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Abstract

Transionospheric radio signals might undergo random modulations of their amplitude and phase caused by scattering on irregular
structures in the ionosphere. These scintillation phenomena are highly anisotropic, depend on local geomagnetic field configuaration
and on the relative position of the signal receiver and scattering irregularity. We derive analytical expressions of anisotropic amplitude
and phase scintillation indices using the model of a thin random phase screen. These results extend the classical derivations of [C. Rino,
Radio Sci. 14, 1135 (1979)] to a larger domain of applicability including very slant propagation links of the radio wave signals. The
derived generalization is based on the assumption that the ionospheric scattering layer has a spherical symmetry as opposed to the orig-
inal Rino’s assumption of a plan-parallel ionospheric layer. The derived scintillation indices have the simpler analytical form, determine
the regions of enhanced scintillation by taking into account the finite curvature of the Earth and of the ionospheric shell, and are
divergence-free for large zenith angles of propagation links. For the illustration we discuss the geometric enhancement of scintillation
for communication links via a geostationary beacon satellite over the equator.
� 2023 COSPAR. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/
by-nc-nd/4.0/).
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1. Introduction

Electron density irregularities in the nighttime iono-
sphere are responsible for causing amplitude and phase
scintillation of transionospherically propagating radio
waves. Such irregularities are usually aligned along the geo-
magnetic field lines of force, are elongated along these lines,
and show complex morphology. Due to these features of
ionospheric inhomogeneities, the resulting scintillation
indices are anisotropic, i.e., the fluctuation levels of the
transmitted radio wave depend on the receiver zenith and
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azimuth angles of the transionospheric link as well as on
the anisotropy parameters (Kumagai and Ogawa, 1986;
Gola et al., 1992; Anderson and Straus, 2005;
Afraimovich et al., 2011; Jandieri et al., 2017; Bezler
et al., 2019; Hong et al., 2020; Yang and Morton, 2020).

Several models of anisotropic random ionospheric med-
ium have been proposed in multiple studies (Briggs and
Parkin, 1963; Singleton, 1970; Mikkelsen et al., 1978).
The usual approach is to restrict own attention on the
second-order statistical correlation properties of the elec-
tron density fluctuations of ionospheric irregularities. For
anisotropic medium the value of correlation radius would
depend on the direction of the vector that connects two
spatial points at which the correlation properties of elec-
tron density fluctuations are studied. For example, the cor-
relation radius for a field-aligned anisotropic irregularity is
mmons.org/licenses/by-nc-nd/4.0/).
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larger in the direction of the geomagnetic field when com-
paring to any other direction. For analytic calculations,
surfaces where the correlation radius is set to be constant
are usually approximated by ellipsoids. Such model is well
justified in the spaced-receiver correlation experiments of
diffraction pattern of transionospheric signals (Briggs
et al., 1950; Costa et al., 1988).

Based on the ellipsoidal model for anisotropic electron
density fluctuations, C. Rino in (Rino, 1979a) managed
to obtain the analytic formulas for the scintillation indices
of the electromagnetic wave scattered on such inhomo-
geneities. This model is applicable for a weak scattering
regime, when the irregular ionosphere can be considered
as a thin random phase-changing screen with the pre-
scribed statistical properties. The Rino approach became
later the cornerstone in the development of the global cli-
matological scintillation model WBMOD (Secan and
Fremouw, 1983; Secan et al., 1995; Secan et al., 1997),
which has been validated in multiple studies (Knight
et al., 1999; Cervera et al., 2001; Forte and Radicella,
2005; Priyadarshi and Wernik, 2013; Carter et al., 2014).
The Rino model remains a popular tool in studies of differ-
ent aspects of ionospheric scintillation (Wernik et al., 2007;
Rino, 2011; Carrano et al., 2012a; Carrano et al., 2012b;
Deshpande et al., 2014). This can be attributed to the fact
that the model provides the closed analytical expressions
for the scintillation indices, uses plausible assumptions,
and is applicable in multiple practical situations.

One of the premises of this theoretical treatment is the
assumption that the source of the radio signal is positioned
in near vertical direction to the ground-based receiver. In
this approximation the effects connected to the finite curva-
ture of the ionospheric layer can be neglected, while the
slant signal propagation paths are treated via the series
of appropriate projection transformations. As an example
of such transformations, the vertical distances are pro-
jected to the slant ones via the multiplication by the map-
ping function sec h, where h is the observer zenith angle.
It is clear that the secant function diverges at the zenith
angles close to p=2 radians and therefore yields the inade-
quate values for the slant ranges at these angles. In fact,
the inclusion of effects connected with the finite curvature
of the Earth and of the ionospheric layer is necessary for
the very slant links.

To our knowledge the first attempt to include the correc-
tions to the classical theory of Rino (1979a,b), aiming to
extend its applicability domain to the case of very slant
propagation paths, has been undertaken by Priyadarshi
and Wernik (2013). Priyadarshi and Wernik performed
the qualitative analysis of scintillation indices and treated
their divergency for slant links by expressing the satellite
elevation angle in terms of the elevation angle of the obser-
ver (El-Arini et al., 1994). Still, the functional dependence
of the scintillation indices on the elevation angle in this
work has been adapted from the original flat-geometry for-
mulation (Rino, 1979a) and thus the proposed modifica-
tion is not a fully consistent generalization to the
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spherical geometry. In Vasylyev et al. (2022) we considered
the geometric aspects of the scintillation modeling in more
consecutive manner and listed the expressions for the scin-
tillation indices in the weak scattering regime assuming the
sphericity of the ionospheric shell. The present article pro-
vides more details on this treatment of the radio wave
propagation in a weakly scattering random medium with
the inclusion of spherical geometry of the ionospheric layer
and of the Earth surface.

The article is structured as follows. In Section 2 the
problem of electromagnetic wave propagation in the ran-
dom ionosphere is outlined. In Section 3 we derive analytic
expressions for scintillation indices taking into account ani-
sotropic effects and considering spherical symmetry of the
ionospheric shell and Earth surface. The obtained results
are then compared with the Rino model, which utilizes
the flat-geometry approximation. In Section 4 the geomet-
ric enhancement of scintillation is demonstrated for the
vertical and slant signal propagation links. Finally, some
concluding remarks are summarized in Section 5.

2. Theory of scintillation: a thin phase screen approach

In this section we summarize the main results of wave
propagation theory in a randomly inhomogeneous iono-
sphere with the emphasis on the thin random phase screen
approach. Later on this approach would be used for
obtaining the analytical expressions for the anisotropic
scintillation indices.

2.1. Wave propagation in a randomly inhomogeneous

ionosphere

Let us consider the situation when a sender, placed e.g.
on an orbiting or stationary satellite, transmits a signal at
some radio frequency band to a ground-based receiver.
The signal transverses the layer of the ionosphere. The lat-
ter has a randomly inhomogeneous structure under dis-
turbed ionospheric conditions. In this case the slow
varying component of the electromagnetic field, u rð Þ, satis-
fies the following paraxial wave equation (Yeh and Liu,
1982; Tatarski, 2016)

2ik
@u rð Þ
@z

þ D?u rð Þ þ 2k2dn rð Þu rð Þ ¼ 0; ð1Þ

where the z axis is chosen along the propagation direction,
D? is the Laplace operator component transversal to this
direction, k is the wavenumber in the medium, and

dn rð Þ � � rek
2

2p
dNe rð Þ; ð2Þ

is the random part of the medium refractive index. Here

re � 2:818� 10�15 m is the classical electron radius and
k ¼ 2p=k is the wavelength of the electromagnetic wave,
and dNe is the random component of the ionospheric elec-
tron density. It is worth to note that the relationship (2) is
approximative and is justified if the wave frequency is
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much larger than the plasma frequency (i.e., larger than 1–
1.5 MHz).

The Eq. (1) establishes the relationship between the
wave function u and the random function dn. In the view
of stochastic nature of the function u rð Þ, the properties of
the transmitted wave are characterized by the moments
of u or by their combinations. One such a combination that
is widely used is the intensity or amplitude scintillation
index

S4 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I2
� �� Ii2

Ii2;
D

*vuuut ð3Þ

where I ¼ juj2 is the intensity of the transmitted wave. The
index S4, as seen from its definition, characterizes the
strength of intensity deviations from the mean intensity.

The amplitude scintillation index as defined in Eq. (3)
uses the absolute values of the electric field. However, in
some applications the information on the strength of phase
fluctuations is of higher interest. Denoting the phase depar-
ture of the wave detected by the observer as S the index

rS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2
� �� Si2

Dr
ð4Þ

characterizes the strength of phase fluctuations from the
mean phase value. Since the phase is a circular variable,
this definition is applicable as statistical measure if the
phase deviations from the mean are much less than the
value of p.

