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Abstract 
The subsurface density of ice sheets is a key uncertainty in mass balance estimations. Synthetic Aperture Radar (SAR) 
measurements of polarimetric and interferometric phases contain information about the density, but were only considered 
separately. Polarimetric phases are related to the dielectric anisotropy of firn, but multiple incidence angles are required 
to solve for density and a quantitative sensitivity analysis is missing. Interferometric phases were used to retrieve densities 
in tower-based SAR tomography experiments, requiring large incidence angle variety and high resolution. This study 
conducts a combined sensitivity analysis of polarimetric and interferometric SAR measurements towards a density re-
trieval. 
 
1 Introduction 
A key uncertainty in mass balance studies of glaciers and 
ice sheets is still today the density for the volume-to-mass 
conversion. This is not only reported on a global scale [1] 
but also for recent local studies [2], where even the pres-
ence of in situ measurements can only partly capture the 
density uncertainty [3]. The volume-to-mass conversion 
factor can span a wide range from 0 to 2000 kg m−3 but 
many studies use fixed density values such as 
850 ± 60 kg m−3 [4]. Therefore, there is a clear need for im-
proved spatial and temporal information about ice sheet 
subsurface properties such as the density. 
Synthetic Aperture Radar (SAR) is promising for this task 
due to the penetration of the microwave signals of several 
tens of meters into dry snow, firn and ice, particularly at 
longer wavelengths such as L or P band [5], and their sen-
sitivity to subsurface properties. Also its large spatial cov-
erage and high resolution could improve existing model- or 
in situ-based subsurface density information. 
A promising information lies in phase measurements of co-
herent SAR. Interferometric (InSAR) phase differences 
provide information about the location of scatterers in the 
subsurface. The decorrelating nature of phase contributions 
from different depths leads to the key InSAR observable of 
volume coherence, which can be related to subsurface 
structure. Another phase difference, between polarimetric 
channels (PolSAR), can be related to the dielectric anisot-
ropy of snow and firn and is thus sensitive to wave propa-
gation properties in the subsurface. 
To name some examples, (Pol-)InSAR volume decorrela-
tion can indicate subsurface properties about refrozen melt 
layers [7] and signal extinction [8]. With multi-baseline In-
SAR data, tomographic 3D-imaging (TomoSAR) of the 
subsurface is possible and subsurface layers, different ice 
types, firn bodies, and crevasses were identified 
[9][10][11]. Polarimetric phase differences, i.e. the co-po-
larization HH-VV phase difference (CPD), were linked to 

firn thickness by assuming bulk values for density and an-
isotropy and employing a constant signal extinction for the 
vertical backscattering function [12]. 
Despite the promising information content of these phase-
based SAR measurements, a key ambiguity remains be-
tween the depth of scatterers and the permittivity of the me-
dium, which this study addresses. The translation of an in-
terferometric phase, or similarly the depth-axis of a tomo-
gram, into its actual depth below the surface depends on 
the permittivity of the snow, firn and ice. The permittivity 
is given by the density of the medium [13]. Also the polar-
imetric HH-VV phase difference, the CPD, for a given an-
isotropic propagation in the subsurface, depends on the 
density, albeit differently than the interferometric phase. 
One way of addressing the density-dependence of such 
phase measurements is therefore the combination of inter-
ferometric and polarimetric phase measurements. A second 
way is the exploitation of different incidence angles, be-
cause of the permittivity-driven, and thus density-related, 
refraction.  
This second aspect was already addressed in several stud-
ies for ground-based interferometric or tomographic meas-
urements where the density ambiguity can be solved with 
measurements at different incidence angles [14][15][16]. 
However, a large incidence angle variation and a high res-
olution is required for a precise location of scatterers, 
which is challenging for spaceborne concepts [17].  
This study addresses the combination of PolSAR and In-
SAR, by investigating the sensitivity of interferometric and 
polarimetric phase-based measurements to ice sheet sub-
surface density. Further, the influence of the incidence an-
gle will be analyzed, as measurements with at least two in-
cidence angles are required to solve for density also in this 
case. The results will describe a potential way towards a 
density retrieval from multi-angular Pol-InSAR data. 
 
 



 
Figure 1 Multi-baseline interferometric geometry with K 

acquisitions, perpendicular baseline 𝐵⊥, incidence angle in 

air 𝜃 and the refracted incidence angle in the snow, firn or 

ice volume 𝜃𝑟. 

