modulus
tensor C%/ = ‘;—: needs to be explicitly specified. However,
a closed-form calculation of the tangent tensor is not a
straightforward task. Here, we use an efficient numerical
approximation of the tangent moduli proposed by Sun
et al. [70]. In this approach, by perturbing the deformation
gradient, the tangent moduli for the Jaumann rate of the
Cauchy stress are accurately approximated by a forward
difference of the Cauchy stresses. The Jaumann rate of the
Cauchy stress can be expressed as

v
6=6-Wo—cW' =C:D (70

The linearized incremental form of Eq. (70) is then obtained
from

Ac — AWe — cAWT =C% : AD 71)

To numerically calculate components of C%/, Eq. (71) is
perturbed by applying small perturbations to components
of AD and AW tensors. Here, AWij and ADij tensors with
perturbed (i,j) components are expressed as

1 1 -\T
AW, =3 (AF,F = (aF,F 7)), (72)
and

1 1 -1\ T
AD, :§<AFUF + (AF,F )), (73)

where the corresponding perturbed AF; is obtained from
perturbing its (i,j) component as [71]
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AF; =2 (6 ® ¢F +¢; @ F). (74)
Here, € is a perturbation parameter. According to the report
in [72], using e = 1073 can produce good results, but smaller
values can lead to even better results. Also, values smaller
than 10~ do not provide any additional benefit regarding the
number of iterations required. By substituting Eq. (74) into
Egs. (72) and (73), we have

AWU =0, (75)
€
AD; =§(ei®ej+ej®e[). (76)

It is noteworthy that AD has six independent components
due to its symmetry. Therefore, the choice of (i,j) would
be (1,1), (2,2), (3,3), (1,2), (1,3), and (2,3). The perturbed
deformation gradient F ; can then be written as

A

F,; =F + AF, 7

Using Eq. (77), Ao is approximated by the forward differ-
ence of the perturbed and unperturbed Cauchy stresses

Ac zo’(ﬁ’ij> —o(F). (78)
Substituting Egs. (75), (76) and (78) into Eq. (71) gives

o(ﬁg) - o(F) ~C; : g(ei Re+e®¢). (79)

Using Eq. (79), the numerical approximation of the tangent
moduli is finally obtained as

cg! =2[o(F,) - o) (80)

i e

where C;J represents the components of the tangent modulus
tensor C°/ calculated by the perturbation of AF ;- The tan-
gent contribution, accounting for the Jaumann rate formula-
tion, is then used in the FE analysis. Table 2 summarizes a
step-by-step algorithm adopted from [73] to compute the
mechanical tangent required for the FE analysis.

4 Fracture experiments and numerical
simulations

This section aims to identify and validate the proposed
PFM’s parameters. Firstly, we compare the numerical results
of dogbone tests of BNP/epoxy samples with experimen-
tal data. Then, we study the influence of temperature on
the fracture evolution. Lastly, we qualitatively evaluate the
model’s ability to predict fracture patterns using the well-
known single-edge notched tests.

4.1 Experiments
The samples used for conditioning and mechanical tests are

obtained from the panels shown in Fig. 2. In epoxy systems,
necking in the tension direction is not a material property

Table2 Summary of step-by-
step algorithm used to compute
the tangent moduli

1. Define a perturbation parameter: € = 107>

2. Compute the right Cauchy-Green tensor: C = F'F

3. Calculate the Cauchy stress tensor (i.e., ¢) using equations presented in Sect. 2

4.fork=1...3do
5. forl=1...3do

6 Initialize F = F

7. Perturb Fy = F,, +¢/2
8 Perturb ¥, = F, + ¢/2
9

Calculate the corresponding perturbed stress response Ao using Eq. (78)

10. fori=1...3do

11. for j=1...3do

12. Compute and store C
presented in Eq. (80)

13. end

14. end

15. end

16. end

o
ijkl

and C;’IJ based on the Jaumann stress rate of the Cauchy stress as

jlk

17. Determine the material tangent: C°/

18. Store the tangent tensor in Voigt-type matrix

19. Solve the system of equations presented in Eq. (65) using a staggered algorithm [43]

@ Springer
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Fig.2 Planar dimensions of the specimen for conditioning and
mechanical loading-unloading tests with a thickness of 2.3 mm. All
dimensions are in millimeters

but rather a structural instability [63]. Therefore, a notch is
introduced to mitigate the effects of material imperfections
and necking on the yield. The samples are conditioned at
60 °C and 85% relative humidity until they reach the satu-
rated state at a moisture concentration of 1.0% for the neat
epoxy system and 1.2% for the BNPs reinforced epoxy. The
total conditioning time was 115 days. Finally, the samples
are subjected to mechanical loading—unloading tests accord-
ing to the DIN EN ISO 527-2 testing standard. An extensom-
eter is used to measure the specimen’s elongation, and a load
rate of 1 mm/min is applied. Before the final loading cycle
that led to failure, six cycles were performed by loading the
specimen to a specific amplitude and unloading it until the
loading force reached zero.

