2.6 INTERVAL ARITHMETIC

Fig. 2.7: Sketch of box cutting. The dark subboxes at the edges can be removed if they
are proven to be empty.

a certain x; € [0.6, 0.8] x; has different values to solve Eq. 2.109 and Eq. 2.110 in
real-valued arithmetic.
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3 Novel Hybrid Approach

The proposed hybrid approach is an automatic initialization and solution strategy
to efficiently solve NLEs of the form f(x) = 0 in case no converging initial point
or tight bounds are at hand. The user must provide an initial box Z(*). The hybrid
approach then follows the interval and real-valued arithmetic containing steps

shown in figure 3.1 from the perspective of one box.

[ 1) Contraction ] [2 a) Termination]

,f »@»@

Yes ‘ Yes

[ 3)Rootfinding ] 4) Cutting

2 b) Termination

) ( )
‘. No No
~ v
\4‘| “ ‘ Yes Yes
- (5 s#ging ] (2¢c) Termination |

No

Solved box returned

Real solution stored

Fig. 3.1: Five steps of the hybrid approach: IA steps (yellow shaded), termination steps

(red shaded), real arithmetic root-finding step (green shaded).
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3 NoveErL HYBRID APPROACH

Sections 3.1 to 3.5 explain these steps in detail. It is essential that as soon as
a box is solved or identified as being empty, it is marked accordingly and not
reduced any further. A box is labeled as "solved" when it is degenerate, i.e., the
width of each interval falls below a minimum value determined by a relative
and absolute tolerance (explained in section 3.2). If a solution is found in the
root-finding step, it is immediately reported to the user in a text file. If the key
"termination” is set to one_solution in the solver’s dictionary, the algorithm
acts as a local solver and terminates the hybrid approach when a real-valued
solution, i.e., a single root, is found. Otherwise, the solution is stored and used
in the unique solution test, i.e., if a box satisfies the condition and the solution
lies inside the box, it does not need to be reduced further and is also considered
solved. A reduction step involves that all currently unsolved boxes are processed
once by the hybrid approach. How such a step looks like for an individual box is
explained in section 3.6 and how it does for multiple boxes is topic of section 3.7.
Subsequently, section 3.8 discusses parallelized processes in the algorithm, and
section 3.9 presents briefly the implementation of the hybrid approach in Python.
Section 3.10 closes this chapter with the definition of some analysis parameters to
evaluate the performance of the hybrid approach in the upcoming chapters.

3.1 Contraction

Three different methods can be used for the contraction step in the hybrid ap-
proach, namely

— The Interval Newton (see section 2.6.2)

— The hull consistency method HC4revise from Benhamou & Puget (1999) (see
section 2.6.3)

- A new box consistency method, called Bnormal (own development, ex-
plained in this section)

The Interval Newton has been implemented in form of the Gauss-Seidel step
referring to Eq. 2.92. It is iterated variable-wise, meaning that the variables are
successively reduced and each newly reduced variable interval is subsequently
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3.1 CONTRACTION

used in the next variable’s reduction step. Gaps during the reduction are ignored
and only the outer bounds of the interval are used. Nevertheless, such an interval
is marked as discontinuous and can be used for splitting later. Except for the
preconditioner pivotAll, the i-th variable is only reduced in the i-th equation.
The DM decomposition (see section 2.4.2) ensures that there is no structural zero
on the diagonal of the Jacobian matrix, i.e., the i-th equation depends always
on the i-th variable for a well-posed equation system. The general form of the
Newton contractor applied on the box Z¥) in the k-th reduction step is

E(k+1) = Lyt (f(w)/ mc:i(k)> ’ (31)

with the point of expansion chosen to be the intervals mid point

x.:=m(x) . (3-2)

The Jacobian matrix, or to be more precise, the Gauss-Seidel step can be precon-
ditioned in a variety of ways. The Jacobian matrix and the vector of the functions’
residuals are multiplied by a real-valued, preconditioning matrix P to improve
the condition of the resulting interval matrix G, i.e., having interval entries of
similar orders of magnitude.

G=J P P cR"xR" (3-3)
k(x) =P f(x) (3.4)
_ P11 - Pin _
P = Do : (3-5)
| Pmi e P |

Entries of G and k are then used in the preconditioned Gauss-Seidel step referring
to Eq. 2.96. The option used in the scope of this thesis will be the preconditioning
strategy pivotAll, where each element p;; of P is defined by

0 ifj =0
pji = 7 , (3.6)
1 ifj. #0
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3 NoveErL HYBRID APPROACH

with il being the corresponding entry in the interval Jacobian matrix. Each vari-
able interval is thus reduced in each equation depending on this variable. Three
other preconditioning options have been implemented, but could not achieve any
increase in efficiency compared to pivotAll in the test runs of this work. For

the sake of completeness, they are presented in section 6.8.

Another contraction method that can be used in combination with Interval New-
ton or individually is HC4revise. The method reduces the variable intervals
equation-wise, i.e., all variable intervals of one equation are led to consistency. Af-
terwards, the method continues with the next equation and the reduced variable
intervals are directly employed. One contraction step involves one run through
all equations. Note that the overall problem does not have to be consistent after a
single contraction step as the newly reduced intervals might be inconsistent in the
tirst equations. According to the definition of hull consistency, gaps are ignored
and there is no return value of the external routine that allows for recognizing
them. The python package that contains HC4revise is called pyibex developed by
Desrochers (2015) and used in the novel hybrid approach. Both, Interval Newton
and HCyrevise can face issues to reduce intervals of variables that occur multiple
times in an equation. Mathematical models of chemical engineering processes
frequently contain such type of equations for example in reaction kinetics, ther-
modynamic properties, fugacity or activity coefficient calculations. If variables
can not be further reduced by contraction, the current box will be split, and the
iteration is quickly dominated by extensive splitting, becoming almost as slow
as a classical branch and bound algorithm. One aim of this thesis is to develop
a method that works well on this type of equations with a priority given to the
reduction efficiency rather than the computational time of one contraction step,
because extensive splitting might slow down the algorithm even more than a
slightly more expensive but efficient contraction step.

Before the newly developed method Bnormal is introduced, a small example
typical for chemical engineering problems shall point out this issue. The mole
fraction y of a binary mixture’s low-boiling component in the vapor phase that is

in phase equilibrium with a liquid phase can be calculated by

-z

y= TH@—1)z (3.7)
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3.1 CONTRACTION

where z denotes the low-boiler’s mole fraction in the liquid phase, and the relative
volatility « is assumed to be constant. For the variables y, z, a the following
intervals are known 7 = [0.1, 0.2], z = [0, 1] and & = [1, 2]. How much can
Interval Newton and ﬁC4revise reduce these intervals? First, the Interval Newton
is examined. Therefore, Eq.3.7 is brought into the zero-form

X -z

flyzm)=y— Th—1)z 0 . (3-8)

No preconditioning shall be used and . equals the variable intervals’ mid points
so that

0.15
Xe = 0.5
1.5
F(me) = —045
of of . o of . 22—z

@2]'1,121 5, — 12 =

Tt @—1)-22 o PTAr@-1) 272

Now, the Gauss-Seidel step

- i—17= _(k k n = =(k k
(k+1) fi(@e) + Ko L (EJ( - xf:,j“)) ol (lf(‘ - ngf))

X =X X — —
= =1 c,i .
J

Zii

is exemplary applied for the first contraction step of z
—045+1-([0.1,0.2] —0.15) + [-1,1] - ([1,2] — 1.5)
[—2, —0.25]
zW = 0,1 N0.5—[—04, 4] = [0,09] . (3.10)

z =10,1]N05 — (3.9)

The other intervals ¥ and & can not be reduced at all. In fact, without bisection
none of the tested contraction methods are able to reduce y and & any further
so that the analysis focuses on the reduction of z. After the first Newton step
z is reduced to [0, 0.9], and the method needs in total 16 steps to finish with a
consistent interval of 2(15) = [0, 0.54]. Why 2(16) can not be further tightened?
Some of the intervals in Eq. 3.9 result from the interval extended versions of the
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3 NoveErL HYBRID APPROACH

variables” derivatives. Evaluated with the usage of natural IA (see section 2.6.1),
they greatly overestimate the actual range of validity due to interval dependency

as can be seen in Eq. 3.11 and Eq. 3.12.

Bf/az =

x
1+ (a—1)-2)? (3-11)

44

f Joz — =
2o (1+@—1)-

o (3.12)

To determine the maximum value of this derivative by IA, the upper bound of
« is used in the numerator of Eq. 3.11 and its lower bound in the denominator.
In real arithmetic both instances of the same variable must have the identical
value. Hence, in real arithmetic @ and & are out of scope. Interval dependency

also occurs in the determination of 9f/ax. In consequence, these coarse intervals

result in a wide interval extended Gauss-Seidel step taken from x.. Regarding the
current example, the width of the Gauss-Seidel step in the 16th contraction step
is at least as wide as the width of the 15th contraction step and no tightening can
be obtained.

Next, HCyrevise is applied on the given problem. Figure 3.2 shows the first
contraction step, which covers forward and backward evaluation. The reduced
interval Z is [0.05, 0.4] and therefore already essentially smaller than the consistent
interval resulting from Interval Newton. The method reaches consistency after
the sixth contraction step at z(0) = [0.05, 0.25]. This method works better than
the Interval Newton, because no IA-based linear approximation is used anymore.
Nevertheless, one can see in the first contraction step that in backward evalua-
tion the intervals of both z instances differ as shown in figure 3.2. The one in
the numerator changes to [0.05, 0.4], while the one in the denominator can not
be reduced. Hence, before the second contraction step the latter is updated to
[0.05, 0.4]. Nevertheless, its reduction potential is not directly used in the first
contraction step and makes more reductions steps inevitable. A problem of both
methods is the missing linkage between multiple instances of the same variable.
For this reason, a method was developed that attempts to preserve precisely this
linkage and thus reduce the original box within a contraction step further com-
pared to Interval Newton and HC4revise. This self-developed method is called
Bnormal and belongs to the group of box consistency methods, explained in sec-
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3.1 CONTRACTION

(b) Backward evaluation.

Fig. 3.2: HCyrevise applied on the equation y = - (;"Cfl).z

[0.1,0.2] x [1,2].

inthebonxng:[O,l] X
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3 NoveErL HYBRID APPROACH

tion 2.6.3. Let us focus on the reduction of z again. Eq. 3.7 can be divided into a
z-dependent part g(z) and a z-independent part b

on-ZzZ

b —_—
8(2)
If b and g(z) are evaluated by IA in Z, three cases can occur:
Cg(z) Z can be reduced until b = g(2)
b D 3(z) No reduction of z is possible (3.14)
N g(z) =@ There is no solution in &

In case two and three the box can not be further reduced, because g(z) is tighter
or as tight as b (case two) or 2(z) and b do not intersect at all ((;se three) so
that  has no solution and ca;\ be discarded. However, case one provides the
opportunity to tighten zZ and g(z) further until the condition b = g(z) is met. If
case one holds and g(z) is a co;ltinuously differentiable, monotonouic;ly increasing
or decreasing function in z, then there is exactly one convex subset in Z where the
condition b = g(Z) is fulfilled. In the current example, case one is met and g(z) is

both differentiable and monotonously increasing in z, since

(i+@-1)-2)

38/0:(Z) = > =1[0252]>0 . (3.15)
If all other variables in g(z) are subsequently replaced by their intervals and only
z is evaluated by real arithmetic, the maximum function value of this interval
extended, univariate function g(z) can be found at z, while its minimum value
lies at z. Figure 3.3 shows the chart of 2(z) in z. Hence, the upper bound of z
can be decreased until the condition b = ¢(z) is met (highlighted by the upper
dot in figure 3.3) and the lower bound of Zican be increased until b = g(z) holds
(highlighted by the lower dot in figure 3.3). This is the basic idea of Bnormal.
Lower and upper bound are iteratively increased and decreased, respectively, by
a univariate version of the Interval Newton method as described in section 2.6.3
until the conditions are met. The interval extended Newton steps of the upper
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0.30 1
0.25 1
0.20 1 b
= (.15 A
0.10 1
b
0.05 1
0.00 - T T
0.0 0.6 0.8 1.0
z

Fig. 3.3: Reduction of continuously differentiable, monotonously increasing, interval ex-

1, 2)-2 7z in the initial range z( = [0, 1] by Bnormal.

tended function g(z) = (L 2-1)=

bound iteration z,;, and the lower bound iteration z;;, are

21(3;) =z (3.16)
=(k) 7
1) _ oy 8m(Z)) —b g
Zy = m(Zy) - T o) Nz, (3.17)
Zz(g) =z (3.18)
. 0y ZmE)) —b __
i = m(E)) - E TS 0 (3.19)

9Z/az(z))

Both iterations are independent of one another and start from the initial interval

z(0). They terminate when both Zg;) and Zl(;;) are degenerate according to the

user-specified tolerance. Then the reduced interval 5+ is

(k+1) . 7,(k) (k)]

z = [;lb ’ Eub (3-20)
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3 NoveErL HYBRID APPROACH

Tab. 3.1: Contraction steps k and CPU time required to reduce z = [0, 1] until consistency
is achieved in the equation 0 = y — % with y = [0.1,0.2] and & = [1, 2].
Tested on a Notebook Intel i7 Processor (8x 1.8 GHz, 8. Generation) and 16 GB
RAM with a Linux operating system.

Interval Newton HCygrevise Bnormal
k z CPU (ms) | k z CPU (ms) | k z CPU (ms)
1 [0,0.81] 0.66 1 [0.05, 0.40] 0.27 1 [0.05, 0.25] 3.44
2 [0,0.73] 1.17 2 [0.05,0.28] 0.53 2 [0.05,0.25] 6.73
16 [0, 0.54] 8.90 6 [0.05,0.25] 1.56

For the current example z and z can even be derived analytically

8(2)
— o - z o
b_1+(a—1) z (3:21)
1-z
02= 4013 (3.22)
_ 0.2
I=1_02" 0.25 (3.23)
8(z)
4
EREAEE o2
2.z
01= 1+(1-1)-z (3.25)
z=0.05 . (3.26)

Bnormal needs only one contraction step to reduce z to [0.05, 0.25], in contrast to
the other two methods. A second contraction step is necessary to ensure consis-
tence (like the last steps of the other contraction methods). Table 3.1 summarizes
the results of all three contraction methods applied on this example. It can be
seen that although HC4revise requires more contraction steps, overall less time is
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3.1 CONTRACTION

needed to obtain the identical consitent intervals as Bnormal. Hence, a contraction
step using Bnormal is much more expensive than one using HC4revise and even
Interval Newton. However, it is not always the case that the consistency methods
become consistent at the same intervals, as has already been illustrated by the
2D /3D examples in section 2.6.3. The extra effort may therefore be justified if it
allows the box to be reduced even further. As a consequence, combinations of the
contraction methods will also be examined later in this work.

Concerning Bnormal, we have not yet discussed the cases where g(z) in z is con-

tinuously differentiable and monotone decreasing, non-smooth or non-monotone.

For the reduction of z in continuously differentiable, monotone decreasing func-

tions g(z), the following two conditions are true: b = g(z) and b = g(z). Alterna-

tively, they can be reformulated as monotonously increasing functions 9*(z):
g'(2)

—
—b=—g(z) . (3-27)

For non-smooth and non-monotone functions a filter algorithm has been devel-
oped. Firstly, regions, where g(z) is non-smooth, are filtered out of the domain by
a bisecting algorithm that spli;s up Z into subintervals and keeps — for the moment
— only those with finite derivative intervals 98/9z. Secondly, the smooth subinter-
vals are bisectioned analogously until only monotone subintervals are left. This is
done by evaluating 98/az in the current subinterval, if the derivative values are all
greater or equal to zero it is a monotonously increasing function and if it is lower
or equal to zero it is a monotone decreasing function. Constant functions with
a derivative value of zero are counted to the monotonously increasing functions.
Finally, the criteria for the already described reduction procedure are fulfilled and
each subinterval is individually reduced. Multiple subintervals can result from
the filtering process that do not share any bound with another. Some of them
might be removed, because there is no intersection of g(z) with b in them. Others
might encompass an infeasible gap. The number of boxes is limited by the hyper-
parameter "maxBoxNo". If there is enough capacity, an infeasible gap is removed
from the original interval and the set of both subintervals is returned, resulting in
two subboxes. Otherwise, Bnormal returns only the hull consistent box similar to
Interval Newton and HCyrevise. Nevertheless, such intervals are labeled for later

69



3 NoveErL HYBRID APPROACH

use in splitting. Intervals, where g(z) is continuous but non-monotone can also

occur for example in
(z)=[-1,1]-z . (3-28)

|og

They are sorted out by the filtering algorithm and separately tightened. The
intervals are simply divided into a certain number of subintervals that the user
has to set by the hyperparameter "resolution”. The function g(z) is then evaluated
in each subinterval and checked for an intersection with E For efficiency, it is
started from the lowest subinterval in increasing order and the method stops when
a subinterval z;, is found where g(z;,) Nb # @. The lowest bound of z;; is kept.
Next, it checks the highest subinte?val and moves downwards until it finds the first
subinterval z,, where (z,,) Nb # @. Intervals between Zz;, and Z,,, are not further
checked to save time and the interval [z1p, Zup) 1s returned. The implementation
and further details on the method Bnormal have been published in detail in
Bublitz et al. (2021b). The most relevant change to the current version is that
the univariate Interval Newton method replaces the former bisecting algorithm
for the reduction of intervals in continuously differentiable monotone functions
because of computational efficiency. The algorithm is part of the Appendix figure
A3

Let us turn once again to the Vapor Liquid Equilibrium (VLE) example of Eq. 3.7.
In Bnormal, the variable z has been evaluated by real-valued arithmetic in the
interval extended function g(z), which preserved the fact that both of its instances
must have the same value in 2(z). Hence, only one contraction step was necessary
to achieve the exact image set of 2(z) so that

b=3E")=gE") . (3-29)

Further reduction of z1) through g(z) without splitting is impossible, unless b or
g(z) are modified in some way. Gging back to Eq. 3.21 and 3.24 one can see that a
is also affected by interval dependency. In section 2.6.1 an effective method called
refinement has been introduced, which can further tighten the range of interval
extended function evaluations, when interval dependency is present. For this
purpose, a method termed tighten_bounds has been implemented as part of the
hybrid approach that makes use of these refinements. Whenever a function needs
to be evaluated by IA, tighten_bounds checks variable by variable, how many
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Nrsol = options["resolution”| # no. of subintervals
Nyar = dim () # no. of variables

i=1 # index of variables

R= Z( C # reduced function range

&

I~

i

Fig. 3.4: The algorithm of tighten_bounds.

occurrences a variable has and whether its interval is not degenerate yet. Only
if a variable has multiple occurrences and is not solved, refinements are useful.
When such a variable has been found its interval is subdivided into a certain
number of subintervals specified again by the hyperparameter "resolution". The
higher the "resolution” is set the closer comes the function value range from the
interval extended function to the actual image set of the function. Figure 3.4
shows the algorithm of tighten_bounds. The evaluation of b and g(z) can be done
by tighten_bounds. The interval b is not affected since b only cor;sists of y, which
has only one occurrence. However, g(z) can be tightened. Is the "resolution”
parameter set to 5, Z can be further narrowed to z(D = [0.052, 0.208] after the
first contraction step, which is proofed to be consistent in the second. Table 3.2
presents the results of this refinement. For completion this refinement can even
be solved analytically. Eq. 3.21 and 3.24 are reformulated and evaluated for each
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3 NoveErL HYBRID APPROACH

Tab. 3.2: Resulting subintervals z; from refinement of & with five subintervals, analytically
solved by Eq. 3.30 and 3.31.

[ & Z Z]

1 [1.0,1.2] 0.083 0.208
2 [1.2,14] 0.072 0.179
3 [14,1.6] 0.066 0.156
4 [1.6,1.8] 0.057 0.139
5 [1.8,2.0] 0.052 0.125

subinterval «;
zZ] = b [=1...5 (3.30)
T a b (@ —10) 33
b

4T % "0 (- 10)

(3-31)
The reduced interval z equals
z = [min({z;_q,...,2;_5}), max({zj=1,...,2z;_5})] = [0.052,0.208] , (3.32)

which agrees with the algorithm’s results. However, this additional work re-
sults in a CPU time of 16.25ms that the algorithm (Bnormal combined with
tighten_bounds) needs to process the two contraction steps. The test was ab-
solved on the same computer as the ones from the pure contraction methods
shown in table 3.1. On the one hand, Bnormal is significantly slower in case
tighten_bounds is applied, on the other hand some extensive box splitting might
be prevented in later stages of the hybrid approach.

A full reduction step consists of multiple contraction steps from either one contrac-
tion method on its own or a combination of all three methods HC4revise, Interval
Newton and Bnormal. The reduction step is finished when a box is either solved,
proved to be empty, or consistent. The algorithm used for the contraction that
integrates the three methods above, is called contract_box and shown in figure 3.5.

72



3.1 CONTRACTION

As input arguments it takes one box z, the functions f and variables x related
to the problem f(x) = 0, a dictionary options with iteration specific data and
two parameters p and [. Parameter p is a tuple that contains information about
the so-called parent of the current box. The parent box of an unsplit box is the
initial box. Whenever a box is split the reduction step before the split and its
index regarding the current box order are stored so that it can always be reloaded
in upcoming reduction steps. Former boxes will be needed for a certain splitting
technique explained in section 3.5. The parameter / is the index of the box itself in
the current order of boxes. There are further properties of a box, which describe
its current state that are in contract_box abbreviated by

s := boolean, t rue if box is solved

— d := boolean, t rue if box is discontinuous

¢ := boolean, true if box is consistent to contraction

uniqueny = boolean, t rue if box has unique solution based on the interval

newton contractor

— uniquey. = boolean, true if box has unique solution based on the box

consistency contractor

A solved box is not further processed in any of the hybrid approach’s reduction
steps. A discontinuous box contains at least one gap that can be treated by
splitting later. A consistent but not solved box can not be further reduced by
contraction and it is continued with the next steps of the hybrid approach. The
two parameters unique,,,+ and uniquey. are necessary for the unique solution test
based on Interval Newton or Bnormal. This test was already introduced in section
2.6.2. Its usage here as a termination criterion will be explained in section 3.2.
Initially, s, d and c are set to false and turned to t rue if a box is solved, proved
to contain a gap or can not be further reduced by contraction, respectively.

For clarity and comprehensibility the methods get_allowed_boxes, consistent,
root_inclusion, solved and unique_solution_test, which contract_box invokes in-
ternally, are only briefly explained. Their comprehensive algorithms are part
of Appendix A. As test results of the thesis of Ebert (2021, pp. 34-39) showed,
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3 NoveErL HYBRID APPROACH

HC4revise seems to be the fastest out of the three methods regarding CPU time
per reduction step. This agrees with the already shown measurements from table
3.1, although it does not state anything about the reduction efficiency. However,
when HC4revise is selected, contract_box starts with it and cycles through all
equations until either hull consistency of the complete problem is reached, the
box is solved, or proven to be empty. Empty and solved boxes are directly re-
turned from contract_box, while a hull consistent box ¥ is further processed by
the other contractors, when they are selected. If this is the case, the algorithm iter-
ates through all variables, for each one contraction step by Interval Newton and
one by Bnormal is performed. Solved intervals according to the selected relative
and absolute tolerances are skipped and if an interval is empty, the box has no
solution and contract_box returns an empty set. Interval Newton also contains
the described preconditioning and Bnormal the additional option tighten_bounds.
They consider gaps so that multiple subintervals can be returned in the set {z,, }
and {a},, of the current variable v;. To keep the number of subintervals low,
root_inclusion applied on the whole system in the respective subboxes follows
the contraction step. In case {z, } contains a single interval, the processed box y
is directly updated to improve the reduction efficiency of the subsequent variable
intervals. Otherwise the hull that encompasses all subintervals is determined and
the related interval is updated to gv’_. After all variables have been contracted
in one cycle there are 1., sets {z, } containing all their reduced subintervals.
Through the cross product of all these sets a set of reduced boxes {Z} is obtained.
If each {z,, } consists of only one reduced interval there will be only one reduced
box in {Z}. This one is then applicable for a check of being solved by the two
methods solved and unique_solution_test.

A solved box is returned by contract_box, while an unsolved box and multiple
boxes in {Z} are checked for consistency next. In consistent the reduced box y
that corresponds to the hull of all current subboxes is compared to the initial box
z. If all intervals remain constant regarding the selected relative and absolute
tolerances, ¥ is termed consistent, c is set to t rue and the reduction step is almost
done. In the present implementation {Z} is not directly computed, because if
many discontinuities are present in Z, this can cause a high number of boxes. In
the complete procedure the number of boxes is always restricted by the parameter
"maxBoxNo" that is part of the dictionary options. The method get_allowed_boxes
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finally checks how many subboxes can be built without exceeding "maxBoxNo".
Hence, the gap of some intervals might be considered and they split into their
feasible parts until "maxBoxNo" is reached, while others are not split and set to
their intervals from y. If gaps can not be used for interval reduction, the boxes
from {Z} are labeled as discontinuous and may be split later, whenever capacity
becomes available. When the allowed {Z} has been generated, it is returned
together with a set of the boxes” properties. Consistent boxes will be tested by the
root-finding algorithm.
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3.2 TERMINATION

3.2 Termination

The contraction of a box continues until either consistency is achieved, the maxi-
mum number of contraction steps selected by the hyperparameter "redStepMax"
is reached, it has been proven that the box contains a unique solution and this
solution has already been determined numerically, or the box has been narrowed
so much that all variable intervals are degenerate according to the set tolerances,
i.e., it contains a solution and is sufficiently close to it. Recommendations for
the settings of the algorithm’s hyperparameters for a new system will be given
in Appendix A.3.1. Numerical iteration methods mostly use relative tolerances

Rel

e"® as stopping criteria, because they consider the iteration variables” order of

magnitude. Using an absolute tolerance ¢4

instead bears the risk of reducing
variables with a low order of magnitude to a lesser degree as their value may be
lower than the absolute tolerance value. Hansen & Walster (2003, pp. 176-177)

show that a relative stopping criterion, such as

eRel > w|(x) , (333)

1=l

should never be applied as a sole criterion for IA since for a typical choice of

kel <« 1, the constraint 3.33 will never be met by a variable interval X that contains

zero. For such an interval the condition

X

0(x) 2 (3-34)

—~

1<

2]

always holds. Hence, this hybrid approach employs the formula implemented in
the method numpy.isclose() of the python package numpy (Harris et al., 2020):

(e + e |x]) > w(x) . (3-35)

Condition 3.35 needs to be met by all variable intervals X of a box x before it

is tagged as "degenerate". Nevertheless, a degenerate interval ¥ is still further

Abs and eRe for this specific variable i by

an order of magnitude (s{”’s = 0.1- 8{”’5, ef{e

tightened by decreasing the values of ¢
I'=01- 8561) whenever it reaches
degeneration because the reduction of other variable intervals might strongly
depend on it and would never fulfill condition 3.35 otherwise. Let us look at an
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3 NoveErL HYBRID APPROACH

example
a=10"-b , (3.36)

with b = [1.9, 2.0] x 107%. Assuming absolute and relative tolerances of ¢4** =

Rel =109, the interval b is already degenerate. However, in case variable a only

€
occurs in Eq. 3.36, it can not be reduced any further than g = 107 - b = (1.9, 2]
and would thus never fulfill the required tolerances. Instead, the algorithm would
start to split 2 in many subintervals associated to many subboxes until the width
of each subinterval satisfies condition 3.35. However, successively decreasing eR¢/

Abs for degenerate intervals such as b prevents this exhaustive splitting. To

and e
ensure that the successive reduction of the tolerance values does not unnecessarily
slow down the methodology though, it is only performed until both tolerances
drop below a value of 1012, Of course, in the worst case, increased splitting can
occur even beyond this limit resulting in many solved neighbour boxes fulfilling
condition 3.35. However, such boxes are then merged in a suitable way to keep
the number of boxes small. Later in this section this will be explained in detail.
For intervals containing zero and those close to zero, the absolute tolerance gAbs
dominates. For higher orders of magnitude the relative tolerance ¢R¢ becomes
restrictive instead. The consistency check relies on analogue conditions 3.37 and

3.38, for the lower and upper bounds of the intervals

(sAbs + ERel . max {|£(k+l)|’ |£(k)|})

(8Abs + eRel -max{|f(k+1) |, |y(k)|})

v

w(|x*HD — x0)) (3.37)
w(|x*ED —x®)) (3.38)

v

A box is consistent if both conditions hold for all intervals. To filter singular
or discontinuous points x4 of a function f(x) in X by the contraction method
Bnormal, the filter algorithm stops bisecting when condition 3.39 is fulfilled by
the interval Xx,; with xy; € X.

(0.1 +0.1- € [xy4]) > w(xyy) (3:39)

Absolute and relative tolerances are multiplied by 0.1 so that condition 3.39 is
more restrictive than condition 3.35 to prevent cutting away a potential solution,
close to x;. Finally, Bnormal’s univariate Interval Newton terminates when either
the currently processed interval z is degenerate, or the relevant bounds of g(z) and
b are almost equal, e.g., the interval associated with their distance is deggenerate.

78



3.2 TERMINATION

In case of a univariate, monotone increasing function g(z) these distances are
|g(z) — bl and [g(z) — b| for lower and upper bound iteration of z respectively (see
Eq. 3.17 to 3.20). For both, condition 3.35 is applied.

0)

Solving a problem f(z) = 0 on an initial box E( , areduced box £ with Z C E(O)

is tagged as "solved" when one of the two conditions holds:

1) The box Z is degenerate according to condition 3.35 and contains a solution
x* to f(z) =0, ie,

ocf@ - (3.40)

2) The box fulfills a unique solution test and a solution =* with * € = has
been determined numerically beforehand by the root-finding algorithm.