2.2. Thin phase screen approximation

One method for solving Eq. (1) is based on the assump-
tion that the irregular medium is thin enough and the
diffraction-associated spreading of the wave propagating
within this medium is therefore negligible. This require-
ment is met if the corresponding r.m.s. angle of scattering

is negligibly small, i.e., kl0ð Þ�1 � 1, with l0 being the typi-
cal scale size of ionospheric irregularities contributing to
the diffraction-associated scattering [inner-scale parameter
in (Yeh and Liu, 1982)]. In this case we can neglect the term
D?u in (1), cf. (Uscinski, 1977), and solve the resulting
equation taking the plane wave of the constant amplitude
U 0 to be the associated boundary condition. The solution
for this part of propagation in the medium reads as

u0 r?ð Þ ¼ U 0 ei du r?ð Þ; ð5Þ
where r? ¼ x yð ÞT is the transverse component of position
vector r and

du r?ð Þ ¼ k
Z s

0

dn rð Þdz ¼ �rek
Z s

0

dNe rð Þdz ð6Þ

is the phase increment gained while propagating through a
thin slab of the random medium. In general, the integration
in Eq. (6) is performed along the slant path with the length
s corresponding to the distance from the screen and the
3517
receiver defined in Eq. (A.15) of Appendix A or in Eq.
(C.8) of Appendix C. We also note that since the iono-
sphere has a finite thickness and dNe is zero at some dis-
tance Ds, the limits of integration in Eq. (6) can be
restricted to the interval 0;Ds½ �.

Beyond the phase screen, the random component dn in
Eq. (1) is negligible and the diffraction effects associated
with the term D?u become important. Thus, one can con-
sider Eq. (5) as the boundary condition of the parabolic
Eq. (1) with the omitted random term. This corresponds
to the approximation of a thin random phase-changing
screen (Booker et al., 1950; Hewish, 1951; Briggs and
Parkin, 1963; Rino, 1979a), which yields the following
expression for the field at distance s from the phase screen
(Wernik et al., 1983):

u r?; sð Þ ¼ U 0 exp v r?; sð Þ � iS r?; sð Þ½ �; ð7Þ

v r?; zð Þ ¼ k
2pz

Z
du r0?
� �

cos
k
2z

jr? � r0?j2
� �

d2r0?; ð8Þ

S r?; zð Þ ¼ k
2pz

Z
du r0?
� �

sin
k
2z

jr? � r0?j2
� �

d2r0?; ð9Þ

where v rð Þ ¼ log ju rð Þj=U 0ð Þ is the log-amplitude of the
wave and S is its phase departure.

2.3. Statistical characterization in the medium

We are interested in derivation of the scintillation
indices (3) and (4), which are related to correlation func-
tions of quantities (8), (9). For this purpose we define the
correlation function as

qX r1; r2ð Þ ¼ X r1ð Þ � X r1ð Þh i½ � X r2ð Þ � X r2ð Þh i½ �h i ð10Þ
� X r1ð ÞX r2ð Þh i;

where X is the wave log-amplitude v or the phase shift S.
Here we have used vh i ¼ Sh i ¼ 0 as the consequence of
assumption that the random phase of the phase screen is
detrended, i.e. duh i ¼ 0. For spatially homogeneous prop-
agation media the correlation function can be written as
qX r1; r2ð Þ ¼ qX r1 � r2ð Þ. Using the definition (4) one can
then deduce the phase scintillation index from its correla-
tion function (10) as

r2
S ¼ qS r? ¼ 0; sð Þ: ð11Þ

Here and in the following the subscript S refers to the
phase departure from expected value and which is mea-
sured at the distance s from the screen. For the weak scat-
tering regime, covered by the thin phase screen model, the
intensity scintillation index (3) is expressed in terms of the
log-amplitude correlation index as (Clifford and Yura,
1974; Fante, 1975a):

S2
4 ¼ exp 4qv 0; sð Þ	 
� 1: ð12Þ

For qv 0; sð Þ � 1 this expression reduces to S2
4 � 4qv 0; sð Þ,

the expression used in multiple studies, cf. (Rino, 1979a;
Tatarski, 2016). The functional dependence of Eq. (12) is
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a manifestation of the log-normal statistics for the wave
intensity, often observed under quite ionospheric condi-
tions (Rino et al., 1976; Fremouw et al., 1980).

In order to obtain the required correlation functions
qv;S , we first introduce the concept of the power spectral

density (PSD). For the spatially homogeneous random
field X the PSD, denoted as UX jð Þ, is simply the Fourier
image of the correlation function qX . Hence, it is defined
in the reciprocal spatial domain of spatial frequencies
j ¼ 2p=r. In this case, by substituting Eqs. (8) and (9) in
(10), one can express the correlation functions of the log-
amplitude and phase fluctuations in terms of the PSD of
the screens phase increment, Udu, as (Yeh and Liu, 1982):

qv r?; sð Þ ¼
Z

Udu j?ð Þ sin2 sj2
?

2k

� �
cos j? � r?ð Þd2j?; ð13Þ

qS r?; sð Þ ¼
Z

Udu j?ð Þ cos2 sj2
?

2k

� �
cos j? � r?ð Þd2j?: ð14Þ

These expressions determine the correlation functions in
the plane transversal to the propagation direction and
placed at a distance s from the phase screen. From the
operational point of view, the plane, in which correlation
analysis is performed, is taken to be the tangent to the
Earth surface at the receiver location. Adaptation of Eqs.
(13), (14) to such measurement geometry is considered in
Appendix B. For our further analysis we would be inter-
ested in autocorrelation of values measured in the same
spatial point r? ¼ 0, so we can use Eqs. (13), (14) without
any additional adjustment to the coordinate system of the
receiver.

Since the random phase screen increment du is defined
as a model variable, it should be connected to the empirical
quantity characterizing the random ionosphere, such as the
electron density fluctuation dNe. We now assume that a
region of the random irregular electron density is bounded
within the spherical shell with the radii R	 þ hp and
R	 þ hp � Dh, where R	 is the Earth radius, hp is the alti-
tude of the phase screen, and Dh is the thickness of the
shell. We also assume that the random ionospheric medium
is spatially homogeneous within this shell. Then, by using
the relationship (6) one obtains1

Udu j?ð Þ ¼ 2pDsk2r2eUdNe j?; 0ð Þ; ð15Þ
where Ds ¼ Dh �M is the slant thickness of the shell with M

being the vertical-to-slant mapping function, which explicit
form is derived in Appendix C. The expression (15) relates
the two-dimensional model spectrum for phase increment
and the three-dimensional spectrum of electron density
fluctuations. The latter can be obtained experimentally by
means of the correlation analysis of electron density fluctu-
1 In order to underline the difference in scattering geometries considered
within the spherical- (this article) and flat-geometry (Ref. (Rino and
Fremouw, 1977)) approximations, we discuss the corresponding deriva-
tions of relationships between Udu and UdNe in Appendix D providing
some further details.
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ations and exhibits the power-law dependence on the spa-
tial frequency j. Such dependence can be modeled by the
von Karman spectrum (von Karman, 1948; Vasylyev
et al., 2022)

UdNe jð Þ ¼ dN 2
e

� �
r30

p3=2

C pþ2
2

� �
C p�1

2

� � r0j0ð Þp�1

Q jð Þ þ r20j
2
0ð Þ

pþ2
2

ð16Þ

defined in the spatial frequency range j0 � j � jm with j0

being associated with the largest spatial scale of random
ionospheric inhomogeneities, while jm being associated
with the inner-scale l0 of the random ionosphere. Here

dN 2
e

� �
is the variance of the electron density fluctuations,

r0 is some conventionally chosen reference correlation
radius of the medium, p is the (one-dimensional) spectral
index, and C xð Þ is the gamma function. The (dimension-
less) function Q jð Þ is some quadratic form of the spatial
vector j that incorporates the possibility to include aniso-
tropy of random inhomogeneities in consideration. The

model parameters dN 2
e

� �
; j0; r0; p and anisotropy character-

istics can be inferred from the empirical spectra (Dyson
et al., 1974; Phelps and Sagalyn, 1976; Kelley et al., 1982;
Lay et al., 2018; De Michelis et al., 2021).

