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Abstract Data assimilation is one of the most important approaches to monitoring the variations of
ionospheric electron densities. The construction of the background error covariance matrix is an important
component of ionospheric data assimilations. To construct the background error covariance matrix, the
information about the spatial ionospheric correlations is required. We present a statistical analysis on the
ionospheric vertical error correlation length (VCL) based on a global network of ionosondes and the Neustrelitz
Electron Density Model. We show that the locally derived VCL is well-defined and the VCL does not show a
considerable dependency on the geographical seasons while local time dependencies of the VCL are shown to
be present. A novel VCL model is also established based on the ionospheric scale heights. We show that the
ionospheric VCL can be characterized by the variance ratio between the ionosphere model and ionospheric
measurements. The altitudinal variations of VCLs are controlled by the interactions between the inherent VCLs
of the ionosphere model and the measurements. Two experiments are conducted at two different latitudes based
on the proposed model. The results show that the proposed model is stable and well-correlated with the observed
VCLs, which implies a potential to be generalized for a global correlation model. The proposed model can be
used in the temporal evolution of error covariance matrices in the ionospheric 4D-Variational (4D-Var)
assimilations, which may overcome the main drawbacks of the static error covariance specifications in the
ionospheric 4D-Var assimilations.

Plain Language Summary In ionospheric data assimilations, one of the most important pieces of
information is the background error correlation, which controls the spatial spread of observations. In this study,
the vertical error correlation length (VCL) will be evaluated locally based on a statistical analysis using the
Neustrelitz Electron Density Model and global ionosonde observation network from Global Ionospheric Radio
Observatory. For the first time, this study establishes that ionospheric VCLs can be effectively characterized by
two primary parameters: the variance ratio and the correlation between the ionospheric model and the
observational data. In addition, the study examines the relationships between climatological VCLs and scale
heights within empirical ionospheric models. A novel VCL model is proposed based on the statistical analyses.
The proposed correlation length models offer utility in the temporal evolution of error covariance matrices
within ionospheric 4D variational assimilations, potentially mitigating one of the primary limitations associated
with static error covariance specifications in such assimilation procedures.

1. Introduction

Data assimilation is one of the most important approaches to monitoring the variations of ionospheric electron
densities. During the past two decades, several assimilation tools were developed, such as the Ionospheric Data
Assimilation Four-Dimensional (IDA4D), Global Assimilative Ionospheric Model (GAIM (Bust & Crow-
ley, 2007; Bust & Datta-Barua, 2014; Bust & Mitchell, 2008; Bust et al., 2004) and Neustrelitz Electron Density
Assimilative Model (NEDAM) (Yuan et al., 2023). Although the detailed strategies among all assimilation tools
may differ, one of the main challenges of data assimilations is the lack of knowledge about the error covariance
information of the background model. The correlations among ionospheric electron densities are not only
important for a better understanding of the ionospheric physical processes which determine the behavior of
ionosphere but also an essential part in the data assimilations (Daley, 1991; Scherliess et al., 2006; Shim
et al., 2008; Yuan et al., 2023).

The construction of the background error covariance matrix is an important component of ionospheric data
assimilation algorithms. For data assimilations with physics-based background models, it is often beneficial to
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estimate the background error covariances via the ensemble method (Codrescu et al., 2018; Kodikara et al., 2021;
Yue, Wan, Liu, & Mao, 2007; Yue, Wan, Liu, Zheng, et al., 2007). To construct the background covariance
matrix, the information about the spatial ionospheric correlations is required. It is commonly assumed that the
horizontal and vertical components are independent (Bust et al., 2004; Yue et al., 2011; Yue, Wan, Liu, &
Mao, 2007; Yue, Wan, Liu, Zheng, et al., 2007). The horizontal correlation matrix describes the correlations
between all the grid points and determines the area influenced by observations. Shim et al. (2008) have used more
than 150 million total electron density (TEC) observations from more than 1,000 globally distributed Global
Positioning Satellite (GPS) system ground receivers to study the local and spatial morphology of day-to-day
ionospheric variability. Forsythe et al. (2020) estimate the horizontal correlation lengths using 20 years of
GPS total electron content (TEC) values from the Jet Propulsion Laboratory Global Ionospheric Maps (GIMs) for
different seasons, geomagnetic conditions, and universal times. It was found that the global distributions of the
zonal and meridional correlation lengths between the two approaches are very different and that the correlation
lengths derived from day-to-day TEC variability cannot be used as a proxy for the construction of a covariance
matrix for ionospheric data assimilation.