Hence, if a box is degenerate, the condition 3.40 is checked. However, if the

Abs and SRel

tolerances & are chosen too small, a box might be extensively split
before it fulfills condition 3.35. On one hand interval dependency can cause
relatively wide intervals f(Z) so that criterion 3.40 can also be falsely met by
empty boxes close to the real solution. On the other hand, rounding errors in
badly conditioned systems can cause very flat functions so that there is rather a
solution interval than a single real-valued solution. To prevent a worst case, in
which hundreds of boxes are returned as solved, a method has been developed
to unify all neighbour boxes, i.e., boxes that differ only in one dimension and
the according variable intervals share exactly one bound. A solved, unified box
is marked as such in the result file and an alternative tolerance value " is

returned

~—

81/[711 = max (—l

Based on condition 3.40, Eq.3.41 assumes identical absolute and relative tolerance

uni - On these terms, ¢ is the actual tolerance that the unified

values that equal €
box fulfills. Besides, the result file also states the variable, which requires this
tolerance. The second case, in which a box is tagged as "solved", encompasses a
successful unique solution test and a numerically determined real-valued solution

situated within the box. For each contraction method a “specific unique solution
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3 NoveErL HYBRID APPROACH

test" exists. In Interval Newton and HC4revise the box has a unique solution if

:E(kﬂ)
Tt (f(z), 2, 20) c 20 or (3.42)
—gk+1)
—_—
Tie(f(z),2®) cz® | (3-43)

These cases have been introduced in see section 2.6.2 and 2.6.3. Whenever the
contraction operator produces a box ¥ that is completely in the interior of %) this
iteration has a fixed point and the sequence of contracted intervals will converge
to it (Hansen and Walster, 2003, pp. 182-188). Such a box y equals z(+1 and
makes the intersection with z®) in z*+) = z® N y redundant. In Interval
Newton and HCyrevise the complete problem f(x) is not reduced all at once.
Instead, in Interval Newton the Gauss-Seidel step is performed variable-wise and
in HC4revise the contractor is applied equation-wise so that the box is successively
reduced and updated before the next Gauss-Seidel step or contraction in the
subsequent equation. Hence, the relevant conditions that are checked in Interval

Newton and HC4revise are

Covar j,i(fi (), 2,5 cz  and (3-44)
—(K)

Thei(fi(@)y) Cx7 (3.45)
where i denotes the currently reduced variable by function j and ¥ is the already
updated box within one contraction step. When the Interval Newton is not
preconditioned by pivotAll, only the case j = i is checked, i.e., variable x; is only
reduced by fi(x;), the corresponding function, which determines the diagonal
element of the Jacobian matrix. If pivotAll is chosen, it suffices to find any
x;-dependent function f;(x) from f(x) = 0 that fulfills Eq. 3.44 in the current
contraction step. In HCgrevise the functions are iterated successively. Hence,
as soon as Eq. 3.45 is true for one specific variable x; this condition has not to
be checked for any other x;-dependent function anymore. Finally, a successful
unique solution test is achieved if Eq. 3.44 or Eq. 3.45 hold for all variables x; in
the respective contraction step. Note that Y(k) is always the interval from the last
contraction step not the already updated interval . that is directly used in the
next Gauss-Seidel step or subsequent equation of HC4reV1se s contraction step.
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3.2 TERMINATION

In Bnormal the univariate version of the Interval Newton is used. Hence, Eq. 3.44
also applies here, where f; is reformulated to

filz) = &ji(xi) — bj; (3.46)

Note that there exist as many reformulations of f;(x) as the number of variables
the function depends on. The method Bnormal reduces variable by variable
and uses all functions that a variable occurs in. Hence, a variable x; must fulfill
condition
To . (fi(x) @) c 7

be,ji (f](m)/y) C X (3-47)
in any x;-dependent function f;(x) from f(x) = 0. Such a function needs to be
found for all variables so that the condition for the contraction step is

=gk+1)
—N——

Te(f(zx)z¥) cz® . (3.48)

The unique solution test is applied after each contraction step. Variables with
already degenerate intervals are excluded from it. Whenever it has been proven
that a box has a unique solution, it is checked if it contains one of the already
numerically found solutions from step 3 of the hybrid approach. If this is the
case, the box is tagged as "solved" and will not be further processed in the hy-
brid approach. When a box has not been tagged as "solved" after contraction, a
consistency check is executed regarding the conditions 3.38 and 3.37 for lower
and upper bound that both need to be fulfilled to name a box "consistent". In-
consistent boxes are further contracted, while consistent boxes are subsequently
passed to the real-valued arithmetic solver as described in the next section. After
cutting and splitting (step 4 and 5), the boxes are also checked for degeneracy. The
already discussed criteria apply except that no “unique solution test" is applied.
The consistency check after cutting is the same.
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3 NoveErL HYBRID APPROACH

Tab. 3.3: Applied state-of-the-art solvers and their settings.

Solver = Options and Settings Implementation

IPOPT  'linear_solver": "MA27" casadi
"linear_system_scaling": "MC19"
"mu_init"; 107!

won

"warm_start_init_point": "yes"

SLSQP  Default scipy
Fsolve  Default scipy
Newton "scaling": "None" Own Implementation

"scaling": "MC29"
"scaling": "MCy77"

3.3 Root-finding Algorithm

IA-based contraction methods can reduce boxes to such an extent that they are
either degenerate or consistent. A consistent box is generally bisected and the
resulting subboxes are further contracted. In the hybrid approach a root-finding
solver is started from the midpoint of a consistent box, before the bisection is
started given, that the reduction may suffice already for a root-finding solver
to converge. However, the suggested procedure can also be used as classical
IA-based bisecting method. Setting the algorithm’s hyperparameter "hybrid Ap-
proach" to false simply skips the root-finding step. The available root-finding
solvers and their applied settings in the upcoming sections are listed in table 3.3.
Not explicitly stated settings are at their default values. The scaling procedures
"MCr77", "MC29" and "MC19" as well as the linear solver "MA27" are obtained
from HSL and were briefly discussed in section 2.3 and 2.4.1. The user can specify
the maximum number of iteration steps to be applied and the function tolerance
efTol for the solver’s termination. An NLE is not solved as one large system,
instead the NLE solver is applied on all the subsystems identified by the DM
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3.3 ROOT-FINDING ALGORITHM

decomposition (see section 2.4.2). The implementation from the python package
casadi is used (Andersson et al., 2019). If the current box of a subsystem is already

Abs and 8erl

degenerate according to the values of ¢ , it is skipped. Otherwise, the
selected root-finding solver is started from the midpoint of the box by default.
The available state-of-the-art root-finding solvers are constrained optimization
methods such as scipy’s wrapper to SLSQP, an SQP routine originally introduced
by Kraft (1988) and casadi’s wrapper to IPOPT, an interior-point filter line-search
algorithm, which is introduced in Wachter & Biegler (2006). The objective function
applied to solve the associated NLE as residual minimization problems is

C05-Y", fi(x)?
min Slleolfl () . (3-49)

Dividing the least-squares problem by &/

appears to be sensible to force the
solver to continue with the iteration, although the objective value is already below
the required tolerance. Sometimes the minimizer does not yet fulfill the same tol-
erances in the corresponding root-finding problem and leads to strong deviations
from the actual solution, especially in ill-conditioned systems. For this reason, it
is always checked whether such a point is a solution to the root-finding problem
for the required tolerance. If this is not the case, the Newton solver is started
from the point and should converge quickly to the actual solution if that exists in
its vicinity. In addition to the optimization algorithms, the state-of-the-art Fsolve
method of scipy expects a well-determined n x n root-finding problem (f(x) = 0),
i.e., as many unknown variables as linear independent equations, and solves it in-
ternally as an unconstrained least-squares minimization problem of its first-order
Taylor approximation via a modification of Powell’s trust-region-dogleg algorithm
(Powell, 1970). Hence, each iteration step d**1) is a minimizer to

mdin J(z®) . d+ % d"-H(z®).d (3.50)
st ||d|| <A

d= gk _ 40
A is the trust region’s radius that has been explained in section 2.3. The Jacobian

matrix J is generally determined by Broyden’s rank-1 update referring to Eq.
2.27, whenever progress is achieved. Otherwise and at the initial point, a forward
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3 NoveErL HYBRID APPROACH

difference approximation is applied. The Hessian matrix H is approximated by

H~Jl.J . (3.51)

3.4 Cutting

Whenever an unsolved box is consistent according to the applied contraction
methods, an attempt is started to identify empty edge boxes, which can be cut off.
A small example was given in section 2.6.5 to illustrate the general principle of
cutting. In this section the focus is put on the actual implementation. The method
originates from Ebert (2021, pp. 46-50). The basic idea is to select one specific
variable interval X, generate an edge interval ¥ C X by taking a certain step Ax
into the box starting from the currently processgd lower or upper bound, and then
evaluating the current system f(x) in the related edge box y. If 0 ¢ f(y) there
is no real-valued solution for f(x) = 0 in the edge box, and it can be removed.
In Ebert’s original implementation all variables were successively cut for at most
nine steps taken from lower and upper bound into the box. The step size was
initially chosen to 1 % of the variable’s interval width and in each step increased
by another 1 % of the current width. While this method could indeed prevent
splitting, its drawback is, the long extra computational time compared to the
conventional approach consisting of contraction and bisection only. Therefore, the
method has been further developed regarding two aspects:

1) Which variable intervals shall be cut?

2) How to select a more efficient step size for cutting?

Figure 3.6 shows the actual implementation of the method, called cut_box. Regard-
ing the first aspect, the former algorithm has been generalized for the preselection
of n; certain cut variables. The function input requires a set of the cut variable’s
global indices {t} := {t1;...; t;;...; t,,} with i being the index of the variable
in the preselected set. Previous computational experiments from Bublitz et al.
(2017a) showed strong sensitivity of NLEs regarding the initial values of their
tearing variables. In case they were chosen close to the solution, the initialization
of all other variables was almost irrelevant for a successful numerical solution in a
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3.4 CUTTING

system decomposed by BBTF. Hence, if only the tearing variables are preselected
for cutting, the reduction of their intervals might be sufficient enough to tighten
the solution space of a problem significantly and create further potential for other
variable intervals to be contracted in the first step of the hybrid approach. The
tearing variables are determined by the method BBTF introduced in section 2.4.2.
The applied algorithm is the MC33 from the Harwell Subroutine Library (HSL,
2022). Should the user desire to only cut the tearing variables, the hyperparameter
"cutBox" needs to be set to tear. However, when it is set to all the preselection
encompasses all variables with the difference to former versions that the variables

are sorted by their permutation index resulting from the DM decomposition.

The second aspect concerning the step size selection has been slightly modified
compared the original implementation by Ebert (2021, pp. 46-47). Instead of
increasing the step size Ax by 1 % in each cut and allowing a maximum of nine
steps per bound, the step size increases quadratically by the formula

(\/Tstep - 100 + 1)?
Fetep 1= % (3.52)
Ax = rstep * W(th) 7 (3'53)

starting with a minimum relative step size r,,;,, of 1 %. Initially, the low step
size is preserved to exclude just those variable intervals from cutting that really
have no empty edge boxes. The step size increases then up to a maximum of
100 %, which is equivalent to ten cutting steps with respect to Eq. 3.52 and 3.53.
Thus, the complete remaining interval is checked for root inclusion in step 10
allowing for the potential identification of an empty box and terminating the
process before further cutting is done. Especially for wide intervals this method
appears advantageous, as they can be further tightened in fewer cutting steps.
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Fig. 3.6: The algorithm of cut_box.
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3.5 SPLITTING

After each individual bound reduction the step size is set back to 7,,;,. Another
advancement is that, after all cut variables have been reduced once, the cycle
restarts to cut away further edge boxes based on the newly tightened box. So
when the step size from the last cycle has been too large, some edge boxes might
disappear in the new cycle given that it is again initiated with r,,;,. For root
inclusion the algorithm test_HC4 is invoked, which applies three steps of the
HC4revise method as described in Ebert (2021, pp. 46-47). The HC4revise method
is quite fast and if it is applied multiple times, more empty edge boxes can be
identified and removed. The cutting method cycles through all cut variables until
consistency is reached exactly as in the contraction methods. Cut variables, which

Abs

are already degenerate with respect to the set absolute tolerance ¢””° and relative

tolerance eR¢!

, are removed from the preselected set and therefore not cut. If all cut
variables are degenerate or no edge boxes can be removed the variable cut retains
its initial value false and is returned together with the unchanged box. If the
variable cut is false, when the method returns, the next step for the currently

processed box will be splitting following the hybrid approach.

3.5 Splitting

If a box is consistent to cutting and contraction, it is marked as eligible for splitting.
Whenever the current number of processed boxes is lower than the maximum
number of processed boxes permitted, an eligible box is split. The selection
process, which box to split first, is explained in section 3.7. Concerning the
question which variable to split, the techniques presented in section 2.6.4 are all
heuristic. So far, there is no analytic solution to the problem which variable split
leads to the best performance. The objective that has been focused on in this work
is to:

Enable a maximum reduction of both boxes resulting from the split in the upcom-
ing contraction.

Selecting only one specific variable for splitting, for example the one with the
largest interval width, does not have to match this objective. Hence, the algorithm
split_box has been developed to select not just one variable but rather a set of
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i:=1 # split variable’s global index
Neinit = |{t}] # initial no. of split variables
Ng = N¢ init # no. of unsolved split variable intervals
Umin = 2 # minimum average length
{z}:={} # set for best split boxes
gbs .= options[”absTol”| # absolute tolerance
efel .= options|”relTol”| # relative tolerance

y {t} :={1,2,...,dim(Z)}
i1:=1

Y.

{t} = {th\t:
ng = |{t}|
QI»EQ} = bisect_box(f(x), Z, t;) _
i:=1
Amin 1= 2
Y, =Tne(f(2), ¥,)
Y, = Tne(f (), T,) Y
T:=y,
€§ABL = mmruy(’,_b():vl(in,gth(gz, .
Gmin = eNABL 4 cRABL L
{z} = {gl: Qz} S{i/\m‘ = um’,my(fJ)o;l:l(engﬁh(gl, z)

Fig. 3.7: The algorithm of split_box.

potential split variables and determine the best split out of those regarding the
objective. Figure 3.7 introduces this algorithm. Before discussing the preselection
of potential split variables, it shall be assumed for now this has already been
accomplished: All preselection methods return a set with the global indices of
the potential split variables denoted by {¢}. Such a set is an input argument of
split_box. Among these variables the algorithm skips all already solved variable

Abs Rel and contin-

intervals according to the absolute and relative tolerances " and ¢
ues with bisecting the box successively at each remaining potential split variable.

To test the success of a split, a single contraction step by the HC4revise method
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is applied on each of the resulting subboxes (I'c(f (), ¥,) and I'y.(f(x),¥,))- If
this results in one box to be empty, the algorithm updates  to the non-empty
subbox and restarts the procedure. If both boxes are empty, the algorithm simply
returns an empty set. In case both boxes are non-empty, the algorithm continues
trying to fulfill the objective. Therefore the success of a box split is measured by
the relative average box length ¢R4BL that is defined as

vaar W(E)
. i=1 w(x;
'L (g, ) == T (3:54)

Nyar

for all non-degenerate variable intervals in & and with Z being the box before
and y being the box after the reduction. The average box length is calculated
using the number of all 1,,, variables instead of the number of non-degenerate
variable intervals only . If 1., were replaced by the latter in Eq.3.54, a just solved
variable interval may cause an increase in the average box length due to the
decreasing number in the denominator, although the total box volume drops. The
average box length is determined in method average_boxlength that is part of the
Appendix figure A.7a. The resulting average box lengths of both subboxes after
splitting are summed up and compared with the current minimum value of this
sum from former splits a,,;,. Initially, a,,;, is set to 2, because in worst case both
subboxes can not be reduced at all by contraction, in which case

_ ¢RABL RABL(— — gy — 0.5

a YyT) =2 —— . (3.55)

(¥, Z) +¢
This will always be lower than 2 for a finite number of variables. Hence, even
if all tested split variables can not reduce the original box at all, at least one of
them is split and stored in set {Z} that corresponds to the current best split. If
all potential split variables have been tested, the set {Z} is returned — if it is non-
empty. An empty set {Z} can occur if no potential split variable has actually been
bisected, because all of them are already solved or the input argument {¢} has
been empty from the beginning on. In both cases, the set {t} is edited to contain
all variable indices, i.e., all variables are potential split variables and the procedure
is restarted. If the set {Z} is still empty after testing all variables, this can only be
related to all intervals being solved referring to an already solved box . Hence, a
set with the solved box {Z} is returned. Algorithm bisect_box is shown in figure
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Y
I;q = [£i1 10_0] T;q = [—10_61 T:: Z;) = lii-, m(Z;),

Z; = [107% z]| |Z; 5 == [z;, —107F] Z; , = [m(Z)),

T;0 = [-107° 1077

21

il

Y=\ Ty

Ly A 4

g = test_HCA(f(z), g)l

;= [z, —107°

;= [107°% 7))

z,, = [z, m(z)

Fig. 3.8: The algorithm of bisect_box.

3.8. In general, it separates the box x at the current split variable into two equally
sized subboxes, except when the center of the interval to be split is just zero or the
lower or upper interval bound is close to zero. In these three cases, the box is cut
asymmetrically because it is assumed that variable values of zero are more often
associated with singular or discontinuous points and these are even inherited to
both subboxes when splitting at zero. If the midpoint is zero, a narrow subbox in
the range [—107°, 1079] is cut out and checked for containing a solution. If it does
not, the two outer subboxes [x, —107°] and [107°, X] are returned. Otherwise,
symmetric splitting is applied. If the lower or upper interval bound is zero or
close to zero, the box is also split asymmetrically, into a small subbox containing
the zero bound and a large subbox encompassing the remaining interval. The
idea is that the small subbox can be discarded early in the following contraction
steps. For preselecting potential split variables the following four methods are
available:

— forecastSplit: All variables are selected

— forecastTear: All tearing variables are selected
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t; == options["tearId’| # tear variable’s global index (former split)

ng = |{t}| # no. of tear variables
&% .= options[”absTol”| # absolute tolerance

chRel . options[’relTol”) # relative tolerance
8 o= il # index of next tear variable to split

{t} ={t}\t:
ne := |{t}|

Fig. 3.9: get_tearld_to_split.

- tearVar: Only one tearing variable is selected per split, and it is alternated
through all tearing variables

- leastChanged: One or multiple variables with the lowest relative change
in their interval width(s) are selected

If option forecastSplit is chosen the method split_box is initialized with an
empty set {t}. For forecastTear the set {t} contains the global indices of the
tearing variables from the BBTF. The difference to option tearVar is that the
latter bisects just one tearing variable in a split and selects the subsequent tearing
variable in the next split, instead of finding the best split among them. Hence,
this method is supposed to be faster than the other two for one split. The order
of splitting is then given by an increasing global index. If a box has been split at
the variable interval with the highest global index, it is restarted with the lowest
index in the next split. Tearing variables with solved intervals are skipped from
this alternation. The algorithm is shown in figure 3.9. In option leastChanged
the relative change of each variable’s interval width ¥; to its respective interval
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Nyar = dim(Z) # no. of variables)

W =0 # maxz. interval width ratio
E=| # variable’s global index
el = 1 # set with indices of least changed variables
npz := options|”path-npzfile” # path to npz archive

p := options[’parentbox_id’| # index of box before last split

TP = get_parent_-box(p, npz)

Y

yes

_rw _ _w(Z) |no
& = arent
@)

yes

~RW ._ _RW|
Emaz ‘= €

{imaz} = {imaz} U{i}
{imaz} := {i}

Lyl i]e ¢

Fig. 3.10: get_leastChangedId_to_split.

—parent

width before the last split x; is calculated by

RW (_ _parent) — w(Xi) (3‘56)

& X, X
w(zfmrent)

Ljrg

The global index of the variable that changed the least, i.e., has the maximum

value for efW

, is returned in a set {iyqy}. Especially in the first splits, multiple
variable intervals might have not changed at all, which is equivalent to eV = 1.
For this case, all corresponding indices are stored in {iy.} and returned. The
method behind this option is called get_leastChangedld_to_split and presented
in figure 3.10. The box ZF"*" is the so-called parent box of the current box
that is supposed to be split. While a parent box is bisected, it produces two child
boxes. The origin of each child box is stored in a tuple p with this following
information

p := (reduction step, index of box) . (3.57)

More about the storage of boxes is described in Appendix A.3.2.
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3.6 Processing One Box

Now all steps of the hybrid approach according to figure 3.1 have been explained.
It remains to discuss, how the actual reduction step of one box is performed.
It depends on the current state of the box, which is described by multiple box
properties that have partly been introduced in section 3.1. The relevant ones for
the reduction step selection and their abbreviations are:

— k := index of current reduction step

— | :=box index of current reduction step

r := boolean, t rue if box is ready for a split

s := boolean, t rue if box is solved

d := boolean, t rue if box is discontinuous

¢ := boolean, true if box is consistent to contraction

— p = tuple with (reduction step, box index) of parent box

— ¢b :=boolean, true if box is consistent to cutting

The method reduce_box, shown in figure 3.11, determines the next step for a box
based on its property values.

A solved box keeps its properties and is simply returned. Given that in other steps,
such as splitting, multiple boxes can occur, all properties and boxes are generally
returned in a set, even if they did not change. A consistent and continuous box
is first attempted to be cut in method cut_box, if it is still applicable for cutting.
This is the case when its property cb has not been turned to false after reaching
consistency in the former reduction steps. After cutting, the box is checked for
being successfully reduced, which is equivalent to a t rue cb value. In this case,
the box is further checked for being solved and returned.

A continuous and consistent box to both contraction and cutting is then checked
by the value of the parameter r for its permission to be split. The latter is initially
true, if the capacity of currently processed boxes allows an increasing number
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3 NoveErL HYBRID APPROACH

of boxes. Nevertheless, r can still be set to false even if there is enough capacity
present when priority is given to another box to be split first. How and why the
prioritization is important is explained in section 3.7. If a box is not eligible for
splitting, it is just returned with unchanged properties. Through the discarding
process of empty boxes, parameter r might become t rue later. If the box is ready
for splitting, it follows the preselection of split variables and the actual split in
split_box. After the split, the set of split boxes, that can consist of one or two
boxes, is checked for root inclusion and if it matches the tolerances for being
solved, in which case property s changes. A set of non-empty boxes and their
updated properties or an empty set is then returned by the method. For a box
that is consistent but discontinuous, it is also checked if it is eligible for splitting.
However, if 7 is t rue a discontinuity from the domain will be used for the split,
which has been previously labeled in one of the three contraction methods as
described in section 3.1. If a consistent and discontinuous box is not ready for
a split, it will be returned with unchanged properties. Finally, a box that is not

consistent traces the same path as a consistent and discontinuous box.

As long as a box is not consistent, » and cb are always t rue. Hence, it is contin-
ued with reducing an inconsistent box by contract_box. The method contract_box
contains the two checks for a box being solved or consistent, according to figure
3.5. It also sets d to false, if a box has been split by its one and only disconti-
nuity during the contraction. If a split takes place in contraction, the origin of
the resulting boxes is updated in {p}. Hence, contract_box returns the set of the
reduced box or reduced boxes {¥}, and the corresponding sets of updated prop-
erties {s}, {d}, {c} and {p}. The cb value is then set t rue for all generated boxes.
In all unsolved boxes in {g}, the root-finding algorithm is started. Solutions
determined by the root-finding algorithm are stored in num and later updated to
the dictionary options to be always available in the upcoming reduction steps for
the unique solution test in contract_box. If root-finding is deselected by setting
the hyper parameter "hybrid Approach" from options to false a pure IA-based

generalized bisecting algorithm is applied.
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3.7 Processing Multiple Boxes

The upmost implementation layer of the hybrid approach consists of the algorithm
solve_NLE presented in figure 3.12. It requires the functions f(x) related to the
problem f(x) = 0, the symbolic variables «, the initial box z0) corresponding
to the user-specified variable bounds and the dictionary options that holds all
parameters the user can set. The algorithm tries to reduce all boxes currently
processed. One pass over all boxes equals one reduction step. To prevent the risk
of long-running processes, the number of reduction steps is restricted by the pa-
rameter 1,50y Specified by the user. Beside this, the current number of processed
boxes 1, can never exceed the maximum number of boxes 71,,,,. Initially, 1,0
equals one and is increased by one whenever all of the processed boxes become
consistent to contraction and cutting, i.e., a split is unavoidable for progress. The
properties to describe the state of a box have been explained in the previous sec-
tion. In solve_NLE the individual properties of the boxes are stored in sets to be
used in the next reduction step. The order is important here, and each property’s
position in the set is equivalent to the one of its corresponding box in {Z}"%,
which is the set of all boxes resulting from the reduction step. The reduction step
starts when the initial box is non-empty, unsolved in the given tolerances, and
Nmstep 1S greater than zero. The parameter 7,3, Will not be increased before the
tirst reduction step, because the initial box is assumed to be inconsistent and its
properties values ¢ and cb are false. In a new reduction step the dictionary
options is updated for the current number of boxes #;,,, the maximum number
of boxes 7,,,,, the current reduction step k, and new solutions determined by
the root-finding algorithm in the last reduction step {num}. These properties are
relevant to all box reductions in reduce_boxes for restricting the number of box
splits and checking the unique solution test. Algorithm update_options can be
found in figure A.7b in the Appendix. If more than one box shall be reduced, the
order of boxes is important as first boxes are split first.
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{Z}new

Nmbox

Nmstep

—
s
o
feprew
cbyren
{rum)

par

=1

={z"}

=1

:= options[’redStepMaz”]
= [{=}] x {(0,0)}

= {solved(Z?, options)}
= |{Z}| x {false}

= |{Z}| x {false}

= {Z}| x {true}

=1{}

= options[’parallel Bozes”|

# current reduction step
# set current boxes

# mazx. no. of boxes

# maz. no. of reduction
# steps

# set of tuple for box

# identification

# set of boolean, true

# if box is solved

# set of booleans, true
# if box is disconinuous
# set of booleans, true
# if box is consistent

# set of booleans, true
# if box can be cut

# set of numerically

# found solutions

# boolean true, if

# parallel box reduction

yes

—>| |error_info :=store_error_output({Z}, options) | I—}_

{Z }new no

1:=0

fsymev = )
{ayrew =}
fejrev = )
Py =}
feb}™e" i= {}

k:=k+1

{z} = {Z}""
{s} = {s}""
{d} := {d}""
{c} = {c}™
{p} = {p}""
{cb} == {cb}ev

options :=update_options(Mpoz, Mmbox:

k,{num}, options)

{z}new’ {s}new7 {d}new’
[}, {p}", (b} :=sort bowes(f (@), {Z}"*", {5}, | |q
{d}new7 {c}new’ {p}new’ {Cb}new)

-

{r} :=ready_for_reduction({s},
{Cb}7 nmboz)

{Z}new’ {s}new’ {d}new’ {C}new’
{p}e, {cb}™, {num}™" :=reduce_boxes_par(f(x),x, {Z}, {r}

{s}, {d}, {c}, {p}, {cb}, options)

no

{Z}new’ {s}new’ {d}new7 {c}new’
{p}"e, {cb}™, {num}"" :=reduce_boxes(f(x),x, {Z}, {r},

{s}, {d}, {c}, {p}, {cb}, options)

Fig. 3.12: The algorithm of solve_NLE.

3.7 PROCESSING MULTIPLE BOXES
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Important for this hybrid approach is to quickly find any solution of the system
rather than finding all system’s solutions or to proof the nonexistence of other
solutions in the entire initial box. Especially for large dimensional systems with
enormous initial boxes, the identification of all solutions can become computa-
tionally intractable. In consequence, it is more efficient to focus on only those
boxes that seem to be most promising for containing a solution. As a measure all
functions f; from f(x) are evaluated at each box’s midpoint. The absolute values

of these function residuals are summed up

N func

fresp ="} |fj(m(@))| . (3.58)

j=1

to obtain the overall residual fres; of a box z,;. This is performed for all boxes in
{Z} to sort them as well as their properties in increasing residual order. Hence,
boxes with a low residual are split first. The detailed algorithm sort_boxes is pre-
sented in figure A.8 in the Appendix. To continue in solve_NLE from figure 3.12
the sorted boxes and properties, which have been obtained from the last reduc-
tion step, are still all labeled by {}"*“. They are now stored in the corresponding
sets without this superscript. The sets { }"** are then emptied for the upcoming
reduction step. Based on the boxes’ order, it is determined which box is eligible
for a split in reduce_boxes by the method ready_for_reduction. The latter returns
a set {r} of boolean values in sorted order, which are true for boxes that can
be processed and split. Figure 3.13 depicts the algorithm ready_for_reduction.
Initially the boolean values in {r} are all false. For solved boxes they remain
false and for inconsistent boxes they are turned to t rue. The important bit are
the consistent boxes. Referring to the current capacity cyox = Mypox — Mpox ONly the
first ¢y, consistent boxes are allowed to be split. In the general implementation
one might recognize that after each reduction step the maximum number of boxes
Nmbox 1S set to the current number of boxes [{Z}""|, or it is at most increased by
one if [{Z}""| = n,,p, and all boxes are consistent. Hence, in this approach ¢,y
should either be zero or one and there is at most one consistent box split in a
reduction step. It is waited for all boxes to reach consistency, because inconsistent
boxes might be contracted to a very low residual level and are then the first ones
to be split. Otherwise splitting a box whenever it becomes consistent could pro-
duce many boxes with lower residuals before the still contracted boxes become
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(=1l # index of current box
Pegit = 0 # no. of solved bozes
{icad} == {} # set with indices of inconsistent bozes
{cbid} := {} # set with indices of consistent bozes
{r} := |{s}| x {false} # set with boolean, true if box is ready for reduction

Motved 1= nsotvea +1| [ {eb-id} == 1y U ficuiay

yes yes

s:= s € {s} no
cb := cb; € {cb}

no

n, := max(0; min(|{cb=id}|; nmpor — {cb=id}|)|| {ic-id} := {I} U {ic_id}
=1 ry := true

cb_id := cb-id; € {cb-id}|) no
Tepid ‘= true
l:=1+1

f yes

Fig. 3.13: The algorithm of ready_for_reduction.

consistent. Hence, less promising boxes would come first in the box order and
would be extensively split but could not be easily discarded because of interval
dependency. By the time the promising boxes were consistent, there would not
be any capacity for them to be split, before the extensively split boxes disappear,
which could take a while.

Next, the set of boxes {Z} is pruned in reduce_boxes or reduce_boxes_par, which
both return a set of reduced boxes {Z}" and their corresponding properties.
Whether the first or second method is called depends on the parameter par that is
true, if parallel processing has been selected by the user and is applied for the box
reduction. The implementation of reduce_boxes_par will be topic of section 3.8. In
the algorithm reduce_boxes presented in figure 3.14 all boxes Z; are successively
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fe=1 # current index of box
Npoz := |{ZT}| # no. of bowes
{Z}"" = {} # set of reduced bozes
{s}™" = {} # set of updated solved property
{a}e? = {} # set of updated discontinuous property
{e}™" = {} # set of updated consistent property
{p}"" = {} # set of updated box identification property
{cb}™" = {} # set of updated cut property
{num} := {} # set of numerically found solutions

\ 4

z:=1z € {z}

s:=s € {s} {m} e = {z}h e u{z}"
d o dl e {d} {S}new = {S}’IHC’(U U {S}ncw
ci=c € o} e = {d}per U {ayen
M— e} 1= e} U fee
cb := cby € {cb} v {3 = {p}re u{p}me
rir e () fnum} = {num}"** U {num} [} = {cb}" U {cb)m

{Z ' s h e Ad e { e
» {p}e, {eb} ", {num}"" :=reduce_box(f(x),z, r, T,

s, d, ¢, p, cb, options)

Fig. 3.14: The algorithm of reduce_boxes.

tightened. If the resulting set of reduced boxes {Z}}” is empty, it is continued
with the reduction of the next box. Otherwise, {Z}/““ is unified with the set of
already reduced boxes {Z}"*” from the previous box reductions. The same is
done for the property sets. If all boxes are empty then the set {Z}"*" and the
property sets are returned as empty sets to the method solve_NLE. Obviously, the
system has no solution in the initial box in this case. For error analysis, the reason
for a box to be identified as empty is stored in options. The reason statement
always encompasses one equation and one empty variable interval. The global
ID of this equation and the final intervals of all variables the equation consists
of at the time when one interval becomes empty are stored. On top of that, the
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U= 1l # current index of box
Npoz = [{Z}| # no. of boxes
results := {} # dictionary for results from worker
{jobs} := {} # set for jobs to parallelize
CPU := options[” cpuCount Bozes”| # no. of parallel processors

z:=1Z € {z}

s:= s € {s}

d:=d; € {d} {jobs} :={jobs} U {(reduce_box_worker(f(x),z, r, T

ci=ae{ct s, d, ¢, p, cb, options, results, 1)}

p=p € {p}

cb := cby € {cb}

r:=nr € {r}

{ ++1]e

' ' (E), (s}, {d}"e, (e},

SRR e ey () g {p}"e, {cb} " {num} :=get_results(results) —|

Fig. 3.15: The algorithm of reduce_boxes_par.

ID of the empty box resulting from {Z} is kept to also return the last non-empty
bounds before the reduction. This error analysis is not always returned to the user,
because one of the algorithm’s major tasks is to identify and discard empty boxes.
Only when the complete initial box becomes empty, the information about the
last processed, empty box are assigned to the dictionary error_info by the method
store_error_output (see figure A.ga in the Appendix). All solutions determined by
root-finding are stored in {num}. After having reduced all boxes from {Z}, the
method restarts from where it has begun with checking the termination criteria
whether all boxes are empty or solved, and finally increasing the reduction step,
if nystep has not been reached yet.