3. Derivation of scintillation indices under the spherical
geometry assumption

In this section we derive the ionospheric scintillation
indices taking into account effects of anisotropy of iono-
spheric irregularities and by assuming that both the Earth
surface and the ionospheric shell have the finite radii of
curvature and spherical symmetry. The proposed
spherical-geometry model is the elaboration of the original
flat-geometry model of (Rino, 1979a), whose results are
also summarized at the end of this section for the sake of
convenience of referencing and comparison with derived
results.

3.1. Anisotropy of ionospheric irregularities

To start with, we consider the model for medium aniso-
tropy. To this end, we derive the quadratic form Q jð Þ, that
enters the spectrum (16), and relate the coefficients of this
form to the physically measurable quantities. As has been
mentioned already, the scintillation-causing ionospheric
irregularities are primarily anisotropic with tendency to
be elongated in the direction of the geomagnetic lines of
force (Tereshchenko et al., 1999; Portillo et al., 2008;
Mevius et al., 2016; Liu et al., 2021). In order to include
this anisotropy in the scintillation theory we assume that
the surface of constant correlation of electron density fluc-
tuations can be approximated by the concentric ellipsoidal
shapes (Singleton, 1970; Moorcroft and Arima, 1972;
Kersley et al., 1988; Bhattacharyya et al., 1992). For the
specified radius of correlation, r0, the equation of ellip-
soidal surface of constant correlation can be written as



Fig. 1. Orientation of the ellipsoid of constant correlation in the North-
East-Down (NED) local coordinate system. The principal axes of the
ellipsoid are aligned along the Singleton coordinate axes s;r;t and are
rotated with respect to the NED coordinates on the magnetic declination,
d, magnetic inclination (dip), w, and tilt, c, angles.
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Dt
r0

� �2

þ Ds
ar0

� �2

þ Dr
br0

� �2

¼ const: ð17Þ

Here Dt;Ds;Dr are the components of the position differ-
ence vector with respect to the so-called Singleton coordi-
nate system r;s;t. The latter is defined such that the
coordinate center coincides with the center of the correla-
tion ellipsoid and its coordinate axes are aligned along
the major semi-axes of the ellipsoid. The t-axis is chosen
to be aligned along the minor semi-axis of length r0 and
the s-axis is aligned along the major semi-axis of length
ar0. The remaining r-axis is aligned along the semi-axis
of length br0. The parameters a; b are the scaling factors
characterizing the anisotropy of a particular ionospheric
irregularity.

The correlation function of electron density fluctuations,
qdNe

, is assumed to depend on the quadratic form defined

by Eq. (17). Correspondingly, the power spectral density,
UdNe , is the function of the similar diagonal quadratics in
the reciprocal space jr; js; jt

Q jt; js; jrð Þ ¼ r20j
2
t þ ar0ð Þ2j2

s þ br0ð Þ2j2
r: ð18Þ

On the other hand, the expressions for the correlation and
spectral density functions in Section 2.2 have been obtained
as the function of coordinates r and j associated with the
wave propagation geometry, e.g., the z-axis has been cho-
sen to be aligned with the wave vector k of the propagating
radio wave. In order to incorporate the anisotropy effects,
we thus need to perform a series of transformations of the
ellipsoid defined in the Singleton coordinates for redefining
it in terms of the position difference variable components.
The position difference variables, in turn, are defined in
the conventional coordinate system x; y; z.

In order to perform the required coordinate transforma-
tion, we follow the procedure given in Rino and Fremouw
(1977, 1979a). For definiteness we consider the transforma-
tion in the spatial domain, i.e., for the moment we focus
our attention on rotations of the correlation ellipsoid.
For that we express Eq. (17) in terms of the conventional
coordinate system, i.e., in terms of the position difference
components Dx;Dy;Dz. This procedure involves the trans-
formation from the conventional coordinates associated
with the propagation geometry to the local coordinate sys-
tem, e.g., the North-East-Down (NED) coordinate system
with the origin at the center of the correlation ellipsoid.
This is accomplished by the consequent transformation
from the NED coordinates to the Singleton ones. The last
step is called the Singleton transformation and can be writ-
ten using the notation n; e; d for the NED coordinates as

Ds

Dr

Dt

0
B@

1
CA ¼ Rx cð ÞRy wð ÞRz dð Þ

Dn

De

Dd

0
B@

1
CA; ð19Þ

where d is the magnetic dip angle, w is the magnetic decli-
nation angle, and c is the tilt angle of the magnetic field
lines. The rotation matrices
3519
Rx nð Þ ¼
1 0 0

0 cos n � sin n

0 sin n cos n

0
B@

1
CA;

Ry nð Þ ¼
cos n 0 sin n

0 1 0

� sin n 0 cos n

0
B@

1
CA;

Rz nð Þ ¼
cos n � sin n 0

sin n cos n 0

0 0 1

0
B@

1
CA

perform the rotations on an angle n with respect to the cor-
responding x; y or z axis. The geometrical meaning of rota-
tional transformations in Eq. (19) can be inferred from
Fig. 1.

The transformation of the components of the position
difference vector, defined in the conventional coordinates
to the components in the NED-coordinate system, is

Dn

De

Dd

0
B@

1
CA ¼ Rz �/p

� �
Ry hp
� � Dx

Dy

Dz

0
B@

1
CA; ð20Þ

where /p and hp are the azimuth and nadir (zenith) angles

of the wave propagation path at the location of the iono-
spheric scattering point, see also Fig. 2. The relationships
between the local coordinates /p; hp and the coordinates

of the sender and the receiver are summarized in Appendix
A. The combination of Eqs. (19) and (20) yields the
required transformation from the conventional coordinates
x; y; z to the Singleton coordinates r;s;t. The diagonal
quadratic form (17) is expressed in terms of the NED coor-
dinates as

q Dn;De;Ddð Þ ¼ Dn De Ddð Þ � C
Dn
De
Dd

0
@

1
A; ð21Þ



Fig. 2. Scattering geometry for the signal that propagates in the disturbed ionosphere. The relative position of the sender, receiver and the scattering point
P defines the plane of the phase screen which is transversal to the wave vector of the signal wave. This plane crosses the correlation ellipsoid and forms the
elliptic cross-section (hatched area). Some used coordinate systems are indicated along with the zenith (nadir) angles hr; hp; hs and the receiver azimuth
angle /r.
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C ¼ D�1Rx cð ÞRy wð ÞRz dð Þ	 
T
D�1Rx cð ÞRy wð ÞRz dð Þ:
Here

D ¼ r0

a 0 0

0 b 0

0 0 1

0
B@

1
CA ð22Þ
is the scaling matrix that deforms isotropic correlation sur-
face, i.e., the sphere of unit radius, into the required ellip-
soidal surface. The elements of the matrix C are
calculated as

C11 ¼ 1
r2
0

a�2 cos2 w cos2 d½
þ sin2 w cos2 d cos2 cþ b�2 sin2 c

� �
þ sin2 d sin2 cþ b�2 cos2 c

� �
þ 1

2
sin 2c sinw sin 2d b�2 � 1

� ��;
C22 ¼ 1

r2
0

a�2 cos2 w sin2 d
	

þ sin2 w sin2 d cos2 cþ b�2 sin2 c
� �

þ cos2 d sin2 cþ b�2 cos2 c
� �

� 1
2
sin 2c sinw sin 2d b�2 � 1

� ��;
ð23ÞC33 ¼ 1

r2
0

a�2 sin2 wþ cos2 w cos2 cþ b�2 sin2 c
� �	 


;
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C12 ¼C21 ¼ 1

2r20
sin 2d sin2 cþ b�2 cos2 c

	
�a�2 cos2 w� sin2 w cos2 cþ b�2 sin2 c

� ��
þ r20

2
cos 2d sin 2c sinw b�2 � 1

� �
;

C13 ¼C31 ¼ 1

2r20
sin 2w cos d a�2 � cos2 c� b�2 sin2 c

� �
� 1

2r20
sin 2c cosw sin d b�2 � 1

� �
;

C23 ¼C32 ¼ � 1

2r20
sin 2w sin d a�2 � cos2 c� b�2 sin2 c

� �
� 1

2r20
sin 2c cosw cos d b�2 � 1

� �
:

ð23Þ
The particular case of zero magnetic declination, d ¼ 0, has
been considered by Rino and Fremouw (1977).

