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Non & mai facile iniziare tutto da capo, in una terra sconosciuta e in una lingua straniera,
imparare a gestire la solitudine di alcuni momenti. Non ¢é facile lasciare le certezze del

tuo mondo abituale per le incertezze di un mondo nuovo.

Aveva ragione Cesare Pavese quando disse: “Viaggiare ¢ una brutalita. Obbliga ad avere
fiducia negli stranieri e a perdere di vista il comfort familiare della casa e degli amici. Ci
si sente costantemente fuori equilibrio. Nulla & vostro, tranne le cose essenziali — I’aria,
il sonno, i sogni, il mare, il cielo — tutte le cose tendono verso ’eterno o cio che possiamo

immaginare di esso”.

Ma ¢ proprio per questo che viaggiare, cambiare ambiente e conoscere altre culture €
uno straordinario modo per crescere — e per farlo in fretta. Il contatto con un mondo
sconosciuto ¢ qualcosa che ti cambia nel profondo perché ti costringe a contare solo sulle

tue forze e a superare i tuoi limiti.

Sergio Marchionne
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Abstract

Forests are among the planet’s most critical ecosystems, shaping climate patterns and
sustaining biodiversity. Increasingly threatened by human activities, forests require con-
servation strategies, for which large-scale monitoring of biophysical parameters, such as
forest height and biomass, provides essential insights. Still, existing approaches often
compromise accuracy, resolution, time and spatial coverage.

Deep Learning-based methods applied to Interferometric Synthetic Aperture Radar (In-
SAR) data have shown promising results, exceeding state-of-the-art performance. How-
ever, their applicability to long-term monitoring remains hindered, as uncertainty quantifi-
cation is often neglected despite being essential for assessing the reliability of the estimates
and monitoring their changes over time.

This thesis proposes a novel Bayesian Deep Learning-based framework for the estimation
of forest height using TanDEM-X single-pass interferometric data. First, a case study
in Norway is introduced, leveraging nationwide Airborne Laser Scanning (ALS) data to
analyse the impacts of tree species and input-output temporal misalignments on general-
isation performance. Second, it investigates how uncertainty arises within the modelling
framework and explicitly incorporates aleatoric uncertainty during the estimation pro-
cess. Additionally, intra and inter-basin methodologies are compared to integrate the
notion of epistemic uncertainty. Finally, the study evaluates the model’s reliability under
out-of-distribution conditions, which may arise in real-world remote sensing applications.
Results demonstrate strong generalisation performance alongside the generation of well-
calibrated uncertainty maps, supporting the development of uncertainty-aware products

for canopy height monitoring through InSAR observations.

Keywords: Bayesian Deep Learning, Earth Observation, Remote Sensing, Forest Moni-
toring, Canopy Height, InNSAR, LiDAR, TanDEM-X
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Introduction

The Importance of Forest Monitoring

Forests cover approximately 31% of the Earth's land areas, hosting nearly 80% of the
world's terrestrial biodiversity and acting as the primary ecological and climatic system
regulator [1]. Their contribution to essential ecosystem functions including carbon se-
guestration, water regulation, soil preservation and habitat provision for species diversity
is intrinsically tied to their structural complexity, de ned as the three-dimensional
spatial arrangement of vegetation [2]. Moreover, forests play a pivotal role in climate reg-
ulation by annually absorbing approximately one-third of anthropogenic C@emissions,
functioning as carbon sinks and mitigating the impacts of climate change [3] [4].

Between 1990 and 2020, approximately 420 million hectares of forests were globally lost
[1] an area larger than the European Union resulting in a signi cant carbon stor-

age loss, biodiversity decline and habitat destruction, which threaten countless species
and undermine the livelihoods of indigenous communities which rely on forest resources
[5]. Deforestation, primarily driven by agricultural expansion, urbanisation and logging
activities, contributes to nearly 11% of global carbon emissions, more than the entire
transportation sector [6].

To support environmental and conservation strategies at global and European levels, the

accurate assessment and continuous monitoring of forest structures worldwide are essential
to inform stakeholders in decision-making processes, aiming at climate change mitigation

and biodiversity conservation.

Research Gap

Traditional in-situ measurements for assessing forest resources, such as tree height and di-
ameter at breast height, provide precise but irregular data due to labour-intensive require-
ments and logistical constraints [7] [8]. Terrestrial Laser Scanning o ers high-resolution
three-dimensional canopy structure measurements, extending the coverage to local areas.
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However, it is similarly constrained by its limited spatial coverage and occlusions result-
ing from dense vegetation [2]. In this context, Airborne Laser Scanning (ALS) expands
coverage to regional scales with high vertical accuracy; however, its operational costs
and logistical demands limit large-scale monitoring, primarily con ning its use to acquire
reference data for validating remote sensing products.

Satellite-based remote sensing overcomes these limitations through a combination of wide
spatial coverage and periodic revisit capabilities enabled by orbital trajectories. For in-
stance, multispectral sensors capture key spectral features relevant to vegetation analysis
but are limited by shallow canopy penetration and weather dependency. Di erently, Syn-
thetic Aperture Radar (SAR) systems provide weather-independent and high-resolution
imaging [9]. However, extracting accurate forest structure information from SAR data
is challenging due to the complex interaction between radar waves and on-ground tar-
gets, which is in uenced by moisture content, canopy structure, terrain topography and
seasonal variations [10].

Data-driven approaches, particularly Convolutional Neural Networks (CNNs), have re-
cently emerged as powerful tools for inferring complex non-linear spatial patterns from
satellite data [7]. However, generalisation across diverse ecosystems remains an open chal-
lenge due to variations in vegetation, climate and terrain features. Consequently, when
transitioning to a new environment, training and validating the model within the new
target conditions is essential to ensure reliable performance. Additionally, despite their
promising performance, most CNN-based studies found in the literature provide punc-
tual estimates without quantifying prediction uncertainty [11] [12] arguably leading

to misleading conclusions despite the well-documented tendency of CNNs to generate
overcon dent predictions [13]. Without a reliability measure, stakeholders lack a trust-
worthy basis for decision-making based on CNN-derived results, which is particularly
critical in applications such as change detection and long-term environmental monitoring,
where there is no means to determine whether observed variations re ect genuine changes
or merely artefacts of the model uncertainty. This gap has sparked a growing interest in
the Bayesian interpretation of deep neural networks, which can provide a mathematical
framework for uncertainty quanti cation in predictions [14] [15] [16].

Thesis Objectives

This thesis builds upon the work published in [17] which presented a novel approach
to mapping canopy height in Gabon's tropical forests using TanDEM-X Interferometric
Synthetic Aperture Radar (INSAR) data by introducing a Bayesian perspective into the
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fully-supervised CNN-based framework. The model leverages INnSAR-derived features as
inputs and ALS-derived reference data to generate pixel-level canopy height maps at a 20-
metre ground resolution, together with well-calibrated uncertainty estimates. Speci cally,
this thesis is built around two main objectives, shaping the overall structure of the work:

Generalisation beyond single-nation studies , by evaluating the adaptability of the
reference framework to diverse ecosystems and assessing model performance across Nor-
wegian forests; followed by an examination of the implications of temporally misaligned
satellite-reference data, an analysis of temporal dynamics, and an investigation into the

in uence of tree species composition. The ultimate objective is to develop methodologies
for reliable large-scale forest monitoring applications.

Enhancing model interpretability and reliability , by integrating Bayesian Deep
Learning for uncertainty estimation and leveraging it in the training process to enable
more exible learning dynamics, aiming to improve model performance through a proba-
bilistic interpretation of the data.

Thesis Structure

The structure of this thesis is organised as follows:

Chapter 1  discusses the working principles of Radar, SAR and InSAR technologies,
presenting the key equations and theoretical foundations necessary for the thesis under-
standing.

Chapter 2 introduces deep learning-based regression principles, beginning with the
generic concept of feedforward neural networks before focusing on convolutional neural
ones. It also explores the role of uncertainty in deep learning, detailing how it can be
leveraged through Bayesian Deep Learning approaches.

Chapter 3  reviews the state of the art for estimating canopy height, from traditional
in-situ methodologies to more advanced remote sensing techniques, highlighting their
advantages and limitations. It examines both physics-based and data-driven approaches.

Chapter 4  presents the datasets used in this study, with a focus on the TanDEM-X
mission. Furthermore, it describes the data preprocessing pipeline, including the existing
tools leveraged and the necessary steps to ensure proper formatting for deep learning
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applications. The chapter concludes by de ning the area of interest for the case study,
Norway, and characterising its forest coverage in terms of extent and composition.

Chapter 5 investigates the model's generalisation capabilities in the Norwegian envi-
ronment and establishes a baseline scenario for comparison. It also examines the impact
of input-reference temporal misalignment and the in uence of various tree species on
prediction performance.

Chapter 6 integrates the Bayesian perspective into the original CNN-based framework,
analysing its impact on predictive performance and the trade-o s associated with di erent

uncertainty quanti cation strategies. The chapter also re-evaluates the e ects of temporal

misalignment and conducts an out-of-distribution analysis to evaluate uncertainty esti-

mation robustness in unfavourable conditions.

Chapter 7 summarises the key ndings of this research. It discusses potential improve-
ments and directions for advancing large-scale forest height estimation from INSAR data
using deep learning.