3.8 Parallelization

To decrease the CPU time of the whole procedure, the reduction of multiple boxes
has been parallelized. Instead of invoking method reduce_box successively in the
algorithm reduce_boxes, the method reduce_boxes_par starts it for multiple boxes
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at the same time. The latter is shown in figure 3.15. How many boxes may be re-
duced in parallel depends on the number of cores physically available on the used
computer. By the parameter "cpuCountBoxes" the user may specify how many
cores are used in parallel. The user should refrain from choosing "cpuCount-
Boxes" higher than the number of physically available cores as this may slow
down the program enormously as the task scheduler of the Operating System (OS)
might start "cpuCountBoxes" processes simultaneously and will always switch
between them to progress them equally (Dutton et al., 2008). The python package
multiprocessing developed by McKerns et al. (2012) is used for parallel comput-
ing. The box reduction processes are completely independent from one another
so that no information needs to be shared while they are running. To allow that,
the method ready_for_reduction from figure 3.13 is inevitable. It determines the
number of boxes to be split before the actual reduction takes place. In conse-
quence, the maximum number of boxes is never exceeded by the procedure. For
further information on how to parallelize the box reduction using algorithms
reduce_box_worker and get_results, see Appendix A.3.3. The entire approach
offers even more opportunities for process parallelization that is referred to in

section 6.9.

3.9 Implementation of the Hybrid Approach

The hybrid approach has been implemented as a python package named modOpt
that can be downloaded from the git repository'. Instructions are given in the
git-project how the package and its dependent packages and libraries should be
installed. The modOpt package is subdivided into five sub packages:

— constraints

decomposition

initialization

scaling

Thttps:/ /git.tu-berlin.de/dbta/simulation/modOpt
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— solver

— tests

to modularise independent functionalities. Doing so, one can for example use the
IA-based reduction that only relies on the sub packages constraints and decompo-
sition without root-finding, i.e., skip step three of the hybrid approach. To enable
this separation, the options dictionary shown in the algorithms of the previous
sections consists actually of three dictionaries namely bxrd_options, smpl_options
and num_options. If no root-finding is required, the latter two dictionaries do not
even have to be defined in the python script. Similar to this, sampling is omitted,
if the dictionary smpl_options is missing, and the midpoint of the box is used
for root-finding, which is the default setting applied in this thesis. The python
script can be automatically generated for any NLE from MOSAICmodeling by
applying the User Defined Language Specificator (UDLS) modOpt_constraints_V2.9
(ID: 167855). How to use and create a UDLS in MOSAICmodeling is explained
in Tolksdorf et al. (2019). The sub package tests contains scripts, in which the
hybrid approach is applied on some chemical process examples to check if the
algorithm works as expected. The scripts also serve as templates for anybody who
wants to apply the hybrid approach on their own NLEs. In modOpt the python
package mpmath is used for the IA operations. Some of mpmath’s functions with
limited domains in R such as In(x), v/x, x¥, tan(x), arccos(x), arcsin(x) have
been modified to discard complex ranges, which are out of interest in the field of
real applications. How this has been implemented is explained in Ebert (2021, pp.

55-64).

3.10 Analysis Parameters

The success of the hybrid approach is analyzed at each box reduction step k by
the following parameters:

— Relative Average Domain Length (RADL) (eRADL(K))

— Number of boxes (”1(7]2()
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— Successful root-finding iterations during the box reduction

RADL, (k)

Parameter ¢ RABL,

originates from the Relative Average Box Length (RABL) e
which has been previously introduced in section 3.5. The notation originates from
the following definitions: The Box Length (BL) 8L is the sum of the 71,,, variable
interval widths of a box =

z):=) w(x) . (3-59)

The Relative Box Length (RBL) ¢RBL sums up the relative change of the interval

widths from a certain box Z to another box, for example the initial box z(0)
Nyar ~
RBL (= =(0)) .\ w(x;)
e = F R

RABL

for all n,,, variables from E(O) that are not solved. ¢ is then the averaged

value of eRBL with respect to the ny,, variables
RBL (7 =(0
(RABL (g 5(0)) . € (=, ) (.60
n?}ﬂ?"

Finally, if multiple boxes {Z}) are processed in a reduction step k, the Relative
Average Domain Length (RADL) eR4PL is defined as

(k)
B - Zniox SRABL E(k)li(o)
e (3:62)

nbox

(k)

box
{£}®). Whenever efPL({z}®), () is shown or discussed in the upcoming

(k)

RABL boxes x,”’ €

which determines the averaged ¢ value with respect to all n

sections, it is simply denoted as gRAD L'(k), i.e., the value of ¢*4PL in the k-th re-

RADL,(0)

duction step references to the initial box so that e = 1. If all solutions

within £(©) have been found, ¢RAPL

is zero. Only those 7y, variables are counted,
which initially have non-degenerate intervals, i.e., have not yet been solved. Initial,
degenerate variable intervals are equivalent to declaring them as constant param-
eters. Alternatively to eR4PL, the first idea has been to define a so-called Relative

Hypercubic Length (RHL) parameter e®’L that relates the sum of all reduced box
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volumes from reduction step k to the initial box volume and takes the 7,,,-th root
of this value

Mpox Myar w(Xl(lj))

RHL,(k) w__ TNovar
€ = E
I=1i=1 w(X§ ))

(3-63)

Doing so, one assumes the initial box and the sum of reduced boxes to be both hy-
percubic, in which case the 7,,,-th root equals their edge length. Solved intervals
are excluded from the product as the actual problem then only reduces by one
dimension and the remaining volume is non-zero. However, this quantity seems
to be inappropriate for large systems. Assume all 400 initial variable intervals of
a certain system are reduced down to 10 % of their width the computer has to
calculate

eRHL — %9/ 1400 , (3.64)

with the radicand being non-representable as a floating point number in python’s
precision (the lowest computable value is ~ 2.23 - 1073%). Hence the calculated
value becomes zero, although the reduced boxes can be far off from being solved.

(k)

The number of boxes 1, .,

is expected to have a great influence on the CPU time,

A, (k)

while the relative, averaged number of variables ngmls olved Sives an idea on how
many variables in a box have already been solved at reduction step k. The last
parameter used to validate the hybrid approach’s performance is the success of
the iteration by a root-finding method in between the box reduction. If only one
feasible solution is of interest the hybrid approach can also stop as soon as this
has been found and act in this way as local solver. All of the three parameters
only validate the effectiveness of the hybrid approach and are by their definition
independent of the model’s size or structure. However, in the scope of this thesis
the model properties shall also be investigated by certain parameters that are

introduced in the next chapter.
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4 Test Cases

In this chapter, the process engineering examples are presented, on which the
hybrid approach is tested. Only NLEs are considered that contain complex sub-
systems after a DM decomposition (see section 2.4.2). The definition of complex
systems as well as parameters applied to quantify the complexity of each example
are presented in section 4.1. Sections 4.2 to 4.5 contain descriptions of each test
case with a focus set on the formulation of individual equations that have a strong
influence on the performance of the IA-based box reduction.

4.1 Characterization of Complex Systems

Complex systems are defined here in such a way that they contain at least one
nonlinear equation and consist of at least two equations, which cannot be solved
independently of each other. Purely linear, nonsingular systems are usually not a
problem thanks to contemporary solution algorithms such as LU decomposition
or Gauss elimination (Dahmen and Reusken, 2008, pp. 68-82). In chemical process
models, complex systems frequently occur to describe phase equilibria, reactive
systems or process units and flowsheets with recycle streams. The test cases
contain at least one complex subsystem of this kind. The nonlinearity of complex
systems poses a particular problem for conventional numerical solvers, since
the system can have more than one solution or non-smooth function curves as
discussed in section 1.1. In addition, different scales of equations and unknowns
lead to ill-conditioned systems and eventually to an early termination or slow
progress of the solver. This is exactly where the hybrid approach is supposed
to help. However, problems can also vary in complexity. To the best of the
author’s knowledge no measure has been defined yet for the complexity of an
NLE. Therefore, four parameters are now introduced to enable a gradation of
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complexity: The dimension of the complex system #;;, the condition number x;
of the Jacobian matrix evaluated at its solution(s) (it was defined in section 2.4),
the non-zero density of the Jacobian matrix p,, and the nonlinearity ratio ¢,;. The
non-zero density is a measure for how strongly the equations are coupled with
each other. For a n x n system with n,, non-zero entries in its Jacobian matrix,

Pnz is defined as
Nyz

Pnz = ? (4-1)

The nonlinearity ratio indicates how many of the non-zero entries are nonlinear
by calculating the equations” second derivatives with respect to the variables and
counting the structurally non-zero elements 7,
Myl
€l 1= (4-2)

nz

Since the Newton-based algorithms work with linear approximations, this quan-
tity provides a measure for the deviation of the approximation from the actual
model. If ¢,; = 0, the Newton method should be able to solve the linear subsys-
tem in one step. Finally, the higher the values of these parameters, the higher the
system’s complexity.

The hybrid approach is applied on DM-decomposed NLEs. The dimension of
the whole system seems to be less important for solving it than the dimension
of its individual subsystems. For example, any number of linear equations, each
with one, linearly independent unknown, could be assembled into a system of
equations. The system would certainly be easy to solve, although it is very high
dimensional. For this reason, the parameters are only determined for the largest,
complex subsystem of each example. Table 4.1 shows their values. For the CSTR
and the Flash Unit more than one solution exist so that each row corresponds to
one of them, i.e., k, is different. The four test cases have been selected in such a
way that they differ greatly in their parameter values and thus, represent a broad
variety of complexity. The aim is to check whether the hybrid approach is able
to solve them all and how it performs in comparison to conventional numerical
methods. A total of eight test cases have been examined within the scope of
this work, but the other four do not contribute any additional findings to the
conclusion. However, since they support the results, they are included in the
analysis of the results in chapter 6, and their models are part of Appendix B.
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4.2 CSTR

Tab. 4.1: Structural properties of largest subsystems of tested NLEs at the known solu-
tions: 7y, is the dimension, x; is the condition number of the Jacobian matrix
evaluated at the solution, p,; is the non-zero density of the Jacobian matrix and
€, is the nonlinearity ratio.

NLE njg K2 Pnz Enl

CSTR 3 7.0 x10°  0.667 0.500
3 1.2x10%  0.667 0.500

3 1.5 x 10*  0.667 0.500

Flash Unit 8 35x 10> 0281 0.111

8 21x10> 0.281 0.111

Total Condenser 12 4.8 x10° 0.194 0.357

Heavies Column 158 3.4 x 101 0.036 0.560

4.2 CSTR

In the model of the steady-state Continuous Stirred-Tank Reactor (CSTR) adopted
from Liu (2017), the catalytic hydrogenation of aromatics (A) in an oil takes place
by addition of hydrogen

A + H, — Products

The reaction is exothermic. The CSTR is well-mixed, and operates adiabatically at
constant pressure. The entire mathematical model including the reaction rate and
properties of the aromatics, catalyst and hydrogen can be found in Appendix B.2.
The largest complex subsystem encompasses the energy balance, the component
balance of (A) and the exponential reaction rate. No interval dependency occurs so
that no special formulations are required. Figure 4.1 represents the mathematically
possible conversions of A in the CSTR at different inlet temperatures of the oil and
aromatics containing feed. Two steady-state solutions exist in the temperature
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Fig. 4.1: Conversion of aromatics in CSTR for different Feed Temperatures analytically
solved referring to Liu (2017) and by hybrid approach.

range from 554.10K to 581.12 K. One at low conversion when the feed temperature
was previously low and is increased up to a temperature lower or equal to 581.12K,
which is the so-called ignition point. The other is related to a high conversion
when the feed temperature was previously high and is then cooled down to
a temperature equal or greater than 554.10K, the so-called extinction point. A
third unstable and thus unsteady solution exists between extinction and ignition
temperature that has an intermediate conversion compared to the ones belonging
to the steady states. This example was implemented to ensure that the hybrid
approach can exactly find one, two, or three solutions depending on the set feed
temperature. In figure 4.1 the solutions detected by the hybrid approach are
marked. It finds all solutions according to the feed temperature, in particular
only the two solutions at the ignition and extinction point. Which solver options
to select for an efficient iteration process will be investigated in the next chapter.
Only the test case at a feed temperature of 565.0 K will then be examined.
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Fig. 4.2: Sketch of the Flash Unit model.

4.3 Flash Unit

In the flash unit, a liquid mixture of ethanol and water is partially evaporated
by pressure reduction. The temperature in the unit is kept constant by supply-
ing heat. The two phases within the unit are assumed to be well-mixed and in
thermodynamic equilibrium. The real behavior of the liquid phase is described
by activity coefficients according to Wilson’s model. The associated equations
are taken from the monograph of Gmehling & Kolbe (1992, p. 240-241). Ideal
gas behavior is assumed for the gas phase. Feed conditions as well as pressure
drop and temperature within the flash unit are set, while all quantities associ-
ated with the exiting streams and the heat demand are unknown. The design
values, parameters, and model equations can be found in Appendix B.3. The
largest complex subsystem contains eight equations: A summation relation for
each phase, as well as three equations per component to describe the chemical
equilibrium, the general equilibrium constant and the activity coefficient. The
latter is determined by an exponential expression depending on the unknown
molar composition, which occurs several times in the equation and causes inter-
val dependency. Moreover, in this model and in the following ones, functions are
used to determine thermodynamic properties of pure components such as molar
enthalpies, molar volumes, and vapor pressures, as well as model parameters to
describe the chemical equilibrium. This means that these variables are explicitly
represented by their functional expression and do not appear as iteration vari-

111



4 TeEsT CASES

ables in the equation system. The advantage is that the dimension of the NLE
is reduced, i.e., the initialization of the functional variables is eliminated. The
disadvantage is that the equations become very long and contain many nonlin-
ear expressions including interval dependency. However, reformulations are not
necessary here, because the hybrid approach can still solve the system. The NLE
has two solutions in the initial box Z = [—10%, 10°]%, one of which is physically
plausible. The other contains mole fractions outside the interval [0, 1] as well as

negative flow rates and is therefore purely mathematical.

4.4 Total Condenser

A superheated ethanol (1)and water (2) stream at known composition (yf”j’i” =

0.412, y?’zsg’m = 0.588) is condensed and subcooled at atmospheric pressure in
this example. The vapor stream enters the counter-current heat exchanger at
80°C. A shell and tube heat exchanger is used for this purpose, in which water
is deployed as coolant with an inlet temperature of 25°C at a pressure of 1 bar.
The coolant flows inside the pipes. The heat exchanger model consists of three
sections sketched in figure 4.3 referring to the shell-side fluid state, namely the
superheated (sh), the two-phase (2ph) and the subcooled (sc) section. The vapor
phase is assumed to be ideal, while activity coefficients are considered for the
liquid phase. The latter are determined according to Wilson’s model based on
equations and parameters from Gmehling & Kolbe (1992, p. 240-241). In the 2ph
section, the vapor and liquid phases coexist on the shell-side. Thermodynamic
equilibrium is assumed between the phases. However, the compositions change
from the state of saturated vapor (dew point) to the boiling liquid state (bubble
point). In the model, geometrical and hydraulic quantities such as heat transfer
surface area per section as well as liquid and gas volume and hold up are also
calculated. The total heat transfer surface area and volume are already specified
by the chosen heat exchanger geometry including the number and dimension of
the tubes. It is not specified with which temperatures the hot and the cold stream
exit at the respective outlets. The VLEs at the inlet and outlet of the two-phase
section represent a complex system, analogous to the Flash Unit, which is solved
without problems by the hybrid approach. Accordingly, the temperatures TP#2/i",
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Fig. 4.3: Sketch of the Total Condenser model.

Tsehin and enthalpies hPR2hmin | psehnin of the hot stream are clearly determined
for the given pressure and inlet concentration. The temperature and enthalpy of
the hot stream after subcooling, Tschout and psehmout ag well as the temperatures
TPh2cin pshein  Tsheout gndq enthalpies pPh2enjin  pshen,in  pshenout e the Cooling
stream remain unknown. They can only be determined as a function of the surface

P12 and ASC, which in turn

areas available for heat transfer in each section A", A
depend on the unknown temperature differences. Thus, these relations build the
largest complex subsystem of this NLE with a dimension of 12. Tests have shown
that the formulation of the heat transfer has a fundamental role to play in order
to sufficiently reduce the intervals of the temperatures and heat transfer surface
areas. For one section, the total energy balance around the section and the energy

balance around its tube-side are formulated in the following way, shown for the
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superheated section

0= Fsh,h,n,in . hsh,h,n,in _ Fsh,h,n,out . hsh,h,n,out + Fsh,c,n,in . hsh,c,n,in (43)

. Fsh,c,n,out . hsh,c,n,out

NCk .\ ) NCk ) )
0= Fsh,c,n,out . ( Z xz ,cout hls{h,c,n,L,out) o Fsh,c,n,zn . (Z x}s(h,c,m . hih,c,n,zn) (4‘4)
k=1 k=1

B ksh . Ash ' (Tsh,h,in . Tsh,c,out) o (Tsh,h,out - Tsh,c,in)

(Tsh,h,in _ Tsh,c,uut )
l ( (Tsh,h,aut _ Tsh,c,in ) )

Consequently, the explicit calculation of the mixed streams’ molar enthalpies
pshemin | pshenout gand the heat flux Q" by

NCk
sh,enin __ sh,c,in sh,c,n,L,in
h =) "Iy (4.5)
k=1
NCk
hsh,c,n,out _ sh,c,out hsh,c,n,L,out 6
=) x5 M (4.6)
k=1
h,h,in sh,c,out sh,h,out sh,c,in
g gon, (Tin = Theoty — (qolhout _ ghein)
QS = k5. A%,

(Tsh,h,in _ Tsh,c,uut ) ) (4 7)

sh,hout __Tsh,c,in
(T Tehedn)

In(

are omitted. If Eq. 4.5 - 4.7 were implemented and their respective terms in Eq.
4.4 replaced, the linkage is lost in IA that for example the value of T5"“™" in Eq.
4.7 must be the same as in the functional expression hih’c’"’L’i”(TSh'C'i”) of Eq. 4.5.
sh,c,in o =sh,c,out

rT

formulation achieves tighter bounds. In consequence, the heat transfer surface

Especially during the contraction of T in Eq. 4.4, the suggested
area can then be further reduced in the upcoming contraction step, so that all in
all the sequence of reduced boxes converges more quickly. The reformulation is
also applied for the other two sections. Beyond these reformulations, the three

auxiliary equations

0= Tout,c,sc . Tsc,c,z'n o IZUSC (4.8)
0= Tsh,c,out o TphZ,c,out o HUSh (4 9)
0= TphZ,c,out o Tsc,c,out . avphZ (4'10)
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are implemented with the auxiliary variables av*°, av?"2, av*" whose initial inter-
vals are all set to [1072, 10%]. The general formulation of the logarithmic tempera-

ture difference ATy, for a counter-current heat exchanger is

=ATq =AT,
h,in c,out h,out c,in
R Y 0 S Gy )
In-— Th,in _Tecout 4'
ln Th,ou _ Tc,in

for the cold side ¢ and the hot side h. The logarithmic temperature difference is
also used in Eq. 4.4. It is only valid for the case when AT; # AT,. In the real
number range this condition is not fulfilled at a single point. For example, if Thin,
Theut and T4 are known, T“°* must not be equal to T — Tho#t 4 TS The
contraction method Bnormal is capable to filter such a discrete singular point. For

=h,out

. =h,i =i e .
the temperature intervals T " , T and IC m, however, there are infinitely many

cases as soon as

AT, NAT, #D . (4.12)
_\/_/

=ATy

AT cannot be filtered out when its width is greater than the tolerances. Thus,
AT, extends to [—oo, oo]. If this is true for the subcooled section, AT, also
contains the case where AT}, = 0 and the energy balance on the tube-side becomes
independent of A*

NEk i NEk j h2,c,n,0ut
0 — Psc,c,n,out . ( Z x;c,c,out . h}s{c,c,n,L,out) _ Fsc,c,n,m X ( Z x}s{c,c,m . hlr{J ,C,1, ) (413)
k=1 k=1

— k5. A0

This equation is fulfilled, if the enthalpy stream difference between section inlet
and outlet is zero. In this case, there are infinitely many solutions for A%, i.e., ZSC
cannot be reduced beyond the total heat transfer surface area of the condenser and
neither do the dependent variables such as the other heat transfer areas, outlet
temperatures, and hold ups. No enthalpy stream difference between inlet and
outlet means no heat is transferred in this section and T5¢%" = T4t Finally,

for all three sections the respective conditions are excluded by Eq. 4.8 - 4.10. The
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complete model, variable and parameter specifications, and the physical solution
within the investigated range can be found in Appendix B.6.

4.5 Heavies Column

Three components, namely Toluene (1), Biphenyl (2), Benzene (3), enter this col-
umn, in which the high-boiling component Biphenyl is removed from the rest.
The feed is supplied on the column’s top tray, i.e., only the stripping section
is used to reduce the loss of Toluene and Benzene in the liquid residual. The
column originates from the HDA process, which has been implemented as part
of the master thesis of Rajes (2020). The VLE on the trays is described by a ¢-¢
approach. Fugacity coefficients and enthalpies are calculated based on SRK’s
equation of state as described in Rao (1997, pp. 74-79, p- 280, p. 321). In total, the
model contains five separation trays, plus a total condenser and a partial reboiler.
The model is sketched in figure 4.4. Thermodynamic equilibrium between the
phases is assumed on all trays and in the heat exchangers. Reflux ratio R® and
boilup ratio RR are fixed as design specifications. The influence of an increasing
number of trays from 5 to 7, 10, 15, and 20 trays on the hybrid approach will be
investigated in the next chapter. The model equations, in turn, can be found in
Appendix B.8. The NLE with a total of 171 equations can be decomposed into
13 subsystems using DM, of which 12 are one-dimensional. However, a large,
complex system remains. The reason is that a part of the unknown outlet streams
from the condenser and reboiler are returned to the tray section and thus repre-
sent an unknown input at the same time, i.e., the models of the condenser, tray
section and reboiler can only be solved simultaneously. Each of them contains the
typical equations according to the Material balance, Equilibrium, Summation, Heat
equations (MESH) approach (Henley and Seader, 1981, pp. 556-560) plus the spe-
cific correlations the VLEs and enthalpies are calculated with. Only the pressures
on the trays, in the condenser and in the reboiler as well as a few parameters of
pure components can be calculated outside of the complex subsystem in advance.
In case of the latter, some formulations of the equations are particularly important
for the performance of the hybrid approach. They are presented now. According
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Fig. 4.4: Sketch of the Heavies Column model.

to the ¢@-¢ concept the phase equilibrium is expressed by

0= Ktr,z' *Xtri — Ytr,i (4'14)
0=Ky;- (Px,i - (PtLr,i ’ (4.15)

with the molar fractions xy ;, ¥4 i, fugacity coefficients (ptLr/i, (p}i’i of liquid (L) and
vapor phase (V) and the equilibrium constant Ky, ;. The fugacity coefficients q)tLr’i

and (p}i/i are originally calculated by the function

p=exp((Z—-1)- b:ix —In(Z — B) (4.16)
7 Gy 2 0 (@) )
1 Z+B-(1+4(2)%
+n—1) o (2)05 'ln(zig : El t EZ;M;))) ’
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i.e., the right-hand side of Eq. 4.16 is inserted directly into Eq. 4.15. In the
Bachelor thesis of Reum (2022) it was found that the following reformulation of

Eq. 4.15 can be processed much faster in a reduction step
0 = Inphif, ; — Inphi}, ;- In (Kg;) (4.17)

where, instead of the fugacity coefficients, Inphil . and Inphi) ; are implemented

directly as function variables. The new function to calculate them is

Inphi = (Z —1) - b In(aux) (4.18)
2 )05 ()05 1
+(RI-7T'((Z,21 —(2) )z—b.R,T)'((Z—n)-ln(1+§)
1 2. (2)03
4wn—n.?zﬁﬁdm1+%17izﬁﬁn

This reformulation tries to reduce as many variable instances as possible com-
pared to Eq. 4.16 to prevent interval dependency. The quantities a, b, n, R, T are
real-valued parameters in this simulation so that their number of occurrences is
not important. The aux variable contains one auxiliary variable each for the liquid
and vapor phase, which are calculated as follows

0= Zi%’lin,tr - BtLr - auxtLr (419)
0= Zr‘gax,tr - BX - Wxg : (4.20)

This prevents the logarithmic expression in the second term of Eq. 4.18 to become
[—00,00], as soon as ZNB # O is satisfied. Such a nonempty set cannot be filtered
out by the contraction method Bnormal if its width is larger than the required
tolerances. However, by allowing only positive values for the auxiliary variables
(auxh,aux}, > 0) it is excluded from the feasible region. Another reformulation
concerns the use of the algorithm HC4revise. It cannot handle negative numbers
inside a cubic root and instead returns the empty set. In reality, the cubic root
has three solutions, one of which is real and the other two complex. In the
case considered here, this problem occurs in the equations for calculating the

compressibility factors ZL.  and Z)

i tr maxtr» Where only the real solutions are of
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interest. The original form for the liquid phase is

—b o (pL)05 —9i _ (pL)05 L
Zi%iin,tr - _;L i ( Ltr) 2 + —qZL ( Ltr) o % (4.21)
(F+ (D)%)} (F - (D)}
Eq. 4.21 is replaced by the three equations
bt

0= auxl%,tr + auxz%,tr - { - ZnLﬂ'n,tr (4-22)
4L

0= =% + (D)’ — (aux1,)? (4:23)
—q; L\05 L \3

0= Tr - (Dtr) T (szz,tr) . (424)

The same procedure is pursued for the vapor phase. The complex solutions
are avoided in this formulation, and the contraction methods can process those.
The complete model, its variable and parameter specifications, and a physical
solution are presented next. Regarding the classical MESH equations of the total
condenser, its component balances, the summation relation of the liquid phase
and the energy balance are replaced by

Yir=N,i = Xtr=N+1, (4-25)
F/_y =FP - (R®+1) (4.26)
Fiy_n1=F RC (4-27)
0=F" (hjj_ns1 —hioni1) +Q° (4.28)

The total mole balance Eq. 4.26 is expressed using the reflux ratio. The reason
is that instances of iteration variables can be reduced in this manner. Only two
of the three unknown flows Ft‘r/:N, FtLr: N41 and FP remain, since the reflux ratio
is already specified. The same applies for the heat balance Eq. 4.28. Eq. 4.26
and 4.27 are implemented as functions, i.e., if the calculated variables Ft‘r/: N and
FL_\ .1 appear in an equation, they are replaced by the functional relationship
given by the right-hand side of the equation. Accordingly, they do not appear as
iteration variables and no initial bounds need to be specified. Especially for box
consistency methods such as Bnormal, this offers further reduction potential as

hidden dependencies are not lost (compare the examples from table 2.3). Since for
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the distillate flow rate of a stationary, flow-driven simulation of a column already
meaningful initial bounds can be given, i.e., it is non-negative and never exceeds
the flow rate of the feed, it remains as iteration variable. Another option would
have been to replace one of the functions 4.27 and 4.28 by FP as a function of R,
Py,
partial reboiler are expressed by the functions 4.29 and 4.30.

1 and/or Ft‘r/: N~ Similar to the total condenser, the internal flow rates of the

Rl = PP (RR+1) (4.29)
Fy_o=F"-RF (4-30)

Component balances and energy balance are formulated according to the Eq. 4.31
and 4.32.

0=F% ((yy—o; — Xtr=0;) — (RR+1) - (Y0, — Xtr=1,1)) (431)
0="FF ((hf—g—hfj—) — (RR+1) - (h}_g — hf,—1)) (4.32)

The component balances of the tray section are replaced by component balances
whose balance volume ends at the outlet of the distillate and begins at the vapor
inlet of the current tray. This balance volume is sketched for the top tray in figure
4.4 by the dotted line. Thus, the balance equations of the generic tray model turn

into
NST r F
0= Z Fis - Xir=s,i + Ft‘r/fl “Ytr—1,i — FP. Xtr=N+1,i — FtLr " Xtr,i (4-33)
s=tr
N F F D L \%4 \% L L C
0= Z Ftr:s ’ htr:s —F7- htr:N—H + Ftrfl ’ htrfl - Ftr ' htr + Qtr + Q . (434)
s=tr

In these formulations, it again pays off that the initial interval of the distillate flow
can be chosen more precisely than the intervals of the internal flows. In flowsheet
simulators, the feed streams of a column as well as their enthalpies are usually

specified in the model and thus, enter it as real defined values.
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The hybrid approach is now studied on the test cases presented in the last chapter
regarding its capability as a global solver in section 5.2, i.e., to find all solutions
in a given initial box and as a local solver in section 5.3, i.e., to automatically
initialize root-finding algorithms that can quickly find one solution. The analysis
parameters introduced in section 3.10 are used to evaluate its performance. Pre-
viously, settings related to the IA-based contraction will be examined in section
5.1 to ensure it to be highly efficient in the hybrid approach. All tests have been
performed on a Notebook Intel iy Processor (8x 1.8 GHz, 8. Generation) and
16 GB RAM with a Linux operating system. The results of all test runs can be
downloaded as a zip-file from depositonce’.

5.1 Contraction

To identify an efficient way of contracting NLE systems, various combinations
of the contraction methods from section 3.1 have been applied on the test cases
introduced in chapter 4. In all scenarios, only the first step of the hybrid approach
is applied until consistency is reached starting from initial variable intervals that
are all set to [—107, 10°]. The relative and absolute tolerances are chosen as
eRel = 1073 and €% = 1078 and the resolution is set to 8. Besides, the maximum
number of boxes is limited to 1 initially. In order to also consider the removal of
discontinuities in the interior of variable ranges, three reduction steps are subse-
quently applied, as the maximum number of boxes is one in the first reduction
step. In the second reduction step the maximum number of boxes is increased by

one and a discontinuity can be removed so that both resulting boxes are further

Thttps:/ /doi.org/10.14279/depositonce- 18207
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5 COMPUTATIONAL EXPERIMENTS

Tab. 5.1: Results of combined contraction method, initialized with (?) = [~10°, 107]"r,
The following settings were applied: resolution = 8, eR¢/ = 1073, ¢Abs = 108
and the notation is: Interval Newton (n), Bnormal (bc), optionally for Bnormal:
tighten_bounds (tb), HC4revise (hc).

Contraction / hc_n_bctb hc_n_bc

NLE AP CPU (s) | St CPU (o)
CSTR 1.61 x 1078 0.30 0.0 0.29
Flash Unit 4.40 x 1071 0.85 0.0 0.81
Total Condenser 158 x 10~1  27.42 4,05 x 1072 12.25
Heavies Column  7.08 x 1071 449.50 0.0 133.78

reduced. Finally, the relative average domain length e®4PL and the CPU time are
tracked.