4.2 Simulations

The specimen’s symmetry allows for a more efficient FE
analysis. By using the symmetries and analyzing a quarter
of the specimen, we can obtain a complete solution of the
entire model with less computational cost. As illustrated
in Fig. 3, the model considers the double symmetry of
the sample at the mid-length and width. The uppermost
side’s vertical displacement and the left side’s horizon-
tal displacement of the specimen are restrained, while a
horizontal displacement is applied to the right side of the
specimen, as shown in the figure.

Figure 3 shows the corresponding mesh with 1563 four-
noded quadrilateral (Q4) elements. Due to high-stress con-
centrations in the right part of the model, the mesh size
is refined to around 0.1 mm in the area, while the length
scale parameter is set to 0.5 mm. The load is applied via
an imposed displacement at a constant deformation rate
of it = 1 mm/min and 6 = 296 K. The following simula-
tions are performed under plane strain conditions, with the
load applied through constant displacement increments of
Au = 1 x 107" mm. The simulations have been performed
using an in-house parallel MATLAB code.

Table 3 provides the identified parameters of the PFM.
The table shows that the material parameters linked with
equilibrium, non-equilibrium, and viscoelastic responses,
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Fig.3 Loading and boundary conditions imposed on quarter of the
specimen because of symmetry, and a two-dimensional FE model
composed of 1563 Q4 elements

the modified Kitagawa model, moisture swelling, the
energy release rate of the neat epoxy, and the length scale
have been obtained from the authors’ previous studies [23,
24]. Additionally, the remaining material parameters have
been calibrated to achieve the best fit to the experimental
data. The parameters are validated using experimental data
for the epoxy system with O and 5% wt BNPs at dry and
saturated conditions. The mass density of the neat epoxy
and BNP are 1.2 and 3.0 g/cc, respectively. Accordingly,
the corresponding volume fraction can be calculated to be
Vi = 0.0215.

The resulting cyclic loading—unloading force—displace-
ment curves of the dogbone tests for dry and saturated epoxy
samples are compared with experimental data in Fig. 4. The
experimental-numerical comparison demonstrates a good
agreement between the experimental data and the numeri-
cal predictions along the whole evolution of displacement.
It evidences the capability of the proposed PFM in predict-
ing the evolution of damage and viscoplasticy mechanisms
in the epoxy polymer under cyclic loading. Comparing the
experimental data in Fig. 4a, b show that the ductility of the
epoxy increases at the presence of moisture content. Con-
tour plots of damage for the dry epoxy specimen at imposed
displacements of 3.29, 3.34, 3.35, and 3.3504 mm are illus-
trated in Fig. 5, showing the evolution of the phase-field
variable, ¢, at different load steps of the simulations. These
snapshots correspond to the points indicated in Fig. 4a.

The effect of the length scale parameter [, on the
sample’s response was assessed using four values:
Iy =1{0.25,0.5,2,4} mm. Figure 6 illustrates that the
numerical results are influenced by the length scale, con-
sistent with previous findings in the literature [66]. As a
result, the parameter is considered a material parameter and
calibrated by comparing force—displacement responses in
numerical and experimental tests. This comparison identi-
fies the optimized value of [, = 0.5 mm used in the following
simulations.

The results presented in Fig. 7a, b demonstrate a satis-
factory agreement between the numerical predictions and
experimental data for the epoxy system with 5% weight per-
cent of BNPs in both dry and saturated conditions. Although
the proposed PFM model can reasonably predict the highly
nonlinear viscoelastic—viscoplastic behavior of the material,
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Table 3 Materials parameters of
the PFM model