2 Methods 
2.1 Density dependence of the interferomet-

ric phase 
In the fields of InSAR and TomoSAR for the investigation 
of the ice sheet subsurface, recent studies are mainly con-
cerned with the estimation of the vertical backscatter dis-
tribution, either with (Pol-)InSAR structure models or 
through tomographic imaging techniques. The fundamen-
tal interferometric observable is the coherence, which de-
scribes the complex correlation between two SAR meas-
urements separated by a spatial baseline, see Figure 1. Af-
ter compensating or neglecting range spectral and noise 
decorrelation terms, the main contribution is the volume 
coherence 𝛾𝑉𝑜𝑙 
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It depends on the vertical backscatter distribution in the 
subsurface 𝜎(𝑧) and on the vertical wavenumber 𝑘𝑧𝑉𝑜𝑙 
which is the phase-to-height conversion factor, defined by 
the interferometric acquisition geometry in Figure 1 
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The vertical wavenumber in the volume 𝑘𝑧𝑉𝑜𝑙 considers the 
difference between the real depth of a scatterer within the 
subsurface and its apparent position, if processed under the 
assumption of free-space propagation, by accounting for 
the permittivity 𝜀𝑟 of the medium.  A scatterer at an appar-
ent depth 𝑑𝑎𝑝𝑝 in free-space processing has a real depth 𝑑 
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Figure 2 Example of a real TomoSAR profile in L-band from 

the South Dome location in Greenland showing the effect of 

two distinct refrozen melt layers within the firn subsurface. 

The colours indicate different density assumptions and show 

its effect on the translation of (multi-baseline) interferometric 

phases to depth. 
 
See also the equivalent derivation in [18]. Assuming that a 
specific scatterer can be located in the snow, firn or ice 
through an InSAR measurement, its real depth 𝑑 cannot be 
determined unambiguously as long as √𝜀𝑟 is unknown.  
This is shown for a vertical profile 𝜎(𝑧), derived with 
TomoSAR processing at L band, in Figure 2, where the 
effect of two distinct refrozen-melt layers within the firn 
subsurface of Greenland is visible at about -5 m and -10 m 
[19]. The colours show the same profile processed with dif-
ferent density assumptions, which lead to different permit-
tivities and thus 𝑘𝑧𝑉𝑜𝑙. 

2.2 Density dependence of the polarimetric 
phase difference 

In the field of PolSAR, modeling efforts have been dedi-
cated to establish a link between measured co-polarization 
(HH-VV) phase differences (CPD)  

𝐶𝑃𝐷 = ∠(𝑠𝐻𝐻 𝑠𝑉𝑉
∗ ) = 𝜙𝐻𝐻 − 𝜙𝑉𝑉 (4) 

and the anisotropic structure of firn originating from tem-
perature gradient metamorphism [20]. 
CPDs have then been modeled as the result of birefrin-
gence due to the dielectric anisotropy Δ𝜀 = √𝜀𝐻 − √𝜀𝑉. 
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The dielectric anisotropy, i.e. √𝜀𝐻 and √𝜀𝑉, can be mod-
elled from an ice-air mixture of density 𝜌 consisting of 
spheroidal ice particles with a certain axial anisotropy DA 
(Degree of Anisotropy), resulting in 𝜀𝐻,𝑉 = 𝑓(𝜌, 𝐷𝐴) [20]. 
Typical values for the dielectric anisotropy of firn are 
0.02 < 𝛥𝜀 < 0.07 [21]. 
In addition, the relation between the anisotropic signal 
propagation and measured CPDs depends on the vertical 
distribution of backscattering 𝜎(𝑧) in the subsurface, 
which defines how the CPD contributions are integrated 
along depth and thus 𝐶𝑃𝐷 = 𝑓(𝜎(𝑧), 𝜌, 𝐷𝐴).  