1 ‘ Understanding Synthetic
Aperture Radar

This chapter provides an overview of Synthetic Aperture Radar (SAR) and Interfero-

metric SAR (INSAR). These technologies are fundamental to understanding the thesis
contribution, as they deliver high-resolution, weather-independent imaging and provide
accurate topographic information.

1.1. Principles of Radar

Radar (Radio Detection and Ranging) was initially developed for military purposes and
proved to be crucial during the Battle of Britain in 1940 by enabling early detection of
enemy aircraft, thus providing a strategic advantage in air defence. Its operational mecha-
nism involves the active transmission of a known electromagnetic pulse, which propagates
through a medium, interacts with the target and subsequently re ects towards the re-
ceiver. The distance R) to the target can be determined by measuring the round-trip
travel time ( t) between transmission and reception:

R = (1.1)

wherec is the speed of light in the propagation medium.

Each radar cycle is de ned by thePulse Repetition Interval (PRI), consisting of the
duration of the transmitted pulse and a subsequent listening period. The latter constrains
the maximum detectable range, as echoes arriving beyond this interval may leadrémge
ambiguities where re ections from preceding pulses are mistakenly associated with new
transmissions. ThePulse Repetition Frequency(PRF) is the reciprocal of the PRI and
represents the number of cycles per second.
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1.1.1. Range Resolution

The ability of a radar system to resolve two closely spaced targets along the range direction
(i.e., the direction aligned with the antenna's boresight) is referred to asnge resolution

( rg). Two targets are resolvable when the re ected signal from the rst target ends just
as the return from the second target begins, leading to the following expression:

C
rg — T (1.2)

where is the pulse duration. Although reducing the pulse duration improves range res-
olution, it also decreases the pulse energy, leading to a lower Signal-to-Noise Ratio (SNR)
at the receiver, which must remain su ciently high to ensure reliable echo detection.

Pulse compression techniques address this intrinsic trade-o by introducingfeequency-
modulatedtransmitted signal, enabling longer pulse durations to improve the SNR while
maintaining a constant range resolution. The resulting signal is expressed as:

t

s(t) = g2 (forr «t?) 2 (1.3)

where ; = —' is the chirp rate and f is the total frequency variation over the pulse

duration, which corresponds to the signal bandwidth. The rectangular function( )
de nes the temporal extent of the pulse.

Through pulse compression, the achievable range resolution is given by:

c

demonstrating that wider signal bandwidths lead to ner range resolutions.

1.1.2. Backscatter

When an electromagnetic wave propagates through a medium and encounters an object,
it induces oscillating surface currents whose behaviour depends on the object's material
composition, geometry and orientation. These currents generate a secondary electromag-
netic eld, which, as governed by Maxwell's equations, redistributes the incident energy
outward with di erent amplitude and direction relative to the incident wave. This inter-
action is known asscattering while the portion of energy redirected towards the radar is
referred to asbackscatter
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Point and Distributed Scatterers

A point scatterer represents an idealised target whose physical dimensions are signi cantly
smaller than the radar system's angular resolution. Thus, it is modelled as a single-point
source of electromagnetic energy, simplifying the analysis of its scattering behaviour.

The interaction between the transmitted electromagnetic wave and the scatterer can be
described using fundamental principles of electromagnetic theory. In a bistatic radar
con guration, where the transmitting and receiving antennas are spatially separated, and
under the assumption of a non-dispersive medium, the power received at the receiver
antenna (P,) depends on multiple parameters: the transmitted powerR;), the distances
from the scatterer to the transmitting and receiving antennasR; and R, respectively),
the wavelength () of the radar signal and the characteristics of both the antennas and
the target.

The antenna gain G) quanti es the e ective redistribution of radiated power in space

and is given by:
4 A,

G= >

(1.5)

where Ac = A K, denotes the e ective aperture, with A representing the geometric
aperture andK , the antenna e ciency.

The Radar Cross-Section (RCS) characterises the scatterer's ability to re ect the incident
energy back toward the radar. It is de ned as:

S
= lim 4 R2= 1.6

Rrll ' Sinc ( )
where S is the power density of the incident wave at the scatterer an8., is the power
density of the scattered wave at the receiver.

These parameters can then be combined into th@oint target bistatic radar equation

I:)t GtGr 2
Pr= ———— 1.7
T @ R &)
For monostatic radar setup, where the transmitter and receiver are co-located, the equa-
tion simpliesdueto Ry =R, =R and G; = G, = G.

In real scenarios, the illuminated area consists of numerous scattering elements within a
single resolution cell, collectively forming what is referred to as distributed scatterer
As a result, the received signal is the coherent sum of echoes from multiple unresolved
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point scatterers [18]. Assuming no predominant scattering mechanism and considering
a monostatic acquisition setup, Eq. (1.7) can be generalised to describe the distributed
scattering case as: 77

GZ
Pr =

Pi——— °dA 1.8
NCRET 49
where A is the illuminated surface area and ° is the backscattering coe cient, de ned
as:

0

= & (1.9)

This coe cient provides a normalised measure of the scattering strength that is indepen-
dent of the illuminated area.

1.2. Principles of SAR and InSAR

A SAR is a side-lookingradar system widely used in remote sensing, typically mounted
on air- or spaceborne platforms. By taking advantage of the relative motion between the
platform and the targets, it synthesises a larger e ective antenna aperture compared to a
Real Aperture Radar (RAR), enabling high-resolution imaging.

1.2.1. Acquisition Geometry

The SAR acquisition geometry, illustrated in Figure 1.1, is de ned by three primary
dimensions: thealong-track or azimuth direction, corresponding to the platform’'s move-
ment direction; the across-track or slant-range direction, aligned with the radar's line of
sight; and the ground-range which is the projection of the slant-range onto the Earth's
surface. The vertical dimension denotes the altitude of the radar platform.

The side-lookinggeometry is essential for resolvinggft-right ambiguities found in nadir-
looking systems.

1.2.2. SAR Resolution

Ground-Range Resolution The range resolution de ned for a chirp signal in Eq. (1.4),
refers to the SARslant-range resolution( ). The ground-range resolution( ) can be
derived from the trigonometric relationships inherent to the acquisition geometry (see

Section 1.2.1) as:
c

ar = m (1.10)
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Figure 1.1: Hlustration of the SAR acquisition geometry, showcasing a platform positioned
at an elevationz, travelling at speedvs in the azimuthal direction, and observing a scene
at a distanceR from the platform. The dark green ellipse represents the antenna footprint.

where i is the incidence angle with respect to the ground, which accounts for the looking
angle relative to the reference plane (e.g., the ellipsoid) and the local slope of the terrain.

Azimuth Resolution The azimuth resolution ( ;) de nes the capability to resolve
between two targets close to each other along the azimuth direction. In RAR systemsg,
is constrained by the physical beamwidth (;,) of the radar antenna, and it is de ned as:

az=R az=R— (1.11)
Laz
where represents the radar wavelengthl.,, is the physical length of the antenna and
R is the target-antenna distance. Two targets can only be resolved in azimuth if they do
not fall simultaneously within the antenna footprint. Consequently, azimuth resolution
degrades as the distance from the radar increases, making RARs unsuitable for high-
resolution spaceborne imaging.

SAR systems overcome this limitation by exploiting the relative motion between the radar
platform and the targets, synthesising a signi cantly larger e ective aperture through
the coherent processing of Doppler frequency variations in the received echoes. Targets
within the beamwidth exhibit unique Doppler shifts depending on their position along
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the azimuth direction, enabling SAR to distinguish between closely spaced targets. By
integrating these Doppler variations over the synthetic aperture, SAR systems achieves a
signi cantly ner azimuth resolution than RAR systems.

The azimuth resolution of a SAR system is de ned as:

Laz
— 1.12
: (112)

az —

with the notable consequence that it no longer depends on the range but only on the
antenna's physical dimension.

Image Processing

Figure 1.2: Schematic representation of the SAR focusing process [9], where the star
symbol denotes the convolution operation.

During data acquisition, the radar cyclically transmits and receives pulses, storing the
digitised echoes as a two-dimensional data array, typically referred to emw data The
raw data represents the superposition of smeared echoes from individual targets, and
additional processing is required to refocus each target's energy into its corresponding
resolution cell along both the slant-range and azimuth dimensions. Figure 1.2 schemati-
cally illustrates the SAR focusing process.

In the slant-range dimension, focusing is achieved througnge compressioror focusing
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which involves applying a matched lter to the received signal. This Itering operation
correlates the received echo with a replica of the transmitted chirp, compressing the dis-
persed signal into a sharp response, as described in [19]. For computational e ciency,
range compression is typically performed in the frequency domain and applied indepen-
dently to each column of the raw data, under the assumption that azimutlell migration

e ects are negligible [18].

Azimuth focusing analogous to range focusing, is accomplished by multiplying each az-
imuth line in the frequency domain by the complex conjugate of the azimuth chirp spec-
trum. This spectrum, unique to a given slant range, ensures that the target's energy is
properly focused at its correct azimuthal position.

Prospective Deformation

(@) (b) (c)

Figure 1.3: lllustration of SAR images' geometric distortions: (a) shadow, (b) foreshort-
ening, and (c) layover.

The combination of regular distance sampling in the slant range and the side-looking
acquisition geometry introduces variability in ground sampling, which follows Eq. (1.4).
This variability results in signi cant geometric distortions, particularly in areas with pro-
nounced topography, manifesting ashadowsforeshorteningand layover.