However, there are only few studies on the ionospheric vertical correlations. The vertical error correlation matrix
as well as the background model itself determine the form of the assimilated electron density profile. It is shown
that the vertical part of the covariance model plays the most important role because it preserves the vertical
structure of the F-region density layer and helps to correct a tomographic issue that arises when the slant total
electron content is assimilated along the intersecting rays (Forsythe, Azeem, Blay, et al., 2021). But at the same
time, large correlations especially in the peak density regions prevent the change of peak density heights. It is also
suggested that the intersected observations need to be weighted properly by introducing the non-zero off-diagonal
terms in the observation covariance matrice (Yuan et al., 2023). Forsythe, Azeem, Crowley, and Themens (2021)
evaluated the vertical error correlation length (VCL) of electron densities based on a statistical analysis using
IRI2016 and 5 operational incoherent scatter radar (ISR) stations. However, the spatial limitation of the statistical
analysis is inevitable since the ISR stations are sparsely located and restricted within a narrow longitudinal sector.
Moreover, the VCL defined in Forsythe, Azeem, Crowley, and Themens (2021) is the distance where the cor-
relation coefficient is equal to 0.7. It is worth noting that the VCL defined there indeed represents an “average”
VCL between the reference height and the height where the linear correlation coefficient is equal to 0.7. And they
proposed an asymmetric (or anisotropic) strategy for modeling the VCL, which leads to an asymmetric covariance
matrix rather than a symmetric covariance matrix. Instead of using some simple empirical reference values for the
vertical error VCLs, it is more beneficial to derive a more realistic model for VCLs based on statistical analyses
using real observations.

In this study, the VCL will be evaluated locally based on a statistical analysis using the Neustrelitz Electron
Density Model (NEDM) and global ionosonde observation network from Global Ionospheric Radio Observatory
(GIRO). In Section 2, we describe the ionosphere model and data set as well as the processing strategies for our
statistical analyses. The proposed methods are presented in Section 3. The main results of ionospheric VCLs are
demonstrated and discussed in Section 4. A statistical characterization of VCLs is realized by relating the VCLs
with ionospheric scale heights. We develop a novel VCL model based on the above mentioned characterizations.
In order to validate the VCL models, two experimental analyses were also performed at the GA762 and LV12P
ionosonde stations. Finally, major conclusions and future tasks are given in Section 5.

2. Ionosphere Model and Data Processing
2.1. Neustrelitz Electron Density Model

The ionospheric plasma density shows both the long-term (climatology) and short-term (weather) variations. The
electron density distribution of the Earth's ionosphere can be modeled by adding a Chapman layer (Rishbeth &
Garriott, 1969), representing the ionospheric F-layer N, with an E-layer N,; model superposed by exponential
decay functions representing the plasmasphere N,p.

Ne = NeE +NeF +NeP

This model describes the spatial and temporal variability of the above-mentioned key parameters as a function of
local time, geographic or geomagnetic location, solar irradiation, and solar activity. Hoque et al. (2022) present a

YUAN ET AL.

2 of 16

85U201] SUOLULIOD BANER1D 3|1 [dde U} Aq peusenob aie el VO ‘esn J0 s8N 0} AZeig 1 3UlIUO 481 UO (SURIPUOD-PU.-SULIB LY A3 | 1M AReid) U |UO//SthU) SUORIPUOD PUe S L 3U3 885 *[202/60/50] U0 ARIqIT 8UIIUO ABIIM “URWeS ZYjoUWRH *Q Ul Hued Winey “N-4n "3 WnnueZ yasia Ad e2E00MSEZ0Z/620T 0T/10p/u00 A Aeiqieujuo'sandnfe//sduy wo.y pepeojumoq ‘€ '¥202 ‘06€L25ST



V od |
AGU

ADVANCING EARTH
AND SPACE SCIENCES

Space Weather 10.1029/2023SW003743

comprehensive validation of NEDM using in-situ data from DMSP (Defense Meteorological Satellite Program),
Swarm, Van Allen Probes and ICON (Ionospheric Connection Explorer) missions, topside TEC data from the
COSMIC/FORMOSAT-3 mission, bottom-side TEC data from the TOPEX/Poseidon mission, and ground-based
TEC data from the International GNSS Service (IGS) covering both high and low solar activity conditions. The
NEDM has heritage in a family of ionospheric models developed at the German Aerospace Center (DLR) in
Neustrelitz over the last 20 years. These include global empirical models for the ionospheric TEC, F2-layer peak
density NmF2, and peak density height hmF2, which are used in operational space weather services. The NEDM
is composed of the following domain-specific models. In the Neustrelitz Peak Density Model (Hoque &
Jakowski, 2011), the basic modeling approach includes five major dependencies of Nm on the local time, season,
geomagnetic latitude, equatorial anomaly, and solar cycle, and they are combined in a multiplicative way as

F.

1

Nm =

—.

]
—_

l

The factor F; explicitly contains the model functions and coefficients (Hoque & Jakowski, 2011). In the Neu-
strelitz Peak Height Model (Hoque & Jakowski, 2012), following the same basic approach as N,,, a set of
nonlinear equations describing the dependencies of /,, on local time, season, geomagnetic field, and solar activity
are combined in a multiplicative way (for details, see Hoque & Jakowski, 2012). The local time variation contains
the diurnal, semidiurnal, and terdiurnal harmonic components as well as dependency on the solar zenith angle. In
the Neustrelitz TEC Model (NTCM) the major dependencies of TEC are combined in a multiplicative way,
similar to the Nm model (Jakowski et al., 2011). The factors explicitly contain the model functions and co-
efficients whose number varies between 2 and 6 for different factors. A background ionosphere electron density
model is essential in data assimilations to provide apriori information and fill in areas where there are no available
data. The accuracy of the background model in a climatological sense is one of the most important factors that
affect the success of data assimilation, since the background covariance information is highly dependent on the
background model. In order to achieve complete coverage from ground to GPS satellites, the background
ionosphere model will also need to include a plasmasphere model, since plasmaspheric electron content may
contribute more than 60% of the total TEC in the line-of-sight direction, especially during the local night. And
recently Jakowski and Hoque (2018) developed an empirical Neustrelitz Plasmasphere Model (NPSM) based on
electron density data derived from topside GPS measurements onboard the Challenging Minisatellite Payload
(CHAMP) satellite. The NPSM describes electron density distribution in the topside ionosphere and plasma-
sphere by addressing not only Mcllwain L-shell dependencies of the electron but also by considering the coupling
with the ionosphere and altitude dependencies. Although the number of model coefficients and parameters is
rather small, these four models describe the main ionospheric/plasmaspheric features with good quality. Each
sub-model is driven by the solar radio flux index F10.7 and the 3D global outputs are realized by combining
multiple Chapman layers with a superposed exponential decay function describing the plasmasphere. Apart from
NEDM, a new assmilative model NEDAM was recently developed based on a 4D-Variational (4D-Var) approach
by Yuan et al. (2023). The background electron density model NEDM may contain the climatological variation of
the ionosphere while the assimilation NEDAM refines the background model with the short-term variations.