Parameter Value Equation References
Equilibrium shear modulus ng(MPa) 760 35 [23]
Non-equilibrium shear modulus ygeq(MPa) 790 35 [23]
Volumetric bulk modulus k,(MPa) 1154 36 [23]
Viscoelastic dashpot &(s™) 1.0447 x 1012 13 [23]
AH(J) 1.977 x107%° 13 [23]
m 0.657 13 [23]
7 40 13
Viscoplastic dashpot a 0.1 18
b 22w, + 0.8 18
oy(MPa) 30X 18
Energy release rate G® (N/mm) 190 43 [24]
Length scale parameter Iy (mm) 0.5 43 [24]
o, o, (MPa) 85X 45
Moisture swelling coefficient a, 0.039 4 [24]

it has some limitations when compared to the experimental
data. The deviation from the experimental results could be
attributed to the formulation of the constitutive model itself
as well as the unique set of material parameters used. Nev-
ertheless, the amplification approach employed in this study
to account for the effects of moisture and BNP contents has
resulted in realistic numerical predictions. Additionally, by
calibrating the viscoplastic flow and modifying the crack
driving force, we are able to reasonably predict the evolu-
tion of plasticity and damage in the nanocomposites. Fig-
ure 8 show contour plots of the phase-field variable for the
BNP (5 wt%)/epoxy specimen at different load steps of the
simulations corresponding to the imposed displacements of
3.18, 3.21, 3.22, and 3.25 mm. The snapshots are taken at
the points indicated in Fig. 7a.

Next, dogbone tensile tests are conducted to evaluate
the capability of the PFM model in predicting the fracture
behavior of BNP/epoxy nanocomposites with 10 wt% of
BNPs. The simulations are performed using the calibrated
material parameters listed in Table 3, and the effect of nano-
particle contents is taken into account using the amplifica-
tion factor presented in Eq. (30). Figure 9a, b show the effect
of BNP weight fraction on the force—displacement response
at the deformation rate of # = 1 mm/min and 6 = 296 K.
Both experimental data and numerical predictions are pre-
sented in the figures. In these curves, good agreements are
observed between the numerical results and experimental
data, evidencing the practicability of the PFM at differ-
ent BNP weight fractions. Contour plots of the phase-field
variable for the BNP (10 wt%)/epoxy specimen at imposed
displacements of 3.17, 3.18, 3.19, and 3.20 mm are shown
in Fig. 10. The plots correspond to the points indicated in
Fig. 9a.

We then explore how temperature affect the fracture
behavior of BNP/epoxy nanocomposites under cyclic

loading. The results of dogbone simulation tests, presented
in Fig. 11, show that specimens fractures at different dis-
placement ranges depending on the temperature: around
3.0 mm at 253 K, around 4.2 mm at 296 K, and around
7.0 mm at 323 K. These observations can interpreted in two
ways. First, as temperature increases, the shear and bulk
modulus associated with the equilibrium, non-equilibrium,
and volumetric responses decrease (see Eqgs. 31 and 32),
resulting in a less stiff material. Second, the deformation
of the viscoelastic composite is temperature-dependent,
meaning that an increase in temperature leads to a greater
displacement at the fracture initiation due to a rise in the
viscous flow. Figures 12, 13, 14 show the crack phase-field
and von Mises equivalent plastic strain field at the incipi-
ent and final stage of cracking at 253, 296, and 323 K. The
plastic strain is calculated by E, , = % (FvT,;va —1T). Accord-
ing to the figures, the cracks firstly appear at the location of
the plastic stress concentration at the notches. The initial
cracks propagate within the plastic strain localization band,
leading to complete failure in the middle of the specimen.
The figures also show that plastic deformation increases by
increasing temperature.

The fracture behavior of BNP/epoxy nanocomposites
under cyclic and monolithic loading is analyzed in Figs. 15,
16, 17. The results of dogbone simulation tests present the
force—displacement behavior of saturated BNP (10 wt%)/
epoxy samples at three different temperatures—253, 296,
and 323 K. The simulation results show that the displace-
ment at fracture decreased from 3.0 to 2.3 mm at 253 K,
from 4.2 to 3.5 mm at 296 K, and from 7.3 to 7.0 mm at 323
K, respectively. The results demonstrate that the magnitude
of the recoverable and permanent strain strongly depends on
thermomechanical cycles particularly at lower temperatures.
The complex behavior of epoxy nanocomposites, where
cyclic loading affects stress relaxation, viscoelastic strain
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Fig.4 Effect of moisture on the force—displacement response of the
epoxy at room temperature and the deformation rate of 1 mm/min: a
dry sample, and b saturated sample

recovery, and permanent plastic strain, leads to different
fracture behavior. It is important to note that the simulations
assume the effect of temperature on the energy release rate to
be negligible. While this assumption is acceptable based on
experimental observations, further numerical-experimen-
tal validations are recommended to identify the variation of
energy release rate with temperature accurately.