The results of the best combinations of contraction methods regarding the reduc-
tion of the initial variable domain are shown in table 5.1. All other combinations
tested can be found in Appendix C.1. For the four examples, the lowest ¢R4PL
values could be achieved by combining all contraction methods (HC4revise, Inter-
val Newton and Bnormal). Only in the case of the Total Condenser, the additional
feature tighten_bounds could lower the eRADL further. However, the CPU time
increases noticeably through tighten_bounds. It is more than three times higher in
case of the Heavies Column, without any reduction in eRADL Taple 5.2 presents the
results of the single contraction methods: HC4revise and Bnormal. The Interval
Newton cannot reduce any of the initial boxes of the four examples without the
other contraction methods. Hence, its results are not shown here. However, all

values of eRADL

are higher in the single contraction methods than in the combined
versions, presented in table 5.1. Thus, it seems reasonable to alternate between
the three contraction methods, despite the higher CPU time. The order of the

contraction methods in the combined versions is chosen as follows:

1.) HC4revise — 2.) IntervalNewton — 3.) Bnormal
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Tab. 5.2: Results of single contraction methods: HC4revise (hc) and Bnormal (bc), initial-

ized with 2(0) = [—10°, 10°)". The following settings were applied: resolution
=8, eRl =1073, eAbs = 1078,

Contraction / hc bc
sRADL_sRADL 8RADL_€RADL
NLE RADZCJ'J)CH] CPU (S) RADQLHJ)CH) CPU (S)
he_n_betb Ene_n_betb
CSTR 1.14 x 10~* 0.16 3.08 x 103 2.20
Flash Unit 2.17 x 10~° 0.66 9.52 x 10~° 3.84

Total Condenser ~ 1.82 x 109 3.38 1.24 x 10° 99.75
Heavies Column  2.98 x 1010 48.52 3.80 x 101 56.78

The contraction starts with HCy4revise, because it is the fastest method with the

lowest eRADL

values in three out of the four examples. When HC4revise reaches
consistency, Interval Newton continues as it is faster than Bnormal (see Appendix
C.1), and potentially HC4revise was already able to tighten the box well enough
for it to proceed. Finally, Bnormal is used to reduce the bounds. As long as any of
the currently applied methods can further contract the box, the approach cycles
through them until consistency is reached, and the reduction step terminates. In
the following investigations, the combination of all three contraction methods
is always applied. Optionally, the feature tighten_bounds is examined to check

whether it can contribute to a faster solution identification.

For the two versions (with and without tighten_bounds), the influence of the
resolution parameter is investigated. On one hand, it determines into how many
parts an interval, where a function is non-monotonic, is subdivided in order to
check them for root inclusion and to remove empty parts. On the other hand,
it sets the number of refinements applied in the tighten_bounds algorithm. For
the two combinations, the resolution parameter is successively set to 2" with
n=0,1,2,...,7 so that in total 16 cases per test example are investigated. Again,
the approach is initiated at £(%) := [~107, 10°]" and three reduction steps are
applied. Only in the Total Condenser an increasing resolution can lower eR4PL at all.

RADL

Figure 5.1 shows the change in ¢ and CPU time depending on the resolution

for the two versions. Through applying tighten_bounds ¢*4PL declines clearly

123



5 COMPUTATIONAL EXPERIMENTS

0.19 °
- 400
0.18
0.17 200
¢" @«
~ "‘ o
) . S
T 0.161 R E
i “"“ =>&= hc_n_bc - 200 @)
0.15 ‘v" ~@- hcnbetb
-\ - 100
0.14 2
} N
0.13 IQQXI I I I I I ‘ "
0 20 40 60 80 100 120

Resolution

Fig. 5.1: Relative Average Domain Length (left) and CPU time (right) of Total Condenser

after three reduction steps, initialized with 20 = [—109, 109]3, set tolerances:
8Rel — 10—3, €Abs _ 10—8'

with increasing resolution. However, the CPU time increases noticeably. Without
tighten_bounds, é*4PL hardly changes up to a resolution of 32. After that, there

RADL “\hich is related to the reduction of a non-monotonic

is a large drop in ¢
function domain. However, the CPU time grows less than with tighten_bounds.
While éR4PL does not change with rising resolution in the other test cases, their
CPU time still increases. Like the Total Condenser, the version with tighten_bounds
takes always longer than without. In particular, the iteration of the largest NLE,
which is the Heavies Column, lasts for more than 2h, when tighten_bounds is
applied at a resolution of 32. A good compromise seems to be a resolution of
8, because when tighten_bounds is used, it can reduce intervals to some extend
without noticeably slowing down the reduction of large NLEs. For simulations
beyond this work, it is recommended to choose an integer value out of the range

4 to 32 with tighten_bounds and 8 to 64 without.
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5.2 GLOBAL SOLVER

Tab. 5.3: Varied options in IA iteration tests.

Parameter  Tested Options Shorthand Notation
tightBounds true; false tb; -
cutBox all; tear cba; cbtv
splitBox forecastSplit; forecastTear; fcs; fctv;
tearVar; leastChanged tv; Ic

5.2 Global Solver

This section addresses the research question of how well the hybrid approach
is suited as a global solver. Its performance is compared to the pure IA-based
solver without root-finding step. If a numerical solution can be found at an early
stage by root-finding, there is the possibility that the box surrounding it fulfills
the unique solution test before the box becomes degenerate. Hence, further box
reduction steps could be saved compared to the IA-based solver. As part of
the examinations, we also check which settings for cutting and splitting are best
suited to solve the system globally as quickly as possible. Two options for cutting
and four for splitting are tested, whose abbreviations are shown in table 5.3. For
the two versions of contraction, this results in 16 settings to be tested for each
NLE. The variable bounds are set to [—10%, 10°]. If a system cannot be globally
solved in 30005, the variable bounds are first coarsely narrowed. If this still does
not resolve the problem, then the method that achieves the largest box reduction
measured by eR4PL in 30005 is considered to be the most efficient. The relative
and absolute tolerances are set to ek = 1073 and e% = 108 and the resolution

Rel Abs need to be

value equals 8. Only for the Heavies Column the values of ¢"“ and ¢
adjusted to 1071% and 1075 to compute one mole fraction with the lowest system
order of 10713, As root-finding algorithm, Scipy’s Fsolve is applied in the hybrid

approach.

Tables 5.4 and 5.5 show the results of the tests. Only the CSTR and the Flash Unit
can be solved globally. The IA-based solver is faster than the hybrid approach
in both cases. A successful unique solution test occurs in both systems only in
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5 COMPUTATIONAL EXPERIMENTS

the last reduction step, i.e., when the boxes are almost degenerate. Since several
root-finding steps were performed during the iteration, the hybrid approach is
also slower than the IA-based solver. The latter, on the other hand, is very well
suited for both systems, since no process knowledge is required for initialization,
and all solutions have been found in a short time. The two models differ from the
other test examples in the small dimensions of their largest, complex subsystems,

which are three and eight.

Tab. 5.4: Most efficient global solution strategies of small systems in initial boxes Z®) :=

[—10%, 10%]7ear.

NLE Cut & 754y | IA-based Solver | Hybrid Approach
Split CPU (s) "t | CPU(s) ool

CSTR cbtv_lc 7 0.93 3/3 0.98 3/3

Flash Unit cbtv_tv 20 13.15 2/2 15.04 2/2

Tab. 5.5: Most efficient global solution strategies of intermediate and large systems in
more restricted initial boxes that are presented in Appendix C.5.

NLE Cut & Nstep IA-based Solver Hybrid Approach
Split CPU(s)  e*Ph | CPU(s)  Mooinat

Total Condenser cba_fcs 174 3156 7.6x107°| 3139 0/2

Heavies Column cbtv_ftv 55 3016 6.6 x 1071 9144 0/15

According to the results in table 5.5, the Total Condenser and the Heavies Column
cannot be solved globally in 3000s. For both systems, the variable bounds have
been roughly adjusted and can be found in Appendix C.5. In the case of the
Total Condenser, the root-finding algorithm Fsolve finds a numerical solution after

471s, but the unique solution test is not satisfied at any time. After 10478s, the
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5.2 GLOBAL SOLVER

IA-based solver can solve one box of the Total Condenser. There are six other boxes
present at this time. All intervals of the other boxes are either identical or close to
the solved box. If the test run is continued, further boxes are solved. In order to
label a box as solved, all of its variable intervals have to become degenerate. This
is true for most of them, but a few exist that don’t meet the tolerances although
they are closeby. Hence, as they are the only ones unsolved, they are exhaustively
bisected until each respective subbox is degenerate. In section 3.2 a method
has been presented to prevent exhaustive splitting in one variable dimension.
An alternative tolerance &' is calculated and a unification of the subintervals
returned. Nevertheless, this method does not work if multiple variables have to
be bisected before the termination criterion is fulfilled. Only one variable at a
time is bisected in a reduction step followed by further box contraction so that
the connection to its formerly neighboring box is lost. In consequence, the solved
boxes cannot be easily unified. With the split method fcs, the cut method cbtv and
tight_bounds selected, the IA-based solver was able to solve all boxes after almost
four hours. The total number of boxes is 22. The variables, whose intervals differ,
are those describing the heat transfer in the subcooled and superheated section,
i.e., the heat transfer surface areas A% and A" as well as the temperatures Tschout
Tsccout  Trh2cout gnd Tsheout hecause each box lacks at least one intersection with
another box in one of their dimensions. As the surface area of the two-phase
section is three orders of magnitude larger than that of the superheated section
A" and two orders larger than that of the subcooled section A, the system
seems to be ill-conditioned, which results in solution intervals for both, rather
than distinct values. This leads to the differing section outlet temperatures as well.
The ill-condition of the problem can also be seen in the high condition number of

the Jacobian matrix evaluated at the numerically found solution (x; = 4.8 x 10°).

In the case of Heavies Column, the resulting four boxes after more than 3000s
are not close to degeneration yet. Its largest reduction change with respect to
eR4PL happens in the first reduction steps according to figure 5.2. In the fifth
reduction step, splitting occurs for the first time but the total box volume decreases
only slightly, and thus converges quite slowly to the real solution(s). All of the
variables that are independent of the largest complex subsystem are solved at this
point. However, the IA-based solver can only slightly reduce the intervals of its
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Fig. 5.2: Relative average domain length (top) and number of boxes over CPU time of
Heavies Column with eRel = 10710, ¢Abs — 10~15 and resolution = 8.

iteration variables after the first box reduction step. In the hybrid approach, the
root-finding algorithm Fsolve could not find the numerical solution once within
the 30005, thereby the unique-solution test could not be fulfilled as well. NLEs
with large, complex subsystems like this one, whose largest, complex subsystem
has a dimension of 158, combined with a bad condition (x; = 3.4 x 10'°) and a
high percentage of nonlinear terms (¢,,; = 0.56), cannot be solved globally in an
acceptable time with the IA-based methods used here.

The cutting method is essential in all test cases to avoid excessive box splitting
within the IA-based solver. Figure 5.3 shows the changes in relative average
box length and number of boxes over the first 14s with and without cutting for
the Flash Unit. Without cutting, the number of split boxes increases steadily,

while the reduction in ¢RAPL

stagnates. In general, however, it cannot be said
whether all variables or only the tear variables should be used for cutting. In

the Total Condenser, the extra effort that results from cutting all variables leads
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Fig. 5.3: Relative average domain length (top) and number of boxes over CPU time of
Flash Unit with ekl = 103, ¢4t = 1078, 2(0) = [-10°, 10°]?° and resolution = 8.

to less splitting and the hybrid approach works more efficiently than if only
the tear variables are cut. This is not the case for the other three test examples,
where cutting the tear variables is more efficient even if it results in more boxes.
Regarding splitting, there is no apparent tendency either. However, in three of the
four NLEs the most efficient IA methods (see table 5.4 and 5.5) are always related
to one of the split strategies based on the method split_box, namely: Ic, ftv and
fcs. Just in the Flash Unit, tv is the most efficient choice, because this system has

only one tear variable.

Finally, the results show that the hybrid approach applied as a global solver does
not reduce the CPU time compared to the IA-based solver. The IA-based solver,
in turn, is just able to find all solutions of the test cases whose largest complex
subsystem does not exceed a dimension of 8 in 3000s.
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5.3 Local Solver

Now we compare the hybrid approach and classical root-finding algorithms with
respect to their ability to locate solutions quickly. The question is whether the
box reduction of the hybrid approach is sufficient to generate an initial point in
short time, from which the selected root-finding algorithm converges. In the tests,
the root-finding step of the hybrid approach is fulfilled by a certain state-of-the-
art solver and its performance is compared to a corresponding reference run, in
which only the solver is applied. As state-of-the-art root-finding algorithms Fsolve,
SLSQP, IPOPT and Newton? are examined. The Newton solver is tested with no
scaling as well as the two scaling methods MC29 and MCy7, which have been
introduced in section 2.4.1. For the reference runs, each example is attempted to
be solved from the initial point = (0.5,... ,0.5)T in the unbounded box, i.e., all
initial intervals are set to [—109, 109], or the adjusted boxes from the last section.
When intervals have been adjusted their midpoint is taken as initial point. For the
Flash Unit, the bounds of the mole fraction were reduced to [0, 1] to retain only
the physically relevant solution. Unless otherwise explicitly mentioned, 10,000
iteration steps and a function tolerance of 10~ are used for these root-finding
reference runs. The hybrid approach is initialized with the identical bounds that
are used in the reference runs. All 16 possible settings for contraction, cutting and
splitting are tested to identify the fastest strategy for each test case. Resolution,
tolerance settings, and number of maximum iteration steps for root-finding in
the hybrid approach correspond to the values of the last section. In general, a
maximum of 10 box reduction steps is used, because as already shown in the last
section, the initial box volume reduces the most in the first reduction steps.

Table 5.6 contains the most efficient settings of the hybrid approach for each of
the root-finding algorithms that is able to find a numerical solution. Only those
root-finding algorithms are listed, that could solve the NLE as part of the hybrid
approach, reference run, or both. Generally, only IPOPT and Fsolve in case of
the CSTR as well as IPOPT and SLSQP in case of the Flash Unit are able to find
a solution without box reduction and are thus, faster than the hybrid approach.
In both examples, however, one box reduction step suffices for most other root-
finding algorithms to converge as well. Since after one box reduction step neither

2Used nomenclature: fslv for Fsolve, slsqp for SLSQP, ipopt for IPOPT and nwt for Newton
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5.3 LOCAL SOLVER

Tab. 5.6: Comparison of root-finding with hybrid approach for the test cases.

NLE Solver Cut & 7n54p CPU (s), Runs:
Split Reference Hybrid Approach
CSTR fslv — 1 0.03 0.10
ipopt — 1 0.06 0.13
nwt — 1 — 0.10
nwt_mc29 — 1 — 0.10
nwt_mcyy - 1 - 0.10
slsqp — 1 — 0.13
Flash Unit  fslv cbtv 3 — 3.05
ipopt — 1 0.54 0.72
nwt cbtv 3 — 3.36
nwt_mc29 — 1 — 0.58
nwt_mcy7y — 1 — 0.60
slsqp — 3 0.41 3.18
Total fslv cbtv 3 — 39.54
Condenser  ipopt — 1 — 9.65
nwt_mc29 — 1 — 9.87
nwt_mcyy — 1 — 9.00
slsqp — 1 — 9.24
Heavies ipopt — 1 — 98.12
Column
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cutting nor splitting occur (indicated by — in table 5.6), the box reduction depends
in this case only on the combined contraction by HC4revise, Interval Newton and
Bnormal. In the two test runs of the Flash Unit by Newton and Fsolve, the hybrid
approach requires three box reduction steps. Here, the solution is actually not
found by the root-finding algorithms, in fact, the system is globally solved by
the IA-based box reduction. Hence, another advantage of the hybrid approach
is that, whenever a root-finding algorithm does not converge or converges to an
undesired solution outside the variable bounds, the hybrid approach still keeps
the possibility to find the solution within the bounds as a pure IA-based solver.

In the other two NLEs, numerical solutions can only be found by the hybrid
approach. However, not all root-finding algorithms converge within the maximum
of 10 box reduction steps. In the ill-conditioned Total Condenser, the results show
that scaling the Newton algorithm leads to a successful iteration. The Heavies
Column can only be solved by IPOPT. For this particularly challenging system,
more effort has been put into the initialization of the reference run. The initial
point and initial bounds can be found in the Appendix in table C.6 as well as in
MOSAICmodeling’s evaluation (ID: 165321). The initial values have been chosen
carefully using prior process knowledge, e.g., the tray temperatures lie between
the boiling temperatures of the non-azeotropic mixture and decrease towards the
column’s head. Furthermore, it has been considered that the functions’ residuals
of the root-finding problem take finite values at the initial point, i.e., the problem
is feasible. None of the root-finding solvers converge under these conditions in the
reference runs. Besides, an export to AMPL has been performed for comparison.
The AMPL export from MOSAICmodeling creates an optimization problem from
the NLE with constant objective function, for which the powerful presolve option
can be switched on and is applied in advance. But even with this methodology
the selected solver IPOPT cannot find a solution starting from the initial point or
the midpoint of the initial box and aborts after a short time with a "Restoration
Phase Failed" or "Converged to a point of local infeasibility" exception. However,
one box reduction step applied seems to be sufficient here to reduce in particular
the SRK parameters (aix tr, Umix tr, AE0s) and the auxiliary variables (aux;,) to such
an extent that IPOPT converges. There seem to be infeasible points or regions
especially in their intervals, which otherwise, complicate a numerical iteration.
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5.3 LOCAL SOLVER

Tab. 5.7: Comparison of reduction efficiency after nstep = 1 and nstp = 15 box reduction
steps applied on classical and reformulated NLE Heavies Colummn.

Model Nstep = 1 Nstep = 15

gRADL 0.7132 0.6777

classical
RADL RADL

€ lated ~ Eclassical —14 -3
—reformulatedclussical 3 11 % 10 —2.49 x 10

€ classical

It is interesting to note that the hybrid approach only works well on the refor-
mulated system as described in section 4.5. Comparing the boxes of the classical

column model with those of the reformulated one, it is noticeable that the boxes

RADL(1) yalues after one box reduction step. The

\%4
mix, tr

The reformulation has actually been per-

differ only marginally in their e

original system has even a slightly better performance on the a
RADL,(1)_

parameters,
which results in the lower ¢
formed to reduce the occurrence of the internal flow rates and their enthalpies
and compositions in the associated balance equations of the tray section in order
to improve the reduction performance on the initial box, which does not seem to
be the case in the first reduction step. After 15 box reduction steps however, the
eRAPL(15) of the reformulated system is actually lower. Returning to the hybrid
approach, this is still only successful in case of the reformulated system. In con-
sequence, the actual improvement is achieved in the root-finding iteration. This
is validated through initializing the reformulated system with the box obtained
from one box reduction step by the classical model. In this case, IPOPT also con-
verges starting from the midpoint of this box. One possible reason could be that
the truncation error that occurs when balancing tray-to-tray is prevented, since in
the reformulated system, the balance volume always reaches from the head of the
column to the current tray.

The number of trays of the column has been increased to test an even larger NLE
with a larger complex subsystem. The initial intervals of the tray related variables
have been chosen in the same way as the ones from the model with five trays. The
reference runs are again unsuccessful, while the hybrid approach converges for
all tested numbers of trays applying IPOPT after one box reduction step. Time
increases approximately linearly with number of trays as shown in figure 5.4,
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Fig. 5.4: Change of eR4PL and CPU with increasing number of trays in the NLE Heavies
Column.
RADL

while € rises but seems to approach a value of 0.721. It is nice to see that if
the operating range of the column can be roughly estimated, even an increasing

number of trays does not present a major hurdle for the hybrid approach.

Finally, it is observed that the hybrid approach is able to solve all test cases
in a short time and it is always the more robust solution strategy compared to
conventional root-finding. Large NLEs can be solved with just a few box reduction
steps and IPOPT applied, even where IPOPT in combination with the presolve
strategy from AMPL fails. Cutting has not even been used in most test runs,
since only one box reduction step is required before the root-finding algorithm
converges. Splitting is not necessary at all. The method tighten_bounds can not
achieve any improvement either. However, to ensure that the hybrid approach
works efficiently, equations must be formulated carefully, as exemplary discussed
in sections 4.4 and 4.5.

5.4 Parallelization

By means of the parallelization described in section 3.8, several boxes resulting
from splitting can be processed simultaneously within one reduction step. This
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Tab. 5.8: Comparison of fastest runs of parallelized IA-based solver out of 2,3...6 cores
applied, represented by par and sequential process represented by seq.

. eRaAPL CPUseq

NLE Cut & Split Corespa; K CPU, .. (s/s)
. 6.32 -10 13.15
Flash Unit Cti_tV 2 632 x 10 1121
2.78 6 14351
Total Condenser tb_cbtv_fcs 6 57 X 10 06
. 6.59 -1 3009
Heavies Column  cbtv_ftv 4 g7 x 10 {557

methodology is suitable when multiple boxes occur. The processing time of the
CSTR is so short that the effort is pointless. When the hybrid approach was
used as the local solver, no splitting occurred at all. Therefore, only the test
cases, in which the pure IA-based solver searched for the global solutions, are
parallelized. The Heavies Column is the only example of the four, which could not
be solved globally. Hence, only the time is tracked until an equivalent eRADL 14 the
sequential procedure is reached. A total of two to six process cores are examined
for a specific cut and split strategy per example. Table 5.8 shows the results of
the fastest runs with parallelization, denoted by par, and without, represented by
seq. In all cases, parallelization reduces the CPU time. Depending on the number
of boxes that occur during the iteration, different numbers of cores lead to the
fastest runs. A maximum of 5, 34 and 14 boxes occur during IA-based reduction
processes of the Flash Unit, Total Condenser and Heavies Column respectively. In
this way, it can be concluded that the maximum number of cores does not always
lead to the shortest time, but the more boxes occur during the iteration, the more
cores should be used to reduce the CPU time.
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6 Analysis of Results

In the completed studies, the hybrid approach convinces mainly as a local solution
strategy. Only a few IA-based box reduction steps were necessary, before the
state-of-the art root-finding algorithms quickly converged to a solution in all
tested cases. Although the hybrid approach could globally solve the NLEs with
smaller complex subsystem (dimension < 8), it did not show any reduction of
the CPU time by a successful unique solution test compared to the pure IA solver.
Moreover, the hybrid approach can only efficiently solve the two NLEs with the
larger complex subsystems, when they are initialized with some general process
knowledge and not without the IA favorable reformulations. Generalized findings
from the studies concerning reformulation and initialization are given in section
6.1 and section 6.2. Section 6.3 analyses the test results regarding the complexity
of the examined process models. In section 6.4 to 6.6, the application areas for
IA-based solver, root-finding algorithm and hybrid approach with respect to the
model’s complexity are discussed. Tools for debugging are introduced in section
6.7. Finally, other functionalities that have been tested as part of the hybrid
approach to increase its efficiency without success so far, are presented in section
6.8, before summarizing the work in section 6.9, and giving an outlook in section
6.10.

6.1 Reformulation

In the scope of this work, the structure of equations was also investigated in
order to find advantageous formulations regarding the reduction of intervals by
IA-based methods and the speed of real arithmetic methods. This is illustrated
now for small examples taken from the tested NLEs.
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6 ANALYSIS OF RESULTS

At first, the hybrid approach could not reduce the initial intervals of the mole
fractions in the Heavies Column at all. Its VLE is described by the ¢ — ¢ approach

or-xi=@l -y . (6.1)

In particular, the function for determining the fugacity coefficients ¢! and ¢F,

which is
¢=aﬂ@—n.%;)—m@—3) (6.2)
+bmfﬁ,T-%Zx—zw%igmy(@_n%th;B)
1) s WG )

was responsible for the bad performance of the contracting methods, when ap-
plied on the intervals of the mole fractions. Evaluating Eq. 6.2 by IA, produces
wide ranges of values for the fugacity coefficients due to interval dependency and
non-degenerate intervals with undefined function expressions resulting in +oco
interval bounds. Hence, these wide ranges could not be used for any interval
reduction in Eq. 6.1. In the thesis of Reum (2022), various reformulations of Eq.
6.2 have been examined in order to reduce the intervals of the fugacity coefficients
further. First, a significant reduction in the speed has been achieved by using the

natural logarithm instead of the exponential function so that Eq. 6.2 becomes

:=TM;
Inphi — (z—1).(bbl )—In(Z—B) 63)

mw:(:TMz :=TMs

b (D2 (%) (- ) (2 S D)

bmix ‘R-T bmix Amix Z
:=TMy

1 Z+B-(1+(2)"°)

=1 s Mg T a— 20))

Inphi is an output variable here, not a function. Eq. 6.1 thus changes to

mm&-mm#:m% . (6.4)

1
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6.1 REFORMULATION

The reduction in speed due to the replacement of the exponential term by the
inverse operation of the natural logarithm is specific to the applied IA package
mpmath . Code A.1 in the Appendix contains a simple computer experiment
and its results, which verifies this. In order to improve the reduction via IA,
Eq. 6.3 has been further reformulated. Thereby, critical terms (TM; to TMy) were
identified, generalized and corresponding reformulations developed to improve
the reduction efficiency. The generalized form of these terms as well as some
more reformulations, either identified by ourselves or found in the book of Moore
et al. (2009, pp. 19-50), are summarized in table 6.1. Reformulations derived for
Eq. 6.3 are discussed now. Subtracting two variables x and y in the denominator
of fractions or in logarithms as in term TM;j, lead to undefined ranges of values
in IA-based evaluation as long as the condition x Ny # @ holds. Either this
condition must be avoided by a suitable choice of initial intervals or an auxiliary
variable aux with an initial interval of 0 < aux may be introduced. The latter is
applied to replace TM;

TMy = Inaux (6.5)
aux =7 —B, aux>0 . (6.6)

In TM,, interval dependency is caused by the multiple occurrences of the vari-
ables a,,;y and b,,;,. All other variables R, T, a and b are either design variables or
functions depending on design variables only so that their intervals are degener-
ate. The number of instances of 4,,;, and b,,;, is reduced by means of quadratic
completion so that TM, is exchanged by

b (amix)O'S o (a)O'S

— . 2 _

The generalized form of quadratic completion is shown in row c) in table 6.1.
Interval dependency occurs only when the multipliers p; and p, have different
signs. In TM3 the occurrence of Z is reduced to avoid interval dependency by

B
TM; =1+ Z (6.8)
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T M3 is equivalent to the inverse of function d) from table 6.1, so reformulation d)

can also be applied here and leads to Eq. 6.8

-1
Z+B zZ \ ! 1 B
Ms=—7 <Z+B> <1+§> 7 (69)

There are many other formulations that can be similarly put into such a standard

form of table 6.1 to save the number of reformulation rules for special cases.

Finally, TM4 can be rewritten as

2. 20.5
™, =1+, 22

—§ 1o (205 (6.10)

to reduce the number of instances of Z and B. The generalized reformulation
according to Eq. 6.10 is shown in row e) of table 6.1. One important, additional
reformulation that improves the performance of the IA-based reduction is taken
from the equation system of the Total Condenser, namely the calculation of the
logarithmic temperature difference

AT, — AT,

ATy, = (6.11)

To avoid value ranges, where the logarithmic function is not defined, i.e., when
AT; N AT, # @, the quotient is substituted by an auxiliary variable aux with
0 < aux. Eq. 6.11 is then replaced by

ATy, = AT — AT (6.12)
Inaux
AT,
aux = AT, (6.13)

This corresponds to the generalization (i) in table 6.1. Table 6.1 is extensible
and can be used as a guideline for formulating equations or as a basis for an

automated reformulation algorithm.
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Tab. 6.1: Recommended reformulations for hybrid approach.

VI

Function Reformulation ID Condition Reason

f(x) =exp (x) aux, In(aux)=x a) — Speed

f(x)=po+p1-x+p2-x*> pa- <x + %)2 - 4’% +po b) |pil+ |p2] Interval dependency

7 [p1+p2

f(x)=Yp—opp-x* po+x-(prtx-(p2+... o YLyolpyl Interval dependency
Xp1 (Pu1+Pn-x)...) # | Lp—o Py

fy) = 7= v -1H d - Interval dependency

flxy) = z% 1- T il e) — Interval dependency

foy) = 4= %1_1 H - Interval dependency

flxy) = %1_1 L aux=1 g) xNy#Q@  Infeasibility

flxy) = ylx ﬁ, aux =y —x h) xny=90 Interval dependency

flxy) = y.xl_l ﬁ, aux =y-x i) % Ny #2 Infeasibility

flxy) = @ m, aux =< ) xNy#Q© Infeasibility

flxy) =In(y —x) In (aux), aux =y—x k) xNy#@  Infeasibility

NOILVININIOLIY 19



6 ANALYSIS OF RESULTS

6.2 Initialization

Of course, the tighter the initial variable bounds are chosen, the less work and
time is required for the hybrid approach. On the one hand, fewer contraction steps
are needed, on the other hand, some infeasibilities disappear and the impact of
interval dependencies is lower, so that excessive splitting can be prevented. Table
D.1 to table D.3 in the Appendix contain guidelines according to which variables
can be initialized under certain model conditions. However, this list has a strong
focus on the case studies of this thesis and can be expanded for new process
units.

6.3 Model Complexity

A definition of complex systems, as used in the work, has already been given
in section 4.1. Parameters were also introduced in that context to quantify the
complexity of an NLE’s dominant subsystems, namely: Its dimension, the non-
zero density of its Jacobian matrix, the nonlinearity ratio of these non-zero entries
and the condition number of its Jacobian matrix. Theoretically, more than one
dominant subsystem is possible. However, in the ones tested here, it was always
limited to one subsystem with a significantly higher dimension. Now, using these
parameters, the application range of the hybrid approach is to be defined in com-
parison to the sole [A-based solver and root-finding based algorithms, taking into
account the results from the computational experiments. In addition to the four
examples discussed in this thesis, the four other examples from Appendix B will
be considered as well. In contrast to the condition number, the other three quan-
tities can be determined independently of the initialization of the problem and
therefore seem to be better suited to define the range of application. Figure 6.1
shows the nonlinearity ratio plotted over the dimension of the largest subsystem
for all tested examples. In the Appendix in figure D.1 an analogous diagram
is shown, which plots the non-zero density versus dimension of the largest sub-
system. However, the nonlinearity ratio seems to contribute more decisively to
whether a system can be solved or not by a certain solution strategy.
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Fig. 6.1: Nonlinearity ratio versus dimension of largest subsystem for the tested examples
and recommended application area for global solver ('), root-finding algorithm
(W) and hybrid approach (H).

6.4 Global Solution

If the root-finding is turned off, the algorithm acts as a pure IA-based solver. If
no wide infeasibilities are present in the initial box or have been successfully
removed by reformulation, the IA-based solver seems to find all solutions up to
a dimension of the largest subsystem of eight in the case of the tested examples
in less than 15s (covered by the yellow shaded area in figure 6.1). The variable
intervals were not restricted at all, i.e., they had their default boundary values of
+10°. With increasing dimension this appears to be possible only if some effort
has been put into the initial variable bounds. Thus, the Reactive Flash Unit can be
solved globally, but the IA-based solver needs 552 s, while a local search by IPOPT
takes only 65 to find the solution. Furthermore, clustering around a solution can
occur as in the case of Total Condenser and lead to the fact that there is not only
one solved box in the required tolerance, but very many, which again slows down

the algorithm considerably.
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6.5 Root-finding

For larger systems, it usually becomes more difficult or practically impossible to
find all solutions due to clustering, excessive box splitting, and the increasing time
required by an [A-based reduction step. State-of-the-art numerical solvers, on the
other hand, find a solution quickly if the dominant subsystem of the process
model is not so strongly nonlinear and if, as the dimension of the dominant
subsystem increases, a little more effort is put into its initialization as in the
case of Column Methanol Water. The initialization is included in table C.2 in the
Appendix. When there is sole interest in finding one feasible solution, then the
pure root-finding is superior to the IA-based procedure and the hybrid approach
because of the speed. The larger the nonlinearity ratio, the more difficult the
search for an initial point becomes, where a root-finding algorithm converges
from. To some extent trust region or line search strategies can help, which have
been introduced in section 2.3. However, in ill-conditioned systems the method
might stagnate or converge to undesired solutions. In least-squares minimization
problems, the solvers may also terminate at one of the numerous local minima.
Hence, none of the root-finding algorithms manages to solve the Total Condenser,
Partial Condenser and the Heavies Column without box reduction. According to
the results, it is suggested that up to a nonlinearity ratio lower than that of the
Total Condenser, which is around 0.36, and larger than that of the Column Methanol
Water, which is around 0.1, pure root-finding algorithms in combination with
a line search or trust region strategy are sufficient. It is assumed that with an
increasing dimension of the largest subsystem, root-finding algorithms can only
solve those with lower nonlinearity ratios. Hence their application area decreases
with higher dimensions and the hybrid approach should be applied instead. An
exact limit between both strategies can not be given at this point. To improve
robustness of the numerical iteration, it turned out to be useful to decompose the
overall system in general and to solve the subsystems sequentially. This also led
to improved conditions in the subsystems as had already been shown in Bublitz
et al. (2017a). Scaling the Newton algorithm with MC29 or MC77 in general leads
to better convergence, while the unscaled Newton often fails.
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6.6 Hybrid Approach

From figure 6.1 it can be seen that the hybrid approach has its merits in the
area of high nonlinearity ratios and higher dimensions of the largest subsystem,
especially when only one feasible solution is sought. Here the other two strategies
take too long or fail, for example in the case of the Total Condenser, Partial Condenser
and Heavies Column. For smaller dimensions, of course, it finds all solutions just
like the IA-based solver. It turns out that the unique solution test does not save
any time in the case studies since it was only satisfied by non-empty boxes close
to the solution. To the contrary, the numerical iteration slowed down the hybrid
approach compared to the pure IA-based solver. An advantage over the IA-
based solver is, however, that a numerical solution is returned as soon as it has
been found. This can happen well before the termination of the IA-based solver.
In general, IA-based solvers and hybrid approach have the property of finding
more than one solution and can prove that a box has only one solution by a
successful unique solution test. Thus, they are quite superior to numerical solvers
in this application area, although they require more time. Another observation
is that the nonlinearity ratio hardly changes with increasing number of stages
of the columns (it drops slightly), probably because this ratio is constant for the
equations belonging to one stage. The small difference comes from the fading
influence of the related equations to reboiler and condenser. Regarding the Heavies
Column, the hybrid approach can find a solution for all tested numbers of stages
without the need to further narrow down the variable bounds with increasing

dimension.