2.2. Global Ionosonde Observations

The Global Ionosphere Radio Observatory (GIRO) provides a global network of ionosondes with a considerably
high reliability and continuity. Figure 1 shows the geographical distributions of ionosonde stations used in this
study from the GIRO network in the solar maximum year (2013) and solar minimum year (2018). The blue dots
represent the available ionosondes in both years while the red dots represent the available ionosondes in 2018.
Ionograms are recorded tracings of reflected high-frequency radio pulses generated by an ionosonde. Unique
relationships exist between the sounding frequency and the ionosphere plasma densities which can reflect the
radio signal. In order to make the electron density profile uniformly organized, the electron density profiles are
interpolated with a step size of 5 km. It is worth mentioning that the ionosonde-derived electron density profiles
are valid below the peak density height and artificial above the peak density height due to the Chapman-
extrapolation. During nighttime, the detectable ranges of the ionosonde might be lower, since the solar radia-
tion is absent. The whole data set is divided into two subsets according to the local time, that is, day (09—15hr LT)
and night (21-03hr LT). Due to the possible discontinuity of the ionosonde data, it is crucial to remove the
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Figure 1. Geographical distribution of ionosonde stations from the GIRO network used in this study in the solar maximum
year 2013 and the solar minimum year 2018. The red dots represent the available ionosonde stations in 2018 only, and the
blue dots represent the available ionosonde stations in both 2013 and 2018.

discontinuity data points from the whole data set. A standard deviation filter is implemented for filtering ion-
osonde data, which means that the ionosonde from two standard deviations are removed.

3. Methods
3.1. The Vertical Correlation Length in NEDAM

In NEDAM, the 4D-Var problem is formulated as
J(x(tp)) = % (x(t0) — X};(fo))TBEI (x(to) — x5 (t9)) + Z (o — Hx(lk))TR;?l (e — Hx(1)) )]
k

where x(t,) represents the analysis state variable at time f,, x2(,) the background state variable at time f,, B, the
background precision matrix, y, the observation at time #,, H the design matrix, R;! the observation precision
matrix and x(z;) the predicted state variable at time #;. The state variable x(z,) to be analyzed could be estimated
based on a minimization procedure of the cost function J(x(z,)). One of the most important parts of the cost
function is the background error covariance matrix B, of which the vertical component is determined by the
vertical correlation model. The Gaussian correlation function is frequently used in various ionospheric data
assimilation tools (Bust et al., 2004; Forsythe, Azeem, Blay, et al., 2021; Ssessanga et al., 2018). For example, in
the Gaussian-Markov random field approximation of the precision matrix in NEDAM, the correlation lengths
serve as scaling factors in the finite-difference matrix (Yuan et al., 2023).

In this section, we formalize the definition of the vertical correlation length VCL. Provided the error of electron
density is regarded as a random variable of the altitude and the vertical correlation model is chosen to be a
Gaussian correlation, the local VCL of the electron density errors can be calculated as follows:

cov(ey,€,)

plx.y) = \Fvar(e,) var(e,) X

VCL(z) = V—A2/log(p(z,z + A)) 3)

where €, and e, represents the error of the ionosphere electron density model with respect to the ionosonde
observations at heights x and y, respectively. cov(e,.€,) is the covariance between ¢, and ¢,, var(e,) is the variance
of the e, and A is the vertical step size, which is 5 km in this study. The validity of the choice of the Gaussian
correlation function will be further discussed in Section 4.2. The VCL directly determines the vertical correlations
via the Gaussian correlation function.
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Figure 2. Probability distribution of the electron density error as a function of altitude for five ionosondes: GA762 (62.38°N,
145.0°W), GR13L (33.3°S, 26.5°E), HE13N (34.4°S, 19.2°E), LV12P (28.5° S, 21.2°E) and PQ052 (50.00°N, 14.6°E),
considering all available observations in 2013. The color bar represents the probability of the electron density error.