The growth of two edge cracks in a square subjected
to uniaxial tension shown in Fig. 18 is then studied. The
tensile load is applied at a deformation rate of &z = 1 mm/
min with constant displacement increments of 10~ mm.
The simulations are performed at 296 K under plane
strain conditions using the material parameters in Table 3.
Meshes are refined in areas where cracks are expected to
propagate, and a discretization with 4066 elements and an
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Fig.5 Contour plots of the phase-field variable for the dry epoxy
specimen at imposed displacements of a 3.29 mm, b 3.34 mm, ¢ 3.35
mm, and d 3.3504 mm. Snapshots are taken at the points indicated in
Fig. 4a

effective element size of 0.1 mm is generated in the central
strip of the specimen. Figure 19a—c present the evolution
of the crack phase-field and von Mises equivalent plastic
strain field at three loading stages. The force—displace-
ment curves related to dry and saturated BNP (10 wt%)/
epoxy samples are also shown in Fig. 20. In the present
model, the amplification factor defined by Eq. (30) cap-
tures the effect of moisture content on the material behav-
ior of the nanocomposites. The moisture content causes a
decrease in the shear and bulk modulus associated with the
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Fig.7 Effect of moisture on the force—displacement response of
BNP(5 wt%)/epoxy at room temperature and the deformation rate of
1 mm/min: a dry sample, and b saturated sample
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Fig. 8 Contour plots of the phase-field variable for the BNP(5 wt%)/
epoxy specimen at imposed displacements of a 3.18 mm, b 3.21 mm,
¢ 3.22 mm, and d 3.25 mm. Snapshots are taken at the points indi-
cated in Fig. 7a

equilibrium, non-equilibrium, and volumetric responses,
resulting in a less stiff material. Consequently, the satu-
rated sample’s peak force decreases from around 124 to
119 N. Furthermore, in contrast to the dogbone tensile
simulations, a phenomenon observed in these simulations
of the pre-cracked plates is that a stable crack propagates
within the samples, resulting from the localization mainly
occurring in front of the crack tip as can be seen in the
contour plots in Fig. 19a—c.
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Fig.9 Effect of moisture on the force—displacement response of
BNP(10 wt%)/epoxy at room temperature and the deformation rate of
1 mm/min: a dry sample, and b saturated sample

The proposed model’s ability to predict fracture patterns
is evaluated by conducting single-edge notched tensile and
shear tests on pure epoxy samples. The geometry and bound-
ary conditions of the tests are shown in Fig. 21. A horizontal
notch is placed at the center of the specimen’s left outer
surface. The bottom side of the specimen is fixed, while the
top side is moved. Both tensile and shear loads are applied at
a deformation rate of # = 1 mm/min with constant displace-
ment increments of 10~% mm. The simulations are performed
at 296 K under plane strain conditions using the material
parameters listed in Table 3, while the scale parameter is
taken to be 0.015 mm. Meshes are refined in areas where
cracks are expected to propagate.

For the tensile test, a discretization with 12,509 elements
and an effective element size of 0.003 mm is generated in
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Fig. 10 Contour plots of the phase-field variable for the dry
BNP(10 wt%)/epoxy specimen at imposed displacements of a 3.17
mm, b 3.18 mm, ¢ 3.19 mm, and d 3.20 mm. Snapshots are taken at
the points indicated in Fig. 9a

the central strip of the specimen. To reach the same ele-
ment size at the critical zone in the shear test, 21,045 ele-
ments with refined meshes in the lower right diagonal strip
of the specimen are used. The evolution of the crack phase-
field and von Mises equivalent plastic strain field for the
two samples under under unidirectional tension (a = 90°)
and pure shear deformation (@ = 0°) are respectively shown
in Fig. 22a—c and 23a—c at three loading stages. It can be
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Fig. 11 Effect of temperature on the force—displacement response of
the saturated BNP(10 wt%)/epoxy samples in dogbone simulation

tests at the deformation rate of 1 mm/min
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Fig. 12 Contour plots of damage (right) and equivalent plastic strain (left) in the saturated BNP(10 wt%)/epoxy samples under cyclic loading for
imposed displacements of a 3.01 mm, and b 3.02 mm. The deformation rate is | mm/min, and temperature is 253 K
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Fig. 13 Contour plots of damage (right) and equivalent plastic strain (left) in the saturated BNP(10 wt%)/epoxy samples under cyclic loading for
imposed displacements of a 4.21 mm, and b 4.22 mm. The deformation rate is | mm/min, and temperature is 296 K