Foreshortening occurs when a slope faces the sensor, compressing multiple targets within
a single-resolution cell and resulting in a brighter return. When the slope inclination
() exceeds the sensor's incident angle;{.), a phenomenon called layover occurs. This
makes the top of the slope look closer to the sensor than the bottom, inverting the relative
spatial order of the scene. Additionally, a slope that faces away from the sensor and has
an inclination steeper than i, falls into shadow. This area appears as a dark region due
to the lack of backscatter.
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(a) (b)

Figure 1.4: A SAR image of an agricultural area: (a) illustrates the characteristic speckle
associated with distributed targets, while (b) depicts the same area following applying a
temporal multi-looking Iter to a set of 32 images, e ectively reducing speckle noise.

Speckle

The concept ofspecklerefers to the intensity uctuations observed between adjacent pixels
in a SAR image, even though the underlying scene exhibits uniform characteristics. This
phenomenon arises from the coherent summation of backscattered waves from multiple
unresolved point scatterers within each resolution cell, producing varying interference
patterns across the scene. Although deterministic and theoretically repeatable, these
patterns are highly sensitive to minor variations in the geometrical arrangement of the
scatterers. An example of this e ect is illustrated in Figure 1.4.

To mitigate the e ects of speckle, multilooking techniques are employed, incoherently
averaging multiple realisations sampled from the same distribution to reduce the noise
variance by a factor oflzp N_, where N_ is the number of looks Multilooking can be
implemented through spatial averaging of neighbouring pixels within the same image or
temporal averaging across repeated acquisitions of the same area, with the latter preserv-
ing spatial resolution.

Standard Acquisition Modes

SAR systems employ several acquisition modes to balance resolution and coverage, cater-
ing to various imaging requirements. The convention@tripMap mode operates by contin-
uously transmitting radar pulses with a xed antenna orientation, achieving swath widths
ranging from 30 to 100 kilometres. While suitable for standard imaging applications, its
resolution is limited by the xed beam geometry.

To enhance resolution, theSpotlight mode steers the antenna beam in the azimuth direc-
tion, thereby increasing the synthetic aperture and capturing ner details at the cost of
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(a) (b)

(c) (d)

Figure 1.5: lllustration of SAR acquisition modes: (a) Stripmap, (b) Spotlight, (c)
ScanSAR, and (d) TopSAR.

reduced coverage, typically limited to approximately 15 kilometres. For broader swath
coverage, burst modes such a&canSAR and TopSAR are employed. ScanSAR alter-
nates illumination between multiple parallel sub-swaths, enabling swath widths of up to
500 kilometres; however, this comes at the expense of resolution and SNR uniformity.
In contrast, TOpSAR mitigates these limitations by employing azimuth beam steering,
which enhances both resolution and overall image quality. These acquisition modes are
illustrated in Figure 1.5.

1.2.3. SAR Interferometry

INSAR is a remote sensing technique designed to extract topographic information by com-
bining radar images of the same area acquired from di erent sensor positions spatially,
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temporally, or both. In single-pass interferometry, data acquisition co-occurs, whereas in
repeat-pass interferometry, images are captured at di erent times. Simultaneous acquisi-
tions can be classi ed into: monostatic con gurations, where each sensor independently
transmits and receives, and bistatic con gurations, where one sensor transmits while both
act as receivers.

The signals received by two distinct single-channel SAR measurements can be mathemat-
ically represented as:

4 _ .4 .
s1= Aje TR e s, = Aje TR o2 (1.13)

where A; and A, are the received signal amplitudesf‘—Rl;z represents the round-trip
propagation phase, and opj:1.2 captures the scattering properties of the targets.

Assuming opj;1 = obj2z @nd dening R:= jR; Rjyj, the scattering phase terms cancel
out whens; is multiplied by the complex conjugate ofs,:

51, = Ae “R (1.14)

wherem =1 for a bistatic con guration and m = 2 for a monostatic setup. The resulting
interferometric phase is de ned as:

2
(=\ss,= N R+2 ki k22 (1.15)

where the term2 k accounts for the phase ambiguity, leading to th@hase unwrapping
problem[20].

INSAR techniques can be broadly classi ed into three main typesacross-track along-
track and di erential interferometry [20]. This classi cation is based on the acquisition
geometry and the orientation of the separation between imaging points, referred to as
the interferometric baseline This thesis focuses exclusively on across-track interferom-
etry, whose acquisition geometry is illustrated in Figure 1.6, from which the baseline's
perpendicular componentB,) de ned in the plane normal to the ight direction (i.e.,
perpendicular to azimuth) can be derived.

A key parameter for assessing the quality of a SAR interferometer is its vertical resolution,
expressed through the height of ambiguityzmn,), Which represents the height di erence
corresponding to a full2 phase cycle. It is de ned as [21]:

2
hamb = — (1.16)

z
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Figure 1.6: Schematic of the across-track SAR interferometry acquisition geometry. The
top-right view illustrates the simpli ed version under the far- eld approximation, where
Ri R> R,. The green line represents the shape of the ellipsoid, while the brown is
the topography.

where , is the vertical wave number. Substituting the expression for,, the height of
ambiguity can be rewritten as:

R_‘]_ Sln inc

h
amb mB?

(1.17)

where is the radar wavelength,R; is the slant-range distanceB- is the perpendicular
baseline, andm depends on the system con guration.

This formulation highlights that h,yy, is inversely proportional toB, , meaning that larger
perpendicular baselines enhance vertical sensitivity and vice versa. However, this improve-
ment is limited by the critical baseling which de nes the maximum allowable perpendic-
ular separation between the sensors. Beyond the critical baseline, interferometry becomes
infeasible because the spectral overlap of the received signals is lost.
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The Interferogram

The interferogram is a two-dimensional image depicting the interferometric phase which
arises from a pair of SAR images, commonly referred to asaster and slave images.

As shown in [20], the measured interferometric phase consists of three components:

+ +

noise (1.18)

if = topo at

where o IS the topographic phasgencoding the target's elevation information, and

at IS the at-Earth phase, accounting for the interferometric phase increase along the
slant-range direction due to the side-looking geometry. The latter can be estimated and
compensated for, thereby isolating the topographic information. The term,jse accounts
for phase disturbances due to system noise, decorrelation and atmospheric e ects.

The subsequent step involves resolving the phase ambiguity, as described in Eqg. (1.15).
This is achieved throughphase unwrapping algorithmswhich estimate the absolute phase
term ( aps) from the wrapped interferometric phase (i) by adding to each fringe the
correct2 multiple such a process is called phase unwrapping?22].

The unwrapped phase estimate (,5) can subsequently be employed to generate the nal
Digital Elevation Model (DEM), representing the vertical elevation coordinate for each
resolution cell relative to a de ned reference height [23].

The Interferometric Coherence

Up to this point, it was assumed that the scattering phase termsgpj;; and gpj:2 in

Eq. (1.13) perfectly represent the same process, making the interferometric phase de-
pendent solely on the topography. In reality, this assumption does not necessarily hold,
introducing noise into the measured interferogram. Additionally, non-idealities in the
acquisition process contribute further to the noise.

The interferometric coherence (i) is the key parameter for measuring the quality of an
interferogram [24]. It represents the correlation coe cient between the two complex SAR
imagess; and s, and is given by:

E[s:s
o= P (L.19)
Elisi?lE[s2j7]
where the phase of the complex coherente,; = j is the interferometric phase, while

the magnitudej ] is the degree of coherence and it quanti es the level of noise in the
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interferogram.

Under the assumption of stationary and ergodic processegy is typically approximated
using the sample coherenc®,; [25], which is derived from local statistical properties of
the signal: p

w Sa(is] Lsz(i;j ) (1.20)
wlisi())i7 w isa2(is) )i?

Mot (3] ) = PR

As presented in [26], ¢ can be theoretically decomposed into di erent contributions as:

tot = SNR quant amb bl az vol temp (1.21)

where the di erent terms on the right-hand side of Eqg. (1.21) identify the correlation
factors due to limited SNR ( snr), quantization ( guant), ambiguities ( amp), baseline
decorrelation( ), relative shift of the Doppler spectra( ,,), volume decorrelation( )
and temporal decorrelation( temp)-

The individual factors can be estimated, allowing for their compensation in the total
coherence [27].

Volume Decorrelation

Of patrticular interest to this work is the derivation of the volumetric decorrelation co-
e cient , which results from wave penetration into a volumetric target. The orthogonal
baseline separation causes variations in the coherent summation of scatterers' contribu-
tions, an e ect commonly observed in structures such as sand, snow, ice and vegetation.

Assuming that the variation of scatterers' power in the vertical direction £) can be
described by a generic vertical re ectivity functionF (z), the received interferometric
signal can be expressed as [21]:
Z Zo+ h\/ . . Z h\/ . 0
S1S, = F(2)€ ?dz= & % F(z®w)e 22 dz° (1.22)
20 0

where z, represents the ground elevationh, is the height of the volumetric scattering
prole and z°= z z,.