Figure 2 shows the typical probability distribution of the electron density error at different altitudes from 80 to
300 km. In Figure 2, the probability distributions are very similar for the three closely located ionosondes, namely
GR13L(33.3°S, 26.5°E), HE13N(34.4°S, 19.2°E) and LV12P(28.5°S, 21.2°E). And at all altitudes, there are
evidently biases between the ionosphere model NEDM and ionosonde measurement, especially at altitudes below
200 km. For GA762 and PQO52 stations, the biases between the NEDM and ionosonde measurement are less
pronounced than those for the three low-latitude stations. According to Schwarz inequality, the vertical corre-
lation coefficient is a real number ranging from minus one to one. In practice, the error correlation coefficient is
always non-negative within a finite range. And therefore, the VCL is well-defined by Equation 3. The choice of
the electron density model influences the statistical analyses of ionospheric vertical correlations, since different
models are developed based on different data and empirical parameterizations and formulations. In other words,
the VCLs generated by one model may not be suitable for data assimilation with other models.

The locally defined VCLs are important for two main reasons. First, it is naturally assumed that two random
variables at large spatial distances are independent. In practical applications, this assumption leads to a tapering of
the covariance matrices, which means that the spatial correlation is non-zero within a finite distance. The second
reason is that in the ionosphere, the electron density can vary by more than five orders of magnitude from the E
region to the F region. If the variance masks used in the data assimilation are proportional to the background
values, the large difference in magnitude of the variance masks also implies zero correlations for any two random
variables at large distances. Otherwise, the increments of the electron densities with smaller variances in each
assimilation step will be completely controlled by the electron densities with larger variances. In general, a
localization procedure is used in the construction of a sparse covariance matrix. For the two reasons above, there
is a strong case for the use of locally defined VCLs.

3.2. Statistical Characterization of VCLs

In ionospheric data assimilations, we are interested in the weather instead of the climatology. Simply speaking,
the ionospheric weather is subject to variations of many physical states that are not considered in the climato-
logical model. This fact implies that the climatological model can be assumed to be uncorrelated with the
measurements when modeling the VCLs. Suppose that the electron density from the model and measurements can
be regarded as two random variables X and X, with the parameter being altitude z and the climatological model is
uncorrelated with the measurements. Then, the vertical error covariance between the model and measurement can
be estimated as follows

Y(2) =X() - X2 )
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o3(2) = 6°(2) + 61(2) (5)
where o represents the square root of the corresponding variances. Consider the two random variables namely, Y
at z and z + A; the covariance between these two random variables can be written as
cov(Y(z),Y(z+ A)) = cov(X(z) — X, (2),X(z + A) = X,(z + A)) 6)
= cov(X(2),X(z + A)) + cov(X;(2),X,(z + A))
The corresponding correlation coefficient is
cov(Y(2),Y(z+ A))
Y@+ A) = = ™
\/ 05 (2)o:(z+ A)
Assuming the model and measurement are correlated with themselves at different heights by a Gaussian cor-
relation with VCL L and L,, respectively.
—A?
X(2),X(z+ A)) = ex (—)
PX@X G+ 8) = exp 25
—A2
PN e+ ) = exp( ) ®)
Li(2)
We get the general formula for the error correlation coefficient
_ AZ _ A2
o(2)o(z + A) exp (2—> +01(2)o1(z + A) exp (2—>
L"(2) Li(z) ©)
P(Y(2).Y(z+A) =
\/o7(@oi(z + A)
Considering the simplest case in which the variances for both models and measurements are the same constant
along the z direction, the correlation can be expressed by defining an effective VCL Ly
—A?
p(Y(2),Y(z+ A)) = exp <—> (10)
Ly(2)
—A2
Li(@) = lim—7 (11
zog<§(exp(_A2/L2(z)) N exp(—Az/L%(z))))
In small A cases, the effective VCL can be expressed by the Taylor expansion
2U2() 12 N(L2(2) - 3(2))
Lz ay= 2HOHO MO ZHON o) (12)
L@+ L) 2(L(2) + LA(2))
If the ionosphere model and the corresponding measurements have identical VCLs, the error VCLs between them
will indeed coincide. However, if the ionosphere model and the measurements have different VCLs, the effective
VCLs will exhibit nonconstancy, primarily due to the non-zero nature of the second order term, unless A = 0. In
this case, the VCL is not a standard Gaussian correlation outside a small neighborhood of height z. This explains
why the correlation coefficients at 180 km in Figure 5 diverge from the locally derived Gaussian distribution and
why the green lines are slightly “wider” than the orange lines. We notice that L2(z = A) is an even function of A,
which means that under ideal conditions, the rate of divergence exhibits symmetry in the vicinity of the height
parameter z.
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Figure 3. Global color-coded scatter plots of ionospheric VCLs. Unit: kilometers. Plots are binned into four different groups, that is, year (2013, 2018), season (summer,
winter), local time (day, night) and altitude (160 km, 240 km).