In order to express the quadratic form (17) in terms of
the x; y; z coordinates, one needs to perform the final trans-
formation according to Eq. (20). For the sake of conve-
nience we switch to the similar quadratic form (18)
defined in the reciprocal space. It can be expressed in terms
of the spatial frequency vector j, reciprocal to the argu-

ment r1 � r2 ¼ Dx Dy Dzð ÞT of the autocorrelation func-
tion (10), as

Q jð Þ ¼ Rz �/p

� �
Ry hp
� �

j
	 
T � CRz �/p

� �
Ry hp
� �

j; ð24Þ
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where the matrix C is obtained from the matrix C, by per-
forming the replacement: r0 ! 1=r0; a ! 1=a; b ! 1=b in
Eq. (23). The calculation of the quadratic form (24) can
be simplified by noting that the calculation of scintillation
indices requires the knowledge of the quadratic form
Q j?; 0ð Þ, where the spatial vector component along the
propagation direction is set to zero, see Eq. (15). This sim-
plification yields

Q j?; 0ð Þ ¼ Aj2
x þ 2Bjxjy þ Cj2

y ; ð25Þ
where

A ¼ C11 cos
2 hp cos2 /p þ C22 cos

2 hp sin
2 /p

þ C33 sin
2 hp � C12 cos

2 hp sin 2/p

� C13 sin 2hp cos/p þ C23 sin 2hp sin/p;

B ¼ 1
2
C11 � C22

� �
cos hp sin 2/p

ð26Þ

þ C12 cos hp cos 2/p � C13 sin hp sin/p

� C23 sin hp cos/p;

C ¼ C11 sin
2 /p þ C22 cos

2 /p þ C12 sin 2/p:

The quadratic form (25) corresponds to the elliptical cross-
section of the ellipsoid (18) with the plane of the phase
screen.

Incorporating formula (25) in the von Karman spectrum
(16) one obtains for the properly normalized spectrum the
following expression:

UdNe j?; 0ð Þ ¼ abr30Cs

� rp�1
0

Aj2
x þ 2Bjxjy þ Cj2

y þ r20j
2
0

� �pþ2
2

: ð27Þ

Here

Cs ¼
dN 2

e

� �
p

3
2

C pþ2
2

� �
C p�1

2

� � jp�1
0 ð28Þ

is the so-called structure parameter. This particular type of
spectrum would be used in the following.

3.2. Anisotropic scintillation indices

The spectral model (27) can now be used for calculations
of the anisotropic scintillation indices. To this end, one can
substitute the power spectral density of the electron density
fluctuations (27) in Eq. (15). The latter equation is then
used in Eqs. (13) and (14) for calculation of the log-
amplitude and phase correlation functions. The resulting
integrals can be simplified by making certain observations
as discussed below.

If we define the spatial frequency associated with the

radius of the first Fresnel zone as jf ¼ 2p=
ffiffiffiffiffi
ks

p
, it is reason-

able to consider separately the spatial frequency ranges:
j? < jf and j? > jf . A particular spatial frequency j? is
inversely proportional to the scale of the associated irregu-
larity if this scale is measured along the direction perpen-
dicular to the propagation direction. In the case of
3521
j? < jf , the inhomogeneities are large enough to bend
the propagating signal ray. Such refraction scintillation pri-
marily contributes to the random excursion of the phase
(Conroy et al., 2022). The amplitude scintillation is negligi-

bly small as the propagation factor sin2 sj2
?=2k

� �
in the

integral (13) tends to zero. For the phase fluctuations the

corresponding propagation factor cos2 sj2
?=2k

� � � 1, and,

therefore, the phase scintillation index is primarily associ-
ated with the refractive effects. The phase scintillation
index can be written then as

r2
S ¼qS 0; sð Þ � 2pabk2r2eCsDs r30 ð29Þ

�
Z
R2

rp�1
0 d2j?

Aj2
x þ 2Bjxjy þ Cj2

y þ r20j
2
0

� �pþ2
2

:

This equation is obtained by substituting Eq. (27) in (15)
and then by inserting the resulting spectrum in Eq. (14).

In the second case of j? > jf , the propagation factor in
Eq. (13) is finite and shows the oscillating behavior. We can
however make the reasonable approximation j0 � jf , i.e.,
we assume that the transversal scales of the scintillation
associated irregularities are smaller than the largest spatial
scale of ionospheric inhomogeneities. Such small-scale
irregularities contribute merely to the random diffraction
of the transmitted electromagnetic waves giving rise pri-
marily to the amplitude scintillation. Additionally to this
the major contribution is due to the irregularity scales cor-

responding to the radius of the first Fresnel zone
ffiffiffiffiffi
ks

p
. The

amplitude scintillation index can be approximated then as

S2
4 � exp ½8pabk2r2eCsDs r30 ð30Þ

�
Z
R2

rp�1
0 sin2 sj2?

2k

� �
Aj2

x þ 2Bjxjy þ Cj2
y

� �pþ2
2

d2j?� � 1:

Here we have used the condition j0 � jf 6 2p=r0 along
with r0j0 ! 0 while the value of the outer scale wave num-
ber remains finite.

The calculation of the integrals in Eqs. (29) and (30) is
summarized in Appendix E. Using the resulting expressions
(E.5) and (E.12) for the integrals, one obtains the following
expressions for scintillation indices:

r2
S � 4p2CsGp�1Dsk2r2ej

�p
0 ð31Þ

S2
4 � exp ½8p5

2CsG
1
p

C 1�p
4ð Þ

C 1
2þ

p
4ð Þ Dsk

2r2e
s r2

0

2k

� �p
2

� 1ffiffiffiffiffiffiffiffiffiffiffiffi
AC�B2

p
� �p

2

Pp
2

AþC

2
ffiffiffiffiffiffiffiffiffiffiffiffi
AC�B2

p
� �

� � 1;

ð32Þ

where

G ¼ abr20ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AC�B2

p ð33Þ
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is the so-called geometric factor and P a xð Þ is the Legendre
function of order a.

Rino (1979a) gives2 the following interpretation of the

result (32). The scintillation index S2
4 is proportional to

Cs j
�p
f , where jf ¼ 2p=

ffiffiffiffiffi
ks

p
is the Fresnel spatial frequency.

Comparing this power law dependence with the three-
dimensional spectrum for electron density fluctuations
(16), one can conclude that the magnitude of S4 is modu-
lated by the one-dimensional power spectral density of
ionospheric irregularities. This spectrum is evaluated at
the spatial frequency associated with the radius of the first
Fresnel zone for the considered scattering geometry. We
also note that both expressions for scintillation indices do
not depend on the correlation radius r0 as one would
expect.
3.3. Comparison with the Rino scintillation model

The obtained expressions (31) and (32) can be compared
with the seminal results of (Rino, 1979a), which can be
written in the following form:

r2
S;Rino � 4p2CsG

0 p�1Dh sec hk2r2ej
�p
0 ð34Þ

S2
4;Rino � exp ½8p5

2CsG
0 1
p

C 1�p
4ð Þ

C 1
2þ

p
4ð Þ Dh sec h

� k2r2e
hp sec h r20

2k

� �p
2 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

A0C0� B0ð Þ2
p
� �p

2
ð35Þ

�Pp
2

sec h
A0 þ C0 �A0a21 � 2B0a1a2 � C0a22

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A0C0 � B0ð Þ2

q
0
B@

1
CA� � 1;

where we extended the applicability of the single scattering
result for S4 index according to Eq. (12). We also express
the S4 index in terms of the Legendre function instead of
the hypergeometric function as has been originally done
in Rino (1979a), see also Appendix E for details. The rea-
son for this the possibility to write Eq. (35) in more com-
pact form that also enables one to separate the geometric
and propagation factors in the resulting formula. The geo-
metric term is defined as

G0 ¼ ab r20 sec hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A0C0 � B0ð Þ2

q ; ð36Þ

where the quadratic form coefficients are

A0 ¼ C11 þ C33 tan
2 h cos2 /� 2C13 tan h cos/;

B0 ¼ C12 þ 1
2
C33 tan

2 h sin 2/
ð37Þ

tan h C13 sin/þ C23 cos/Þ;
�

C0 ¼ C22 þ C33 tan
2 h sin2 /� 2C23 tan h sin/:
2 Note that the spectral index of Rino (1979a), m, is related to the one-
dimensional spectral index of electron density fluctuations, p, as
m ¼ p þ 1ð Þ=2.
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These coefficients have an another functional dependence
as the coefficients in Eq. (B.1) as a consequence of the
flat-geometry approximation used in Rino’s theory and
the difference in how the phase screen plane is positioned
in space. Namely Rino’s theory defines the phase screen
plane to be transversal to the vertical direction of the
ground observer, while in the spherical-geometry approxi-
mation, developed in this article, it is transversal to the
wave vector of the propagating signal wave.