From the literature [21], the volumetric decorrelation coe cient can be modelled as:

R, F(%w)e 2°dz°
Mol(W) = € 220 R~ (1.23)
o F(Z%w)dz°
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Here, the volumetric coherence is directly related to the height of the vertical scattering
pro le. By compensating for other decorrelation factors, as described in Eq. (1.21), the
volume height can be estimated by inverting Eq. (1.23).
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2 ‘ Deep Learning for Regression
Tasks

Regression is a statistical technique that models the relationship between continuous-
valued outputs and real-valued input observations. Linear regression techniques assume
a linear relationship between input and output data. This assumption does not typi-
cally hold in real-case scenarios; thereforapn-linear regression methods are employed,
leveraging transformation functions to map inputs into alternative spaces where the un-
derlying relationship can be more easily approximated. However, selecting the appropriate
transformation is non-trivial and problem-dependent.

Deep learning automates the mapping process referred to afeature extraction by
recursively applying parametrised transformations to progressively capture more complex
patterns in the data, leveraging them for the regression task within a uni ed framework.
This recursive formulation lies at the core ofeedforward neural networkswhich act as
adaptive feature extractors by composing non-linear mappings to partition the input space
and piecewise approximate complex functions.

This chapter presents the principles osupervised deep learnindpr regression tasks, pro-
viding the conceptual groundwork for the methodologies introduced in this dissertation.
Connections to classical estimation theory are discussed whenever relevant. Further in-
sights into these topics can be found in [28] and [29].

2.1. Feedforward Neural Networks

2.1.1. Inspired by the Brain

Arti cial neural networks date back to the 1940s when Warren McCulloch and Walter
Pitts introduced a mathematical framework for modelling the brain as a computational
system of neural nets [30], which paved the way for the development of arti cial neurons,
culminating in the Perceptron, which was proposed by Frank Rosenblatt in 1957 as an
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early attempt to replicate biological information processing.

Biological neurons integrate signals received through tlteendritesand generate an output
when the cumulative input exceeds a de ned threshold, triggering aaction potential.
Drawing inspiration from biology, the Perceptron employed a weighted sum of inputs and
a threshold function to produce a binary output. Mathematically, this can be expressed
as:

a(xi; )= H(f(xi; )= H(x] +1b (2.1)

with a being the activation andf (x;; ) the pre-activation, wherex; represents the input
feature vector, the parameter vector, andban additive bias term. H( ) is the Heaviside
step function, de ned as: 8

<1 if 0

H( )=, (2.2)

- 0; elsewhere
The introduction of a learning rule allowed the Perceptron to iteratively update its pa-
rameters known as weights based on labelled training data, marking a step towards
supervised learning. However, its reliance on linear separability restricts its applicability
to problems that can be solved with a linear decision boundary, making it unsuitable for
tasks requiring the modelling of non-linearly separable data [31].

The limitations of single-layer Perceptrons were later addressed by Multi-Layer Percep-
trons (MLPs), which stacked multiple layers of neurons and employed non-linear activation
functions, thereby expanding the representational capacity of arti cial networks. These
architectures belong to the class of feedforward neural networks, in which data propagates
sequentially from input to output layers through intermediate hidden ones. The compu-
tation performed by each neuron involves a weighted summation of its inputs, an additive
bias term, and the application of a non-linear activation function:
!
% i !
Qi = Woij @ji i v pil (2.3)
j=1
where (p;|) denotes thep-th neuron in the I-th layer, with w,; and |, representing its
the weights and bias, respectively, and denoting the activation function.

This hierarchical structure enables deep architectures to progressively extract abstract
features, where lower-level patterns are combined into higher-order representations, en-
hancing the expressive power of the networks. Thidniversal Approximation Theorem
formally establishes that, given a su cient number of hidden units and appropriate acti-
vation functions, MLPs can approximate any continuous function with arbitrary precision
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[32], providing a strong theoretical foundation for developing modern deep learning frame-
works.

2.1.2. The Backpropagation Algorithm

Scienti ¢ progress is often driven by breakthroughs that bridge theories with real-world
applications, and the 2024 Nobel Prize in Physics recognised such a contribution in Arti-
cial Intelligence (Al). A central challenge in developing Al systems is enabling them to
learn from data by re ning their weights over time, which is achieved using gradient-based
technigues that adjust the weights based on a cost function's change with respect to each
parameter. Early neural network research, however, was constrained by the lack of an e -
cient method for computing these gradients in deep architectures. The introduction of the
backpropagation algorithmin 1986 [33] enabled the systematic computation of gradients
by leveraging the network structure, reigniting interest in neural network research.

To ensure its applicability, two conditions must be met. First, the computational opera-
tions must be represented as Birected Acyclic Graph (DAG), ensuring that dependencies
are non-cyclic and well-de ned. Second, each function within the network must be di er-
entiable, allowing for the application of the chain rule of calculus:

d d (u)

d f—
e =

dx du (2.4)

The algorithm proceeds in two main stages: théorward passevaluates the network's
output by sequentially applying transformations to the input data, storing intermediate
values needed for later use; thbackward pasgpropagates error backwards from the last
layer towards the rst one, using the stored values to compute gradients e ciently. This
mechanism signi cantly reduces computational redundancy by avoiding repeated evalu-
ations of the same expressions, making training deep neural networks computationally
feasible.

2.1.3. Activation Function

As discussed in Section 2.1.1, the activation mechanism shapes the model's represen-
tational capacity. Early neural network research historically relied on the Heaviside
step function, which enforces a binary threshold-based activation. However, its non-
di erentiability represents a fundamental limitation for modern neural network training,

as it prevents the update rule from leveraging rst- or higher-order derivatives.

The introduction of the backpropagation algorithm forced the adoption of di erentiable
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activation functions, such as thesigmoid and hyperbolic tangentfunctions, formally de-
ned as follows:

()= (25)
tanh( ) = 222 +11 (2.6)

However, both functions saturate for extremely low or high input values, causing their
derivatives to approach zero. This phenomenon, known as tlvanishing gradient prob-
lem, severely restricts weight updates, ultimately slowing down or stopping the training
process.

Modern networks have largely transitioned to theRecti ed Linear Unit (ReLU) [34] [35],
de ned as:
ReLU( ) := max(0; ) (2.7)

which introduces a piecewise linear transformation that retains positive values while map-
ping negative inputs to zero. This simple yet e ective formulation mitigates gradient-
related issues. Consequently, ReLU has become the standard activation function for
hidden layers in contemporary architectures.

2.1.4. Convolutional Neural Networks

MLPs process inputs independently, lacking built-in awareness of spatial relationships.
Their fully connected design imposes xed input dimensions and rapidly increases param-
eters as the input size rises. In this work, SAR images spanning extensive spatial areas are
employed as input data, where pixels exhibit statistical correlation with their neighbours,
making MLPs unsuitable.

Convolutional Neural Networks (CNNs) address these limitations by replacing dense layers
with convolutional ones, facilitating the extraction of spatial patterns without constraining
the input size.

The Convolutional Layer

A convolutional layer processes the input by sliding a small matrix of learnable parameters
known as a kernel across it, computing a weighted sum over each overlapping region.
The kernel's parameters, analogous to those in MLPs, function as the network's weights.

When processing multi-channel data, represented as a 3D tensor typically consisting of
two spatial and one channel dimensions the resulting transformation at a given spatial
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Figure 2.1: The representation depicts the 2D convolution process used in CNNs. The
highlighted output value results from applying the high-pass kernel (central matrix) to
the input data (left matrix). The greyed-out areas in the output matrix represent pixels
where convolution cannot be computed due to a lack of surrounding information.

coordinate(i; ) is expressed as:

y( 1\)( 1§( 1
y(@i;j)= + Wuvic) X(i+u;j +vic) (2.8)

u=0 v=0 c=0
whereH andW de ne the kernel size, andC corresponds to the number of input channels.
Multiple lters are typically applied in parallel, spanning all the input channels meaning
that each Iter comprisesH W C learnable parameters determining the output feature
map's depth. The kernel size de nes how many neighbouring pixels in uence each output
value: larger kernels capture broader contextual information, while smaller kernels focus
on ner local details.

A key aspect of convolutional layers is their e ect on spatial dimensions. As the kernel
operates within a xed window, it requires full coverage of the input region, inherently
reducing the output size. As illustrated in Figure 2.1, 8 3 kernel decreases the output
dimensions by one pixel along each edge, which becomes more pronounced with larger
kernel sizes.

To preserve input dimensions, a common approach involveadding the input image
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either with constant values (e.g., zeros) or replicating or mirroring the boundary values
before performing the convolution.

Receptive Field

CNNs expand the spatial region in uencing each prediction by progressively increasing
the input's spatial context, capturing broader spatial dependencies as information ows
through successive layers. This cumulative spatial coverage is formally de nedraseptive
eld, in analogy to the receptive elds in biological vision systems.

Depending on the application, a broader spatial context is often desirable making
expanding the receptive eld an architectural choice typically achieved by stacking
multiple layers with small kernels, providing a more parameter-e cient alternative to
using larger kernels.

2.2. Supervised Learning

While the backpropagation algorithm enables the computation of the gradients of the
cost function with respect to each parameter, it does not prescribe how these gradients
should be used to navigate the loss landscape during learning. A framing of the broader
optimisation problem is therefore required.

The following sections formalise the optimisation problem, introduce th8tochastic Gra-
dient Descent(SGD) algorithm, and explore their role in the end-to-end learning process.

2.2.1. The Optimization Problem

The core ofmachine learningis determiningm weights based om available observations.
From a mathematical perspective, this procedure requires solving a system of equations
with m unknowns. In practice, it is often the case that the number of observations
exceeds the number of parameters (i.en,> m), resulting in an overdeterminedsystem.