If the variance ratio k(z) = o(z)/0(z) is not identical to 1, the effective VCL in Equation 11 and the Taylor
expansion in Equation 12 become

2
L3(z) = lim —A
Y A=0; 12(2) exp CA2/L2(2))+exp CAY/LA(2))
08 P(2)+1

_(RFQ+)PELE , FOA(LE - LE)
PR+ REOLE 2@ +RRLE)

Ly(zx A) o(a%) (13)

We note that in commonly used ensemble or Monte Carlo methods, the “virtual” observations are sometimes
taken to be the average of the ensembles. In this case, the simulated VCL converges to the climatological VCL
which is defined and estimated in the Appendix A. As is described in the Appendix A, the climatological VCL can
be expressed as

2H?
Ly = —— (14)

clim
T

where H is the local scale height, 7 is the standard deviation of the perturbation of the model driver, « is the slope
of the scale height with respect to the model driver. Equation 14 illustrates that the climatological VCL is not
uniquely determined by the inherent characteristics of the ionospheric model in isolation. Instead, the climato-
logical correlation is inextricably linked to the nature of the perturbations employed. Climatological VCLs
typically exhibit values considerably larger than the local scale height of the ionospheric model. For example, if
za = 0.2H, L, = 10H.

clim

It is important to emphasize that while ensemble methods are valuable for propagating error covariances in
dynamical systems over time, their applicability may be less suitable for generating vertical correlations in the
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Figure 4. Pearson correlation coefficients for five different ionosondes:
GA762, GR13L, HE13N, LVI12P, and PQ052. The first column shows the
correlation coefficients during 9-12 hr LT and the second column shows the
correlation coefficients during 12—15 hr LT. The numbers in brackets are the
geographical latitude and longitude of the ionosonde stations.

context described in this work. This assertion is consistent with previous
ensemble experiments with empirical models, such as the IRI2016 with
Chapman-fitted incoherent scatter radar observations and NeQuick-Az with
ensemble methods (Aa et al., 2022; Forsythe, Azeem, Crowley, &
Themens, 2021).

4. Results and Discussion
4.1. Local Time and Seasonal Variation

Figure 3 shows the ionospheric VCLs and demonstrates the possible de-
pendencies of VCLs on local time and geographical seasons. It is intuitive to
believe that the VCL should vary with local times, since the ionosphere
photo-chemical reactions play an essential role in the vertical correlations.
The behaviors of ionospheric vertical error correlations differ significantly
during local daytime and nighttime. By comparing the first two columns and
last two columns, it is evident that at both 160 and 240 km, the VCLs show the
day-night asymmetry.

In Figure 3, there is a clear distinction between daytime and nighttime VCLs,
indicating a pronounced diurnal variation and suggesting weaker vertical
correlations during nighttime hours. The underlying rationale for this tem-
poral disparity can be attributed to the ionospheric structural organization
governed by Chapman theory during daylight hours. In cases where the
photoionization process dominates electron production, higher correlation
coefficients, or equivalently larger VCLs, are expected between electron
densities at different heights due to the deterministic influence of solar ra-
diation on electron density variations. Comparing daytime VCLs during the
northern summer and winter seasons, there is no significant difference be-
tween the two seasons, which agrees with the previous studies (Forsythe,
Azeem, Crowley, & Themens, 2021).

However, during nighttime intervals, the negligible influence of solar ra-
diation on the photoionization process leads to a scenario where the
nighttime electron density behavior at different altitudes may be subject to
different mechanisms. These mechanisms, which include local ionospheric
electrodynamics, atmospheric waves, and particle precipitation, suggest that
nighttime electron densities may not exhibit as robust vertical correlations as
their daytime counterparts. Furthermore, there is an observable non-
uniformity in VCL distributions across latitudes. The complexity of night-
time VCLs suggests separate considerations of daytime and nighttime VCL
modeling.

4.2. Gaussian Nature of Ionospheric Vertical Error Correlations

Figure 4 shows the five examples of vertical error correlation coefficients
derived from ionosonde obervations at different latitudes. These five ion-
osondes are selected according to latitudes, that is, low latitude (GR13L,

HE13N and LV12P), mid latitude (PQ052) and high latitude (GA762). We can see that at around 150 km the high
correlation area for GA762 and 9—12hr LT is narrowing, which implies equivalently a decrease in VCL. The
narrowing effect is greater in low and mid latitudes. However, the overall correleation distributions for three low
latitude ionosondes are different from that for mid and high latitude ionosondes. The change in contours of the
correlation coefficient away from the diagonal is rapid in the forenoon low latitude stations, which is shown by

larger areas inside the zero (purple) contour lines. In the lower ionosphere below 120 km, the vertical correlations

seem to have no well-organized structure. The VCL in the lower ionosphere is significantly smaller than that in

the F layer.
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Figure 5. Three different correlation modeling cases, that is, the truth calculated from Equation 1, Gaussian model based on
the VCL from Equation 2, Gaussian2 model based on the VCL from Equation 2 but by using the second nearby point, and
exponential correlation case based on VCL, locally estimated by exponential correlation functions for the ionosonde station
GA762 and different reference altitudes from 130 to 260 km during 9-15 hr LT in 2013.

By comparing the two columns in Figure 4, it can be seen that the vertical correlations have similar structures
during 9-12hr LT and 12-15hr LT. But the correlations during 12—15hr LT are slightly larger than those during 9—
12hr LT at the same altitudes for all five ionosondes. The zero contour lines expand outwards significantly for
those three low latitude ionosondes. From the correlation patterns shown in Figure 4, it is evident that the cor-
relation coefficients decrease rapidly along with changes of altitudes in the vicinity of the diagonals, which, to
some extent, supports the idea of local definition of the VCL.