  
Figure 3 Modelled CPD for an L-band wavelength as a func-

tion of density, for a 10 m one-way penetration depth in ani-

sotropic firn with an axial ratio of the modelled firn grains of 

1.15. The colours indicate different incidence angles. 
 
The dependence of CPD values on the density is shown in 
Figure 3, where a 10 m one-way penetration depth into firn 
is modelled at L band with an axial ratio DA of the mod-
elled ice particles of 1.15. This corresponds to a maximum 
𝛥𝜀 of 0.035. Larger incidence angles lead to larger CPDs 
because the vertical-to-horizontal anisotropic structure 
aligns better with the vertical and horizontal polarizations. 
The largest CPDs are generated for medium densities, 
when the volume fraction of the ice particles is around 
50%, indicating a heterogeneous ice-air mixture, which 
gives the highest dielectric anisotropy 𝛥𝜀 for a certain ani-
sotropic firn structure. The CPD approaches 0 for very low 
densities, towards a pure air medium, and very high densi-
ties, towards a pure ice medium. This behavior is shifted 
with increasing incidence angle due to an increasing effect 
of refraction. 
Showing Δε in dependence of the modelled density and an-
isotropy, see Figure 4, reveals that Δε and thus the CPD is 

stronger influenced by the anisotropy than the density, and 
that the density dependence increases with anisotropy, 
whereas isotropic firn would give no sensitivity of the CPD 
to density. 
 

 
Figure 4 √𝜀𝐻 − √𝜀𝑉 as a function of anisotropy and den-
sity, showing that the dependence on anisotropy is clearly 
stronger than on density. 

2.3 Combination of polarimetric and inter-
ferometric phase measurements  

The inversion of density, without making assumptions 
about the vertical backscattering distribution and anisot-
ropy, by means of combining polarimetric and interfero-
metric measurements is analysed. 
In a first experiment, an estimation of firn density was at-
tempted by integrating TomoSAR vertical scattering pro-
files 𝜎𝑡𝑜𝑚𝑜(𝑧, √𝜀𝑟) into the depth-integral of the PolSAR 
CPD model in (5) [22]. This allows an explicit considera-
tion of backscattering distributions at HH and VV and their 
respective dependence on √𝜀𝐻 and √𝜀𝑉. Now, the mod-
elled dielectric anisotropy does not only influence the ani-
sotropic propagation term, but also the depth scaling of the 
vertical backscattering distribution, as explained in Section 
2.1. 

 
The remaining two unknowns are √𝜀𝐻 and √𝜀𝑉, respec-
tively density 𝜌 and anisotropy DA. However, this ap-
proach is in an early experimental stage with certain limi-
tations. The density inversion can only provide a bulk value 
for the depth range of the signal penetration and measure-
ments at several incidence angles are required to achieve a 
non-ambiguous solution. Further, the combined sensitivity 
to density was not yet analyzed. It also remains to be inves-
tigated how the tomographic vertical resolution influences 
the retrieval of a bulk density and whether (Pol-)InSAR in-
versions of simple structure models may suffice. Theoreti-
cally, a single-baseline inversion of a Uniform Volume 
structure function would be enough to have an estimate of 
𝜎𝑣(𝑧, √𝜀𝐻,𝑉). 
The integration of tomographic profiles, or structure model 
inversions, into the CPD model reduces the number of un-
knowns to two. Therefore, incidence angle variety is still 
required to solve for density. 

2.4 Incidence angle variation to solve den-
sity dependence 

In (5) and (6), the dependency of the CPD on the (refracted) 
incidence angle results in larger phase differences at larger 
incidence angles, which is shown in Figure 5 (which is a 
different slice through the parameter space than in Fig-
ure 3). This is because the dielectric anisotropy is between 
the vertical and horizontal direction and it becomes more 
effective when the V polarization tends to align more par-
allel with the vertical. 
The incidence angle dependence can be used to solve for 
density. In case of only polarimetric measurements and 
employing (5) and modelling the dielectric anisotropy with 
spheroidal ice inclusions in air, three measurements at dif-
ferent incidence angles are theoretically sufficient to solve 
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Figure 5 Modelled CPD for an L-band wavelength as a func-

tion of incidence angle, for a 10 m one-way penetration depth 

in anisotropic firn with an axial ratio of the modelled firn 

grains of 1.15. The colours indicate different densities. 
 
for the three unknowns density, anisotropy and vertical 
backscattering structure [23]. This requires a very simple 
single-parameter model for 𝜎(𝑧). Extending the PolSAR-
only concept of [23] and including tomographic data, as 
described in Section 2.3, the resulting set of equations for 
measurements at various incidence angles, can be used to 
resolve the remaining two unknowns 𝜌,  𝐷𝐴.  
 