As a consequence, an exact solution may not exist, necessitating the estimation of the
weights (") that best t the data, i.e., that minimise anobjective function (L):

" = argminL( ) (2.9)
The objective function to be minimised is typically referred to asoss function or cost

function, as it quantitatively measures the discrepancy between the model's predictions
and the expected outcomes, providing a mathematical tool for guiding the parameters
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update.

The solution that strictly satis es Eq. (2.9) corresponds to theglobal optimum a param-
eter con guration that yields the most favourable evaluation of the objective function.
However, searching for the global optimum is often unfeasible due to the computational
challenges of traversing the high-dimensional parameter spaces. Consequently, the opti-
misation process typically aims to determine éocal optimum denoted by , such that:

8 2B; 9 >02R :j j<; L( )< L() with 2B (2.10)

where B R™ de nes the solution space spanned by then trainable parameters of
the model. Eq. (2.10) states that minimises the loss within its local neighbourhood,
thereby qualifying it as alocally optimal solution

2.2.2. Cost Function

Maximum Likelihood Estimation

In regression tasks, thdvlean Squared Error(MSE) is a widely employed cost function due
to its probabilistic foundation. From a statistical perspective, minimising the MSE follows
naturally from Maximum Likelihood Estimation (MLE), which emerges as a parameter
estimation method in scenarios where uncertainty inherent from the problem and its
modelling makes achieving perfect prediction unfeasible.

Formally, given a dataset consisting oh observations, denoted a® = fx;;ygL,, the
MLE objective is to estimate the model parameters by maximising the likelihood of the
observed data given the model's weights :

“wie =argmaxp(Dj ) (2.11)

Assuming that the observations arendependent and identically distributecand that the
output variable follows aGaussian distribution the likelihood function factorises as:

( )
Y
"wLe = arg max plyi | Xi; ) with pyijxi; ) N (vijif(xi; ) 2 (212)

i=1

To simplify the mathematical formulation, the problem is often expressed in the log space,
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leading to the minimisation of the Negative Log-Likelihood (NLL):
) | ( " | )
MLE = argmin logp(yi j xi; ) (2.13)

i=1

which under the assumption ohomoscedasticity(i.e., 2 = const:), simpli es to:

( s )

. n 1

"wLe = argmin §|09(2 %)+ 52 (i f(xis ))? (2.14)
i=1

Since the rst term is independent of , and the constant multiplicative factor in the

second term does not a ect the optimisation process, they can be omitted, leading to:

(s )

"WLe =argmin (i f(xi; )? (2.15)

i=1

This result shows that under the assumption of a homoscedastic Gaussian output
distribution MLE results in the minimisation of the MSE, providing a probabilistic
foundation for using MSE-based loss function in regression problems.

Regularisation Techniques

In overdetermined systems, speci c parameters' con gurations can make the optimisation
process unstable leading to solutions that closely t the training data weakening
generalisation and ultimately reducing the model's performance on unseen data, a phe-
nomenon known asover tting .

Regularisation techniques reshape the solution landscape, imposing constraints on the
parameter space to counteract this issue.

L2-Norm  The L,-norm constrains the magnitude of the model parameters. From a
probabilistic perspective, this corresponds to imposing aero-mean Gaussian prioron
the weights p( ) N (0; 2 which naturally leads to a Maximum a Posteriori
(MAP) estimate of the weights given the observed data:

( \ )
"vap = arg max ply; j xi; )p( ) (2.16)

i=1
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which on the logarithm-space yields the equivalent minimisation problem:

A . Cx , 1X 2)
MAP = argmin (yi f(xi; )+ 572 b (2.17)

i=1 j

The MSE-based cost function, when includind. ,-regularisation, is reformulated as:

(s x )

“wap = arg min (i f(xi; )2+ | 2 (2.18)
i=1 j

where! ; denotes thg -th model parameter, and > 0 controls the regularisation strength,
which is inversely related to the variance of the prior on the weights: = 2—1; When bias
terms are excluded from regularisation, this technique is also referred toasight decay

Stochastic Gradient Descent

Given a di erentiable objective function, Gradient Descent (GD), a class of rst-order
optimisation methods iteratively updates the parameters by following the direction of
steepest descent, as determined by the local gradient of the objective function. The
process starts from an initial parameter set and, at th&-th iteration, the update rule is
given by:

kei = K+ Nedy (2.19)

wherery represents thelearning rate or step size and dx denotes the update direction.

Computing the full gradient of the loss function over an entire dataset in high-dimensional
settings quickly becomes computationally impractical. Therefore, a widely adopted so-
lution is to approximate the gradient using a randomly sampled subset of the data
referred to asminibatch. This subset, denoted ad, D , consists ofny n samples
and is updated at each iteration. The empirical mean derivative at thé&-th iteration is
then approximated as:

1X 1 X
rL ( k) = — r kl—i( k) — r kl—i( k) (220)
n. Nk .
i2D 12D k

This method, known asStochastic Gradient Descen{SGD), balances gradient precision
and computational e ciency, as the reduced sample size introduces noise into the estimate.
While noisier updates require more iterations to converge, the lower computational cost
per iteration often leads to a faster overall optimisation process.
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Built upon SGD, the Adaptive Moment Estimation (ADAM) optimiser enhances the opti-
misation e ciency by incorporating adaptive learning ratesand momentum The update
rule in ADAM is de ned as:

r

1 =k Top—— (2.21)

S +
where the uncorrected momentum terms representing exponentially weighted averages
of past gradient states are de ned as:

me = my 1+(1 )rL () (2.22)

Sk = Sk 1t(d 2L 2( ) (2.23)

While the learning ratery is xed, ADAM e ectively adapts the step size by scaling it

inversely to the accumulated squared gradienté)(s_k). This ensures that parameters with

large gradients receive smaller updates, whereas those with smaller gradients are adjusted

with larger steps stabilising parameter updates and accelerating convergence. When
1.2 = 0, the update simpli es to a basic SGD step, corresponding to a lack of memory.

2.2.3. Batch Normalization

As briey discussed in Section 2.1.3, a key challenge in training deep neural networks
is ensuring stable gradient propagation. While the vanishing gradient problem leads to
a progressive reduction in gradient magnitudes, the opposite issue gradient explosion

can also occur. This phenomenon occurs when gradients grow uncontrollably during
backpropagation, leading to training instability and, in extreme cases, numerical over ow.
Both issues are tied to network depth, as gradients propagate recursively through multiple
layers.

A widely adopted strategy to ensure stable gradient propagation while preserving the net-
work's representational capacity is to incorporatéatch normalisationlayers [36]. During
training, mini-batches are rst standardised to enforce zero mean and unit variance and
then rescaled:

X = pXT + (2.24)

where and 2 are the batch-wise mean and variance, and are the trainable scale
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and shift parameters, while > 0 ensures numerical stability.

During inference, batch-wise statistics are replaced by exponentially weighted moving
averages of the mean (;) and variance ( 2), accumulated during training:

i= i1+ ) (2.25)

f= lir@ ) ? (2.26)
where  referred to as momentum controls the past states' in uence. This ensures
a deterministic behaviour when processing unseen data.

Beyond stabilising gradients, batch normalisation has been shown to facilitate the use of
higher learning rates, potentially improving convergence e ciency. Despite its widespread
adoption, its necessity across all architectures remains an open research question [37].

2.2.4. Training

The complete training procedure can now be outlined. Given a training data-subset
comprising Ny,in Samples, the minibatch approach introduced in Section 2.2.2 is
employed to partition the training cycle into

Kk

_ J Nirain
rlsteps - BS (2-27)

steps, whereBS denotes thebatch size(i.e., the number of samples within each mini-
batch). An epochis then de ned as a single complete pass throughye,s batches. At the
end of each epoch, the training samples are randomly shu ed to produce a new sequence
of minibatches for the next epoch.

The training consists of three iterative steps, repeated until a prede nedonvergence cri-
terion is satised or a xed number of epochs is completed. In théorward pass the
model processes input data to generate predictions, retaining intermediate computations
for subsequent updates as required by the backpropagation algorithm. The outputs are
then compared against the target values through theost function During the backprop-
agation step, the optimisation algorithm employs the stored computations to update the
model parameters by evaluating the gradient of the cost function with respect to each
weight.
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2.2.5. Validation

During the learning phase, the model performance improves up to a point, after which it
degrades. This behaviour is assessed by tracking the loss function on both the training
set and an independenvalidation setthroughout the process. A typical learning pattern
involves an initial phase where both losses decrease monotonically, followed by a point
where the validation loss reaches a minimum before stabilising or increasing. Extending
optimisation beyond this stage often leads tover tting , while prematurely stopping the
weights' update may result inunder tting , where the model fails to adequately capture
the underlying data structure.

Although theoretically the lowest validation loss may occur at any weight update step,
pinpointing this exact moment would require validation after every minibatch processing,
which is computationally impractical. As uctuations in the validation loss gradient tend
to diminish near the optimal point, evaluation is conventionally performed at the end of
each epoch, balancing computational e ciency with reliable performance monitoring.

Early Stopping Rather than relying on a xed number of training iterations po-
tentially leading to under tting or over tting the training process can be governed by
the early stoppingstrategy. This approach employs a parameter known aspatience

which de nes the number of consecutive validation loss evaluations that can occur
without improvement before stopping the training. The model parameters corresponding
to the lowest recorded validation loss are then saved.