In previous studies on ionospheric data assimilations, the Gaussian correlation functions are commonly used. But
the VCL in the Gaussian function may not be uniquely defined. For example, the VCL may be defined as the
distance at which the correlation is equal to 0.7. The disadvantage of this definition is the potential break of local
symmetry of the covariance matrix. On the other hand, this definition ignores the local behavior and focus on the
spatially “average” behavior within a certain distance. However, we are more interested in the local behavior of
error correlations than the far-field behavior, since the correlations decrease much faster in the far field. Provided
the VCL is defined locally, it is essential to check if the locally derived correlation model can represent the true
correlations in a larger distance or not. Figure 5 shows the examples of comparisons among three different
correlation modeling cases, that is, the truth calculated from Equation 1, Gaussian model based on the VCL from
Equation 2, Gaussian2 model based on the VCL from Equation 2 but by using the second nearby point, and
exponential correlation case based on VCL locally estimated by exponential correlation functions. It is shown that
the exponential correlation model is not able to describe the true correlation. In contrast, the two locally defined
Gaussian correlation models, that is, the orange and green lines, fit the truth very well not only around the
reference point but also in the region far away from the reference point, except the top right panel. For the
reference point located at 180 km, the truth diverges from the locally defined Gaussian model outside the
neighborhood of the reference point, which is also shown in Section 3.2.
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Figure 6. Validations of the vertical profiles of the error VCLs at two ionosonde stations, LV12P and GA762. The first
column shows the modeling part and the second column shows the validation part. Blue (orange) lines represent the VCLs
based on the optimized ratios (calculated from ionosonde observations). Green lines display the difference between the blue
and orange lines. Red lines are the mean scale height (SH) based on ionosonde observations during each tested period.

4.3. Modeling the VCL: Two Case Studies

The ionospheric scale height can be a reasonable alternative for the VCL (Bust et al., 2004). It holds considerable
promise if the VCLs can be effectively modeled in terms of the corresponding ionospheric scale heights.
Implementing a correlation model where the variable is represented by scale heights proves practical, since
empirical and physics-based ionospheric models typically provide scale height.

The vertical scale height in the Chapman theory can be derived from the electron density profile (Herndndez-
Pajares et al., 2017; Hoque et al., 2023). The vertical scale height can be estimated using the following equation

N(h) = N, exp((l/Z)*(l —ﬁ—e—ﬁ)) (15)

where N(ﬁ) is the electron density at reduced height h= (h — hmF2)/H, N,, is the maximum electron density of
the F2 layer, and H is the vertical scale height.

To achieve an accurate representation of the VCLs, it is imperative to establish a fundamental relationship
between the VCLs L and the associated scale height H. Ionosphere models exhibit stronger vertical cor-
relations compared to ionospheric observations, for example, from ionosondes. According to Equation 14,
we define the ratio of VCL to scale height as 5 for models and 0.5 for ionosonde observations. The
remaining task is to find the vertical profile of the optimal variance ratio k based on ionosonde observa-
tions. However, the determination of this “optimal” ratio is a complex task, as there are different meth-
odologies for its definition. For example, one approach could be to search for the optimal ratio that
minimizes the standard deviation of each error VCL estimated from Equation 12. This method is inherently
flawed because VCLs have nonlinear dependencies on all the parameters involved. A more robust and
comprehensive approach to defining the optimal ratio is to utilize all available observations. In particular,
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Figure 7. Color-coded temporal variations of modeled VCLs (unit: km) as a function of altitude for two ionosondes, LV12P
and GA762, at 12 hr LT in 2013. The upper gray regions in both panels represent the hmF2 height in the NEDM ionospheric
model.

by recognizing from Equation 12 that the reciprocal of the square of the VCL between two equally
weighted independent random variables is equivalent to the mean of the reciprocals of the squares of the
two original VCLs, a generalized approach can be easily formulated. Suppose during each observation
window there are m different ionosphere states {X;, X5, ..., X,,} observed by one ionosonde, then the errors
{X-X,, X-X,, ..., X-X,,} are equally weighted independent random variables. The VCL L that we calculate
directly from Equation 3 will satisfy

n &K@+ DLELQ

(¥ (16)
() w2 LE+RPRLIAR)

P2 (2) = 5A,,(2)

L, (z) = 0.5H,,(2) )

where L(z) is the VCL calculated by Equation 3, £,,(z) is the mth VCL from the ionosphere model at altitude z,
L, (z) is the mth ionosonde VCL at altitude z, H,,(z) is the mth ionospheric scale height from the ionosphere model
at altitude z and H,,(z) is the mth ionospheric scale height from the ionosonde observations. On the right hand side
of Equation 16, there is only the unknown variance ratio k(z) for each altitude z.

In this way, we could estimate the optimal ratio and two experiments are conducted for LV12P and GA762
ionosondes using observations throughout the year 2013. First we estimate the optimal ratio using the
ionosonde observations from 12 to 13hr local time. The modeling results are shown in the first column of
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high lat low lat Figure 6. The validation is conducted by the same procedure using the
200 ‘ 300 S optimal ratio in the first step, but for another period which we choose to
g 250 1 250 be 15-16hr local time here. The validation results are shown in the
E 200 4 200 4 second column of Figure 6. In the lower E region below 130 km, cor-
E] relation model values are missing simply because the Chapman layer
5 1501 1501 assumption is not valid in this region and the proposed correlation model
100 | 100 | ! is not well-defined. This observation underscores that, below 130 km, the
0 100 0 50 100 scale height may not be a suitable indicator for characterizing error
300 300 VCLs. In practical applications, the model gap can be simply filled with