Another consequence of the flat-geometry approxima-
tion is the equivalence of the zenith (nadir) and azimuth
angles for the sender, the receiver, and the scattering point.
Because of this equivalence we have omitted corresponding
indices in Eqs. (34)–(37) for the zenith, h, and the azimuth,
/, angles.

We also note that the positioning of the phase screen
plane to be perpendicular to the observer vertical direction
is optimal for the description of the signal propagation
when the sender is at the receivers zenith. For the slant
sender-receiver links the correction term
A0a21 þ 2B0a1a2 þ C0a22 appears in the argument of the
Legendre function in Eq. (35). The arguments of this quad-
ratic form, a1 ¼ sin h cos/; a2 ¼ sin h sin/, are the projec-
tions of the normalized wave vector k=k on the phase
screen plane.
4. Geometric enhancement of scintillation

The scintillation indices (31) and (32) [as well as the
indices (34) and (35)] depend on the set of parameters that
can be deduced from the experimental data. The integrated
irregularity strength parameter CsDh can be retrieved from
the GNSS and SAR satellite scintillation measurements
(Belcher et al., 2017; Mohanty et al., 2018; Carrano
et al., 2019; Helmboldt and Zabotin, 2022; Ji et al.,
2022)3. This parameter exhibits dependence on the season,
time, magnetic latitude, solar activity, etc. Based on the
empirical data, the climatological model CsDh has been
developed within the framework of the WBMOD
(Fremouw and Larsinger, 1981; Secan and Fremouw,
1983; Fremouw and Secan, 1984; Secan et al., 1987).

The value of the spectral index p depends on the type of
instability involved in the formation of ionospheric irregu-
larities responsible for the random scattering of the signal
wave. The typical empirical and theoretical values of p

are summarized in (Vasylyev et al., 2022).
The anisotropy parameters a and b have a rich morphol-

ogy. At high latitudes one has observed the rod-like struc-
tures (a � 5� 10; b � 1) that are elongated along the
geomagnetic field lines (Rino et al., 1978; Basu et al.,
1991; Wang and Morton, 2017; Conroy et al., 2021). Addi-
tionally to these structures, the wing- (a � 10� 15; b � 5)
3 The relationship of the parameter CsDh, with Cs as defined in Eq. (28),
to the parameter CkL of, e.g., (Carrano et al. , 2019) is
CsDh ¼ 1

2pð Þ3
2p
1000

� �pþ2 � CkL.
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and sheet-like (a � b � 10) structures might appear near
the exit of the polar convection channel (Rino and Owen,
1980; Rino et al., 1983; Conroy et al., 2021). The mid-
latitude irregularities are primarily field-aligned of the
rod-type, a � 6; b � 1, (Moorcroft and Arima, 1972) (Lay
et al., 2018), while the Perkin instability might also form
the sheet-like structures (MacDougall and Eadie, 2005).
Finally, the equatorial irregularities show a high degree
of anisotropy. For example, ellipse-like diffraction patterns
on the ground formed by these irregularities show their
elongation along the magnetic field lines and the axial ratio
to reach the value of 60 : 1 (Koster, 1963; Koster, 1972).

In order to demonstrate the impact of these anisotropy
factors along with the type of approximation for the link
configuration on the geometric enhancement of scintilla-
tion, we plot in Fig. 3 the amplitude scintillation index as
a function of the receiver zenith angle and the geomagnetic
dip angle. The scintillation index is shown for two types of
ionospheric irregularities: wing-like ones, plots (a), (c), and
the rod-like structures, plots (b), (d). Despite the plots for
both types of irregularities look similar, one can observe
that in the case when the irregularity is primarily elongated
only in one direction (rod-like structure) the enhancement
of scintillation is stronger, plots (b), (d), than in the case
Fig. 3. Enhancement of the amplitude scintillation calculated within the
approximations. Two types of irregularities have been considered in the calcul
inhomogeneities with a ¼ 10 and b ¼ 1, figures (b) and (d). The Roman numb
geomagnetic dip angle, w, that correspond to the propagation link configur
magnetic declination, and tilt angles are set to be zero.
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when the irregularities are highly anisotropic, as it is the
case for the wing-like structures, plots (a) and (c).

The upper row of the plots, Figs. 3 (a), (b), corresponds
to the flat-geometry approximation and Eq. (35) is used for
the calculation of S4. Correspondingly, the plots (c), (d)
from the lower row of Fig. 3 represent the spherical-
geometry approximation, cf. Eq. (32). The graphics in the
first column of Fig. 3 sketch the geometry of the sender-
receiver links crossing the ionospheric irregularities at
two limiting values of the receiver zenith angle, namely,
for hr ¼ 0
, as indicated by the Roman numbers I, III,
and for hr ¼ 90
, as indicated by II and IV. The shown
ellipsoids correspond to the isosurfaces of the constant cor-
relation, cf. Eq. (17). Using these sketches as a visual aid
one can interpret the difference in geometric enhancement
regions shown in Figs. 3 (a), (b) and in Figs. 3 (c), (d) as
follows.

For the vertical propagation links, marked by I and III,
the scintillation index attains small values at small mag-
netic dip angles. In this case the link crosses the correlation
ellipsoid along one of its minor semi-axis. The major semi-
axis of correlation ellipsoid lies in the plane transversal to
the propagation direction, which results into weak side
scattering leading to low scintillation levels observed on
flat-geometry, (a) and (b), and the spherical-geometry, (c) and (d),
ations: wing-like structures with a ¼ 10; b ¼ 5, figures (a) and (c); rod-like
ers indicate regions of values for the receiver zenith angle, hr, and for the
ations sketched on the first column of the figure. The receiver azimuth,
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the ground. If we change the zenith angle to hr ¼ 90
, that
corresponds to the cases II and IV, the small values of the
dip angle would correspond to the situation when the link
crosses the correlation ellipsoids along the major semi-axis.
In this case the situation is reversed and the minor semi-
axis of the medium correlation ellipsoid lies in the transver-
sal plane. This means that multiple scattering plays an
important role and contributes to higher values of scintilla-
tion4. One can also note the divergent character of indices
obtained within the flat-geometry approximation at
hr ¼ 90
. This is because the scintillation indices (34) and
(35) depend on the mapping function sec hr, which diverges
as hr ! 90
.

One also notes the difference in the position of the
regions of enhanced S4 for the flat- and spherical geometry
approximations at large zenith angles. For the flat-
geometry approximation the maximal value of the
enhancement is obtained for the dip angle w ¼ 0
. In the
case of the spherical-geometry approximation the region
of enhanced scintillation shifts to finite values of the dip
angle. This happens because the correlation ellipsoid
should be inclined to the local horizontal plane at the scat-
tering point in order that the propagation path, horizontal
for the receiver, would cross the ellipsoid along the major
semi-axis. This is a purely geometric effect that is related
to the finiteness of the radii of curvature of the Earth sur-
face and of the ionospheric shell.

In Fig. 3 and in the following figures we have set the
irregularity strength parameter to be the constant with

the value CsDh ¼ 4:77� 1022m�p�4 with p being the spec-
tral index. By doing so we neglect any effects connected
with the morphology of CsDh. As a consequence, the calcu-
lated scintillation indices represent not the true scintillation
levels but the geometric enhancement contributions to
these levels. We also note that the chosen value for CsDh
corresponds to Ck L ¼ 1033m�p�4 of the WBMOD model,
which is approximately the value observed at the magnetic
equator (Rogers et al., 2014; Mohanty et al., 2018).

Figs. 4–6 show the regions of enhanced scintillation for
several link configurations on the global scale. The values
for the magnetic declination, d, and dip, w, angles are
obtained from the International Geomagnetic Reference

Field (IGRF) model of the 13th generation (Alken et al.,
2021). The tilt angle c is set to zero.

For the vertical propagation path, cf. Fig. 4, both ampli-
tude and phase scintillation indices exhibit the geometric
4 The negligible dependence of scintillation levels on medium correlation
properties along the propagation (longitudinal) direction is explained as
follows. The characteristic irregularity scale-size along the propagation
direction should have comparable magnitude of the propagation distance
s in order to contribute to field fluctuations at the observer site. On the
other hand, the scales in the transversal direction that affect the
transmitted field are of smaller size, e.g. of the order

ffiffiffiffiffi
ks

p
(Fresnel scale)

to affect the field amplitude. Clearly, the realistic longitudinal correlation
radii are several magnitudes smaller than s and hence the correlation
properties along the direction of wave propagation have no result on
scintillation levels.
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enhancement merely at high latitudes. At the regions near
both magnetic poles the anisotropic ionospheric irregulari-
ties lie within L shells and are elongated along almost ver-
tical direction to the ground-based observer. The signal
wave is thus the worst affected by scintillation while prop-
agating along the vertical direction. The effect of the geo-
metric enhancement in the polar regions for the near
vertical links has been previously discussed by Forte and
Radicella (2004).