2.2.6. Testing

Assessing the model's deployment performance on unseen data is essential; therefore, a
separatetest set representative of the full range of conditions the model is expected to
handle, is reserved to provide unbiased performance estimates.

In the context of this thesis, eight evaluation metrics are employed. Speci cally, the Mean
Error (ME), Mean Absolute Error (MAE), and Root Mean Squared Error (RMSE)
along with their normalised version and the coe cient of determination ( R?), mathe-
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matically de ned as follows:

X0
ME = S @ ) MESs =
ni—l y
! 1 X RMSE
RMSE = t = @ vi)? RMSE% =
i=1
X0
MAE = =+ iv Vi MAE%=%
L y
P
R2 =1 PF:l(yi Yi)2
inzl(y yl)2

where¥; denotes the predicted valuey; represents the corresponding reference value and
y is the mean of the reference observed values.

Each metric o ers complementary insights into model strengths and limitations: the ME
detects the bias by measuring the average prediction deviations, while the MAE captures
the overall accuracy regardless of error direction; the RMSE, being more sensitive to large
errors, emphasises the impact of outliers, whereas tR& evaluates the goodness-of- t by
quantifying the proportion of variance the model explains.

2.3. Bayesian Neural Networks

In its most general form, the objective of deep learning methods is to predict a target
guantity (y) from a given input (x) using a parametric function € ), such thaty = f (x; ).

wherex, 2X RP andy,2Y REC.

Because of the high-dimensional complexity inherent in both the data and the neural
networks used to model the underlying phenomena, assessing the uncertainty associated
with the model's predictions emerges as a matter of paramount importance particularly

in scenarios where reliability and interpretability are of critical concern.

In this context, the Bayesian framework provides an intuitive approach for modelling and
guantifying uncertainty.
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2.3.1. Sources of Uncertainty

A thorough understanding of the sources of uncertainty inherent in predictive modelling
is essential for assessing model reliability. Two categories of uncertainty are typically
distinguished:

Aleatoric Uncertainty arising from inherent randomness or noise in the data gener-
ation process;

Epistemic Uncertainty re ecting limitations of the model itself due to insu cient
training data or modelling capacity.

In the following, it is explored how these uncertainties emerge mathematically, laying the
foundation for advanced uncertainty quanti cation methods.

Aleatoric Uncertainty

As discussed in Section 2.2.2, a common assumption in regression tasks is that the target
variable is in uenced by an intrinsic degree of randomness referred to astochastic
uncertainty which can be modelled as an additive, zero-meamoise contribution with
covariance matrix (x). Formally, the conditional probability distribution of the output
is expressed ap(y j x), with its mean vector and covariance matrix de ned as:

Z

y(X) = Eyy y p(y j x)dy

h Z

|
yX) = By y  yX) Yy y(x) 7

y () Yy y(x) 7 plyjx)dy

A common simpli cation assumes that the noise is homoscedastic, implying that the
covariance does not depend ox and is isotropic across output dimensions. This can be
expressed as:

y(x) = e (2.28)
where 2 represents a constant noise variance, and is the C  C identity matrix.

Consider a linear regression modél(x; ) 2 R, with parameters ( ) estimated via the
least squares criteria. The expected loss for a given input can be written as:

h i
EILO) = B f(x;) y° (2.:29)

and can be decomposed into the squared deviation from the expected mean and the
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inherent noise:

h i
B, fOG) vy 2 o= f(x) 4T+t (%) (2.30)

The termtr (x) captures thealeatoric uncertainty, or data uncertainty, which arises
from intrinsic noise in the data generation process. It is irreducible and cannot be miti-
gated by modifying the model or collecting additional data under the same process.

Epistemic Uncertainty

In most practical scenarios, the full data-generating distribution remains unknown. In-
stead, the model parameters are estimated from a nite training setlY), considered a
random sample from the underlying distribution. To capture this dependency, one may
de ne the expected model output as:

h i
t(X) = Ep f X pp (2.31)

where ¢ (x) represents the mean prediction over all possible realisations of

As a consequence, the expected value of the squared model deviation is de ned as:

h N
Eb f X5 o y(X) =
h 2i h 2i
= Ep f X, pp t(x) © t(X) y(X) (2.32)
| {z P {z }
Variance Bias?

Both terms  variance and biag capture distinct aspects of epistemic uncertainty

or model uncertainty The rst term (i.e., the variance) quanti es the uctuation in the
model's predictions across di erent training sets. This re ects uncertainty due to data
lack or incomplete sampling of the input space. The second term (i.e., the bias) measures
the systematic error introduced by the model's inability to fully capture the underlying
data distribution.

A Uni ed Framework

The overall uncertainty in the predictions can be understood as the combined e ect of
three distinct components:variance, bias and noise power Mathematically, this decom-
position is expressed as: h i

Ep Ey L(x) =
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h | h 2i h i
= Ep f(x; p) (x)° + t(x)  y(x) T+ tr y(x) (2.33)
I z {z {z
Variance Bias?2 Noise Power

Together, these components provide a comprehensive framework for analysing prediction
errors, enabling a deeper understanding of both reducible and irreducible sources of uncer-
tainty. In subsequent sections, advanced Bayesian approaches are discussed to explicitly
model uncertainty and produce well-calibrated predictions.

2.3.2. Bayesian Model Average

A central focus in Bayesian inference is the derivation of thgosterior predictive distribu-
tion also referred to as the marginal predictive distribution This distribution de nes
the probability density function of the output (y) conditioned on the input (x) and the
training dataset (D):
Z
ply jx;D) = p(yjx; )p( jD)d (2.34)

wherep(y j x; ) denotes the predictive conditional distribution given a set of parameters
( ), and p( jD) represents the posterior distribution over the model parameters.

This expression formalises the process wiarginalisation over the parameter space, e ec-
tively computing a weighted average of predictions across an in nite ensemble of mod-
els. Such an approach commonly referred to asBayesian Model Averaging(BMA)

provides a noble framework to capture the epistemic uncertainty associated with the
suitability of di erent parameter con gurations in representing the data.

By averaging over the posterior distribution, the BMA mitigates the risk of over tting, as
its predictions do not depend on any single, deterministic parameter estimate but rather
re ect the variability induced by uncertainty in the parameters themselves.

Epistemic and Aleatoric Components While the BMA primarily targets epistemic
uncertainty re ecting a lack of knowledge about the optimal it also inherently
incorporates the e ects ofaleatoric uncertainty through the predictive conditional distri-
bution, which accounts for intrinsic noise in the data generation process. However, it is
important to highlight that the BMA does not explicitly model or reduce the aleatoric
component; instead, it treats it as xed and irreducible for each given. Thus, the
primary strength of BMA lies in addressing epistemic uncertainty by marginalising over
likely con gurations of
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Monte Carlo Approximation

Ultimately, the goal is to compute the BMA, but for Bayesian neural networks, this inte-
gral is not analytically tractable. As a result, it is common to approximate the posterior
predictive distribution using a Monte Carlo approach:

X
p(y jx;D)  — p(y jx; m) with n q( jD) (2.35)
1

m =
where ,, are sampled from an approximate posterior distributiorg( j D) p( jD).

Despite its theoretical appeal, the Monte Carlo approximation has limitations, particu-
larly in complex, high-dimensional models such as deep neural networks. It is arguable
that reliance on the Monte Carlo perspective could be avoided in favour of alternative
strategies.

2.3.3.  Plug-in Approximation

From the perspective of BMA, classical training solutions can be viewed as special-case
approximations of the posterior distribution over model parameters. This approach re-
ferred to asplug-in approximation assumes that the posterior distribution is degenerate
collapsing to a single point estimate 1), such as the MLE or the MAP solutions:

p( jD) " (2.36)

where " represents the estimated parameters and ) denotes the Dirac delta function.

By substituting the approximation into the posterior predictive distribution, the resulting
expression is obtained:
Z
p(y j x;D) Py ix; ) "d o= pyix;?) (2.37)

where the nal equality follows from thesifting property of the Dirac delta function.

It becomes evident why any non-degenerate approximation of the posterior distribution
over model parameters provides a more expressive characterisation than the plug-in ap-
proximation. While such approximations may still struggle to fully capture the multi-
modality and intricate structure of high-dimensional parameter spaces, they generally
o er a more exible and realistic representation than a single Dirac delta mass centred
on a point estimate.
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BMA and Classical Approaches The predictions obtained via BMA often di er sig-
ni cantly from those produced by classical training methods, particularly in cases where:

" The posterior distribution p( j D) is spread across multiple modes rather than
being sharply concentrated around a single parameter con guration (e.g., when it
is multi-modal);

" The predictive conditional distribution p(y j x; ) exhibits substantial variation
across di erent parameter settings.

Both of these conditions frequently arise in deep neural networks, where the parameter
space tends to be highly non-convex and multi-modal. Consequently, Bayesian approaches
such as BMA are particularly appealing in such contexts, as they naturally incorporate
parameter uncertainty and provide a more calibrated measure of con dence in predictions.