;E: 250 250 4 the lowest value of the modeled VCLs.
;.; 2004 200 - Several notable observations concern the vertical correlation model. First, it
2 is evident that the ratio between the model-derived VCLs and the scale
s 1507 150 1 height exhibits variations depending on the specific ionospheric model used.
100 . 100 . For this reason, a separate parameterization of the vertical correlation
0 100 0 100 models for different ionospheric models will be necessary. Second, it is
300 300 crucial to recognize that the ionospheric state is subject to daily variations.
€ 2504 250 - Therefore, the computed ionospheric correlation coefficients and lengths
= based on daily ionosonde observations may not fully adhere to statistical
§ 200 1 200 idealities, as it is not possible to reproduce the same ionospheric state in an
'% 150 A 150 A infinite number of simultaneous measurements. Finally, it should be
156 | &di | emphasized that the proposed methodology has a generic applicability that
0 100 0 100 extends to other empirical ionospheric models that encapsulate ionospheric

300 300 — climatology.

;E: 250 4 250 4 = o Figure 7 shows a 0910r—coded repres§ntati0n of the t.emporal dynamics of the
b — 565 = e modeled V.CLs with re.spect to altitude for two ?ono§on(?es, LVI12P and
5 =k GA762, during 12hr LT in 2013. The upper gray regions in Figure 7 represent
£ 150 4 150 4 the hmF2 height in the NEDM ionospheric model. It is easy to see that the
100 ] | 100 : | modeled VCLs show remarkable variations on different days of the year. In
0 50 100 0 50 100 particular, for LV12P, the modeled VCLs show comparatively less variation

correlation length (km)

Figure 8. Modeled VCLs based on ionospheric climatological scale height
(SH model; blue) and ionosonde scale height (SH iono; orange). The dotted
lines in different colors represent modeled VCLs for different values of the
correlation coefficient r between the ionosphere model and the observations.

correlation length (km) compared to GA762. This discrepancy seems to be correlated with the scale
heights obtained from ionosonde observations. In the upper F region above
approximately 250 km, the temporal variations of VCLs are related with the
extrapolations of the ionosonde-derived electron density profiles and there-
fore not physically true. Modeling VCLs in the upper ionosphere and plas-
masphere may need the inclusion of radio occultation or incoherent scatter

radar observations.

In the case of GA762 in Figure 7, the modeled VCLs show a distinct temporal pattern, increasing from about
30 km at the beginning of the year to more than 80 km in the second half of the year at the altitude of 170 km.
Analogous increases in VCL values are observed at 210 km altitude. It is important to recognize that such dy-
namic changes in the modeled VCLs can have a noticeable influence on the results of data assimilation pro-
cedures, especially when multiple kinds of data with different geometries are included in the assimilation.

Figure 8 shows an example of modeled VCLs based on different types of ionospheric climatological scale heights
and ionosonde-derived scale heights. The solid blue and orange lines correspond to the ionospheric climatological
scale height and the ionosonde-derived scale height from actual ionosonde data, respectively. The dotted lines in
different colors represent modeled VCLs for different correlation coefficient r values between the ionosphere
model and the observations. The top row shows a typical set of scale heights, while subsequent rows show the
same typical scale heights perturbed by a sinusoidal increment with a spatial period of 100 km and an amplitude of
10 km.

The proposed model is inherently dynamic, implying that as scale heights vary in time, either from observations
or ionospheric models, the modeled VCLs adapt in accordance with these changes in scale heights. The results
obtained from this representation show a consistent pattern: as the observed ionospheric scale height decreases,
the corresponding VCLs show a concomitant decrease. This observation is consistent with the imperative need
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high lat low lat to resolve finer ionospheric structures, especially when encountering larger
200 200 vertical gradients. Figure 8 further illustrates the VCL profiles for different r
g 250 250 - values. Different r values represent different correlations between the
E 200 4 200 4 ionosphere model and measurements. The presence of nonzero values of r is
E] essential to ensure the existence of VCL values that extend beyond the
5 1501 1501 boundaries of minimum and maximum scale heights, thereby accommoda-
100 100 ting a wider range of spatial correlations.
° ° In this study, the higher order terms in Equation 13 are neglected when
200 =40 evaluating the VCL. Figure 9 shows the modeled VCLs for different values
;E: 250 1 250 of A based on Equation 13, which includes the second order terms of A. As
;.; 2004 200 - mentioned in Section 3.2, the VCLs will increase in the vicinity of the
2 reference height when the climatological correlation lengths are different
s 1507 230 1 from the observed ionospheric correlation lengths, which is also shown in
100 100 Figure 9. The inclusion of the second order terms has more complicated
0 0 dependencies on the model and ionosonde scale heights than the zeroth
300 300 order term shown in Figure 8. The inclusion of higher order terms provides
€ 2504 250 - chances to model the “flattened” correlation in the top right panel in
= Figure 5, which may be one of the main tasks for the VCL model parameter
4;; 200 200 - optimizations.
£ 150 A 150
100 ; 100 : 5. Conclusions
300 300 This study presents a comprehensive statistical analysis of the ionospheric
. vertical correlation length (VCL) using data from a global network of ion-
§ 250 1 250 1 osondes. The main conclusions of this investigation are summarized as
§ 200 4 200 A 22— S o follows:
'Tt_c 150 1 150 4 S 1. Locally derived VCLs were shown to have well-defined characteristics. In
100 | 100 ) | = A=2.0 K particular, the VCL shows limited dependence on solar flux or seasons,
0 50 100 0 50 100 while exhibiting discernible local time dependencies. In general, daytime

correlation length (km)

Figure 9. Modeled VCLs based on ionospheric climatological scale height 2
(SH model; blue) and ionosonde scale height (SH iono; orange). The dotted
lines in different colors represent modeled VCLs for different values of A.

correlation length (km) VCL values show a considerable increase compared to those observed at

night, across all altitudinal regions.