6.7 Debugging

To err is human. During modeling, errors often sneak into the formulation of
equations or into the initialization of variables. In complex process models, the
error source can be less evident and the search for the error is even more frus-
trating, because the error messages are usually not very specific. The best advice
is to build up the equation system modularly in subsystems from the very start
and to check them successively. This also allows for reuse of the modules in other
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equation systems, e.g., for the calculation of phase equilibria. Assume that this
modularization has already been done, and there remains a subsystem, which
cannot be solved. There are now three possible types of error: a structural error
in the equation system, an initialization error concerning the initial values or
variable bounds, or an error in the solution algorithm. How to efficiently debug
the solution algorithm is explained in Appendix D.3. Now, tools are presented,
which were developed in the context of the hybrid approach, in order to be able

to identify errors of the first two groups.

A structural error means that the equations of the system are linearly dependent
and there are infinitely many or no solutions. This contradicts the requirement
of the hybrid approach, which only works for well-determined NLEs. Some
linear dependencies can be detected using the DM decomposition. Applying
the UDLS PYTHON_NLE_ModOpt_1.0.moslsp (ID:106247) in MOSAICmodeling,
Python code can be generated to solve a DM decomposed NLE directly using
the Newton method. In contrast to the hybrid approach, the incidence of the
Jacobian matrix is directly output graphically in addition to a separate analysis
text file. Some structural errors become immediately apparent by zero entries on
the diagonal of the matrix. For example by mistake, both molar fractions of the
binary feed mixture of the Flash Unit might have been declared as design variables,
while the temperature of the vessel is accidentally chosen to be iterated. Hence,
the summation relation of the feed is overspecified while there are infinitely
many solutions to the composition of the phase equilibrium, i.e., it is under-
determined. The corresponding Jacobian matrix is shown in figure 6.2a. One
recognizes immediately the incomplete diagonal. The numbering of the matrix
rows corresponds to the global indices of the equations, via which one can directly
determine the overspecificed summation relation that has the global index four
in the considered system. The analysis text file contains a corresponding legend
that helps to identify this critical equation and fix the model subsequently.

An initialization error produces either an abortion of the numerical iteration, e.g.,
because the Jacobian matrix is already singular at the initial point, or an abortion
of the box reduction due to an empty initial box. An abortion of the numerical
iteration is no tragedy, because the hybrid approach simply continues in this
case. Nevertheless, it would be nice especially in complex systems that cannot
be solved globally, if the numerical solver converges after the first box reduction
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Fig. 6.2: Jacobian incidence matrices of Flash Unit used for error detection.

steps. A solver abortion can often be avoided by reconsidering the initial values
or reformulating equations as it has been exemplified in sections 6.1 and 6.2. To
identify the critical equations, which should be reformulated, again the UDLS
PYTHON_NLE_ModOpt_1.0.moslsp (ID:106247) helps. It generates a colored
Jacobian matrix that pictures the solver’s success as shown in figure 6.2b. The
solver processes the squared blocks along the diagonal. If such a block contains
only green entries, the corresponding subsystem could be solved. Blocks with red
entries could not be solved and those with yellow entries could be solved but they
depend on red blocks, i.e., variables, which originate from the failed subsystems.
In consequence, decomposition is used here to debug the model. The red blocks
should be successively analyzed and reformulated if necessary. In the example in
figure 6.2b the first subblock cannot be solved, because of a division by zero at the
initial point. An abortion of the box reduction in general means that the variable
bounds do not fit to each other. In this case, it would be helpful to localize the
source more precisely. For this reason, the equation and variable that led to an
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empty box are saved temporarily. If there are several boxes, the last box identified
as empty is saved. The critical equation and variable, as well as the initial and
final intervals of all other variables in the equation before termination, are written
to a text file.

“““““ Error Analysis =*===
Algorithm failed because it could not find any solution for e@_v_ph in equation:
-e@_v + e@_v_ph + 0.000711

The following table shows the initial and final bounds of all variables in this equation before termination:

VARNAME INITBOUNDS FINALBOUNDS

e®_v_ph [ 5.10.] [5, 18]

ed_v [-1.e+09 1.e+09] [0.0002374218623692886, 8.01678186000000081]
I

Fig. 6.3: Error text file to identify inconsistent variable intervals of van der Waals” System.

For example, let v, be incorrectly initialized to [5, 10] in the van der Waals” System.
The hybrid approach terminates after one reduction step with the error text file
shown in figure 6.3. It is easy to see that the final intervals do not match in
this case. In more complicated cases, the final bounds at least give a clue which
variable interval seems to be strange. Possibly, another equation in which this
variable appears, was set up incorrectly so that the expected variable intervals are
infeasible. Hence, such equations should be carefully checked. If the error cannot
be identified via this methodology, only debugging the algorithm will help.

6.8 Things that did not work out

During the development of the hybrid approach further features were tested.
However, they could not contribute to its performance increase. Firstly, various
preconditioning methods can be applied in the Interval Newton. The point of
expansion x. corresponds to the midpoint of the intervals in this work. Alter-
natively, a function called condJ was implemented, whereby, in addition to the
midpoint, the point at the lower bounds of all variable intervals & and the point
at the upper bounds of all intervals & can be considered. From the three points,
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the one with the lowest condition number x>, is then selected

2 := min{x; (J(2)), &2 (J(m(2))), k2 (I (@)} - (6.14)

However, in all tested cases, the midpoint was always chosen and the evalua-
tion of x, at the three points only slowed down the process. Secondly, there
are three more options to precondition the Gauss-Seidel step. The real-valued

preconditioning matrix P, is defined for the three cases as follows

- inverseCentered: P:=m(J)™!
- inversePoint: P:=J(x.)!
0 ifj#i

— inverseDiagonal: pj;:=

if j=i

The entries p;; of P are used to calculate the preconditioned Jacobian matrix
and vector of functions’ residuals according to Eq. 3.3 and 3.4. They are in
turn inserted into the Gauss-Seidel step according to Eq. 2.96. The method
inverseCentered has already been discussed in section 2.6.2. The method
inversePoint seems to be useful in combination with condJ as the best con-
ditioned Jacobian matrix out of the three is employed for scaling. Neverthe-
less, this method can be combined with center as well. The preconditioner
inverseDiagonal does not depend on the choice of .. It is a diagonal matrix,
which simply takes the inverse of the interval midpoints on the diagonal of the
Jacobian matrix. This method is the least costly one out of the four. However,
all three preconditioning methods resulted in irregular matrices, especially in the
first box reduction steps, which in turn caused the variable intervals not to be
reduced. Possibly, an increase in efficiency only occurs when the interval bounds
are already close to the solution. However, such an investigation was not carried

out within the scope of this work.
Next, affine arithmetic using the Python package affapy extends the function

evaluation by the classical, so-called natural interval arithmetic. Affine arithmetic
can partly tackle the interval dependency issue as it transforms a classical interval
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X into its affine form

X:=m(X)+e-05 w(x), e =1[-1,1 . (6.15)

For example the mathematical expression

flx) =x*—x (6.16)

evaluated by natural IA in the interval X = [0, 1] equals f(¥) = [—1, 1]. Using its

affine form

(%) :=m(x)?> —m(x) + € -05-w(x) - (2-m(x) —1)+e-025-w(x)?> (6.17)

Iy

the interval can be further tightened to (%) = [—0.5, 0.0]. However, the evaluation
of functions by affapy slowed down the whole procedure very much. Tighter
bounds in one reduction step could be achieved but in the same time the boxes
could be reduced much further by contraction, cutting, and splitting only. In
figure D.2 in the Appendix this is illustrated for the box reduction of the Flash
Unit.

Another functionality tested has been a set of sampling methods with and without
a multi-start procedure. According to this, the reduced, feasible regions of the
DM-decomposed subsystems can be well mapped via sampling methods. In the
scope of this work samples generated by the latin hypercube method (McKay et
al.,, 1979), the low discrepancy sequences of Hammersley (Hammersley and Hand-
scomb, 1964), and Sobol (Sobol, 1967) have been tested as well as the Covariance
Matrix Adaption Evolution Strateqy (CMAES) (Hansen, 2016) from optuna which
is a Python package. The sample or several samples with the lowest functional
residuals of the NLE are subsequently used as initial point(s) for the numerical it-
eration. In general, the solutions could also be found via sampling, but only if this
was also possible via the midpoint. However, the computation of the midpoint
is much faster, which is why no merit in sampling could be observed so far. The
idea was that especially in large and complex systems the chance is not very high
that the midpoint of a box is a converging initial point and by sampling one or
even several better suited points can be found to increase the robustness. But the
space that needs to be sampled in the subsystem of the Heavies Column for exam-
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ple is much too large to get close to a solution via this approach. Generating 5000
samples by optuna’s CMAES took more than 8omin. One idea to increase the
efficiency of the sampling methods was to use the BBTF matrix decomposition in-
stead of DM (see section 2.4.2) and to resolve only the relatively low-dimensional
subsystem of tearing variables via the sampling methods with a high number of
samples. The midpoint was still used for the other subsystems. However, the
numerical iteration was always unstable despite scaling of all subsystems.

Finally, in the beginning not only parallelized contraction of the boxes but also
of the variables was tested. However, the box can be reduced less within one
reduction step, since already reduced variable intervals are not updated before
the reduction of the upcoming variable intervals during one contraction step. The
program was tested with eight process cores at maximum. If in the future more
cores are easily available this option could become relevant again, because the
time reduction of one reduction step might pay off the further required reduction
steps. In Bublitz et al. (2021b) was already shown for Bnormal, which operations
within its algorithm can be parallelized efficiently.

6.9 Conclusion

In this work, a method was sought to bridge the gap between increasingly complex
process models and their solvability using conventional numerical methods. In
particular, this involved a generally applicable initialization strategy for NLEs.
For this purpose, the combination of IA-based and root-finding algorithms was
considered promising. The IA-based algorithm can discard infeasible points or
regions, where model equations or their derivatives are not defined, and thus,
pave the way for a fast root-finding iteration. This so-called hybrid approach was
implemented as part of a custom package named modOpt in Python. A UDLS
was created in MOSAICmodeling to apply the hybrid approach to NLEs from
MOSAICmodeling, where the test cases were implemented.

In the first version, the hybrid approach only included the conventional IA-based
contraction methods: Interval Newton and HC4revise in combination with the
state-of-the-art root-finding algorithms: Scipy’s Fsolve and SLSQP as well as
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IPOPT and a self-implemented Newton, according to steps one to three of the
hybrid approach. Since the reduction of the interval bounds was insufficient
in the VLE calculations, the method Bnormal as well as the additional feature
tighten_bounds were developed. Their scope is limited to equations with multiple
instances of one or more variables, in which interval dependency occurs, e.g., in
the calculation of fugacity or activity coefficients to reduce their intervals further.
In addition, Bnormal is able to directly remove infeasible values from the variable
domain and thus, clears the way for root-finding algorithms. Since contraction-
based IA methods did not always lead to the desired physical solution when the
NLE had more than one solution, the hybrid approach was extended by splitting
(step five of the hybrid approach). Independent of the variables selected for
splitting, it significantly increased the number of boxes and CPU time in complex
systems with a dimension of eight and higher. To avoid extreme box splitting,
further functionalities were developed such as cutting (step four of the hybrid
approach), a linearly increasing restriction of the maximum number of boxes in
the ongoing process, and the forecast split strategy. In the latter, splits of different
variable intervals are considered and exactly that split is carried out, which can
subsequently reduce the two subboxes the most by contraction. For cutting and
splitting, all variables or only the tearing variables can be chosen. Moreover, for
splitting, those variables can be selected whose intervals have changed the least
compared to the last split or to their initial bounds, if no split has occurred yet. To
speed up the iteration process in the presence of several boxes, the box reduction
was parallelised as well. Thus, the hybrid approach achieves the initially set
research goals as follows:

— Infeasible points or regions are filtered out by means of Bnormal

— Initial box is efficiently reduced through the combination of the contrac-
tion methods and the development of new methods to avoid extreme box
splitting

— Recurrent root-finding steps are an inherent part of the hybrid approach, in

which the numerical solver is started from the midpoint of the current box

On this basis, the initially posed research questions will be finally answered
now:
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RQ1.

RQ2.

6.9 CONCLUSION

How well does the hybrid approach perform in locating a desired solution of an NLE
compared to state-of-the-art root-finding algorithms?

For some of the tested NLEs, especially those with a large complex subsys-
tem, a high condition number and/or a high nonlinearity ratio, the state-
of-the-art numerical solvers could not find any solution. However, at most
three box reduction steps were necessary in the hybrid approach to achieve
convergence. Yet, there were also a few other NLEs, which could be solved
directly by the root-finding algorithms in less time than the hybrid approach
due to the absence of the more time-consuming box reduction.

How well does the hybrid approach perform to solve an NLE globally compared to a
pure IA-based solver?

The expectation that a successful unique solution test in combination with a
numerical solution, previously found in a root-finding step, could terminate
the IA-based iteration earlier, was not fulfilled. The unique solution test
occurred, if at all, only shortly before a box was classified as solved. The
additional root-finding steps of the hybrid approach even increased the CPU
time compared to the sole IA-based solver.

. How can the complexity of an NLE be measured?

The non-zero density, nonlinearity ratio and condition number of the Jaco-
bian matrix as well as the systems” dimension were considered to quantify
the complexity of an NLE and determined for the test examples in section
4.1. These parameters were only calculated for their largest complex sub-
system, since it had the greatest influence on the success of the numerical
solvers. Theoretically, an NLE could contain more than one of such complex
subsystems. In the test cases examined, however, one always dominated.
Hence, an NLE is considered to be more complex the higher the respective
parameter values of its dominating subsystem turn out to be.

. Which equation formulations are useful to ensure an efficient numerical iteration?

Section 6.1 summarizes important formulations of equations as well as refor-
mulations of functional terms that have emerged from the literature review
and our own computational experiments. In short, one should minimize the
number of variable instances in an equation to prevent interval dependency.
In addition, functional terms should be avoided, whose variables allow an
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infinite number of combinations of real values in their intervals, where those

terms are not defined.

RQs5. Can structural properties of an NLE be used to conclude, which numerical method
is appropriate to solve it?
According to figure 6.1, dimension and nonlinearity ratio of the dominating
complex subsystem seem to be well suited to distinguish the application
areas of the three solution strategies: IA-based solver, root-finding algorithm
and hybrid approach. The hybrid approach is particularly effective for sys-
tems with a dimension greater or equal to 12 and a nonlinearity ratio of 0.36
and higher. They could not be solved by the other two methods. Systems
with lower dimensions could also be solved globally in short time (less than
20s). Systems with a low nonlinearity ratio in turn, could be solved by root-
finding algorithms in less time than the hybrid approach needed. However,
these limits are only a rough estimate and seem to depend on the condition
of the system as well. For systems with higher condition numbers, the ap-
plication areas of IA-based solver and root-finding algorithms are expected
to decrease in favor of the hybrid approach.

Finally, tools for a quick identification of error sources in failed numerical iter-
ations have been implemented in the scope of this work and are presented in
section 6.7.

6.10 Outlook

Beyond the examples studied in this thesis, it would be interesting to apply the
hybrid approach to even more complex problems. For this purpose, the existing
HDA process of Rajes (2020) is a good starting point, e.g., to take into account
challenging recycle streams in the model. Furthermore, NLEs which include heat
integration and process intensification would be interesting to examine. While this
work has focused on steady-state process models, it would also be interesting to
extend the application of the hybrid approach to other areas, where NLE solvers
are commonly in use, for instance to initialize and solve Differential Algebraic
Equation systems (DAEs) and Partial Differential Algebraic Equation systems (PDAEs).
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For this purpose, such systems only need to be transformed into algebraic NLPs
by finite differences or orthogonal collocation as described in Hangos & Cameron
(2001, pp. 191-222). In the long term, it might be beneficial to build an open access
library of process engineering problems, or further extend existing libraries such
as the COCONUT benchmarks created by Shcherbina et al. (2003). This saves
time to model processes and makes a comparison of newly developed approaches
easier. The performance of the hybrid approach’s box reduction strongly depends
on the initialization of the variable intervals and the formulation of the equations.
In the field of chemical process models, the intervals could be set automatically
according to simple heuristics analogous to those summarized in Appendix D.2.
Equations could be automatically reformulated, whenever critical terms such as
the ones from section 6.1 are present. In addition, the research should continue to
identify further favorable formulations for IA. The hybrid approach itself could
be improved by speeding it up, increasing the efficiency of a box reduction step or
improving the root-finding step through the development of a suitable sampling
strategy. As shown in the tests, a trade-off between speed and success of a reduc-
tion step usually appears. In particular tighten_bounds and the affine arithmetic
could not convince here so far due to the long processing time. However, since
the package affapy behind the affine arithmetic was first released in May 2020, a
performance increase can possibly be expected here in the near future. In the case
of tighten_bounds, the current implementation would have to be analyzed more
closely in order to accelerate this methodology, or its calls within the program
would have to be reduced. Cutting and splitting contribute enormously to box
reduction, but the investigations of this work do not show any tendency, which
strategy, i.e., variable selection, leads to the highest box reduction in the least
amount of time. A more precise analysis is needed to identify promising splits
and cuts without applying these methods to all variables each time. Another
option to increase the speed of the hybrid approach is to further parallelize pro-
cesses within the program based on some ideas given in Bublitz et al. (2021b).
Finally, for sampling strategies, there are many new developments due to the high
interest in data-driven modeling that can be easily linked to the hybrid approach.
The same is true for new numerical solution methods. How the latter two can be
connected to the hybrid approach is explained in modOpt’s git project”.

Thttps:/ /git.tu-berlin.de/dbta/simulation/modOpt
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Appendix A

Algorithms, Scripts and Software

A.1 Bubble point method

A well-known algorithm to solve the cascade of equilibrium trays in a distillation
column model, which is illustrated in figure A.1, is the Wang Henke’s bubble point
method (Wang and Henke, 1966). In the column model, the top tray represents
the condenser, where the side stream F;4—1 corresponds to a potential distillate
rate, Fr ;—1 to the reflux rate and Q—; to the cooling duty. The lowest tray n
corresponds to the reboiler with heat duty Qs—,. The bubble point algorithm
is schematically shown in figure A.2. First of all, the design variables have to
be specified, and the tear variables have to be initialized, which are the tray’s
temperatures T, and light phase flow rates Fy ;. Furthermore, initial values for
the equilibrium constants Ky . have to be specified, e.g. as a function of the initial
temperature guesses by assuming an ideal phase equilibrium. Next, the mole
fractions of the heavy phase xi 4 . at the current values of T}, Fy i and Ky can
be calculated via the component balances ranging from the top of the column to
the current tray section. Fp; and xy 4 are previously eliminated via the total

mass balances and the general chemical equilibrium

tr

Fiir = Fyari1+ ) Fej— (Fw,j + Fu,) — Fy = (A.1)
=

XV tre = Kire - XLtrc 1 (A.2)
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Fig. A.1: Cascade of equilibrium trays of a column model including streams F and mole
fractions x.

so that the following linear, tridiagonal equation system results

=Ay
tr—1
0= |Fvu+ Y. Frj— (Fwj+ Fuj) — Fuar=1) | XLtr—1,c (A.3)
=1
5:Btr,r:

tr

— (Fvprs1+ Y Frj— (Fw;j + Fu,j) — Fvpr—1
j=1
+ Fu,tr - (FW,tr + FV,tr) : Ktr,c) * XL,tr,c

::Ctr,c ::_Dtr,c
—_—— —_——
+ FV,tr—H : Ktr—l—l,c XL tr41,c T FF,tr * XFE trc

This can be solved efficiently using the Thomas algorithm (Thomas, 1949). Here
Ap=1 and Cy—, . are zero at all times. One system of this type is solved per
component c. The calculated xr ;. may violate the summation relation, so they are
normalized in a next step according to Figure A.2. Subsequently, the temperatures
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SpeCiﬁcationS: FF,tm FW,tT7 FU,tm Tptr.cy PFtr OT hF,tm DPtr;
Qtr=2..n-1, N, FL tr=1, Fvtr=1
Initialization: T,., Fvr, Kire
Iteration count: k£ =1
Compute x
Dtr,c = Atr *TLtr—1,c ar Btr,c *TLtr,c ar Ctr,c *TLtr+1,c p iR <
by Thomas Algorithm
o _ LL,tr.c N i
tre = Tme ormalize x
Zgil TL tr,c LALEC
nc
il = Z Kiro(Tyy) - ¢p4p,. Compute Ty, by iterative bubble point method
c=1
TV tr,e = Ktr,c *TLtrc Compute TV tr,c
y EXTN
Qir=1 = Fvtr=2 - hvtr=2 + Frtr=1 - R tr=1 Compute Q41 A
+ (Futr=1 + Frtr=1) - brtr=1 + (Fw,tr=1 + Fv,tr=1) - hv,tr=1
n
QtT=n = Z FF,t'r ° hF,t'r - FU,tr : hL,t'r - FW,trhW,t'r ComDU‘te QtT:N
tr=1
n—1
— Z Qtr — Fvtr=1 - hv,tr=1 — FL tr=n - AL tr=n Adjust
tr=1
+ tear
variables
Fyyp = Ver—1 — Qgr—1 - Fyvir—1 o> 1 Compute new Fy tp—2. n +
’ 5tr—l
tr
Fri = Fyre1 — Fygr=1 + Z Fr; — Fy; — Fw, Compute Ff, yp—2..n
j=1

Fig. A.2: Schematic diagram of Wang Henke’s bubble point method for solving a cascade

of equilibrium trays (Wang and Henke, 1966).
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are iteratively determined via the bubble point equations so that the mole fractions
of the light phase xy . are then obtained from the chemical equilibrium. Now,
the cooling and heat duties of the condenser and reboiler can be calculated. Since
temperatures, pressures and compositions in all streams are known, the specific
enthalpies /1 can be determined explicitly and so can Q-1 and Qg —n. Next, the
flows of the light phase Fy 4 are obtained through the heat balances from the top
of the column to the current tray section. These equations can be transformed

into a sparse linear system with the coefficients ay,, Bi, gammay,

0= K+ FV,tr + ﬁtr : FV,tV+1 — Ytr (A4)

oy = hy gy — hr w1 (A.5)

,Btr - hV,tr—H - hL,tr (A6)
tr—1

vir = (Y Frj— Fuj— Fw,j— Fvp=1) - (hpr — Bipr—1) (A7)
j=1

+ Frp - (hpyr —hege) + Fwar - (v —hop) + Qu - (A.8)

The unkown Fy 4 can be explicitly calculated one after the other according to
the formula shown in Figure A.2, starting with the known flow rate Fy ;—1. At
the end of the calculation sequence, the flow rates of the heavy phase Fj ; are
determined by the total mass balances represented in Eq. A.1. Finally, the temper-
atures of the current iteration step k are compared to those of the previous one.
If they differ according to the tolerance efTOL, the tear variables are adjusted and
the iteration continues with step k + 1, otherwise the system is solved. To adjust
the tear variables, damping strategies are often necessary to keep them within a
physically reasonable range. The bubble point algorithm is mainly used for col-
umn simulations in which narrow-boiling mixtures are separated, since here Ky,
changes preferably with the temperature than with the concentrations (Friday and
Smith, 1964). If this is not the case, small differences in concentration can already
lead to large changes in temperature and the algorithm is prone to oscillating tear
variable values, which may even result in divergence. Hence, convergence is by
no means guaranteed in this method.
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A.2 Additional Algorithms of Hybrid Approach

&b .= options[absTol" # absolute tolerance

ehel .= options|"relTol”| # relative tolerance

v

Abs . oHet

- b —g(zp)|
< w(b—7(zu))
?

Ze 1= m(Zp)

(2} =2y 70— I Zy, = min({z,}). max({Zu})

(Abs + Eﬂel

< lgGub) = Bl

< w(g(zw) =B
?

Abs 4 oRel

|zl
< w(Zy)

Ze 1= m(Z,p)

Zup = (min({z,,}), max({Zup})|

Fig. A.3: The algorithm of the univariate interval newton for monotone increasing func-
tions.
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Nyar := dim(E) # no. of variables
de=l # global index of variable
Tisbor = 1 # no. of generated subbozes
Nimboz := options["maxBoxNo"] # mazimum no. of boxes
Npog = options[” current BoxCount™ # no. of boxes in reduction step
Nnewbor ‘= Nmboz — Neboz + 1 # allowed no. of new bozes
k := options[’red_step”] # current reduction step
{7} =1{} # set with new subbozes
d := false # boolean true if box is discontinuous
1 i< n0n? Dt

a:={z}l

Nshox := Mshox * A

{p} =g} x {(k -1, 1)} =7 x &)

{d} == g} < {d} _ Nisbor
Nshox = T
yes d := true

{g}] > 17—

A 4

Fig. A.4: The algorithm of get_allowed_boxes.

Tpar = dim () # no. variables
i=1 # variable index
eAb .= options[’absTol”] # absolute tolerance
eftel .= options["relTol”|  # relative tolerance

= {7} # no. of intervals

1 # index of interval

{z}:={} # set for non-empty intervals

T := test HCA(f(x), T

(a) consistent. (b) root_inclusion.

Fig. A.5: The algorithms of consistent and root_inclusion.
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Nsol = |num| # no. of solutions
Nyar := dIM(E) # no. of variables
l:=1 # solution index

# global variable index

Nyar = dim(Z) # no. variables
i:=1
A

# variable index

0 = options[” absTol”] # absolute tolerance

efiel .= options["relTol”]  # relative tolerance

(a) solved. (b) unique_solution_test.

Fig. A.6: The algorithms of solved and unique_soluton_test.

options|” cur BoxCount”| := npos # no. of boxes
options["maxBoxNo"| := nybor # maz. no. of boxes
options|"red_step”] := k # current reduction step
Twar = dim(zald] # no. variables = # index of new solutions
=1l # variable index m:=1 # index of old solutions
i 8= s # mno. of unsolved variables Nnewsol = |{num}| # no. of new solutions

Noldsol := |options["num_sol”]| # no. of old solutions

no no

(@) = 07

numy € {num}newsol

num,, € |options[’num_sol”|

cEEER I‘—'n,-,, 1= Ny — ll

options|”num_sol”| = no
| w(T"") {num} U options["num_sol”
e:=¢c+ » @ou)
yes
(a) average_boxlength. (b) update_options.

Fig. A.7: The algorithms of average_boxlength and update_options.
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l=1 # index of box
or = [{Z}| # no. of bozes
{fres} :={} # set for function residual value

v

'_+I+z_'<

»
»

| I |
A
T =T € {T} {fres} :={fl} {fres} :={fresy,... fresm—1, fl, fresm,..., fresn,,.. } {fres} == {fres} U{fl}

@ = m(Z) (@hoortea =T} || @ sorted = {Zr. -+ B 12 B0 B+, ) (@ sortea 1= {Zhaoreea U {1}

1 = {shsortea i={s1} {8}sorted := {81, - - - Sm—1,51,Sms- - - » Snsreu } {s}sorted = {s}sortca U {51}
= :Z=; e {dhsortea = {di} {d}sorted := {d1, ... dm-1,d1,dm, - .., dn,, ..} {d}sorted = {d}sortea U {di}

- {c}sortea = {ci} {Hsorted = {C15 - Cm—15Cls Cms- -+ Cnyprs} {c}sortea = {c}sortea U {ci}

{PYsortea := {p1} {P}sorted = {P1s- - - P11 Pms - - s Pgres } {Psorted = {Phsortea U {mi}
{cb}sorted := {cbi} B sorted = {Cb1, - b1, bl Chyns -, by} {cb}sorted = {cb}sortea U {cbi}

F N
no yes ?
{fres} =0?
m:=1

nyres = |{fres}|

Fig. A.8: The algorithm of sort_boxes.

5]

z € {z}

error_info[”box_before_red_step” ]

Il

=

error_infol’ _subbox_in_f"] :

Il
55

error_infol” failed_f _id”| := options|” failed_f _id”|
1 := options[” failed_box_id”|

options|” failed_subbox_in_f"]

!

(a) store_error_output.

(b) test_HCj4.

Fig. A.9: The algorithms of store_error_output and test_HCj4.



A.2 ADDITIONAL ALGORITHMS OF HYBRID APPROACH

=1 # current index of box
Npog := |results| # no. of boxes

{Z}"" = {} # set of reduced boxes

{s}mv = {} # set of updated solved property

{d}"" :={} # set of updated discontinuous property

{c}"" :={} # set of updated consistent property

{p}*v = {} # set of updated box identification property

{cb}™ " = {} # set of updated cut property

{num} :={} # set of numerically found solutions

{num} := {num}"" U {num}

yes

(P}, {eb} ", {num}

(= Ash e Ay {ehi s

@ = (@ Uz
{s i= {sher u fsper
{d}new = {d}rew U {d}new
e s= {eher U fe)ren
(P} = (P U ()"

{eb}™ i= {cb}Pe U {cb)me

) = results|l]

Fig. A.10:

{num}

< 0?

The algorithm of get_results.

=1

Nbox *= |{Z}

# current index of box

# no. of boxes

{Z}new, {s}new’ {d}new, {c}new,
{p}new, {cb}new, {num}new =

reduce_box(f(x),z, r, T.

S, d» C, P, Cb, Options)

-

v

results[l] := ({Z}", {s}", {d}"", {e}" ", {p}" ", {cb}"", {num})

— @

Fig. A.11: The algorithm of reduce_box_worker.
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A.3 Python Scripts and Settings

A.3.1 Hyperparameters

The hybrid approach depends on many hyperparameters that are all set in a

Python dictionary. Table A.1 contains all hyperparameters that have to be set by

the user and the recommended default settings. In the following, recommenda-

tions are given on which parameters should deviate from the default values when

a new system is to be solved. We focus only on the case, where a solution is to be

found as quickly as possible. Recommended settings in dictionary bxrd_options
of the
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— Tolerances: textbfabsTol should be at least one order of magnitude lower

than the order of magnitude of the smallest expected value of the solution.
For relTol, a value one to five orders of magnitude higher than absTol is

recommended.