2.3.4. Stochastic Weight Averaging-Gaussian

Deep neural networks often converge to complex regions of the loss landscape, where
multiple parameter con gurations yield similarly low training loss. Standard point esti-
mates, such as the nal iterate of SGD, fail to capture this variability, thereby neglecting
uncertainty in parameter values. Stochastic Weight Averaging-GaussiafSWAG) [38]
addresses this limitation by tting a Gaussian approximation around a running average

of parameter snapshots, e ectively modelling a local region of the posterior distribution.
Building on Stochastic Weight AveragindSWA) [39] which averages parameter vectors
upon reaching a predetermined convergence threshold to improve generalisation SWAG
extends this approach by incorporating a covariance structure to characterigpistemic
uncertainty within the parameter space.

SWA Precursor  The SWA algorithm leads to a smoother solution, often lying in a
wider basin of the loss surface, periodically updating a running average of parameters:

SWA
SWA _ t n+
1 =

tl (2.38)

n+1

wheren counts the number of snapshots that have been incorporated.

SWAG Covariance Approximation Beyond averaging parameters, SWAG approxi-
mates a local Gaussian distributiorN ( swa; ) by maintaining both a running estimate

of the rst moment and a structured approximation of the parameter covariance. Instead
of modelling the full covariance matrix, which is computationally infeasible for high-
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dimensional parameter spaces, SWAG employslaw-rank plus diagonal approximation
to capture variability e ciently.

The diagonal component is de ned as:

=, X
diag — d|ag 2 SWA 2 = ? t (239)
t=1
which estimates the variance of individual parameters across the snapshots. To account
for correlations between parameters, SWAG also constructs a low-rank component based
on deviations from the mean:

1 X

low rank — ﬁ (+ swa)( t SWA)I (2.40)

t=1

As the value of swa is not available during training, this term is further approximated
as:
1

low rank ﬁDD I (2.41)

whereD is a matrix whose columns contain deviations from the running mean:
D = (¢ t); o
To limit the rank of the estimated covariance matrix,K columns are used corresponding

to the last K epochs of training.

The nal covariance estimate combines the diagonal and low-rank components:

1
é diag + low rank (2-42)

balancing computational e ciency with su cient expressiveness to capture local uncer-
tainty. This hybrid representation leverages the diagonal component to model-independent
parameter variances and the low-rank term to capture linear correlations, thus approxi-
mating the posterior structure without requiring full-rank covariance matrices.

Sampling and Predictive Distribution Once is obtained, SWAG treats the pos-
terior over parameters as:

p( jD) N J swa; (2.43)
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thus modelling parameter uncertainty with a Gaussian centred atsys. The predictive
distribution for y given x becomes:
z

p(y j x; D) Pyjix; N | swa; d (2.44)

Since this integral is typically intractable, Monte Carlo integration is used, drawingN
parameter samples:

W= swmt 2O with ™ N 0 (2.45)

and averaging the resulting predictions:

p(y j x;D) N PYIX, swac (2.46)

n=1

Each sample ((S'@AG) represents a plausible set of parameters lying within a local basin
of the loss landscape, e ectively forming ammplicit ensemble

2.3.5. Deep Ensemble

Deep neural networks trained with stochastic optimisers (e.g., SGD) often converge to
di erent local minima, particularly when initialised with distinct random seeds or sub-
jected to varying data orders. In highly non-convex loss landscapes, each training run
may settle in a distinct basin yielding di erent parameter solutionsf 4;:::; w 0.

Deep Ensemblesxploit this phenomenon by treating these solutions as modes of the
posterior distribution. By collecting models from separate basins, one e ectively sam-
ples from multiple modes of the underlying parameter space, thus providing a practical
framework for modelling epistemic uncertainty in deep learning.

Posterior Approximation Deep Ensemble extends th@lug-in approximation (Sec-

dent training runs. Rather than approximating the posterior as a single Dirac delta
distribution, it constructs a weighted mixture of Dirac deltas:

p( D) = m (2.47)
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Intuitively, each local minimum is treated as a distinct mode in the parameter space,
providing an empirical approximation of the posterior distribution.

Predictive Distribution Substituting the ensemble-based posterior approximation into
the BMA framework yields the following expression for the posterior predictive distribu-
tion:

. z . 1 X
p(y j x;D) PYIxXi o m d
m=1
14 . g
= — PYyixX; m
Mm:l
1 X i (2.48)
= — PYIX; m :
Mm:l

Hence, it simpli es to the average of the individual model predictions.

More broadly, the ensemble formulation introduces greater exibility by allowing the
assignment of weights () to each model. When these weights are normalised to sum
to one, the resulting combination is referred to as eixture of experts Conversely, non-
normalised weights lead to a formulation, commonly known astacking

2.3.6. Multi-SWAG

Despite the considerable benets of SWAG and Deep Ensemble in modelling parame-
ter uncertainty, each approach has inherent limitations. SWAG (Section 2.3.4) focuses
on capturing the local structure around a single basin in the loss landscape through a
Gaussian approximation, thereby neglecting potentially distant modes. Conversely, Deep
Ensemble (Section 2.3.5) samples multiple basins by training independently initialised
networks yet represents each basin with a single point estimate, thereby omitting the
shape of the basin.

Multi-SWAG [40] is designed to reconcile these complementary perspectives by approxi-
mating the posterior distribution as an equally weightedsaussian mixture model

Predictive Distribution Concretely, one rst trains multiple SWAG instances, each
starting from a di erent random seed or following a distinct training protocol; this strat-

egy encourages the exploration of separated basins within the loss landscape. Each model
then maintains its running mean ((S”\}V)A) and low-rank plus diagonal covariance ((™),

thus providing a Gaussian approximation of its local posterior structure. Once these local

approximations are obtained, they are combined to form an ensemble of Gaussian posteri-
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ors, where each component targets a distinct mode. Through themsemble-of-ensembles
viewpoint, Multi-SWAG aims to reconcile the bene ts of SWAG namely, capturing
ne-grained parameter uncertainty in a given basin with the multi-modality exploited

by Deep Ensembles. Multi-SWAG jointly captures thewithin-basin (intra-basin) parame-
ter variability of local minima and the across-basin(inter-basin) diversity, alleviating the
single-basin limitation typically assumed in standard SWAG.

Formally, each SWAG approximation contributes a local Gaussiail (| (Sr\r,‘\,)A; m)y,
leading to a nal posterior estimate expressed as an average owérsuch components:

p( jD) M N ] swa; (2.49)

m=1

Substituting it into the BMA framework then yields the desired posterior predictive dis-
tribution, expressed by integrating over all the local Gaussians:

Z 1 N
p(y j ;D) pyixi o N G ™ d
m=1
1 X z . . (m) m
= M pyiIx; N | swas ™ d (2.50)
m=1

Since the integral is generally intractable, a common strategy is to draw Monte Carlo
samples from each Gaussian componeNt (S”\}\,)A; (m) . Speci cally, one obtainsN pa-
rameter realisations ") computes their individual predictionsp y j x; (o) | and

averages the results:

Py
N PYIiX: swa (2.51)

m=1n=1

p(y j x; D)

2.3.7. Rethinking Ensembles

In Bayesian inference, the posterior distributiorp( j D) encodes the likelihood of each
hypothesis a particular set of given the observed data. Under the Bayesian
Model Averaging paradigm, the goal is to marginalise over all such hypotheses rather
than commit to a single point estimate:
Z
p(y jx;D) = plyjx; )p( jD)d (2.52)
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This perspective suggests that, given the nite information available irD, multiple pa-
rameter con gurations may be consistent with the observed data. Critically, Bayesian
Model Averaging assumes the existence okmgle true though unknown hypothesis
while recognising that a limited dataset may be insu cient to isolate it with complete
con dence. Consequently, the posterior distributionp( j D) serves to re-weight likely
parameter con gurations based on their alignment with the data. Notably, as the size
of the dataset approaches in nity, the hypothesis space is expected to collapse into a
degenerate distribution centred around the correct hypothesis. Within this framework,
the Monte Carlo integration provides a tractable means of approximating marginalisation
by combining the predictive conditional distributions associated with a nite sequence of
models sampled from the (potentially approximate) posterior distribution.

By contrast, model combinationor ensemblemethods characteristically regard each trained
model as anindependentpredictor and combine them by equal or user-selected weights.
In other words, the underlying assumption of Deep Ensemble [41] is that the ground
truth itself may be better approximated by the collective of multiple trained networks
rather than belonging to one distinct parameter setting only. There is no direct attempt
to approximate or explore the posterior over parameters; each model re ects a separate
training instance, and the nal prediction merges them via a simple mixture of outputs.

Although conceptually di erent from the Bayesian perspective, ensembles can be an ef-
fective heuristic to approximate multi-modal posteriors in high-dimensional spaces, as
each independently trained model may discover a di erent local optimum. As shown in
[42], the variance across such local solutions can help to explore the hypothesis space bet-
ter, thereby improving generalisation and calibration relative to a single-point estimate.
Nevertheless, ensembles, in their standard form, do not fully correspond to sampling from
p( j D). Rather, they can be understood as an empirical mixture of point masses centred
at each ,, whereby each ,, is treated as if it were equally plausible a priori. There-
fore, although BMA and model combination yield averaged predictions, theonceptual
underpinnings di er signi cantly. BMA asserts that, in principle, one correct parameter
con guration exists but cannot be identi ed with certainty given limited data; ensembles
posit that the true function can often be better modelled by aggregating a plurality of
perspectives.