observed that the crack path is horizontal for the tensile case,
while there is a curved crack path for the pure shear case.
From the shear test in Figs. 23a—c, it can be found that the
fracture mechanics-based crack driving force presented in
Eq. (46) prevents cracking in compression. The crack pat-
terns obtained are consistent with those reported in the lit-
erature [43]. The force—displacement curves for saturated
BNP(10 wt%)/epoxy samples under tensile and shear load
at a deformation rate of 1 mm/min and room temperature
are shown in Fig. 24.
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Fig. 14 Contour plots of damage (right) and equivalent plastic strain (left) in the saturated BNP(10 wt%)/epoxy samples under cyclic loading for
imposed displacements of a 7.06 mm, and b 7.07 mm. The deformation rate is | mm/min, and temperature is 323 K
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Fig. 15 Force—displacement response of saturated BNP(10 wt%)/
epoxy samples in dogbone simulation tests under cyclic and mono-
lithic loading at 253 K
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Fig. 16 Force—displacement response of saturated BNP(10 wt%)/
epoxy samples in dogbone simulation tests under cyclic and mono-
lithic loading at 296 K
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epoxy samples in dogbone simulation tests under cyclic and mono-
lithic loading at 323 K
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edge cracks under uniaxial tension
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Fig. 19 Contour plots of damage (right) and equivalent plastic strain
(left) in a saturated BNP(10 wt%)/epoxy sample under monolithic
loading at the deformation rate of 1 mm/min for imposed displace- 0.1
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Fig. 20 Force—displacement curve of saturated BNP(10 wt%)/epoxy

at room temperature the deformation rate of 1 mm/min Fig.22 Contour plots of damage (right) and equivalent plastic strain
(left) in the saturated BNP(10 wt%)/epoxy samples under unidi-
rectional tension (a = 90°) at the deformation rate of 1 mm/min
and imposed displacements of a 0.0027 mm, b 0.0029 mm, and ¢
0.0031 mm
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Fig. 23 Contour plots of damage (right) and equivalent plastic strain
(left) in the saturated BNP(10 wt%)/epoxy samples under pure
shear deformation (@ = 0°) at the deformation rate of 1 mm/min
and imposed displacements of a 0.0027 mm, b 0.0029 mm, and ¢
0.0031 mm

5 Summary and conclusions

A finite deformation phase-field fracture model has been
developed to study the cyclic viscoelastic—viscoplastic frac-
ture behavior of BNPs reinforced epoxy nanocomposites
under hygrothermal conditions. For the realistic modeling of
damage and viscoplasticity mechanisms in the nanocompos-
ites, the PFM with a fracture mechanics-based crack driving
force has been coupled to a viscoelastic—viscoplastic con-
stitutive law. Within the derived formulation, a free energy
has additively been decomposed into an equilibrium, a non-
equilibrium, and a volumetric part, capturing the effect of
nanoparticles, moisture and temperature on the nonlinear
material behavior of the nanocomposites. Also, an amplifi-
cation factora modified version of the Kitagawa model have
been adopted to capture the role played by nanoparticles,
moisture and temperature on the fracture behavior.
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Fig. 24 Force—displacement curve of saturated BNP(10 wt%)/epoxy
at room temperature the deformation rate of 1 mm/min

The proposed PFM has been implemented in the
FE analysis of dogbone tensile tests to demonstrate its
applicability. Numerical simulations were conducted
to investigate the impact of nanoparticle content on the
force—displacement response of dry and saturated BNP/
epoxy samples subjected to cyclic loading—unloading. The
results indicated that the force—displacement responses
obtained from the numerical simulations were consistent
with those of experimental tests at various nanoparticle
and moisture contents. The comparison between numerical
and experimental results confirms the capacity of the PFM
in predicting the development of damage and viscoplastic-
ity in BNP/epoxy nanocomposites at different nanoparticle
and moisture contents.

To evaluate the proposed PFM’s potential for broader
applications, it would be worthwhile to compare the numeri-
cal predictions at different temperatures and deformation
rates with experimental data in the future. Also, the physical
and chemical interactions between nanoparticles and epoxy
matrices undergo significant changes under finite defor-
mation at the micro- and sub-micro-scale. These changes
would impact other material properties, such as viscosity
and energy release rate. However, due to the complex inter-
actions at the interphase of nanoparticle/epoxy, the mecha-
nisms leading to these changes are not clearly understood.
In the proposed model, the changes are considered by taking
the volume fraction of nanoparticles and moisture contents.
To gain a deeper understanding of the microstructure’s effect
on the macroscopic properties, the PFM can be informed by
molecular simulations [74, 75]. It would allow the analy-
sis of the polymer nanocomposites at the molecular scale.
Furthermore, an extension of the present phase-field for-
mulations to account for the effect of non-isothermal condi-
tions [76] on the fracture behavior of epoxy nanocomposites
should be planned for the future studies.
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