In another extreme case when the sender-receiver link is
nearly horizontal, cf. Figs. 5 and 6, the behavior of regions
of enhanced scintillation depends strongly on the receiver
azimuth angle. For the azimuth angle /r ¼ 0
 this region
shifts from the northern pole towards the magnetic equa-
tor, where the orientation of field-aligned irregularities is
given by small values of the geomagnetic dip angle. The
exact position of this enhancement belt depends on the
receiver azimuth angle and on the geometric approxima-
tion that is used. For example, by comparing Figs. 5 (a)
and (b) one observes that the flat-geometry approximation,
case (b), yields the enhancement belt that is shifted more
towards the magnetic equator in comparison to the spher-
ical geometry approximation result, cf. plot (a). This shift
of the enhancement belt for different approximation is
again connected with the difference in values of the dip
angle at the receiver horizon, cf. for example Fig. 3, cases
II and IV.

If the receiver azimuth angle is changed to /r ¼ 90
 the
map of the geometric enhancement of scintillation exhibits
a more uniform distribution of values with some reduced
scintillation levels near the magnetic poles, cf. Figs. 5 (c),
(d) and 6 (c), (d). This uniformity is connected with the
geometry of sender-receiver links crossing the correlation
ellipsoids in the directions near or along of one of the
minor semi-axes. By comparing Fig. 5 (c) with Fig. 5 (d)
or the corresponding plots in Fig. 6 one can note that the
regions of enhancement are almost complimentary to each
other if calculated using different geometrical models. This
observation shows that the accounting for the finiteness of
the Earth surface curvature becomes essential for very slant
propagation links and the use of the flat-geometry approx-
imation might mislead in estimation of regions of geomet-
rically enhanced scintillation. One can also note that the
flat-geometry approximation, cf. Fig. 5 (b), (d) and 6 (b),
(d), yields higher values of the scintillation index for almost
horizontal links in comparison to the spherical-geometry
approximation, cf. Fig. 5 (a), (c) and 6 (a), (c).

We now compare the amplitude scintillation index cal-
culated by using the proposed spherical-geometry approx-
imation, the flat-geometry approximation of (Rino, 1979a),
and the corrected flat-geometry approximation
(Priyadarshi and Wernik, 2013). The latter correction is
based on Eqs. (34) and (35) where the zenith angle is
adjusted in order to account for the finiteness of the Earth
curvature according to Eq. (C.2) of Appendix C. Fig. 7
demonstrates the comparison of these models for the case
of the wing-like irregular structures. One can see that both



Fig. 4. Amplitude, (a), and phase, (b), scintillation indices calibrated by the condition CsDh ¼ const. The indices are calculated for the zenith angle
hp ¼ hr ¼ 0 and the azimuth angle /p ¼ hr ¼ 0. The height of the scattering point is taken to be equal to the ionospheric piercing point (350 km). The
anisotropy parameters are set to a ¼ 2; b ¼ 1:5.

Fig. 5. Amplitude scintillation indices in the spherical-, plots (a) and (c), and in the flat-geometry approximations, plots (b) and (d). The receiver zenith
angle is hr ¼ 85
 that corresponds to the zenith angle at scattering point on plots (a) and (c) hp ¼ 40:9
. The azimuth angles at the scattering point are:
/p ¼ 0
 for plots (a) and (b); /p ¼ 90
 for plots (c) and (d). Other parameters are the same as for Fig. 4. Please also note the difference in ranges of values
for S4 and S :4;Rino.

D. Vasylyev et al. Advances in Space Research 73 (2024) 3515–3535

3525



Fig. 6. Phase scintillation maps shown for the same parameters as used in Fig. 5.
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flat- and spherical-geometry approximations yield compa-
rable results for almost all values of the zenith angle. The
flat-geometry approximation shows however the divergent
behaviour as hr ! 90
. This is a consequence of the diver-
gent nature of the secant as a function of the zenith angle
for nearly horizontal propagation links. The corrected
flat-geometry approximation according to (Priyadarshi
and Wernik, 2013) does not show such a divergent charac-
ter but the position of the peak of enhancement appears to
be displaced in comparison to other two models. One can
see that apart from the cases of nearly horizontal links all
three formulations provide the comparable results.

To conclude the discussion of the geometric effect of
scintillation we consider the radio communication links
from a geostationary satellite over the equator broadcast-
ing at the VHF. For this case the regions of enhanced scin-
tillation are shown in Fig. 8. One can see two bands of
geometrically enhanced amplitude scintillation situated at
mid-latitudes of both Earth hemispheres. Such type of
the enhancement has been discussed previously by Sinno
and Minakoshi (1983), where it has been discovered that
scintillation in signals from the ETS-II geostationary satel-
lite detected in Japan are more severe than has been
3526
expected. This enhancement has been explained via the
geometric effect using the theoretical formulation of
(Mikkelsen et al., 1978). The calculations based on Eq.
(32) reproduce the regions of enhanced scintillation in a full
agreement with Sinno and Minakoshi (1983). This can be
seen when comparing Fig. 8 with analogous Fig. 5 in
Sinno and Minakoshi (1983). The position of the bands
of enhanced scintillations at mid-latitudes is related to
the link specifics between the ground receiver at these lati-
tudes and the satellite at the geostationary orbit. While cal-
culating the enhancement levels in Fig. 8 we assumed that
each communication link with the satellite lies within the
receiver meridian and the receiver position has been
scanned along the longitude and latitude ranges shown in
the figure. Such particular links cross the anisotropic irreg-
ularities almost along the major semi-axis at mid-latitudes,
and, hence, the scintillation of the transmitted VHF signals
are geometrically enhanced.

5. Conclusions

The growing range of applications that use slant and
very slant signal propagation links requires the consistent



Fig. 7. Amplitude scintillation index as a function of the receiver zenith angle calculated using the spherical-geometry approximation, the flat-geometry
approximation (Rino, 1979a), and the Priyadarshi and Wernik correction to the flat-geometry approximation (Priyadarshi and Wernik, 2013) for the dip
angle w ¼ 25
 (a) and w ¼ 65
 (b). The parameters used in the calculation are: the spectral index p ¼ 1:6, the anisotropy parameters a ¼ 10 and b ¼ 5, the
magnetic declination, d, and the tilt, c, angles are set to zero.

Fig. 8. Geometric enhancement of scintillation for a VHF signal from a geostationary satellite over the equator. The value of CsDh is set to be constant
and corresponds to the typical value at the magnetic equator. The irregularity anisotropy parameters are a ¼ 10;b ¼ 2 and the spectral index p ¼ 1:6.
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accounting of the atmospheric effects for such transiono-
spheric signal propagation geometries. In the domain of
radio frequency wave propagation one of the type of signal
disturbances is ionospheric scintillation, the highly variable
phenomenon that depends on space weather conditions
and exhibits spatial anisotropy. These features influence
multiple critical services and remote sensing applications,
such as the GNSS-assisted positioning and navigation
(Banville and Langley, 2013; Prikryl et al., 2016; Linty
et al., 2018; Yang and Morton, 2020), radio-occultation
(Yakovlev et al., 1995; Anderson and Straus, 2005) and
reflectometric (Semmling et al., 2014; Dielacher et al.,
3527
2022) measurements, SAR imaging and interferometry
(Yakovlev et al., 1995; Anderson and Straus, 2005).

In the present article we derive the amplitude and phase
scintillation indices in analytic form for the weak scattering
regime taking into account the finiteness of the radius of
curvature of the Earth and of the ionospheric shell. The
obtained results yield the generalization of the classical
Rino model of ionospheric scintillation (Rino, 1979a),
which was originally formulated with the assumption that
the ionospheric layer is plan-parallel and the Earth surface
is flat. The presented approach differs from the Rino model
in several respects.



5 We preserve the finite value of the receiver altitude by keeping in mind
potential applications to the limb sounding links, where both the sender
and the receiver are located on satellites.
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Firstly, by accounting for spherical geometry we can
also consider very slant propagation paths of transiono-
spheric waves. In contrast to our results, the scintillation
indices obtained within the flat-geometry approach exhibit
the divergent behavior, the effect especially noticeable for
the amplitude scintillation index S4.