Resolution: The integer value should be at least 2. A maximum value of 128
was tested in the context of this work. According to the eight test examples,
the value of resolution should rather be set in the lower range, a value
between 4 and 32 is recommended with method tighten_bounds and 8 to
64 without so that the time of a box reduction step is not dominated by
the refinement. To increase the reduction success of a box reduction step,
a higher value is recommended, while a lower value decreases the process
time of a step.

Maximum number of box reduction steps: For a completely new system, it
is suggested to leave redStepMax at a value of 1 and to make the first box
reduction step as reductive as possible without paying too much attention
to the CPU time. This means that all contraction methods including tight-
Bounds should be selected and a high resolution set. In this way, the hybrid
approach may already find a solution after one step. If the step takes too
long, which depends on the dimension and complexity of the NLE, then
the resolution should be successively lowered and tightBounds should be
turned off. If no solution can be found in this way, redStepMax should be
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set to a value between 3 and 5 next. Cutting and splitting are set according
to the advised settings, so that within this iteration at least cutting and pos-
sibly splitting are performed. If there is still no solution found, redStepMax
should be increased further. It is difficult to predict how long the algorithm
will take, since the number of boxes can increase significantly as the program
proceeds and hence, the time of one box reduction step raises. However,
with the following worst-case scenario, one can roughly overestimate an
adequate value for redStepMax based on a maximum permitted CPU time
Atyay and an averaged time for one box reduction step f determined from
the run with redStepMax set to a value between 3 and 5 (because it includes
cutting in this case). The heuristic formula is

/ 6- At
redStepMax = —1.5+ /4.5 + % . (A.9)

The formula is based on the assumption that after every third box reduction
step one box splits into two and the number of boxes increases accordingly.
Furthermore, none of the boxes is identified as empty.

— Cutting and splitting strategies: In order to test whether the solution can
already be found in the first box reduction steps, it should be started with
settings that allow for a maximum box reduction in one step. For this
purpose, cutBox is set to "all" and splitBox to "forecastSplit". If the runtime
of the program is already intractable, less time-consuming options can be
chosen, which in turn are accompanied by a loss in the box reduction per
step. cutBox should in this case be set to "tear" and splitBox should be
set to "leastChanged", "forecastTear" and "tearVar" in that order, when the
previous choice still takes too long.

Recommended settings in dictionary num_options of the

— Root-finding based solver: If "casadi-ipopt" is installed on the computer, it
is recommended to use this solver, else one of the other solvers from table
A.1 can be tried.

— Solving mode: In order to terminate the hybrid approach after one solution
has been found, termination must be set to "one_solution".
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Tab. A.1: Dictionary keys of moOpt and default values.

Dictionary Key

Value and Description

bxrd_options fileName

String, default: "example"

naming of output files

savePath

String, default: "./results"

path to location for storage

redStepMax

Integer, default: 1

max. number of box reduction steps

maxBoxNo

Integer, default: 1
initial restriction to box number

per reduction step

absTol

Float, default: 108

absolute tolerance value, see section 3.2

relTol

Float, default: 1073

relative tolerance value, see section 3.2

resolution

Integer, default: 8

resolution of refinements, see section 3.1

parallelBoxes

Boolean, default: False
True for parallel box processing,

see section 3.8
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Dictionary

Key

Value and Description

cpuCountBoxes

Integer, default: 2
number of processors used in

parallelization

affineArithmetic

Boolean, default: False
True for application of affine

arithmetic, see section 6.8

hcMethod

String, default: "HCy4"
choose hull consistency method,

if set to "None" it is not applied

newtonMethod

String, default: "newton"
choose interval newton method,

if set to "None" it is not applied

newtonPoint

String, default: "center"
point of expansion, see section 6.8

alternative values: "cond]"

preconditioning

String, default: "pivotAll"
preconditioning for Interval Newton,
see section 6.8

alternative values: "inverseCentered",

T

"inversePoint", "inverseDiagonal"
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Dictionary Key

Value and Description

bcMethod

String, default: "bnormal"
choose box consistency method,

if set to "None" it is not applied

tightBounds

Boolean, default: False

True for application of tight_bounds

cutBox

String, default: "tear"
variables to be cut, see section 3.4

alternative values: "all", "None"

splitBox

String, default: "tearVar"
variables to be split, see section 3.5
alternative values: "leastChanged",

"forecastSplit","forecastTear"

considerDisconti

Boolean, default: False
True for splitting

discontinuous boxes first

hybridApproach

Boolean, default: True

False for IA-based solver

analysis

Boolean, default: True
False for no calculation of analysis

parameters, see section 3.5
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Dictionary

Key

Value and Description

timer

Boolean, default: True

False for no record of CPU time

debugMode

Boolean, default: False
True for printing out
intermediate results

when the program is running

smpl_options

smplNo

Integer, default: o
number of samples, o for mid point,

-1 for user-specific initial values

smplBest

Integer, default: 1

number of best samples in root-finding

smplMethod

String, default: "sobol"
only active if smpINo # 0
alternative values: "hammersley",

"non

"latin_hypercube", "optuna"

num_options

solver

String, default: "newton"

solver applied

used root-finding

alternative values: "SLSQP", "fsolve",

"non

"casadi-ipopt", "matlab-fsolve-mscript"
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Dictionary Key

Value and Description

mode

Integer, default: 1
only active in minimizer
1 least square minimization

2 equality constraints

termination

String, default: "all_solutions"
application as global or local solver

alternative values: "one_solution"

FTOL

iterMax

Float, default: 1010
function tolerance of numerical solvers
Integer, default: 100

number of maximum iteration steps

scaling

String, default: "None"
scales Newton solver, see section 3.3

alternative values: "MC29", "MC77"

scalingProcedure

String, default: "block_iter"

active in scaled Newton solver

scales block wise at each iteration step
alternative values: "block_init", "tot_init",

"tot_iter" scales block wise (block) at

initial point (init) or iteration step (iter)
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A.3.2 Storage of Reduced Boxes in Python

The boxes from all reduction steps are stored in an npz-file, which is a zipped
archive from Python ‘s package numpy . By calling the method get_parent_box
that requires the tuple p and the path to the npz-file npz the parent box of x is

reloaded from this archive.

A.3.3 Processing Multiple Boxes in Parallel

To reduce the memory utilization, multiprocessing works with pickling of objects,
i.e., converting their structure and values into a byte stream. Output arguments
can be stored and accessed in a multiprocessing specific dictionary object. Hence,
the wrapper function reduce_box_worker shown in Fig. A.11 has the task to write
the set of reduced boxes and their properties into the so-called results dictionary
for each box reduction. The method get_results then converts all elements of
the results dictionary back to sets used in solve_NLE. The parallelization does
not work on windows operating systems yet due to an internal pickling error
of multiprocessing in reduce_box. The program runs error-free on Linux and
Unix OS. However, the sequential and the parallel version of reduce_boxes are
both part of the algorithm solve_NLE and are individually chosen by setting the

parameter "paralle]Boxes".

A.3.4 Use of Matlab’s fsolve in the Hybrid Approach

To invoke Matlab’s fsolve in the hybrid approach, Matlab needs to be installed
and executable. Beside this, the Python package matlab must be installed so that
Python can start the Matlab engine and receive the results accordingly during the
running program. The iteration will be faster, when a Matlab script containing the
complete NLE is directly used. This m-File can automatically be generated from
the evaluation in MOSAICmodeling using the UDLS modOpt_solver_matlab_Vo
(ID: 147665). Matlab’s fsolve will invoke this file in an iteration whenever "solver"
is set to matlab-fsolve-mscript. An alternative, slower way is to set "solver"
to matlab-fsolve, in which case the symbolic functions are directly converted

from sympy’s to Matlab’s syntax.
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Code A.1: Testing mpmath’s exp() and In() function.
import mpmath
from time import time

def main ():
x = mpmath.mpi(o.1, 10.0)
nl = int(1e6)

aux = mpmath.iv.exp(x)

print (" Testing_exp () _function:")
loop_and_track_function (mpmath.iv.exp, x, nl)

print (" Testing _In () _function:")
loop_and_track_function (mpmath.iv.In, aux, nl)

def loop_and_track_function(fun, x, nl):
t1 = time ()
for 1 in range(nl): fun(x)
t2 = time ()
print('The_Interval_value_is\n_%s . % str(fun(x)))
print('Elapsed _time_is _%f _seconds.\n’ % (tz2-t1))

if __name__ == "__main__": main()

Output:
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A.4 Software Packages

Tab. A.2: List of all used Python packages.

Package name Version Reference

affapy 0.1 https:/ /pypi.org/project/affapy
casadi 3.5.1 https:/ /web.casadi.org

ipopt 0.2.0 https:/ /pypi.org/project/ipopt
matlab 0.1 https:/ /pypi.org/project/matlab

matplotlib  3.2.0 https:/ /matplotlib.org

modOpt 0.1 https:/ / git.tu-berlin.de/dbta/simulation/modOpt
mpmath 1.1.0 https:/ /mpmath.org

multi- 2.6.2.1  https://pypi.org/project/multiprocessing
processing

numpy 1.19.3  https://numpy.org

optuna 2.10.0  https://optuna.org

pyibex 1.9.2 https:/ /pypi.org/project/pyibex

scipy 153 https:/ /scipy.org

sympy 1.5.1 https:/ /sympy.org
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Tab. A.3: List of all other used software.

Name Subroutines Version  Reference
Ampl 20220310 https://ampl.com/
HSL MCi1g 1.0.0 https:/ /hsl.rl.ac.uk

MCzy 1.0.0 https:/ /hsl.rl.ac.uk

MC29 1.0.0 https:/ /hsl.rl.ac.uk

MCry 1.0.1 https:/ /hsl.rl.ac.uk
Matlab R2020a  https://mathworks.com
MOSAICmodeling 3.0.1 https:/ /mosaic-modeling.de
Python 3.7.6 https:/ /python.org/
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Appendix B

Tested Models

In addition to the NLEs and specifications of the four examples discussed in detail

in this thesis, four additional process models are presented here that have also

been tested to verify the applicability of the hybrid approach. Since structurally

they do not differ too much from the other four examples, their presentation in

the thesis has been omitted. Nevertheless, they have been considered relevant in

chapter 6, especially in figure 6.1. Their structural properties are shown in table

B.1.

Tab. B.1: Structural properties of largest subsystems of additionally tested NLEs at the
known solutions: 1, is the dimension, x; is the condition number of the Jacobian
evaluated at the solution, p,,; is the non-zero density of the Jacobian and ¢,; is

the nonlinearity ratio.

NLE nis K2 Pnz €nl
van der Waals” System 1 1.0 x 10°  1.000 1.000
1 1.0x10° 1.000 1.000
Reactive Flash Unit 15 8.0x10° 0.307 0.290
Partial Condenser 29 49 x 10" 0162 0.493
Methanol/Water Column 100 4.6 x 10°  0.045 0.095
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x 105

1.2

@ Solutions

1.0

o
o0

o
>

Pressure in Pa

0.21

0.0000  0.0025  0.0050  0.0075  0.0100  0.0125  0.0150  0.0175  0.0200
Molar Volume in mol /m?

Fig. B.1: Solutions of van der Waals’ equation of state applied on n-octane at a pressure
of 2.15bar and a temperature of 427.85K.

B.1 van der Waals’ System

In this example the molar volume v of n-octane is determined by van der Waals’
equation of state (van der Waals, 1873). At a pressure of 2.15bar and temperature
of 427.85K, the component is boiling, i.e., there are two physical solutions. The
smaller molar volume belongs to the liquid phase and the larger to the vapor
phase. In between, there is a third purely mathematical solution, also called un-
stable solution. All properties of n-octane and process conditions of this example
are taken from Rao (1997, pp. 53-55). Figure B.1 shows the three solutions to the
given pressure that exist for the cubic equation of state. In the physical model,
only one or both physical solutions are of interest. However, a conventional New-
ton method is not prevented from converging to the unstable solution when the
initial point is not chosen favorably. By restricting the derivative of pressure with
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respect to volume to values less than or equal to zero, the unstable solution can
be removed by means of IA. In a similar way, by the auxiliary equation

v =" 4ot (B.1)

with the auxiliary variable vP! and the critical volume v, the solution for the
liquid phase (vP* > 0) or the solution for the vapor phase (v""* < 0) can be ex-
cluded if required. Thus, via these additional auxiliary conditions, discontinuous,
conditional syntax can be avoided and the desired solution(s) are obtained based
solely on the initial variable range. The system is the only one in this work that is
not complex according to the definition in section 4.1, since all three equations can
be solved separately The hybrid approach correctly determines no, up to three
solutions depending on the initialization of the auxiliary variables. In the compu-
tational experiments only the case with two solutions is examined more closely.
To exclude the unstable solution, the initial interval of the pressure derivative with
respect to the volume is set to [—10%, 0]. The full equation system including its
notation, variable and parameter specifications as well as its solutions is presented

next.
Tab. B.2: Notation, base names.
Base Name Description Engineering Unit
P Pressure Pa
R Ideal gas constant Jmol ™ K™
T Temperature K
a Van der Waals constant a Pam®/mol?
b Van der Waals constant b molm™3
dPdv Ratio of first pressure derivative with m3 mol™*
respect to molar volume to critical pressure
v Molar volume molm™3

Tab. B.3: Notation, superscripts.

Superscript Description

crit critical
ph phase
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Equation System

R-T a
0=P— —— + —
v—b+(v)2
; R-T 2-a
_ t
0 = dPdo™ + (v_b)Z,pcrit - pcrit,(v)?)

0= z]ph +vcrit —

Tab. B.4: Design variable specification.
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Design Variable Value Engineering Unit
P 2.150E5 Pa

perit = 1.999E7 Pa

R = 8.314 Jmol™* K™

T = 4.279E2 K

a = 3.789 Pam®/mol?

b = 2370E—4 molm™3

et 7.110E —4 molm™3

Tab. B.5: Liquid solution.

Iteration Variable Value Engineering Unit
v 3.535E — 4 molm™3

dPdverit = —4.535E3 m3 mol™*

oPh —3.575E —4 molm™3

Tab. B.6: Vapor solution.

Iteration Variable Value Engineering Unit
v 1.567E — 2 molm™3

dPdoycrit = —6483E—1 m3mol™

oPh 1.496E —2  molm™3




Tab. B.7: Unstable solution.

B.2 CSTR

Iteration Variable Value Engineering Unit
v 7.539E —4 molm™3
dPdort = 2188E2  m3mol™’
ot 4.285E—5 molm3
B.2 CSTR

Tab. B.8: Notation, base names.

Base Name

Description

Engineering Unit

Activation energy
Molar mass
Volume flow rate
Ideal gas constant
Temperature
Conversion
Reaction enthalpy
Density
Concentration
Heat capacity
Mass

Reaction rate
Weight fraction

Jmol™
gmol™
cm3 h™*
Jmol 1K™
K

g8’
Jmol™
gcm3
molcm™3
Jmol *K™*
g

molh™ g™*
88"

Tab. B.9: Notation, subscripts.

Subscript Description
Cat Catalyst
Feed Feed
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Tab. B.10: Notation, indices.

Index Range  Description

c 1...NC Component index

Equation System

C —C
0— Xc _ Feed,c c

CFeed,c
0 = QFeed — (i —1) -meg -1
Feed Xc Cat
O:CFedc_xPealc'L
eed, ed, M.,
0= T— TFeed . —AHR - CFeed,c
X p-cp

0=r—13- (10)11~exp(ﬁ)

Tab. B.11: Component index.

Index Component

c=1 Aromatics

Tab. B.12: Design variable specification.

Design Variable Value Engineering Unit
E = 1.355E5 Jmol™
M. = 2.100E2 gmol™
QFeed = 3.000E1 cm3 h™*

R = 8314 Jmol™ K™
Treed = 5.650E2 K

AHR = —2.000E5 Jmol™

1Y = 8500E—-1 gcm3

cp = 1750 Jmol™ K™*
MCat = 2.000E1 g

XFeed,c=1 = 3.000E -1 gg_l
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Tab. B.13: Solution with low conversion.

Iteration Variable Value Engineering Unit
T 5.703E2 K

Xe=1 = 3241E—2 gg™*

CFeed,c=1 = 1214E—-3 molcm™3

Co—1 = 1.175E—-3 molcm™3

r 5.023E =2 molh g™

Tab. B.14: Solution with high conversion.

Iteration Variable Value Engineering Unit
T 7.142E2 K

Xe=1 = 9140E—-1 gg™*

CFeed,c=1 = 1214E—-3 molcm™3

Ce—1 = 1.044E —4 molcm™3

r 1.594E1 molh™ g™*

Tab. B.15: Unstable solution.

Iteration Variable Value Engineering Unit
T 6.482E2 K
Xe—1 = b5094E—-1 gg™
CFeed c=1 = 1214E—-3 molcm™3
Co=1 = b5958E —4 molcm™3
r 1.557E1 molh ™ g™*
B.3 Flash Unit
Tab. B.16: Notation, base names.
Base Name Description Engineering Unit
A Parameter various
B Parameter various
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Base Name Description Engineering Unit
C Parameter various

D Parameter various

E Parameter various

F Molar flow; parameter mols™; various
H Height m

HU Molar holdup mol

K Equilibrium constant ~ —

Q Heat flow Js7t

R Ideal gas constant Jmol ' K™
T Temperature K

u Internal energy J

Vv Volume m3

Ah Enthalpy difference Jmol™

Ap Pressure drop bar

o Wilson parameter —

Y Activity coefficient —

A Wilson parameter -

T Physical constant pi —

h Molar enthalpy Jmol™

p Pressure bar

v Molar volume m3 mol™
X Mole fraction (liquid) molmol™
y Mole fraction (vapor) = molmol™
z Compressibility factor —

Tab. B.17: Notation, superscripts.

Superscript Description

E Excess

F Feed

L Liquid
LV Saturated
\% Vapor
total Total
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Tab. B.18: Notation, subscripts.

Subscript Description

hL Correlation enthalpy (liquid)
hv Correlation enthalpy (vapor)
pLV Correlation saturation pressure

Tab. B.19: Notation, indices.

Index Range  Description

i 1...NC Component index

Tab. B.2o: Component index.

Index Component

i=1 Ethanol
i=2  Water

Equation System

OzKiLV-x,—yl
NC

0=) x -1
i=1
NC

0=) x—1
i=1
NC

0=) y—1
i=1

0=FF - W —FV. W —FL.nt+Q

0=pf—p—ap
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p
1 ak
0: L— . 1_ ) . 1
v xi+ak - (1—x) exp((1 - x) <xi+aiL'(1—xi)
B NC ol — ol )
(5 af —af) - xi+ (1-x)
yNC oyl — ol —AL
0= B % xp(AE)

1

NC
0=Y xf-hf +nPF —hf
i=1

NC
0=Y x-ht+ KL —ht
i=1

NC

0=Y yi-h! +h" —n"
i=1
HUY-R-T-zV

_ R va4
0= =% 1%

Zv -x; +obF) - HUF — vt

O:xi-HuL+yi-Huv—HUi

NC
0=HU" (h"—p-10°- ()} x;-of +o"F)) + HUY - (b

i=1
0= VL + VV o Vtotﬂl

VL
_ _HL
AN )
D
pH Y
0=r i
0=A->-(D)?
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Functions
T B T @ T
WMD) = A —— + = (— V24 = (—)3
( ) 1000 2 (1000) + 3 (1000) +
+ F+ Ah

Applications:

— WE(TE, Appi. .. Fupi, Ol i)

— W (T, Appi- . Fuvis Ahup)

- W (T,Apy;...Fovi Ohypy )

p(T) = (10)* "<

Applications:

- pI(T,Apvi---Cprv,i)

B.3 FrasH UNIT

T

9. T .(7)_1
4 1000

4
(1000) *

Tab. B.21: Design variable specification.

Design Variable Value Engineering Unit
D 0.16 m

Ff = 80.0 mols™*

H = 05 m

HE = 025 m

T = 353.15 K

Tk = 353.15 K

Ap = 025 bar

T = 3.14159265359 —

hEF = 00 Jmol™
hEL = 00 Jmol™
hEV = 00 Jmol™

pt = 1.0 bar

obl = 0.0 m3 mol™*
xle = 0.15 mol mol™
zV = 1.0 -
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Tab. B.22: Parameter specification.

Parameter Value Engineering Unit
Apri=1 = 102538.0 Jmol™* K™
ApLi=2 = —-203.606 Jmol*K™
Apyi=1 = 5385.58 Jmol *K*
Apy,i=2 = 30.092 Jmol* K*
ApLv,i=1 = 5.24677 —

ApLyi=2 = b5.0768 —

Bypi=1 = —138.44 Jmol 1 K2
Byp,i=2 = 1523.29 Jmol* K2
Byy i=1 = 236.1088 Jmol™* K™
By i — 6832514 Jmol 1K™
ByLy,i=1 = 1598673 K

BpLy,i=2 = 1659.793 K

Chr,i=1 = —0.03469 Jmol™*K™3
Chr,i=2 = —3196.413 Jmol*K3
Chv,i=1 = 0.1237 Jmol * K3
Chvi=2 = 6.793435 Jmol 1 K3
CoLv,i=1 = —46.424 K

CpLv,i=2 = —45854 K

Dypi=1 = 204367 J/mol/K4
Dypi=2 = 2474.455 J/mol/K#
Dyy,i=1 = 23E-5  J/mol/K*
Dyy,i=2 = —2.53448 J/mol/K#
EpLi=1 = 0.0 K

Eppi=2 = 3.855326 K

Epy,i=a = 37E-5 K

Ewy,i=2 = 0.082139 K

Fpp,i=1 = 00 Jmol™*
Furi— = —256.5478 Jmol™
Fpy,i=1 = 00 Jmol™*
Fpy,i=2 = —250.881 Jmol™

R — 8314 Jmol - K~
Ahyr i = =276000.0 Jmol™*
Ahpp,i=> = —285830.0 Jmol™*
Ahyy i—1 = —234000.0 Jmol™
Ahyy i —276000.0 Jmol™*
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Parameter Value Engineering Unit

AL, = 95.68 K

AL, = 506.7 K

ok, = b5.869E—5 m3mol™?

ok, = 1807E—5 m3mol™

Tab. B.23: Physical solution.

Iteration Variable Value Engineering Unit
A = 2011E-2 m?
Ft = 6.429E1 mols™
FV = 1.571E1 mols™!
HUt = 2.330E2 mol
HUY = 1284E—1 mol
HU;—4 = 2.015E1 mol
HU;— = 2.130E2 mol
KLY, = 4765 -
K, —  0.645 -
Q = 1.410E5 Jst
u = —658E4 ]
vE = 503E-3 m3
1744 = 503E-3 m3
Vtotal = 1.005E —2 m3
ak = 2348E-1 —
ak, = 7774E-1 -
vE, = 3299 -
vk, = 1021 -
hF = —2791E5 Jmol™*
Wt = —2821E5 Jmol™*
hY = —2581E5 Jmol™
p = 75E-1 bar
rDH = 32E-1 -
Xi—1 = 8.624E —2 molmol™
Xi—> = 9.138E—1 molmol™
xb, = 8500E—1 molmol™
Yi=1 = 4.109E —1 molmol™*
Yi=2 5.801E —1 molmol™
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Tab. B.24: Mathematical solution.

Iteration Variable Value Engineering Unit
A 2.011E -2 m?

Ft = 2.025E2 mols™*
EV = —1.225E2 mols™
HU*r = 6.876E1 mol

HUY = 1284E—-1  mol
HU;— = 9.343E1 mol
HU;—, = —2.454F1 mol

Kgl = 1.581 —

KZLXZ = 3.217 —

Q = —6.464E5 Js™t

u = —1.538E6 ]

VL = b5.03E—3 m3

1744 = b5.03E-3 m3

ytotal = 1005E—2 m3

ak = 2348E-1 —

"‘iL:2 = 7774E -1 —

Yieq = 1.094 —

vE, = 5.094 -

ht = —2.791E5 Jmol™

ht = —2223E5 Jmol™

hY = —1.817E5 Jmol™*

p = 75E-1 bar

rDH = 32E-1 —

Xi—q = 1.350 molmol™
Xi—o = —3547E—-1 molmol™®
xinz = 8.500E —1 molmol™
Yi=1 = 2141 mol mol™?
Yi=2 —1.141 molmol™

B.4 Reactive Flash Unit

This model describes the synthesis of methyl acetate (CH;COOCH,) by the esteri-
fication of acetic acid (CH;CCOH) and methanol (CH,;OH)
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CH,COOH + CH,0H ~— CH,COOCH, + H,0

A liquid, equimolar mixture of acetic acid and methanol is fed to the unit at a
pressure of 1bar and a temperature of 323.15K. Catalyst such as sulfuric acid
is additionally inserted. How much methyl acetate is produced in the liquid
phase depends on the liquid’s composition at chemical equilibrium and how
far away the mixture is from it. Reaction kinetics are accordingly taken into
account in this model. To increase the yield of methyl acetate, heat is supplied
to partially evaporate the liquid mixture at a temperature of 353.15K. Due to its
low boiling temperature methyl acetate accumulates mainly in the vapor stream
next to methanol. The two phases within the flash unit are assumed to be well-
mixed and in phase equilibrium. Reaction kinetics and phase equilibrium are
described by the approach of Huss et al. (2003), in which the activity coefficients
of the liquid phase are expressed according to Wilson’s model. Equations for the
equilibrium constant and the reaction rate as well as the respective parameters are
retrieved from studies of Song et al. (1998). The model encompasses 53 equations,
has one solution at the given conditions in the initial box £ = [~10”, 10°]>> and
its largest, complex subsystem consists of 15 equations. The NLE, parameter and

variable specifications as well as the solution are listed below.

Tab. B.25: Notation, base names.

Base Name Description Engineering Unit
A Parameter various

B Parameter various

C Parameter various
HU Hold-up mol

K Equilibrium constant —

L Liquid ratio -

N Mole flow mols™*

Q Heat flux Jst

R Ideal gas constant Jmol™* K™
T Temperature K

0% Activity coefficient -

v Stochiometric coefficient —

c Heat capacity Jmol* K™
h Molar enthalpy [ Jmol™
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Base Name Description Engineering Unit
Rate constant st

p Pressure Pa

r Reaction rate st

v Specific volume cm3 mol™

x Liquid mole fraction molmol™

y Vapor mole fraction molmol™

Tab. B.26: Notation, superscripts.

Superscript Description

Antoine Antoine equation for vapor pressure calculation
F feed

L liquid

LV vapor liquid equilibrium

Vv vapor

Wilson Wilson’s gE model

ref reference conditions

Tab. B.27: Notation, subscripts.

Subscript Description

eq equilibrium
f forward
p constant pressure

Tab. B.28: Notation, indices.

Index Range Description

i 1...Ni component index
j 1...Nj secondary component index
k 1...Nk ternary component index
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Tab. B.29: Component index.

Index Component

i=j=k=1 Acetic Acid
i=j=k=2 Methanol

| =j=k=23 Methyl Acetate
i=j=k=4 Water

Equation System

0=Nf-xF - Ntox;, =NV oy v -7

0 =Ky —232- exp(&T’gS)
Ni
0= in -1
i=1
Ni
0= Zyl —1
i=1

0=N-nF—=NL.WE—NV-B 4+ Q

Ni
0=Yyi-h/—hn"

i=1

Ni
0=Y x-ht—nt
i=1

Ni
0=Y «f -0 —nf
i=1
o —1.0 - AWilson
_ Ui ij
0= oPl—g )Ly
9732 (10)8 —6287.7
0="F60 P(—F )=k

Vi=3 + Xi=3 " Vi=4 Xi:4) .,

0 =kys- (vie1 - Xi=1* Vie2 * Xi=2 — K
eq
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0=, (T— T) 4 WPV ek, (T — ) 4 1 Y
0=ch, (T— 1)+ —ht

0=cb, (TF— T) 4 1 —nf

O=yi-p—7i-x-pt’

Nj Nk x4 Ligiei
0=1-1In(} xiej- Lij) = ) —gr— 2 —In(7,)
=1 k=1 Y1 Xi=j  Li=,
Antoi BAntoine v
0 = AAntoine | i ‘ —ln(p' )
1 T—l— ClAntozne 1

Tab. B.30: Design variable specification.

Design Variable Value Engineering Unit
Al = 00 -
Al = 25352019  —
Al = 11231444 -
AfYReon, = 2375248 -
Afintoine = 221001 -
Al = 5475248 —
AfYgeon, = 00 -
Algeon, = 813.1843 -
AlGen, = 107.3832 -
Afntoine = 23.4999 —
AEson, = —696.5031 —
AEen, = 311932 -
AlEen = 00 —
AlEen, = 645.7225 -
Afntoine = 21.152 —
Apigen, = 658.0266 -
A}”ﬂf}’ﬁz = 469.5509 -
Alipen = 1918.232 -
AWion, = 00 -
Afintoine = 23.2256 -
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Design Variable Value Engineering Unit
B/inioine = -365462 K

B{Anfoine = —3643.3136 K

BAntoine = -266278 K

BAntoine = -383%5.18 K

Cpntoine = —45.392 K

Cfntoine = —33434 K

Clnfoine = 5346 K

CAntoine = —45.343 K

HU = 10.0 mol

NF = 1.0 mols™*

R = 8314 Jmol * K™
Tt = 32315 K

T = 32315 K

T = 3912 K

T/ = 298.15 K

T = 33738 K

T, = 298.15 K

T, = 3300 K

T, = 298.15 K

THY, = 37315 K

T = 298.15 K

Vi=1 = =10 -

Vi=2 = -1.0 —

Vi=3 = 1.0 —

Vi=4 = 10 —

c;izl = 123.0 Jmol* K™
C:;/,izl = 50.0 Jmol™* K™*
Cpy i = 80.0 Jmol 1K™
C;;/,i:2 = 450 Jmol™ K™*
c;i:3 = 1400 Jmol™* K"
C;/’izg) = 86.0 Jmol™* K™*
Crica = 756 Jmol K™
Cp iy = 350 Jmol 1K™
htY = 875160.0 Jmol™
n 4835200  Jmol™
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Design Variable Value Engineering Unit

htY, = 725700.0 Jmol™*

e — 2384000  Jmol™

hEY, = 1583000.0  Jmol™*

e — 4458900  Jmol™

WY, = 40650.0 Jmol™

W, = 2858300  Jmol™

p = 100000.0 Pa

Vi—1 = 5754 cm3 mol ™

Vj—> = 4444 cm3 mol™

Vi3 = 79.84 cm3 mol™*

(5 = 18.07 cm3 mol™

Xi_q = 05 mol mol™

Xi_ o = 05 mol mol™*

Xi_g = 00 mol mol™*

xf: 4 = 00 mol mol™
Tab. B.31: Physical Solution.

Iteration Variable Value Engineering Unit

Keq = 2.130E1 -

Liz1,j=1 = 1.000 —

Liz1j=2 = 3257E—-1 -

Liz1j=3 = 9465E -1 -—

Li=1,j=4 = 2896E—-1 —

Li—j=1 = 1560 —

Li—j=> = 1.000 —

Lizpj3 = 1362 —

Li—j=4 = 3920E-1 -—

Li—3j=1 = 9.136E—-1 —

Li—3j=2 = B5626E—1 —

Li=3,j=3 = 1.000 —

Li=3,j=4 = 18l16E—-1 -

Li—4,j=1 = 2545 -

Li—gj= = 2.09 —

Licyjos = 2299 -

Li—gj=s = 1.000 —
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Iteration Variable Value Engineering Unit
NE = 7585E—-1 mols™
NV = 2415E—-1 mols™
Q = 1.883E5 Js7t
Yi=1 = 1.026 -

Yien = 1.154 —

Yi=3 = 1.077 —

Yia = 8109E—-1 -—

ht = 3.635E5 Jmol™
ht = 3.913E5 Jmol™*
hv = 1.056E6 Jmol™
ht, = 4.866E5 Jmol™
hk = 4.903E5 Jmol™*
h = 1.368E6 Jmol™*
ht, = 2.404E5 Jmol™
hk, = 2428E5  Jmol™
hY, = 9.680E5 Jmol™
ht, = 4494E5  Jmol™
hk . = 4536E5 Jmol™
hY . = 2.035E6 Jmol™
ht, = 2.877E5 Jmol™*
hk, = 2.900E5 Jmol™*
h, = 3.315E5 Jmol™
ky = b5.006E—-3 s!