. For the first time, this study establishes that ionospheric VCLs can be
effectively characterized by two primary parameters: the variance ratio
and the correlation between the ionospheric model and the observational
data, the latter being assumed to be zero in this study. VCL changes with
altitude are mainly determined by a combination of inherent climatological

and measured correlations. In addition, the study examines the relationships between climatological VCLs and
scale heights within empirical ionospheric models.

3. Two experimental analyses were performed at the GA762 and LV12P ionosonde stations using the proposed
model. The results show that the proposed model exhibits stability and a significant consistency with observed
VCLs during daytime conditions, suggesting its potential for global correlation modeling.

4. The proposed models offer utility in the temporal evolution of error covariance matrices within ionospheric
4D-Variational assimilations, potentially mitigating one of the primary limitations associated with static error
covariance specifications in such assimilation procedures.

Future research plans include the establishment of a global VCL model, achieved through parameter optimization
using global electron density profiles over one or more solar cycles. In addition, the intricacies of nighttime
correlations, which are more complex than their daytime counterparts and were not addressed in this study, could
be the subject of further investigation. The proposed correlation model is intended for use in NEDAM as a scaling
parameter in the Gaussian Markov Random Field approximation of the background precision matrices, as
described in the work of Yuan et al. (2023). The performance of locally derived VCLs will be detailed in
forthcoming research papers.
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Appendix A: Derivation of the Climatological Vertical Correlation Length in
Equation 14

From Equation 2, the vertical electron density gradient is

ﬂ _ N <1 _h—h;m)
on~ 2H\ "¢

In the region that is far above the peak density height, which means that

h— hmF?2

> 1
H

we may drop the term ¢~ in the gradient. Since H(z) is a function of the model driver g, the perturbed scale height
with a Gaussian perturbation Ag ~ N'(0,7%) is

H(q + Agq.z) = H(q.2) + a(q.2)Aq + O((Ag)?)

oH
a=—
aq

The ionospheric electron density variations in the climatological model is composed by three parts which are the
variation in NmF2, hmF2 and scale heights. For simplicity, we do not discuss the variation of NmF2 and hmF2
here. In the region that is far away from peak density height, the climatological correlations can be estimated as
follows

r=z—hmF2

ra(g,2)Aq
2H%(q.2)

_ _ A ra(q,2)Aq\ A
AN(g+Aqz+ A)=N (] 2H(q+Aq,z)>(l * 2H2(q,z>> N (1 2H(q,z))

AN(q + Ag,2) = N(g.2)

A _ A /1 B a(q,z)Aq)
2H(g+Aqz)  2H(g.2)\  H(g.2)

a(q,2)Aq(2AH(q,z) + 2rH(q,z) + rA)
4H’(g,2)

r(a(g.2)Aq)* A

AN(g+ Agq,z+ A) = 1 (4.0

N(g,2) + N(g,2)

The correlation coefficient becomes

)= cov(AN(q + Aq,z),AN(q + Agq,z — Az))
6% = cov(AN(q + Aq,2),AN(q + Aq,z))
05 = cov(AN(qg + Ag,z+ A),AN(q + Ag,z + A))
Using the fact that for any random variable X ~ N(0,6%)
var(cX) = cov(cX,cX) = cPvar(X) = ?6?

cov(X2,X) = E(X*) - EX)E(X*) =0
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var Xz) =20*

after substitution, the correlation coefficient y becomes

1

1+ 202 A2r272
H2(QQHr+rA+2HA)?

p=

where all variables are evaluated at altitude z and A is small compared to the scale height H. The corresponding
correlation length is

2 2
2H | (2H +7) H—A+O(A2)

Liz+ A)=—
(2 ) Ta Hr Ta

Itis noted that the climatological correlations are asymmetrically distributed around altitude z due to the nontrivial
first order term of A, which is different from Equation 13. The climatological VCL L, can be estimated by

2H?
Lclim = (*)
T

In the region that is close to the peak density region, which means that

h — hmF?2

e

following the same procedure, the climatological VCL becomes

2H?
Lejim = waf

In the region that is far below hmF2 height, which means that

h — hmF2
H

<=1

the climatological VCL is similar to the first case.

H>
Ljim ~ —
Ta
It is clear now that the uncorrelated part comes from the nonlinear term (Ag)?. Following the same computation, it
can be shown that NmF2 and hmF?2 variations of the first order do not contribute to the uncorrelated part, which
implies that in general the omission of NmF2 and hmF?2 in the above discussion is reasonable.

Data Availability Statement

All available ionosonde data from GIRO data sets can be downloaded from https://www.ngdc.noaa.gov/stp/
IONO/.
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