Secondly, we chose the plane of the random phase
screen to be transversal to the wave propagation direction
in contrast to the choice in Rino and Fremouw (1977),
Rino (1979a), where the authors consider the phase screen
plane to be transversal to the vertical direction of the recei-
ver. Our choice enables one to avoid the additional projec-
tional transformations of spatial coordinates that correct
the vertical propagation case to cases with non-zero zenith
angles. The absence of such transformations in our
approach yields a simpler functional dependence. At the
same time our formulas fully coincidence with Rino’s
expressions for the vertical links (zero receiver zenith
angle), where both geometrical treatments should yield
the same results. The particular choice of the phase screen
placement yield different expressions of coefficients (B.1)
and (37) due to the difference in cross-sections of phase
screens with ellipsoidal surface of constant correlation for
anisotropic ionospheric irregularities. This discrepancy is
important to take into account that the analytic expres-
sions of scintillation indices in both formulations look very
similar.

Finally, we note, that the usage of the spherical-
geometry approximation makes the proposed approach
suitable for direct applications in problems involving
satellite-mediated propagation links. For example, one
can calculate the instantaneous position of a satellite from
its Keplerian elements and using the knowledge of coordi-
nates of the ground-based receiver to determine the coordi-
nates of scattering point within the phase screen, for details
see for Example Appendix A. This enables us to determine
the model parameters such as the coefficients given by Eq.
(B.1) in self consistent way. In contrast to this, the flat-
geometry approximation intrinsically assumes that the
local coordinates of the transmitter (satellite), receiver,
and scattering point are the same. This assumption limits
the integration of satellite orbiting dynamics in the flat-
geometry approach.

In this study we have ignored the morphology of the
irregularity strength parameter integrated over the thick-
ness of the irregular ionosphere. Therefore we have set
CsDh ¼ const in order to emphasize the purely geometric
enhancement effect on scintillation levels. This morphology
can be added within the WBMOD model according to
Fremouw and Secan (1984); Secan et al. (1987); Secan
et al. (1997) in order to obtain the global distribution of
scintillation indices. One practically interesting example
of geometrically enhanced scintillation is connected with
the problem of the VHF signal propagation from a geosta-
tionary beacon satellite. If this satellite is located over the
equator, the received signal exhibits strong scintillation at
mid-latitudes, an effect reported in Sinno and Minakoshi
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(1983). In this region the integrated irregularity strength
parameter, CsDh, attains almost constant and relatively
low values, cf. (Rogers et al., 2014). So the characteristics
that are associated with the level of disturbance of the
ionospheric medium does not contribute to this scintilla-
tion enhancement effect. On the other hand, the proper
accounting of the geometry of communication link and
of the anisotropic field-aligned scintillation-associated
irregularities explains the observed enhancement effect.
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Appendix A. Determination of coordinates of the scattering

point

In most practical situations we know the geographic
coordinates of the sender and the receiver but not those
of the scattering point. Suppose we can estimate or deter-
mine the altitude of the scattering layer, hp, i.e., by assum-
ing that it coincides with the height of the ionospheric
pierce point. With this knowledge we are able to determine
the geographic or local coordinates of the scattering point
with the help of the procedure outlined in this appendix.

Let the position of the scattering point be given by the
vector rp in some conventional terrestrial coordinate system
(CTS). Similarly, let the vectors rs and rr denote the posi-
tions of the sender and of the receiver, respectively. Denot-
ing the Earth radius as R	 we have jrpj ¼ R	 þ hp. Similarly
we have jrsj ¼ R	 þ hs and jrrj ¼ R	 þ hr, where hs and hr
are the altitudes of the sender and the receiver, correspond-
ingly5. The orientation of the vectors rs; rr in the CTS is
described by the longitudes Ks;Kr and by the correspond-
ing latitudes Us;Ur. The corresponding coordinates Kp

and Up of the scattering point are to be determined.
We firstly obtain the expressions for the azimuth and

zenith angles. We refer to Fig. 9 for necessary geometric
constructions. The angle between the vectors rs and rr is
obtained from the cosine law for spherical triangles as

cos d ¼ sinUr sinUs þ cosUr cosUs cos Ks � Krð Þ: ðA:1Þ
From the triangle ORS of Fig. 9 (b) using the law of sines
we derive



Fig. 9. Geometric constructions used for the determination of: (a) the geographic coordinates Up and Kp as well as of the azimuth angles /r;/p;/s

associated with the slant path; (b) the zenith angles hr; hp, and hs.
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sin d
‘

¼ sin hr
jrsj ; ðA:2Þ

where

‘2 ¼ jrsj2 þ jrrj2 � 2jrsjjrrj cos d ðA:3Þ

is the slant range between the sender and the receiver.
From the law of cosines for the triangle ORS we can also
write

jrsj2 ¼ ‘2 þ jrrj þ 2‘jrrj cos hr: ðA:4Þ

Substituting Eqs. (A.2) and (A.3) in Eq. (A.4) one obtains
for the receiver zenith angle the following expression:

hr ¼ arctan
sin d

cos d� jrr j
jrsj

 !
¼ arctan

sin d

cos d� R	þhr
R	þhs

 !
ðA:5Þ

From the spherical triangle RNS on Fig. 9 (a) we obtain by
using the sine and cosine theorems:

sin/r

sin p
2
� Us

� � ¼ sin Ks � Krð Þ
sin d

; ðA:6Þ

cos
p
2
� Us

� �
¼ cos d sinUr þ sin d cosUr cos/r

from which follows the expression for the azimuth angle
for the link at the receiver location:

/r ¼ arctan
sin Ks � Krð Þ cosUr cosUs

sinUs � sinUr cos d

� �
: ðA:7Þ

On the similar footing we obtain for the zenith angle of the
link at the location of the scattering point
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hp ¼ arctan
sin hrffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R	þhp
R	þhr

� �2
� sin2 hr

r
0
BB@

1
CCA: ðA:8Þ

For the azimuth angle at the scattering point location we
use the half-angle formula for the spherical triangle RNP

that yields

/p ¼ p� 2

� arctan
sin 1

2
dp þ Up � Ur

� �	 

sin 1

2
dp � Up þ Ur

� �	 
 cos 1
2
dp þ Up þ Ur

� �	 

cos 1

2
dp � Up � Ur

� �	 

( )1

2

0
@

1
A;

ðA:9Þ
where

dp ¼ hr � hp ðA:10Þ
is the angle between the vectors rr and rp and

Up ¼ p
2

� arccos sinUr cos dp þ cosUr sin dp cos/r

� � ðA:11Þ
is the geographic latitude at the scattering point. The latter
expression is obtained from the cosine law for the spherical
triangle RNP. Finally, using the cosine theorem for the
spherical triangle RNP we obtain the geographic longitude
of the scattering point as

Kp ¼ Kr þ arctan
sin/r sin dp cosUr

cos dp � sinUp sinUr

� �
: ðA:12Þ

Eqs. (A.8), (A.9), (A.11), (A.12) determine the unknown
geographic and local coordinates of the scattering point
provided its height above the ground is known.

For the sake of completeness we also list the formulas
for the zenith and azimuth angles of the link at the sender
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location. On the similar footing as the expressions (A.5)
and (A.7) have been derived we obtain

hs ¼ arctan
sin d

R	þhs
R	þhr

� cos d

 !
; ðA:13Þ

/s ¼ arctan
sin Ks � Krð Þ cosUr cosUs

sinUs cos d� sinUr

� �
; ðA:14Þ

where d is given in Eq. (A.1).
We finally determine the distance between the scattering

point and the receiver, which we denote s ¼ PR, cf. Fig. 9
(b). Using the cosine theorem for the triangle ORS we
obtain

s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R	 þ hrð Þ2 þ R	 þ hp

� �2 � 2 R	 þ hrð Þ R	 þ hp
� �

cos dp

q
;

ðA:15Þ
where dp is given by Eq. (A.10).
Appendix B. Calculation of autocorrelation function in the

local coordinates of the receiver

The autocorrelation functions for the log-amplitude and
phase fluctuations, cf. Eqs. (13), (14), have been obtained
as the functions of the spatial coordinates associated with
the direction of radio wave propagation. In this case the
z variable is counted along the direction of propagation,
while the spatial variable r? is transversal to this direction.
The components of the vector r? are defined in the xy coor-
dinate plane, where the x-axis lies in the plane associated
with the communication link, cf. Fig. 2. For the calculation
of scintillation indices, the autocorrelation functions have
been taken at z ¼ s and r? ¼ 0 with s being the slant range
from the scattering irregularity to the receiver station. If
one is interested in the correlation analysis of the phase
and log-amplitude fluctuations, the variable r? should be
kept finite. Moreover, the receiver of the signal usually per-
forms the correlation analysis for quantities measured
within the plane perpendicular to the local vertical direc-
tion. Thus, it is essential to perform transformation from
variables r?; z to the variables associated with the receiver
correlation plane (Khudukon et al., 1994).