Y = 2759E4  Pa

Y, = 1807E5  Pa

ptY, = 2.125E5 Pa

Y, = 4738E4  Pa

r = 1344E -3 st

Xi—1 = b5885E—-1 molmol™
Xi—p = 3.855E -1 molmol™
Xi—3 = 1.025E -2 molmol™
Xi—yg = 1579E —2 molmol™
Yi=1 = 1.665E —1 molmol™
Yi=2 = 8.040E -1 molmol™*
Yi=3 = 2347E —2 molmol™
Yizs4 = 6.067E —3 molmol™
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B.5 Partial Condenser

In this unit, a vaporous stream of the five components Toluene (1), Biphenyl
(2), Benzene (3), Hydrogen (4) and Methane (5) is partially condensed in order
to remove a great part of the light-boiling components (4 to 5) from the heavy-
boiling products, which remain in the condensate. Both phases in the condenser
are assumed to be well-mixed and thermodynamic equilibrium holds between
them. The VLE is described by SRK in the way suggested by Rao (1997, pp. 74-79,
p- 280, p. 321). Further information about the actual implementation of this model
can be found in the master thesis of Rajes (2020, p. 32-33). The modifications that
have been made to this model to solve it more efficiently include the calculations
of the VLE. They are analogous to those of Heavies Column. The system has a
dimension of 34, of which the largest complex subsystem comprises 29 equations
and it can be placed in the intermediate sized range with respect to the other
systems. In comparison with the other systems, it has a high condition number
of 49 x 101 and nonlinearity ratio of 0.493. The complete model, its variable and

parameter specifications, and a physical solution are presented next.

Tab. B.32: Notation, base names.

Base Name Description Engineering Unit
Ah Molar enthalpy difference Jmol™

Ap Pressure drop per tray Pa

G Parameter Equation of State —

b Parameter Equation of State —

B Parameter Equation of State —

0% Parameter Equation of State —

w Acentric factor —

T Mathematical constant —

) Fugacity coefficient -

A Area; Parameter Equation of State m?2; various
a Parameter Equation of State Pam®/mol?
a0 Parameter 1 various

al Parameter 2 various

a2 Parameter 3 various

a3 Parameter 4 various

198



B.5 PARTIAL CONDENSER

Base Name Description Engineering Unit
a4 Parameter 5 various
ab Parameter 6 various
a6 Parameter 7 various
a7 Parameter 8 various
a8 Parameter 9 various
a9 Parameter 10 various
al0 Parameter 11 various
aux Auxiliary parameter —
aux1 Auxiliary parameter 1 —
aux2 Auxiliary parameter 2 —
B Parameter Equation of State —
b Parameter Equation of State molm™
cp Specific isobar heat capacity Jmol* K™*
D Parameter Equation of State various
F Flow rate mols™
h Molar enthalpy M] mol™
K Equilibrium constant —
Inphi In of fugacity coefficient —
Pc Critical pressure Pa
n Selection of Soave Redlich Kwong —

(n=1) and Peng Robinson (n=2)
p Pressure; Parameter Equation of State bar; —
Q Heat duty MJs!
q Parameter Equation of State —
R Ideal gas constant Jmol™' K™
r Parameter Equation of State —
T Temperature K
Tc Critical temperature K
u Internal energy J
Vv Volume m3
x Mole fraction liquid phase molmol™
y Mole fraction vapor phase mol mol™
V4 Compressibility factor —
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Tab. B.33: Notation, superscripts.

Superscript Description

Feed
Distillate
Bottom
Reboiler
Condenser
Liquid phase
14 Liquid-vapor
Standard state
Vv Vapor phase

S ENOR WO ™

Tab. B.34: Notation, subscripts.

Subscript Description

cp Heat capacity

dep Departure function

EoS Equation of state

EoSa Function a of Equation of state EQS
EoSalp Function alpha of Equation of state EQS
EoSb Function b of Equation of state EQS
f Standard formation

hLV Enthalpy of evaporation

max Maximal

min Minimal

mix Mixture

Z Auxiliary parameter Z

Tab. B.35: Notation, indices.

Index Range Description

i 1.NC Component index
j 1.NC Second component index
tr 1.Ntr  Tray index
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Tab. B.36: Component index.

Index Component
i=j=1 Toluene
i=j=2 Biphenyl
i=j=23 Benzene
i=j=4 Hydrogen
i=j=5 Methanol
tr=1 Tray
Equation System
0= FtI; “YFE i — Ft[; "Xty Ft‘r/ “Yiri

0= Ktr,i *Xtri — Ytr,i

NC
0= thr,i -1
i=1

NC

0= Zytr,i -1

i=1

Fﬁ'hﬁ—Fﬁ'h#—Ft‘f'hﬁJrQ

hSCtZ

NC 05 NC 05
0= thm‘ . (ﬂtr,i) T thr,i:]' : (atr,i:j) '
i=1 j=1

NC 05 NC 05
0= Eym (ag)> Eytr,i:j (apri=j)”
i=1 j=1

mix,tr

NC
0= thr,i : bi — bL
i=1

NC v
0= Zytr,i b — bmix,tr
i=1

0 = Inphif, ; — Inphiy, ; — In(

Yirji )

tr,i

_ 4L
0= =% + (D) — (aux1f,)?

L
0= = — (D) — (aux2},)?

) (1 - ki,j) - ar%u'x,tr
: (1 - ki,j) - ar‘rgix,tr
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1%
- )
0= =2+ (D)’ — (aux1, )’
—qy V105 V \3
0= =2 — (D))" — (aux2},,)
L
0= au?d%,tr + auxz%,tr 3 me tr
—q V105 V \3
0= —"+(Dg)™ ~ (m’DdZ,tr)
0= au}dg,tr + aung,tr 3 Zmax tr
0= me tr BtLr - auxtLr
|4 14
0= Zmax ¢ — By — auxy,
0.5 S 0.5
0= thr,i (i) 205 “Xtrimj " AEoS tryi=j * (Apri=j) - (1 —kij)
i=1 j=1
+ 20 5- xtrz anS tri° atrl Z xtrz =j° atrl ]) : (1 - ki,j) - aléos,tr
i=1
0= Zytrz ’ ati‘l 05 205 Ytr,i=j - AEoS tr,i=j (atrz ]) ’ (1 _ki,j>
i=1 j=1
NC v
+ 205 *Ytri* AEoS,tr,i * atrl Z]/trl =j° atrl ]) : (1 - ki,j) - anS,tr
i=1
NC L
0= Z Xtr,i * CPEoS,tri — CPEoS,tr
i=1
NC v
0= Zytr,i *CPEoS,tr,i — CpEoS,tr
i=1
Functions
_ —a-(a0+al-w+a2- (w)?)
AE0s = (a-T-Tc)0>
Applications:

— agos tr,i(Qtr,is A0EoSalps A1 EoSalps A2E0Satps Wis Ttr)
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%-((Z—n)-ln(l—i—g

%)
. 0.5
)y I g ) (10)°

h=(R-T-(Z-1)+

+ (n—

Applications:
- K

14 14
dep, tr( tr/Tff/Zmax tr'amzx tr'anS tr’bmzx 1 )

L L L
hdep tr( tr’Ttr’me trr mlx tr’anS tr’bmzx tr’n)

1 1
cpEos:h0+((aO-T+§-a1-(T)2+§-u2-(T)3+

+%-a4-(T)5+%-a5-(T)6+;-a6-(10)‘10-(T)7+§-a7-(10)_10-(T)8
1 ~ 1 ~ 1 _
+§-a8-(10) 20.(1)° +15°%9" (10) 20-(T)10+ﬁ-a10-(10) 0. (M

1 1
0 X 0\2 - i 0\3 - . 0\4 - . 0\5
= (a0-T° + 5 - al - (T2 + 3 -a2- (T°)* + £ a3+ (T°)* + < - a4 (T7)
a5 - (T°) + ; a6 - (10)710 . (T°)7 + é -a7-(10)710. (T°)8
a8 - (10) 2 (T")9+%-u9- (10)_20-(T0)10+%-a10-(10)_20
(T°)™)) - (10)°
Applications:

— CPEoS tr,i (h?/ T°, alcp,i/ ach,z'r a3cp,z'/ a4‘cp,i/ ﬂ5cp,i/ a6cp,z'/ a7cp,i/ a8cp,i/ agcp,z'r alocp,i)

h = hdep + CPEoS

Applications:
VeV 1%
- ht;'(CpEoS,tr’hdep,tr)

L L L
- htr (CpEoS,tr'hdep,tr)
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b, 0
Applications:

- Di(piraty)

- Di;(pai;)

a=-1+(n-1)-B

Applications:

- aj(Biyn)

- ai;(Bjn)

y=-A-B+(n-1)-((B)+(B)®)

Applications:

= 7 (AL Bin)

- 7 (AL Bl

trr=trs

(@) B
2.2 _F=
1 7 3 7
Applications:
= qi (@ By
- qh(atLr’/‘BtLr”Yﬁ’)
b— a0-R-Tc
Pc
Applications:

— bi(a0gosp, Pci, R, Tc;)
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v= (14 @0 +al w+a2 (w)?)-(1- (ﬁ)o.s))z
Applications:

= 4r,i(wWi, A0EoSa1p, A1 EoSalps A2E0satp, Tir, TC;)

b-

B=_—L.(10)°
2. (10)
Applications:
- Btl;‘f(Ttl’/b#ll’x,tr/ptr/R)
- Bz(Ttr/bZixltr/Ptr/R)
_ @)
Applications:
- pt%’(“%r’ﬁt%)
- pi(ahBy)
Inphi=(Z—1) - b In(aux)
mix
b (amix)®  (a)%°, a B
. - — (2=n)-In(1+=
+ (g (B - ) (@) In(1+ )
1 2. (2)0°
+(n—1) In(14+ ——-——))
220 71— (20
Applications:
- lnphitLr,i (BtLr’Tt"’Zr%in,tr’at”ri’a#ix,tr’bi’briix,tr’n’R’aux)
- lnphix’i(Bx,Ttr,Zn‘fax,t,,atr,i,a%l-x,tr,bi,bxixltr,n,R,aux)
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a0 - (R)? - (Tc)? "

Applications:

— ar,i{(a0Eosa1p,Atr,is Pei, R, Tc;)

Applications:
- Ax’ ( Ttrrarvnix,tr’ptr'R)

- AtLr (Ttr,ﬂ#ix,tr,}?tnR)

2_ 1

B=A—(B+05)?+025—(n—1)-2-((B+0.25) )
Applications:
~ Bt (ALByn)
~ B (AL, Bin)
Tab. B.37: Design variable specification.
Design Variable Value Engineering Unit
F£:1 = 75.0 mols™*
Tir—1 = 298.15 K
hE_, = —0.00257 MJ mol™
kl‘:1,]’11 == 00 -
ki=1,j=2 = 0.0 -
kizll]':g = 00 —
ki=1,j=4 = 0.39 —
ki=1,j=5 = 0.0978 —
ki=2,j=1 = 00 —
ki:Z,j:Z = 00 -
kizzljzg = 0.0 —
ki:Z,j:4 = 0.0 -
ki—2,j=s5 = 0.0 —
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Design Variable Value Engineering Unit
ki=3,j=1 0.0 —
kiz3,j=2 = 00 -
ki=3,j=3 = 00 -
kizz,j=4 = 00 -
kiisjs — 008 =
ki:4,j:1 - 039 -
ki—a,j=2 = 0.0 -
kiza,j=3 = 00 -
Ki=4,j=4 = 00 -
ki=4,j=5 = —0.0133 _
ki=s,j=1 = 0.0978 -
kis,j=2 = 00 -
kissjs — 008 =
Kioss — 00133 -
ki=s,j=5 = 00 -

Prr=1 = 350 bar
VEfre1io —  0.0042649948  mol mol™*
VE et o2 —  0.001113764794 mol mol™*
YE tr=1,i=3 = 0.079187738812 molmol™*
Y froia — 036066689299  mol mol™*
YE et s 0.5547666052  mol mol™

Tab. B.38: Parameter specification.

Parameter Value Engineering Unit
Pci—q = 4108000.0 Pa

Pci— = 3847270.0 Pa

Pci_3 = 4895000.0 Pa

Pci_y = 1313000.0 Pa

Pci_s = 4599000.0 Pa

R = 8.314 Jmol™' K™
T° = 298.15 K

Tei—q = 591.75 K

Tci— = 780.0 K

Tci—3 = 562.05 K

TCi:4 = 33.19 K
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208

Parameter Value Engineering Unit
Tti—s = 190.56 K

Wi = 0.264 _

Wi = 0.3643 _

Wi=3 = 0.209 _

Wiy = —0.215993 _

Wi=5 = 0011 _

a0Eosalp = 048 _

a0Eosa = 0.42748 _

a0Eosp = 0.08664 _

0cp,i=1 = 90.437308284 MJ mol~* K2
0cp,i—2 = 128.05624781 M] mol~* K2
0cp,i=3 = 51.129279111 MJ mol~* K2
0cp,i=4 = —1.5493755831 MJ mol* K2
a0cp,i=s = 33.026084022 M]J mol~* K~
a10cyi—1 = 3.8712156396E — 8 MJ /mol /K*?
alocp,i:2 = 0.0 M]/mol/Ku
al0cpi—3 = —1.1438815377E—7  MJ/mol/K*?
al0cpig = —1.2743155754E—7  MJ/mol/K*?
al0cpi—s = 3.8907702866E — 8 MJ /mol/K*2
alEosalp = 1574 _

lep,i=1 = —0.9985041803 MJ mol~* K3
Alepi=2 = —1.1747162507 MJ mol~* K3
alepi=3 = —0.42303172933 MJ mol~* K3
Alep,i=4 = 0.48497196032 M] mol~* K3
alep,i=s = 0.0076633861482 MJ mol* K3
A2Eosalp = —0.176 _

ach,i:l = 0.0080485154551 M]/mol/K4
A2¢p,i=2 = 0.0088938352242 M]J/mol/K#
ach,i:B = 0.0030031574926 M]J/mol/K#
uch,i:4 = —0.0036640321738 M]/mol/K4
2cp,i—5 = —9.1006983668E —5  M]J/mol/K*
a3cp,i=1 = —2.5807841212E —5 M]J/mol/K5
3cp,i=2 = —2.2994177666E —5  M]J/mol/K5
3cp,i=3 = —3.3486993073E —6  MJ/mol/K>
a3cp,i—4 = 1.6281929297E —5 MJ /mol /K>
a3cp,i=5 = 7.2093965149E — 8 MJ /mol /K>
4cp,i—1 = 5.1269606228E — 8 MJ /mol /K®
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Parameter Value Engineering Unit
4 i 3.3640587786E — 8 MJ /mol/K®
adepi=3 = —1.0329470431E —8  M]J/mol/K®
adcpi=g = —4.5501303806E —8  M]J/mol/K®
adcpi=s = 2.7753312144E -9 M]/mol/K®
a5cp,i=1 = —6.8621127767E —11 M]/mol/K7
a5cp,i=2 = —3.0247984794E —11 M]/mol/K7
a5cp,i=3 = 4.0748420476E —11  M]/mol/K7
A5cp,i=4 = 8.2690901469E —11  M]/mol/K7
a5cp,i=5 = —1.0507135092E —11 M]/mol/K7
a6p,i—1 = 6.3016209804E — 4 M]/mol /K8
a6cp,i=2 = 1.6555674018E — 4 MJ/mol/K8
a6cp,i=3 = —6.4864211744E —4  M]J/mol/K3
a6p,i—4 = —9.8950188959E —4  M]J/mol/K3
a6cp,i=5 = 1.798208819E — 4 MJ/mol /K8
a7 cp,i=1 = —3.9191597331E -7  M]J/mol/K®
a7 cp,i=2 = —5.0634912115E —8  M]/mol/K®
a7 cp,i=3 = 5.853852096E — 7 M]/mol/K?
a7 cpi=4 = 7.7256546544E — 7 M]J/mol/K®
a7 cp,i=5 = —1.7355522847E —7  M]/mol/K?
a8cp,i=1 = 15780545132 M]/mol/K*®
a8cp,i=2 = 0.066363537276 M]J/mol/K*
a8cp,i=3 = —3.1168733123 M]J/mol/K*°
a8cp,i=4 = —3.783493389 M]J/mol /K™
a8cp,i=5 = 0.97650324341 M]J/mol/K*°
a9cp,i=1 = —3.7117182927E —4  M]/mol/K"
a9cp,i=2 = 0.0 M]J/mol/K**
a9cp,i=3 = 9.147761772E — 4 MJ/mol/K**
a9cp,i=4 = 0.0010542025496 M]J/mol/K**
a9cp,i=5 = —2.9979456966E —4  M]/mol/K"
h* = 10 —

hf_, = 0.05017 M] mol™
h_, = 0.182088 MJ mol™
h?_, = 0.08288 M] mol™*
ho_, = 00 M] mol™
h?_s = —0.07452 MJ mol™

n 1.0 —
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Tab. B.39: Physical solution.

Iteration Variable Value Engineering Unit
FE_, = 6.3601 mols™!

FY_, = 6.8639E1 mols™
Kir=1,i=1 = 2045E-3 -

Kiy=1,i=2 = 5032E-6 —

Kiy—1i=3 = 6.399E -3 —

Kir—1,i=4 = 6.900E1 —

Kir—1,i=5 = 1.025 -

Q = —2.604 MJs™t
Z,Zux,tr:l = 1367E -1 —

2 i b1 = 9845E—1 —

”%os,tr—l = —4.304E —3 Pam®/mol?/K
Afos -1 = —2172E -4 Pam®/mol?/K
aﬁﬂ-x’tr_l = 2.656 Pam®/mol?
az‘;lix,tr—l = 9553E—2  Pam®/mol?
aux1y = 5019E-1 —

aux1y, = 3512E-1 -

auxZE,tr 1 = —698E-1 -

aung,trzl = 2999E -1 -

auxk_, = 2220E-2 —

mex:1 = O9481E -1 -

bfmx’ty:l = 8111E-5 molm™3
b,‘éix,tr:l = 2557ZE—-5  molm?3
CPEos tr—1 = 7288E—-2  MJmol K™
CPEos tr—1 = —4430E -2 MJmol 'K
Xpr=1,i=1 = 4920E -1 mol mol™
Xpr=1i=2 = 1313E-2 mol mol™*
Xtr=1,i=3 = &8.734E -1 molmol™
Xir=1i=4 = bL.704E -3 molmol™
Xtr—1,i=5 = 5.860E —2 molmol™
Yir=1,i=1 = 1.006E —4 mol mol™
Yir=1i=2 = 6.607E —8 molmol™
Yir=1,i=3 = b5589E — 3 molmol™
Yir=1,i=4 = 3.936E —1 mol mol™
Yir=1,i=5 = 6.007E —1 molmol™
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B.6 TorarL CONDENSER

Tab. B.40: Notation, base names.

Base Name Description Engineering Unit
o Wilson coefficient —

0% Activity coefficient -

A Wilson coefficient —

T Mathematical constant pi ~ —

0 Molar density kmolm™

A Area ; Parameter m?, various
av Auxiliary variable various

B Parameter various

C Parameter various

cp Specific heat capacity kJ kmol™ K™*
D Diameter; Parameter m; various

d Diameter m

E Parameter various

F Flow rate kmols™

H Height; Parameter m; various

h Specific enthalpy kJ kmol™*
HU Molar Holdup kmol

K Equilibrium constant -

k Heat transfer coefficient WKTm™
M Molar weight gmol™

N Count of items —

p Pressure Pa

R Ideal gas constant kJ kmol™ K™*
T Temperature K

u Internal energy kJ

14 Volume m3

v Molar volume m3 mol ™"

x Mole fraction liquid phase molmol™

v Mole fraction vapor phase molmol™
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Tab. B.41: Notation, superscripts.

Superscript Description

aux Auxiliary

c Cold

cp Heat capacity
crit Critical

dim Dimension

h Hot; Enthalpy

i Inner

in Inlet

n Molar

L Liquid phase

LV Liquid-vapor

0 Outter; Reference
out Outlet

p Pipe; Pressure
ph2 Two phase region
rho Density

sc Subcooled

sh Superheated
total Total

Vv Vapor phase

Tab. B.42: Notation, subscripts.

Subscript Description

cNP Correlation for pipes

Tab. B.43: Notation, indices.

Index Range Description
i 1...NC Component index
k 1...NCk Coolant index
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Tab. B.44: Component index.

Index Component

i=1 Ethanol
1=2 Water
k=1 Water

Equation System

0= Fc,sc,n,in . x;,sc,m _ Fc,sc,n,out . xi,sc,out
0= Fh,sc,n,in . xzh,sc,in . Fh,sc,n,out . xh,sc,out

i
0 — Foph2nin xIC(,PhZ,iTl _ peph2nout x]i,phlouf

_ rhph2,Vnin  hph2in h,ph2,Lnin . JLph2in h,ph2,V nout  J1,ph2,0ut

h,ph2,0ut
o Ph,phZ,L,n,out . xi ,pnz,ou

0= Fc,phZ,n,in . xIC(,phZIin N Fc,phZ,n,out . xlifphlﬂut

0= Fc,sh,n,zn . x}c(,sh,m . Fc,sh,n,out . x}c{,sh,out
_ rthshnin  hshjin h,shn,out . h,shout
0=F Y —F "Yi

0— K?,phZ,out . xft,phZ,out . y?,phZ,out
h,ph2,i h,ph2,i h,ph2,i
O:Kip m.xip m_yip in

NC . t
_ ,scout
0= E x; 1
i=1

NCk
0 — Z x}c{,sc,out -1
k=1

0— I\f xf_z,phZ,z’n _1
i=1
NCk

0= xc,phz,out 1

k
k=1

NS h,ph2,0ut
0= x""" -1

1
i=1
NC
h,ph2,i
0=) x"" -1

i
i=1
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NC h,ph2,out
. ,ph2,0u
0=)_ v -1
i=1
NCk "
0= 2 xcs out 1

0= thshout

0= Fc,sc,n,m . hc,sc,n,m _ Fc,sc,n,out X hc,sc,n,out + Fh,sc,n,in X hh,sc,n,in _ Fh,sc,n,out . hh,sc,n,out

(Th,sc,in o Tc,sc,out) . (Th,sc,out . Tc,sc,in)
(Th,sc,in _ Tc/sc,out)
l ( (Th,sc,out_Tc,sc,in) )
- NCk NCk
4 Fc,sc,n,m X Z xc ,SC,INn . cscn m) _ Pc,sc,n,out Z xc ,sc,out h}c{,sc,n,out)

0 = k5. A5C.

0= Fn,L,h,phZ,zn . hh,L,phZ,n,m + Fn,V,h,phZ,in . hh,V,phZ,n,m
n,L,h,ph2,0ut h,L,ph2,n,0out
—F P . hvp

. Fn,V,h,phZ,out . hh,V,phZ,n,out + Fc,phz,n,in . hc,ph2,n,in . Fc,phZ,n,out . hc,phz,n,out
NCk . NCk

0 — _FC,PhZ,n,in . ( x}c{,phZ,m . hlc(,sc,n,out) + Fc,phZ,n,out . (
k=1 k=1
(Th,phz,in . Tc,phZ,out) . (Th,phZ,out . Tc,phZ,in)

(Th,phz,in _ Tc/phz,out)
ln ( (Th,phZ,out _ Tc,phZ,in ) )

c ,ph2,0ut ¢,ph2,n,out
Xy I )

_ kP2 pph2,

0= Fh,sh,n,in . hh,sh,n,in _ Fh,sh,n,out . hh,sh,n,out + Fc,sh,n,in . hc,sh,n,in
. Fc,sh,n,out . hc,sh,n,out

NCk NCk

i j h2, t
0= Fc,sh,n,out . ( Z x](;,sh,out . h]i,sh,n,L,out) o Fc,sh,n,m . (Z x]i,sh,m . hIC(,]tJ ,M,0U )
k=1 k=1
h,sh,in __ Tc,shouty h,sh,out __ c,sh,in
sh sh (T T ) (T T )
- k : A : (Th,sh,in_Tc,sh,aut)
ln( h,sh,out __Tc,sh,in )
(T Teshin)
NCk

0= Z xc ,SC,in cscn in hc,sc,n,in

NCk
0 _ Z xc ,sc,out hc,sc,n,out _ hc,sc,n,out
- k

NCk
X Jph2,0ut 1 c,ph2,n,0ut c,ph2,n,out

0 — k hk _ h y M,

k=1

S h,ph2,0ut h,V,ph2,0ut h,V,ph2

_ ph2out 4 nh,V,ph2,ou n,h,V,ph2,0ut

0=y - h; — P

i=1
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NC . . .
0— Z xlﬁ,phZ,m . h?,h,L,phZ,m . h”,h,L,PhZ,m
i=1
NC h,ph h,L,ph
0— in ,ph2,0ut . h;a, ,L,ph2,0ut N hﬂ,h,L,PhZ,Out
i=1

NC
- h,sh,in h,sh,n,in h,sh,n,in
0= 2 :%’ I —h
i=1

- h,sh,out 1,h,shn,out h,sh,n,out
0= Z vy by —h

NCk " 3 L
0= 2 xcs out hlc(,s ,out,Ln hc,sh,n,out

__ mc,out,sc c,in,sc sc
0=T —T —av

0= Tc,out,sh . Tc,out,phZ . lZ'USh

0= Tc,out,phZ . Tc,out,sc o avphZ

ZNC L 1L —\;
0= T-exp( T)
LV
Pi
0 ')’l_Ki
p
1 o
O_xi+ai-(1—xi)'eXp((l_xi)'(xi+ai.(1—xi)
L o )

(21—1 & — ;) - X + (1—x)

. h,sc,out L,h,scnout L,h,sc,n,0ut
0= E Xi P —pP

i=1
NCtht L,h,ph2 t Lh,ph2
_ ,phz,out S, phe,n,out. Jh,ph2,n,0ut
0= Z Xj Pi [
i=1
0= pL,h,sc,n,out . Vh,sc . Huh,sc,n
0= pL,h,phZ,n,out . VphZ,L,h . HuL,h,phZ,n
V,h,ph2n . . Th,ph2,0ut
o HUVMRN R TR,y
h,ph2,out
p
h,shn . Th,sh,out
o HU"M - R.T e
ph,sh,out

0= xlh,sc,out . Huh,n,sc _ Huih,n,sc

h,ph2,0ut h,ph2,out
0= x'/P out Huh,n,phZ,L +yi/P OUt Huh,n,phz,v Hu

yfz shout Uh,n,sh o Huih,n,sh

h,n,ph2
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216

h,sc,out
p

0= Huh,n,sc . (hh,sc,n,out + ) . uh,sc

L,h,scnout
P

h,Ln,ph2 h,ph2,Ln,out Ph’phz’out
_ ,Ln,p . ,phz,L,n,0u
0=HU (h + pL,h,phZ,n,out

) + Huh,V,n,phZ . <hh,ph2,V,n,out
+R. Th,ph2,out) . uh,phZ

0= Huh,n,sh . (hh,sh,n,out +R- Th,sh,out) . uh,sh

0= A%+ AP2 — AV

0= Vh,sh + VphZ,V,h o VV,h

O — Vh,SC 4 Vh,phZ,L o VL

0= VL,total + VV,total B

0=A"+A* - A

0=1-— Z.I_IDL;OMZ — Adux
OZNp'tOtal‘T[‘do'L—A
Di ) T (Aaux)B 3. (Aaux)5 Di L
— ((Z2)2. (2 — pmux _ o _ (2 _ ylLtotal
0=((5)"(5 c 0 ) (5 )
. (Di . HL,total o (HL,totul)Z)O.S) L — VL,totul
. i\2
0= 7'[;1)) L_V

0= (Np,totul . Np,phZ,L _ NPs¢ _ NP’Sh) e
4

0= VV,h,phZ + Vp,phZ,V _ VV,phZ,total

0\2
0 = NP-Ph2L . m . — ypph2L

4

0= VL,h,phZ + Vp,phZ,L . VL,phZ,total
0= Vsh,total + VphZ,V,total . VV,total

0= Vsc,total + VphZ,L,totul . VL,totul

‘ HL,total _ Q’ Np,total
0= Acnp -sin(Benp - ( i 2)) + 7t Cenp:
_HL,totul
exp(— g - 1000) — NP* — NPLph2
2-H
0=1— = _ Aux
B Di ) T o (Aaux)i% 3. (Aaux)S Di

. (Di .H — (H)2)0.5) L — Vtotul
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. (A9)2
0= NP. ”f) L— VP
0=V + VP — Vtotal
Di T (Aaux)S 3. (Aaux)S Dz’ " ’
O:((i)z'(i_Aaux_ _ )_(7_Hs ,tota)
2 2 6 40 2
. (Di . Hsh,total _ (Hsh,total)Z)O.S) L — Vsh,total
2. Hsh,tatal L
0 — 1 _ Dl _ ALZMX,S
Hsh,total _ D
O = (ACNp . SiTl(BCNp . ( Hdim 2 ))
Np,total _Hsh,total
+— 4—C}Np-exp(——fﬁaggf-1000))——PJ”“

0= NP .40 [ — A"

0 = NPsh. ﬂ L — VPsh

4
0= Vh,sh + Vp,sh _ Vsh,total
0= ((DZZ)Z . (g — Afux _ (Aﬂ;lx)S B 3. (2;ux)5) B ([; - Hsc,total>
. (Dz‘ . Hsc,total _ (Hsc,total)Z)O.S) L — Vsc,total
2. Hsc,total
0=1-—-""—"°-_ Aauxsc
Dt
_ ) Hsc,total _ %‘
0 = (Acnp - sin(Benp - ( Fdim )
Np,totul __Lgsc,total
+ 5+ Conp - exp(—pg— - 1000)) — NP*¢
O:Np’sc.n.do.L_ASC
2
0 = NP5¢. 71-64(10) L[ — ypse

0= Vh,sc + VPse _ Vsc,total
HL,totul _ %’ Np,totul
Hdim )) + 2

0= AcNP . Sii’l(Bch . (
_HL,total

W : 1000) — NPsc _ NL,p,phz

+ CCNp . exp(
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Functions

_ LV
h(T) — hV,n . hLV,n + (P pLZ )

Applications:

h,ph2,Ln,in , [ hinn 1 LV,ph2,inn
i (o iV P

Vhinph2n pin ph2 . ph2,LV,in
i j PP )

1

h,ph2,Ln,out , L houtn 1,LV,ph2,0ut,;n ; V,hout,ph2,n hout,ph2 ph2,LV out
- I (o; M A , P, p )

h,sc,Ln,out ; Lhoutmn 1, LV,scoutn 1,V houtscn
- hl‘ (P /hl‘ Ihi 7

1 sp,LV,out>

h,out,sc
p 4 pl

¢,in,sc ,,5¢,LV,in
peee, )

hc,sc,n,in( L,c,inn hLV,sc,in,n hV,c,in,sc,n
k i 7 [aae' ’

hc,sc,n,out( L,coutn hLV,sc,out,n hV,c,out,sc,n
- "k j e} [he1 ’

,LV ,out
1 sC ou )

c,out,sc
p 7 Px

c,ph2nout ;L coutn 1, LV,ph2,0utn
- h (p; M

V,c,out,ph2,n c,out,ph2 ph2,LV out
K h; P, p )

[ade' k

c,shnout Lcoutn 1LV shoutn 1, V,coutshn  coutsh .,5h,LV,out
hy (o "% 1 i P, )

WT)=h+A-(T-T")+B- (1)? —2(Th"’)2) Lo Um? —3(Th'0)3)

P (@Y (12— )

Applications:

h,sh,n,i i c c
_ hi sh,n m(Th’Sh’m, ”lo, Th,o’ Aip’ o, Eir’)

h,shn,out c c
_ hi sh,n,ou (Th,sh,out/ I’lo, Th,o/ Aip/ o, Eip)

h,ph2,mn,i i
_ hi ph2,n m(Th,phZ,m’ ho’ Th,o/ Az?p’ o, Ech)

h,ph2 t
_ h',P ,1,0U (Th,phz,out, ho, Th,o, AI?P, o, EFP)

1 1

_ h?,sc,n,out(Th,sc,out, ho, Th,o, A?P’ .., EZ_CP)

i i c c
_ h]c(,sc,n,m (Tc,sc,m’ ho, Tc,o, Akp’ o, Ekp)

c,sc,n,out ,SC, y ¢ ¢
_ hk (Tc Sc out, ho, TC o’ Akp' o, Ekp)
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c,ph2,n,0ut c c
_ hk p (Tc,phZ,out, ho, TC’O, Akp/ o, Ekp)

c,shn,out c c
_ hk (Tc,sh,out, he, Teo, Akp’ o, Ekp)

B(T) = A~ (1— o )PHC D B ()
TCI’Z

Applications:

h,ph2,LV n,i i ;
_ hl_ p n m(Th,phZ,ml Ticrlt’ AiLV,h, L, EiLV,h)

h,ph2,LV n,out i
_ hi p n,0u (Th,phZ,out’ Ticrlt’ AiLV’h' o, EiLV,h)

_ h?,SC,LV,ﬂ,Out(Th,sc,out’ Ticrjt, AiLV’h, . EiLV’h)

_ hffschV,n,in(Tc,sc,in’ Ticrit, AiLV,h, L EiLV,h)

_ hlg,sc,LV,n,out(Tc,sc,gut, Ticn‘t, AiLV,h, . EiLV’h)

_ hf/PthLVr”/Wt(Tc,phZ,out, Tlprit, AiLV,h’ ., EiLV,h)

¢,sh,LV n,out (e shout crit ALV,h LV,h
By (Teshout Terit ALVE LV

i)
—~
H
~—
I
a=
o]

Applications:

L,h,scnout ¢l scout A Lmn,rho L,n,rho
~ Pi=1 (T AL, D)

Lh,ph2,nin rh ph2,in - 4 Ln,rho L,n,rho
i=1 (T P 'Ai:1 ""’Difl )

Lh,ph2,n,0ut r=h ph2,0ut 4 Ln,rho L,n,rho
i=1 (T AL D)

o(T)=A+B-T+C-(T)*+D- (TP +E-(T)*

Applications:
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L,h,scnout (mmh,scout A Lmnrho L,n,rho
- 075 (T AT, ET)

Lh,ph2nin rmh ph2,in - 4 Ln,rho L,n,rho
~ Pi=2 (T"p A B )

Lh,ph2,n,0ut iy ph2,0ut A Ln,rho L,n,rho
- 05 (TP AT, ET)
L,c,scn,in (rh,scin A Ln,rho L,n,rho

~ Priq (T AT B )

L,c,sc,nout mmh,scout A Lmn,rho L.n,rho
- 0 (T AL, EZT)

L,c,shn,out (¢, shout ALmnrho L.n,rho
Pr=1 (T AL BT

L,c,ph2,n0ut =y ph2,0ut A Ln,rho L,n,rho
- Py (TP AL, ET)

p(T) = exp(A+ g +C-In(T)+D - (T)F)

Applications:

LV,h,in,ph2 ; 1 ph2 i LV,
— ppY R phpnin A,

-r Ly

LV h,out,ph2 r =y ph2,0ut A LV.p LV.,p
! (Thphizout, AP ELVIP)

LV, h,out,sc (rh,scout ALV.p LV,p
_pi (T scou’Ai ""’Ez’ )

LV c,in,sc (e sc,in - ALV.p Lv,p
- pk (T JAST, LEST)

LV ,c,out,sc t LV, LV,
P (Tc,sc,ou , Ak P’ o, Ek P)

LV c,out,ph2 r ¢ ph2, out A LV.P LV,p
- Py (TP JAST, L EST)

LV ,c,out,sh h LV, LV,
P (Tc,s ,out’ Ak P’ o, Ek P)

Tab. B.45: Design variable specification.