YIn practice, heuristics such as di erent data permutations or slightly varied architectures are often
used to encourage model diversity.
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3 ‘ Canopy Height Estimation
State of the Art Overview

This chapter details the methodologies available for canopy height mapping, ranging from
traditional techniques to advanced Bayesian Deep Learning-based approaches.

The most accurate assessments are obtained through in-situ surveys [43] [44]. However,
despite their high precision, eld-based measurements are inherently constrained by lo-
gistical and economic limitations, rendering them impractical for large-scale applications.

Airborne LIDAR Scanning (ALS) systems o er a scalable alternative for broader forest
assessments [45] [46], with centimetre-level vertical accuracy, they enable the direct esti-
mation of canopy height [43]. Over time, ALS data have become a reference source for
large-scale forest ecosystem characterisation. Nevertheless, high operational costs limit
their feasibility for global-scale applications.

Spaceborne LIiDAR systems including the Global Ecosystem Dynamics Investigation
(GEDI) [4] and the Ice, Cloud, and Land Elevation Satellite 2 (ICESat-2) [47] extend

the coverage to a global scale. However, this comes at the expense of sparse observation
and limited signal penetration in dense canopies, which may impact data completeness
and quality [48].

Satellite-based optical and Synthetic Aperture Radar (SAR) imagery o er a viable al-
ternative to achieve gap-free, large-scale canopy height estimations. The two primary
methodological frameworks leveraging these data apbysics-based modelsvhich rely on
electromagnetic interaction principles, andlata-driven approacheswhich infer statistical
relationships from large informative datasets.

3.1. Physics-Based Models

SAR data are widely employed in physics-based modelling due to their sensitivity to
vegetation structure and dielectric properties. Early models, such as ti#ater Cloud
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Model [49], related SAR backscatter to canopy height by representing vegetation as a
collection of water droplets. More advanced methods have exploited Polarimetric SAR
(Pol-SAR), Interferometric SAR (INSAR), and their combination (Pol-InSAR) [50] with
the Random Volume over Ground(RVoG) model [51] emerging as a standard approach,
leveraging multiple acquisitions or polarimetric data from spaceborne SAR systems. These
models bene t from strong physical interpretability but rely on simplifying assumptions
about vegetation structure and scattering mechanisms, which may limit their applicability

in heterogeneous environments.

Beyond these methods;Tomographic SAR (TomoSAR) reconstructs three-dimensional
canopy structures by employing multiple interferometric baselines [52]. Applied to L-
[53] and P-band [54] airborne SAR data, TomoSAR showed promising results, though
operational challenges persist due to high data requirements and decorrelation e ects.
TanDEM-X bistatic time-series demonstrated the feasibility of spaceborne tomography
[55], while the upcoming ESA's BIOMASS mission [56] aims to deliver global-scale tomo-
graphic capabilities, albeit at reduced spatial resolution due to the limitations imposed
by the P-band wavelength.

3.2. Data-Driven Models

Alongside physics-based approaches, data-driven models provide an alternative for canopy
height estimation. Unlike previous methods focused on SAR data, these approaches have
also integrated optical images which had not been considered thus far given their
limited penetration and weaker interaction with vertical canopy structures. Optical data
are often combined with SAR data to exploit complementary information througtdata
fusion.

The study in [57] evaluated the performance of Sentinel-1 and Sentinel-2, both separately
and combined, usingnachine learningalgorithms including ordinary least-squares re-
gression, classi cation and regression trees, and random forest regression trained on
LiDAR samples from Parand, Brazil. Sentinel-1 data provided the lowest accuracy, while
Sentinel-2 performed better but showed greater temporal variability. The fusion of both
datasets yielded the highest performance. Similarly, [58] applied a random forest regres-
sion model to estimate forest height across Australia by integrating multi-spectral Landsat
data, ALOS/PALSAR L-band backscatter, and ICESat-derived height percentiles. Both
studies demonstrated the bene ts of fusing conventional SAR with multi-frequency optical
products, as the latter achieve high predictive performance but are a ected by weather
conditions, with performance uctuating over time due to seasonal and meteorological
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factors, ultimately limiting their scalability for continuous monitoring.

Deep learning algorithms have gained attention for their success in computer vision
[59][60]. While widely adopted for classi cation tasks in Earth Observation [61][62], their
application to canopy height regression remains relatively under-explored. The study in
[7] demonstrated that incorporating spatial context information within a modi ed "Xcep-
tion Convolutional Neural Network (CNN) signi cantly enhanced forest height estima-
tion from Sentinel-2 data, highlighting the role of spatial patterns and the advantage of
CNNs in capturing them. In [63], a complex-valued deep learning model was introduced
for forest height estimation using single-baseline L-band Pol-InNSAR data from DLR's
E-SAR instrument over Traunstein, Germany. The model outperformed the RVoG ap-
proach, demonstrating that achieving state-of-the-art performance does not necessarily
require very deep architectures, such as those explored in [7]. In [64], a vanilla CNN
was employed to estimate forest height from TanDEM-X INSAR data, demonstrating the
potential of INSAR measurements for large-scale canopy height mapping. The study fo-
cused on generating wall-to-wall canopy height maps across Gabon from single-baseline
coherence features. Building upon this work, [65] extended the approach by investigating
the temporal evolution of forest height over a 10-year period, demonstrating the appli-
cability of deep learning to monitor long-term canopy dynamics. Additionally, the study
highlighted the challenges associated with SAR data acquisition in harsh environments,
such as data gaps and terrain-induced distortions. The research is further detailed in [17].
Together, these studies validated the e ectiveness of relatively shallow CNN-based archi-
tectures for INSAR-derived large-scale canopy height mapping and long-term monitoring.
However, models trained on speci ¢ environments often lack generalisability across forest
structures and climatic conditions. Furthermore, the absence of an associated uncertainty
measurement limits the trustworthiness of the framework for downstream applications.

Recent advancements have explored alternative architectures beyond CNNs. In this direc-
tion, [66] adopted a Transformer-based model, taking advantage of its ability to capture
long-range dependencies and contextual relationships more e ectively than convolutional
networks, but their application remains computationally demanding and reliant on large-
scale training data, posing challenges for generalisation and operational scalability.

3.2.1. Uncertainty-Aware Models

Existing literature rarely provides calibrated uncertainty estimates alongside map prod-
ucts, resulting in model predictions being accepted without a quanti ed measure of con -
dence despite the well-documented overcon dence issue a ecting deep learning models
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[13].

In this context, [67] leveraged epistemic uncertainty to guide active learning, selecting
the most informative samples for labelling by prioritising high-uncertainty and diverse in-
stances. Meanwhile, [13] proposed an ensemble of ve independently trained dual-branch
CNNs based on the "ResNeXt" architecture, combining Sentinel-1 dual-polarisation SAR
data from ascending and descending orbits with twelve Sentinel-2 multi-spectral bands.
This approach estimated Normally distributed probability density functions for ve forest
structure parameters on a national scale in Norway, producing both predictions and well-
calibrated uncertainty maps. The ndings were further extended in [68], where the CNN
ensemble was trained using sparse 25-metre GEDI samples as ground truth to generate a
global canopy height map based exclusively on Sentinel-2 data. Validation was conducted
with independent LVIS and ALS measurements across North America, Central America,
Europe and Africa. Despite the promising performance, the claimed 10-metre resolution
remains questionable due to reliance on lower-resolution LVIS data for validation. While
uncertainty-aware models enhance reliability and improve learning from noisy datasets,
they struggle to generalise beyond the training domain, and current research lacks a sys-
tematic assessment of out-of-distribution uncertainty estimation performance.
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4 ‘ Datasets, Pre-Processing and
Area of Interest

This chapter outlines the datasets, describes the processing pipelines employed, and de-
nes the area of interest analysed in this study.

4.1. TanDEM-X and TerraSAR-X

The TanDEM-X (TDX) and TerraSAR-X (TSX) satellites are German spaceborne Syn-
thetic Aperture Radar (SAR) systems developed through a public-private partnership
between the Deutsches Zentrum fir Luft- und Raumfahrt (DLR) and Airbus Defence and
Space [69] [70]. Launched in mid-2007 (TSX) and mid-2010 (TDX), the satellites oper-
ate in a dusk-dawn sun-synchronous orbit at a nominal altitude of 514 kilometres with a
repeat cycle of 11 days. Their nearly identical hardware con gurations, summarised in Ta-
ble 4.1, include active phased array antennas and support multiple acquisition modes such
as Stripmap, Spotlight, ScanSAR and TopSAR. A dual-receive antenna was integrated
to support along-track interferometry and enable the collection of fully polarimetric data
(HH, HV, VV, VH).

The TerraSAR-X mission [70] was designed to provide high-quality SAR products for sci-
enti c research and commercial applications. To enable synergy with the future TanDEM-
X mission, TerraSAR-X was designed with hardware enhancements for precise orbit de-
termination, stable radio frequency signal transmission and inter-satellite synchronisation
[70].

The TanDEM-X mission [70] [71], building upon TerraSAR-X [70], was designed to gen-
erate a global Digital Elevation Model (DEM) with unprecedented accuracy, achieving a
relative height error of 2 metres and a horizontal resolution of 12 metres [72]. Operating
in bistatic Stripmap mode, the satellites maintain a "Helix" formation with separations

ranging from 100 to 500 metres [71], facilitating single-pass interferometry to minimise
temporal decorrelation and atmospheric disturbances. The initial DEM acquisition phase
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