𝐶𝑃𝐷1 = 𝐶𝑃𝐷𝜃1
= 𝑓(𝜌,  𝐷𝐴, 𝜎𝑡𝑜𝑚𝑜1

) 
𝐶𝑃𝐷2 = 𝐶𝑃𝐷𝜃2

= 𝑓(𝜌,  𝐷𝐴, 𝜎𝑡𝑜𝑚𝑜2
) 

                            … 
𝐶𝑃𝐷𝑛 = 𝐶𝑃𝐷𝜃𝑛

= 𝑓(𝜌,  𝐷𝐴, 𝜎𝑡𝑜𝑚𝑜𝑛
) 

(7) 

3 Test site and data 
First results are based on airborne experimental SAR data 
from the percolation zone of Greenland (South Dome loca-
tion) [7], where the firn in the subsurface is several tens of 
meters thick and deeper than the L-band signal penetration. 
Figure 6 shows the horizontal homogeneity of the area by 
means of a polarimetric Pauli image (HH+VV blue, HH-
VV red, HV green). The location of in situ GNSS measure-
ments is indicated. CPD measurements along these GNSS 
samples are shown in Figure 7 (top) together with the cor-
responding incidence angle. Their relationship, which 
highlights also the variability in the CPDs, is shown in Fig-
ure 7 (bottom). In comparison to Figure 5, it becomes ev-
ident that the variance in the CPD measurements will com-
plicate a density retrieval. 
 

 
Figure 6 Location of the GNSS track in the center of an 
airborne polarimetric L-band image from the South Dome 
test site in Greenland.  

 

 
Figure 7 CPD at L-band and incidence angle at the South 
Dome test site. TOP: along the GNSS track. BOTTOM: 
CPD vs. incidence angle. 

4 First results 
A first experiment towards a density retrieval was achieved 
with a brute force approach by numerically deriving a best 
fit based on an RMSE between all measured CPDs at the 
incidence angles along the GNSS track and modelled 
CPDs, see (7), using the tomographic profiles as described 
in (6). First results were promising [22] and showed a cer-
tain agreement with firn core densities, but the correspond-
ing cost functions of the numerical inversion show only a 
weak sensitivity to density, see Figure 8.  
Future research will further investigate the sensitivity to 
density of this approach and what the impact of the combi-
nation of polarimetric and interferometric measurements 
is, based on simulations and the experimental airborne 
data. Of interest are the required incidence angle diversity 
and the required complexity or accuracy of the vertical 
backscattering distribution.  

 
Figure 8 Cost function of the numerical density inversion, 
which is an RMSE between the measured CPD at various 
incidence angles and the tomo-supported modelled CPD. 



5 Conclusion and Outlook 
This study investigates the sensitivity of polarimetric and 
(multi-baseline) interferometric SAR measurements to the 
density of snow, firn and ice in the subsurface of ice sheets. 
Previous studies have shown potential density retrievals 
based on PolSAR or InSAR measurements at multiple in-
cidence angles separately. Their combination reduces the 
number of unknowns and could improve the sensitivity to 
density or reduce the accuracy requirements of the phase 
measurements. A first sensitivity analysis with respect to 
density and incidence angle shows the potential, but also 
the challenging and rather limited sensitivity. Further sen-
sitivity analyses of model and acquisition parameters will 
lead to a better understanding of the retrieval potential. Fu-
ture research will address if tomographic profiles are actu-
ally required for a bulk density retrieval or to which extent 
smaller interferometric observation spaces are sufficient. 
The possibility of solving the remaining two unknowns in 
the PolSAR CPD model by combination with TomoSAR 
profiles was shown. Future work will address if two meas-
urements at different incidence angles would be enough 
and which incidence angle variability is required. Remem-
bering the permittivity and thus density dependence of a 
scatterer’s location within the subsurface, see (3), a second 
measurement from a different incidence angle gives a sys-
tem of two equations and two unknowns also in a pure In-
SAR case. Therefore, future work will investigate how the 
inclusion of polarimetric phase measurements influences 
the sensitivity to density and the accuracy requirements. 
Finally, the density estimates have to be interpreted care-
fully, since the underlying models are (strong) approxima-
tions of the real firn structure. This could be addressed in 
the future by an integration with firn densification models. 
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