Design Variable Value Engineering Unit
FLh,inn,ph2 = 0.0 mols™
EVhn,out,ph2 = 0.0 mols™*
Foinn,sc = 5’2 mols™
Fhinn,sh = 034 mols™?
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Design Variable Value Engineering Unit
HLtotal = 0.05 m

pydim = 1.0 m

Teinse = 298.15 K

Thiinsh = 353.15 K
)\wilson,izl = 95.68 K
Awilson,i:Z = b506.7 K

i = 500 Wm™=K™
kSC = 500 W m_z K_I
o = 500 Wm™=K™
pc,in,sc = 100000.0 Pa
peoutph2 = 100000.0 Pa

pc,out,sc = 100000.0 Pa

peoutish = 100000.0 Pa

ph,in,phZ = 70000.0 Pa
Ph,out,phZ = 70000.0 Pa

ph,out,sc = 70000.0 Pa

ph,out,sh = 70000.0 Pa

ol = 5.869E—5 m3mol™’
Uz'L:Z = 1.807E—5 m3mol™
x;in,sc = 1.0 mol mol™
yiz,:i;z,sh = 0412 mol mol™
yfz,:irZz,sh = (.588 mol mol™

Tab. B.46: Parameter specification.

Parameter Value Engineering Unit
AcNp = 387993 —

Al = 9.008 Jmol 1K™
ALt = —13851.0 mol m™3

AL, = 3222 Jmol 1 K™
Apmrho = —13851.0 mol m™3

AL = 32.22 J mol™

AP = 73304 -

AV = 73.649 —

ALY —  73.649 —~
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Parameter Value Engineering Unit
Abmrho = 16288 molm™3
ALV = 65831.0 J mol ™
ALV = 56600.0 Jmol™*
ALV = 56600.0 J mol™*
Benp = 7.2093 -

B, = 02139 Jmol* K2
BLho —  640.38 mol m™3 K™
B, = 0.0019225 Jmol K2
B —  640.38 mol m™3 K™
B, = 0.0019225 Jmol ™ K2
BV — 71223 K

B — 72582 K

B = 72582 K

BL o = 0.27469 —

BV = 1.1905 -

B/ = 061204 -

BV = 0.61204 —

Cenp = 1.1124 -

(o = —83846E—5 Jmol'K3
CLrho = —19124 mol m™3 K2
Cr, = 1.0548E—5  Jmol K3
Ccprho = —19124 mol m™3 K2
.l = 1.0548E—5  Jmol K3
cVr =  —7.1424 -

cr — 73037 -

cr = 73037 _

CLmrho = 5140 K

cLvt = —1.7666 -

CLvh = —0.6257 -

vt = —0.6257 -

D — 0.298 m

D¥, = 1.3723E—-9  ]/mol/K#
Dphe = 0.0018211 mol/m3 /K3
D, = —3594E—-9  J/mol/K#
Dpho = 0.0018211 mol m~3 K3
DY, = —3594E—9  ]J/mol/K#
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Parameter Value Engineering Unit
DXVr = 28853E—6  KEY
DXy — 41653E—6 KEzp
D = 41653E-6  Kher
Do = 023178 —~

DI = 1.0012 -

DE = 0.3988 -

DIVt = 0.3988 —

E", = 00 J/mol /K>
ELnrho = 00 mol/m3 /K#
E”, = 00 J/mol /K5
E;"h0 = 00 mol/m3 /K+
E” = 00 J/mol/K5
EFV = 20 -

Eiﬁé” = 20 -

EY = 20 -

EFV = 00 —

EFVS = 00 —~

EV) = 00 —~

L = 20 m
Np,total = 66.0 _

R = 8314 J mol * K~
Tt = 514.0 K

T = 298.15 K

e = 647.096 K

T, = 29815 K

Terit = 647.096 K

T, = 29815 K

s = 3.14159265359 —

d° = 0.025 m

h?_, = —234950.0 Jmol™
he_, = —241818.0 J mol™*
e, = —241818.0 J mol*
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Tab. B.47: Physical solution.

Iteration Variable Value Engineering Unit
A 1.037E1 m?

AV = 1.008E1 m?
Aaux,se = 0.8759% m?
Aawsh = 0.9365 m*
Aaux = 6.644FE —1 m?
APh2 = 1.005E1 m?

Asc = 2830E-—1 m*

Ash = 3.536E —2 m?

EV hinn,ph2 = 3400E -1 mols™
Fem,out,ph2 = 5.200 mols™?
Femout,sc = 5.200 mols™
Fem,out,sh = 5.200 mols™
Fhiinnsc = 3.400E -1 mols™*
Fhm,out,sc = 3.400E —1 mols™
HU L2 = 1.679E2 mol
HUV hnph2 = 1.5087 mol
HUhmse = 1.470E2 mol
Hhsh = 1.170E -1 mol
Hu"" — 7.013E1 mol
HUMse = 6.058E1 mol
Hug{sh = 4823E-1 mol
Hul@zfphz = 9.926EF1 mol
HuMse = 8.646E1 mol
HuMsh = 6.883E -1 mol
scitotal = 1.942E — 2 m

s total — 9.449E -3 m
K] = 4.800 -
Ko = 1548 -
Kt = 0.6432 -
KJoutph2 = 06162 -
NLpph2 = b5.798 -
NPse = 1.802 -
NPsh = 2251E—1 -
Teout,ph2 3.353E2 K




Iteration Variable Value Engineering Unit
Teout,se 2.995E2 K
Teout,sh = 3.355E2 K
Th,in,phZ = 3.514E2 K
Thin,se = 3.442F2 K
Thout,sc = 3.291E2 K
hph2 = —4.699E4 J
e = —4.108E4 J
Lhsh = —2.733F1 J
v = 1.395E—1 m3
yLhph2 = 4355E-3 m3
yLpph2 = 5.692E —3 m3
v L.ph2,total = 1.004E —2 m3
V/ Litotal = 1.559E -2 m3
VL = 8.133E-3 m3
VVhph2 = B5.J711E -2 m3
YV = 6.656E —2 m3
yV.p.ph2 = b5.711E -2 m3
vV V.ph2total = 1.188E — 1 m3
yVtotal = 1239E-—1 m3
yhse — 3.777E -3 m3
yhsh — 4.886E—3 m3
ypse = 1.769E -3 m3
ypsh = 2221E—4 m3
Ve total = b5.546E — 3 m3
yshitotal = b5.107E -3 m3
Z";%;’ZZ? = 2345E-1 -
hw?ns Up’}é: 1 = 2332E-1 —
hw’ g,iﬁ’;};z = 7.680E —1 -
s — 7452E-1 —~
i, — 3323 -
hout,ph = 1433 -
i ph2 = 1.021 -
hout,ph = 1322 -
plhmout,ph2 — 3.854F4 molm™3
L,hn,out,sc — 3.893E4 molm™3
aoPh? = 1.369 K

B.6 TorarL CONDENSER
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Iteration Variable Value Engineering Unit
ave = 3.574E1 K
vt = 7448E -2 K
JyLohjinn,ph2 — _2.806E5 Jmol™*
KV hinn,ph2 = —2364E5 Jmol™
JV hnout,ph2 — —2348E5 Jmol™
einn,sc = —2.858E5 Jmol™
e mout,ph2 = —2.830E5 Jmol™
pem.outse = —2.857E5 Jmol™
Jcmout,sh = —2.830E5 Jmol™
hinnse = —2778E5 Jmol™
phinnsh = —2.363E5 Jmol™
phmout,sc = —2.793E5 Jmol™
xzrf’phz = 8.584E —2 mol mol™*
xlitse — 4120E —1 molmol™
x?;olutlsc — 4.120FE —1 mol mol™*
xz;,phZ = 9.142E -1 mol mol™*
xlinse — 5.880E —1 mol mol ™
xloutse — 5.880E -1 mol mol ™
x;,illlt,phz —  1.000 mol mol ™
x]cc ,ipllt,sc —  1.000 mol mol™
xi,iz{t,sh = 1.000 mol mol™
?:irll,phz — 4120E —1 mol mol™*
?,:olut,phZ = 6.377E -1 mol mol™
?/:igrphz = 5.880E — 1 molmol™™
y?,:o;t,phz — 3623E —1 mol mol™*

B.7 Methanol and Water Column

A boiling, liquid mixture of 0.55 mol mol™ methanol and 0.45 mol mol™ water is
separated by continuous distillation in this example. A total condenser and a
partial reboiler are used. The column’s trays are assumed to be well-mixed and
the phases are in thermodynamic equilibrium. The equilibrium is approximated
by Raoult’s law. Enthalpies and vapor pressures are determined by the Design
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Institute for Physical PRoperties (DIPPR) equations (DIPPR project 8o1: Physical and
thermodynamic properties of pure chemicals, evaluated process design data 1999) includ-

ing the respective parameters. The reflux ratio and the reboiler’s temperature

are specified. Keeping the latter constant, four different numbers of trays (10, 20,

30, and 40) have been investigated regarding their change in process time with

increasing size of the system. The dominating, complex subsystem of the NLE

is rather large, e.g., 100 equations for the simulation with 10 trays. Nevertheless,

compared to the other examples, it has a low nonlinearity ratio of 0.095. The

equation system, its notation, variable and parameter specifications are shown

next.

Tab. B.48: Notation, base names.

Base Name Description Engineering Unit
A Parameter various

B Parameter various

C Parameter various

D Parameter various

E Parameter various

F Flow rate mols™

K Equilibrium constant —

Q Heat flux Js™*

R Reflux ratio —

T Temperature K

X Input parameter various

V4 Output parameter various

0% Activity coefficient —

] Fugacity coefficient — —

h Molar enthalpy [ Jmol™

p Pressure Pa

Ap Pressure drop Pa

x Liquid mole fraction molmol™
y Vapor mole fraction =~ molmol™
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Tab. B.49: Notation, superscripts.

Superscript Description

crit Critical

f Feed

L Liquid

LV Vapor liquid equilibrium
Vv Vapor

h Enthalpy

n Molar

0 Reference

pLV Vapor pressure

sca Scaled

Tab. B.50: Notation, subscripts.

Subscript Description

C Condenser

R Reboiler

d100 Dippr correlation 100
d101 Dippr correlation 101
d106 Dippr correlation 106

Tab. B.51: Notation, indices.

Index Range Description
i 1...NC  Component index
tr 1...NTR Tray index

Tab. B.52: Component index.

Index Component

i=1 Methanol
1=2  Water
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Equation System - Tray Section

f

tr,i

0=F/".

tr +

Ln Von
Ftr+1 “ X1, Ftrfl Yir—1,i —

Ln Von
Fp™ X — By Y

14 ‘
(Ptm' “ Pt Yiri

LV
. Yeri - Xtrji* ptr,i

0 psea psea
NC
0= Z xtr,l‘ -1
i=1
NC
0= Zytr,i -1
i=1
,L, L, L, Vv, vV, L, L, V, Vv,
0= FtJ; i hf,L,n +Ftr-tl 'htr—rol—l +Ftr—nl ) htrfl - Ftrn ' htrn - Ftr " htrn
- hisca
L,
0— le\icl (xtr,i : htr;l) B ]’ltLr'n
- hisca hsca
L, LV,
0= Y (Yo Ot + ")) gy
- hisca hsca
/L,
o LSt pfn
hsca hsca

0=py—1—pw—Ap

Equation System - Partial Reboiler

Ln Ln Von
0=F" xp—1,i — Fg" - xri — F,2 - Yrr—o,i

t

oLV
_ XRi"PRi"VRi  Yur=0i" Ptr=0

0= psca pscu
NC
0= 2 XR,i — 1
i=1
NC
0= Zytr:O,i -1
i=1
Ln Ln Ln Ln __pVn 1Vn
0= By hyy — Fp Mg — B lo - hyZo + Qr
hisca
NC Ln
0= Zi:l XR,i* hR,i hé’n
- isca B hisca
NC . L,n LV,?’I V,n
0— YisiYri - (hg +hgi™) by
- hsca hisca
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Equation System - Total Condenser

Vo Ln Ln
0= Ftr:NTR “Yr=NTR,i — (Fc + Ftr:NTRH) * Xtr=NTR+1,i

..V .
_ Xtr=NTR+1i " Pc,i VCi _ Yci* Pr=NTR+1

0= psca psca
0=R-F" - Ftl;ﬁNTR+1

NC
0=Y xy_nTR41,i — 1

i=1

NC

OZZyc,i—l

i=1

Vo Vo Ln Ln Ln
Fo N bt — (B + Bl nrryn) - Byt + Qc

0 = hSCﬂ
0= mxeihel e
- Jisca B Jisca
Functions
pLV BglLOvl pLV pLV A
Z(X) = exp(Agyg + x T Cao In(X) + Dy - (X))
Applications:
pLV pLV
- Pé‘;(TC' Agiorir -+ Elel,i)
pLV pLV
- PtLr‘g(Tf" Agiorir -+ Elel,i>
LV v
- pri(Tr, AZlOl,i’ ey EZlOl,i)
I BL,h,}'Z CL,h,Vl
L,h, , , ¥
Z(X) = Al (X = Th) 4 Zh0 (32— (The)2) 4 S0 ()3 (Tho))
DL,h,I’l EL,h,I’l
+ diOO . ((X)4 _ (Th’0)4) + déoo . ((X)S _ (Th,o)S) + hL,o,n
Applications:

Ln Lhn Lhn
- hC,i (TC>I AleO,i' sy EleO,i)
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Ln Lhn Lhn
- htr,i (Ttr)r AleO,i’ T EleO,i)

Ln Lhn Lhn
- hR,i (TR)f AleO,i' Ty EleO,z’)

X | pLvhn LV,

X Whn (X \2, pLVin (X \3
4106 106" erit T " (err) )

Z(X) = A,ﬂ/orlg’n (11— Tcrit) mos” e )" T Enos” g

Applications:

LV,n LV ,hn LV, hn
- htr,i (Ttﬁ Ad106,i AN "Edloé,i )

LV,n LV, ,hn LV,hn
- hR,i (TR)'Adloé,i ""’Ed106,i)

Because the number of design specifications and solution values are numerous,
their presentation is omitted here. They are part of the evaluation (ID: 166690) in
MOSAICmodeling and can be viewed in the software’s simulation editor.

B.8 Heavies Column

The notation is the same as already introduced for the model Partial Condenser in
table B.32 - B.36.

Equation System - Tray Section (reformulated)
NST

F % D L
0= 2 (Fiy—s * XFtr=si) + Fop_1 - Yrr—1i — F~ - Xpp=Ny1,i — Fiy - Xpri
s=tr

0= Ktr,i *Xtri — Ytri

NC
0=) xp;i—1
i=1

NC
0= Zytr,i -1
i=1

NST
0= L=t (Fiyms hiymg) —FP b + By hy g — i by +Q+Q°
- hisca
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Equation System - Tray Section (classical)
The equation system equals the reformulated version except for the component
balances referring to the first equation and the energy balance referring to the

tiftth equation that are replaced by

F 1% L 1% L
0=F, - Xppi+Fo 1 -Yer—1i+ Fypr Xoqi — By - Yeri — By - X
F L 1% 14 L L 14 14 L L
o Ftr ’ hF,tr +Ftr—1 ’ htr—l +Ptr+1 'htr-s—l - Ftr : htr - Ptr 'htr + Q

- hisca

0

Equation System - Partial Reboiler (reformulated)

0=F" ((yir=0; — ') = (R*+1) - (yr=0,i — Xrr=0,i))

R R
0=K-x;" — Yur=o,

NC
0= leR -1
i=1
NC
0= Zytr:O,i -1
i=1
o (g — ) = (RR+1) - (g — ) + OF

hSCIZ

Equation System - Partial Reboiler (classical)
The equation system equals the reformulated version except for the component
balances referring to the first equation and the energy balance referring to the

tifth equation that are replaced by

_ L B v
0=F;_1 xy=1i—F - xRri — Fy—o - Ytr=0,i

0= Fpyhipq —F° -0 — B - hy o+ Q"

hSC{Z
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Equation System - Total Condenser (reformulated)

Component balances and reflux ratio are applied in functions

0= K¢ - xp—NTR11 — YY
NC
i=1

0= FY_nrr - (hy—nrr — M—nrrat) +Q°
hSCll

Equation System - Total Condenser (classical)

_ v D Ln
0 = Fy_n1R " Ytr=NTRi — (F” + FyZNTR 1) * Xtr=NTR+1,i

_ C c
0=K; - Xp—NTR+1,i — Y;

NC
0= yci—1
i

NC

0=Y xy_nTR41, — 1
i=1

0= FY_nrr - (hy—nrr — M—nrrat) +Q°
hSCﬂ

Enthalpies and the equilibrium constants are equally determined as in Partial
Condenser. Hence, the related equations and functions are not listed here.

Additional Functions (reformulated)

Next to thermophysical properties calculations, functions are also used in the
reformulated equation system to explicitly calculate the connecting streams be-
tween tray section and reboiler and tray section and condenser. The reason is
described in section 4.5.

y(x) =x

Applications:
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- ytr:NTR,i(xterTR+1,i>

A(B,R) =B-(1+R)

Applications:

- FYV_nrr(FP,RE)

A(B,R)=B-R
Applications:
~ Fy_nrroa (FP.RY)
— F_o(FP,RP)

Because the number of design specifications and solution values are numerous,
their presentation is omitted here. They are part of the evaluation (ID: 164598) in
MOSAICmodeling and can be viewed in the software’s simulation editor.
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Appendix C

Computational Experiments

C.1 Contraction

Tab. C.1: Results combined contraction methods: HC4revise (hc), Interval Newton (n)

and Bnormal with tighten_bounds (bctb), initialized with 2(0) = [~10°, 10%]"%w
The following settings were applied: resolution = 8§, gRel — 1073, gAbs = 1078,
Contraction / hc_n_bctb hc n

SRADL_ERADL
NLE gRADL CPU (s) i CPU (s)

hc_n_bctb

CSTR 1.61 x 1078 0.30 1.14 x 1074 0.19
Flash Unit 440 x 101 0.85 0.0 0.72
Total Condenser 158 x 1071 27.42 1.82 x 10° 4.16
Heavies Column 7.08 x 10~! 44950 | 2.98 x 1010 83.09
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Tab. C.2: Results combined contraction methods: HC4revise (hc) and Bnormal with

tighten_bounds (bctb) and without (bc), initialized with 2(0) = [~10%, 10%]"%w .

The following settings were applied: resolution = 8, ek = 1073, ¢Abs = 108,
Contraction / hc_bctb hc_bc

8RADLigRADL ERADLigRADL
NLE RAD?CJLthb CPU (S) RAD}LICJLhdb CPU (S)
Shc?n?bctb he_n_bctb

CSTR 0.0 0.27 0.0 0.26
Flash Unit 0.0 0.80 0.0 0.76
Total Condenser ~—2.97 x 10711 26.67 | 423x107°  10.59
Heavies Column 0.0 423.59 0.0 98.46

Tab. C.3: Results combined contraction methods: Interval Newton (n) and Bnormal with

tighten_bounds (bctb) and without (bc), initialized with (0 = [~10°, 107)"%er,

The following settings were applied: resolution = 8, ek = 1073, ¢Abs = 1073,
Contraction / n_bctb n_bc

8RADL_€RADL SRADL_eRADL
NLE RADILwJLbctb CPU (S) RAD{CJLbctb CPU (S)
he_n_betb Ehc_n_betb

CSTR 3.08 x 1073 1.31 3.08 x 103 0.22
Flash Unit 9.52 x 10~° 9.22 9.52 x 10~? 6.65
Total Condenser 1.18 x 109 391.37 1.20 x 10° 140.74
Heavies Column  3.80 x 1071 302.75 | 3.80 x 10! 76.84

Tab. C.4: Results single contraction methods: Interval Newton (n) and Bnormal with
tighten_bounds (bctb), initialized with 2(®) = [~10°, 10°]™«. The following
settings were applied: resolution = 8, ek = 1073, ¢Abs = 1078,
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Contraction / n bctb
ERADL_SRADL
NLE eRAPL CPU (s) | —pr2  CPU (s)
he_n_bctb

CSTR 1.0 0.21 3.08 x 1073 1.15
Flash Unit 1.0 0.28 952 x 1073 6.57
Total Condenser 1.0 2.75 1.18 x 10° 332.44
Heavies Column 1.0 59.91 3.80 x 101 278.66




C.2 Global Solver

C.2 GLOBAL SOLVER

Tab. C.5: Adjusted initialization of NLEs.

NLE Iteration Variables Initial Interval Unit
Reactive  Activity coefficients [0, 107] -
Flash Enthalpies 0,10%] Jmol™*
Unit Equilibrium constant [0, 10%] -
Flow rates [0, 10°] mols™
Heat flow rate [0, 10°] Js™
Mole fractions [0, 1] —
Reaction constant and rate [0, 10°] st
Total Temperatures [298.15, 353.15] K
Condenser Temperature differences [0.01, 100] K
Activity coefficients [0, 10°] -
Wilson's coefficients [0, 107] -
Equilibrium constants [0, 10%] -
Flow rates [0, 10%] mols™?
Internal Energies [—10°,0] MJ
Enthalpies [—10°,0] Jmol™*
Densities [0, 10°] mol m™3
Mole fractions [0, 1] -
Molar hold ups [0, 10°] mol
Heights, Areas, Volumes [0, 10%] m, m?,m3
Partial a,b of cubic equation [0, 10] Pam®/mol?,
Condenser molm™3
Auxiliary variables (1076, 107] —
Compressibility factors 0, 1] —
Equilibrium constants [0, 10%] -
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NLE Iteration Variables Initial Interval Unit
Flow rates [0, 75] mols™
Heat flux [—100, 100] Js™t
Mole fractions [0, 1] -
SRK coefficients [—1, 10] —
Methanol ~ Condenser duty [—106, 0] Jst
Water/ Enthalpies [—10°,0] Jmol™*
Column Flow rates [0, 10] mols™
Mole fractions 0, 1] -
Pressures [10%,10] Pa
Reboiler duty [0, 10°] Jst
Temperatures [240, 400] K
Heavies a of cubic equation [0, 10] Pam®/mol?
Column ages of cubic equation [—1, 0] —
Auxiliary variables [107¢, 107 —
b of cubic equation [01] molm™3
Condenser duty [—1, 0] MJs™
Equilibrium constants [0, 10] -
Flow rates [0, 30] mols™
Integrated heat capacities [0, 0.5] MJ mol™*
Mole fractions [0, 1] —
Pressures [0.0,10] bar
Reboiler duty [0, 1] MJs™
Temperatures [350.0, 400.0] K
6 of cubic equation [0, 0.3] -




C.3 LoCAL SOLVER

C.3 Local Solver

Tab. C.6: Initial value selection for Heavies Column that result in feasible initial point. If
not explicitly stated it is used for all tray and component indices..

Iteration Variables Initial Value Unit

a of cubic equation 1.1 Pam®/mol?
ages of cubic equation —0.001 —
Auxiliary variable 0.5 —

b of cubic equation 0.0001 molm™3
Condenser duty -1.0 MJs™*
Equilibrium constants K1 =Ki—» =05 —

Ki—3 = Kj—y = Kj=5 = 1.1 —

Flow rates 1.5 mols™*
Integrated heat capacities 0.05 MJ mol™
Mole fractions 0.33 —
Pressures 1.5 bar
Reboiler duty 1.0 MJs™*
Temperatures Tiy = 3714 (NTR — tr) K

T¢ =370, TR = 376 K
6 of cubic equation 0.1 —
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Appendix D

Conclusion

D.1 Application area

0 J‘van der Waals System *  Globally solved by IA

e
oo
1

CSTR

e
(=]
1

=3
=~
1

wReactive Flash Unit Column Methanol/Water, tr=

Nonzero Density (Largest Subsystem)

k;

e

®  |ocally solved by Root-finding

*Elash Unit
0.2 +Tota| Condenser Column\Heavies, i=3, tr=
’ + Partial Condens 3, \
10
7 10 15
. 29+ +30 40

+  Locally solved by Hybrid Approach

20

+

I
o

0 100 200 300 400
Dimension (Largest Subsystem)

Fig. D.1: Nonzero ratio versus dimension of largest subsystem for the tested examples.

D.2 Guidelines for initialization
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Tab. D.1: Recommended initialization for geometric and hydraulic quantities.

Variable

Initial range

Condition

Diameter, length, height
Partial area

Partial holdup

Partial volume

Mole, volume, weight fractions

Molar, mass outlet flow rates

>0

[
[
[
[0,
[0,

0 Atotal]

0 Hutotul]
0, Vtotal]

1

NST
st 1

Fi]

Known total area A"

Known total holdup HU"*
Known total volume V*#/
Steady-state, flow-driven process

known NST inlet flow rates FiI

NOISNATONOD (J XIANHIAY
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Tab. D.2: Recommended initialization for MESH related quantities.

Variable

Initial range

Condition

Mole, volume, weight fractions

Molar, mass outlet flow rates

Distillation, internal molar, mass
flow rates (liquid)

Distillation, internal molar, mass
flow rates (vapor)

Heat rates

Heat rates

[01]
0, Z420 B

0, B
0, A

Steady-state, flow-driven process,
known NST inlet flow rates F.!
Steady-state, known inlet flow rates,
known reflux ratio

Steady-state, known inlet flow rates,
known boil-up ratio

Exothermic processes

Endothermic processes

NOILVZITVILINI ¥04d SANITAAIND T°'(



Yie

Tab. D.3: Recommended initialization for thermophysical properties.

Variable

Initial range

Condition

Molar enthalpies

Molar volumes (liquid)
Molar volumes (gas, vapor)
VLE, temperatures

VLE, pressures

VLE, equilibrium constants
VLE, equilibrium constants

VLE, equilibrium constants

[min (ho,;), max (hg ;)]
[min (vg;), max (vg,;)]
A2, &T)

prr
[min (TOLY), (T()LY”
[min (pé‘{) (p(%‘z/)]
[0, 1]
>1
>0

Ideal mixture

Ideal mixture

Ideal gas, known, estimated T, P
Zeotropic mixture

Zeotropic mixture
Heavy-boiling component
Light-boiling component
Medium-boiling component,

unkown boiling temperature

NOISNATONOD (J XIANHIAY



D.3 ERROR IN THE SOLUTION ALGORITHM

D.3 Error in the Solution Algorithm

An error in the solution algorithm can be found systematically via successive
debugging of the code. In small systems this can be done efficiently via the
debug mode of Python editors such as spyder from Raybaut (2009). However,
this kind of debugging is slower than the normal execution of the program and
thus extremely time-consuming for large systems. Hence, a debug function is
provided in the hybrid approach, which prints parameters describing the state
of the program to the console during program execution. For example, the ID of
the variable being currently reduced. In this way, unwanted infinite loops could
be identified and removed from the program, which caused the program to hang

during certain variable reductions.

D.4 Things that did not work out

—*— tv_cbtv_aff
=3¢+ tv_cbtv

RADL

0 10 20 30 40 50
CPUins

Fig. D.2: Comparison of hybrid approach applied on Flash Unit with and without affine
arithmetic.
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