Let us consider for definiteness the correlation function
for the log-amplitude fluctuations. Substituting Eq. (8) in
Eq. (10) one obtains

qv r1; r2ð Þ ¼ k2

4p2

R
qdu r01;? � r02;?
� �

� 1
z1
cos k

2z1
jr1;? � r01;?j2

� � ðB:1Þ

� 1

z2
cos

k
2z2

jr2;? � r02;?j2
� �

d2r01;?d
2r02;?:

Using the spectral representation of the correlation func-
tion qdu this integral can be reduced to the following form:

qv r?; z1; z2ð Þ ¼ 1
2

R
Udu j?ð Þeij?�r? ½ cos z1�z2

2k j2
?

� �
� cos z1þz2

2k j2
?

� ��d2j?;
ðB:2Þ
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where r? ¼ r1;? � r2;?. The expression (B.2) reduces to Eq.
(13) by setting z1 ¼ z2 ¼ s.

Let us now express the autocorrelation (B.2) in terms of
the spatial variables defined in the conventional receiver
coordinates. Let us denote the NED coordinate system of
the receiver as X ; Y ; Z and assume that one value of log-
amplitude for correlation analysis is measured at the center
of this coordinate system. This value is correlated then with
the log-amplitude value measured in XY plane at the point
which position is determined by the vector R?. Clearly, the
vector R? is the vector r? projected on the plane XY. The
components rx; ry of the vector r? can be expressed in terms
of the components of the vector R? as

rx ¼ cos hr RX cos/r � RY sin/rð Þ; ry ¼ RX sin/r þ RY cos/r;

where hr and /r are the zenith and azimuth angles of the
receiver respectively. If one performs the correlation anal-
ysis within the receiver correlation plane, one needs to
account now that z1 – z2. If z1 is chosen to be equal to
the slant range, i.e.,

z1 ¼ s; ðB:4Þ
then the value of z2 is determined as

z2 ¼ sþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
x þ R2

y

q
tanx; ðB:5Þ

where

x ¼ arccos
sffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2
x þ R2

y

q
0
B@

1
CA; ðB:6Þ

s ¼ ðR2
x cos2 hr cos2 /r þ sin2 /r

� �
þ R2

y cos2 hr sin
2 /r þ cos2 /r

� �
þ RxRy sin

2 hr sin 2/rÞ
1
2

is the angle between the vectors R and r?. Substitution of
Eqs. (B.3)–(B.5) in Eq. (B.2) yields the expression of the
log-amplitude correlation as the function of the distance
vector R defined in the receiver plane.

Appendix C. Mapping function from vertical to slant

propagation path lengths

In this appendix we derive the expression for the map-
ping function M that enables one to express the slant
lengths in terms of the corresponding lengths defined along
some vertical direction. Firstly, we derive the mapping
function when the vertical direction is taken to coincide
with the vertical at the receiver location. In this case M is
the function of the receiver zenith angle hr, that is the mea-
sure of how the slant path is inclined relative to the vertical,
cf. Fig. 9 (b). Using simple geometric considerations, the
length element along the slant direction, ds, can be
expressed in terms of the length element along the receiver
vertical, dh, as
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ds ¼ dhffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� R	þhr

R	þh

� �2
sin2 hr

r ; ðC:1Þ

where for explanation of the notations we refer to Appen-
dix A and Fig. 9 (b). Comparing Eq. (C.1) with the analo-
gous expression written in terms of the local zenith angle h,
i.e., ds ¼ sec hdh, one obtains another useful formula

h ¼ arccos

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� R	 þ hr

R	 þ h

� �2

sin2 hr

s0
@

1
A: ðC:2Þ

This angle is defined at the height h above the ground level
for a point on the slant path inclined on angle hr to the
receiver vertical direction.

We consider now the spherical shell of the thickness Dh
with center at the center of the Earth. The outer radius of
the shell is R	 þ hp and the inner radius is correspondingly
R	 þ hp � Dh. The slant thickness of the shell along the
path that connects the scattering point P and the receiver
R follows from (C.1) as

Ds ¼
Z Ds

0

ds ¼
Z hp

hp�Dh

dhffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� R	þhr

R	þh

� �2
sin2 hr

r : ðC:3Þ

Performing the integration in the right side of the equation,
one obtains

Ds ¼Dh �M hrð Þ; ðC:4Þ
M hrð Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 cos2 hr þ 2nfþ f2

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 cos2 hr þ 2n f� 1ð Þ þ f� 1ð Þ2

q
;

where n ¼ R	 þ hrð Þ=Dh and f ¼ hp � hr
� �

=Dh.
Here we also derive the expression for M as the function

of the zenith angle of the scattering point hp. Applying the
sine theorem to the triangle ORP on Fig. 9 (b), one obtains

cos h2r ¼ 1� R	 þ hp
R	 þ hr

� �2

sin2 hp: ðC:5Þ

Inserting this equation in Eq. (C.4) one derives

Ds ¼Dh �M hp
� �

; ðC:6Þ
M hp
� � ¼~n cos hp �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~n2 cos2 hp � 2~nþ 1

q
;

where ~n ¼ R	 þ hp
� �

=Dh. Here we note that while the

zenith angle of the receiver is defined in the range
0; p=2½ �, the zenith angle at the scattering point at the same

time varies in the range 0; hmax
p

h i
, where

hmax
p ¼ arccos ~n�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2~n� 1

q� �
: ðC:7Þ

The maximal slant thickness of the spherical shell at this
angle is

Dsmax ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dh2 þ 2Dh R	 þ hp � Dh

� �q
:
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In order to complete the discussion of the mapping func-
tions, we express the slant range s in terms of the receiver
zenith angle and in terms of the vertical height from the
receiver to the scattering point, i.e., in terms of hp � hr. This
dependence can be again represented in terms of the map-

ping function M , where

s ¼ hp � hr
� � �M hrð Þ; ðC:8Þ

M hrð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 cos2 hr þ 2nþ 1

p
� n cos hr;

n ¼ R	 þ hrð Þ= hp � hr
� �

:

These expressions one obtains directly from Eq. (C.6) via
the replacement Dh ! hp � hr. Similarly, Eq. (C.6) can be
used to express the slant range in terms of the zenith angle
of the scattering point. The slant range representation (C.8)
is an alternative to the formula (A.15).
Appendix D. On the relationship between power spectral

densities.

In this appendix we derive Eq. (15) and comment on the
analogous relationship for the case of the plan-parallel
ionosphere. Consider the correlation function of phase
fluctuations of the phase screen determined at two spatial
points. The positions of the points are given by the vectors
r1;? and r2;?. These vectors lie in the plane of the phase
screen and with the origins at the cross-section point of
the signal ray and the phase screen. In the following we
assume that the medium is spatially homogeneous. Substi-
tuting Eq. (6) in Eq. (10) and denoting r? ¼ r1;? � r2;? we
obtain

qdu r?ð Þ ¼ k2r2e

Z Ds

0

Z Ds

0

qdNe
r?; z1 � z2ð Þdz1dz2; ðD:1Þ

where Ds is the slant thickness of the ionospheric layer.
Transforming the integration variables according to
z ¼ z1 � z2; Z ¼ z1 þ z2ð Þ=2 one can perform the integration
over Z variable explicitly. Using the spectral representation
of the correlation functions in Eq. (D.1) one derivesZ

R2

Udu j?ð Þeij?�r?d2j? ðD:2Þ

k2r2e Ds
Z Ds

�Ds

Z
R3

UdNe j?; jzð Þeij?�r?þijzzdzd2j? djz;

where the slant thickness of the spherical shell Ds is related
to the shell thickness with the help of the mapping function
as given in Eqs. (C.4) and (C.6). Integration of Eq. (D.2)
with respect to jz yields then the required formula (15).

For the plan-parallel model of the ionospheric layer
considered in (Rino and Fremouw, 1977; Rino, 1979a)
the Eq. (D.2) can be written asZ

2

Udu K?ð ÞeiK?�R?d2K? ðD:3Þ
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¼ k2r2e Ds
Z Ds

�Ds

Z
3

UdNe K?;Khð ÞeiK?� R?þtan hak;?hð Þ

� eiKhhd h sec hð Þd2K?dKh;

where R? is the spatial vector lying in the plane of the
ground observer, cf. Appendix B, h is the spatial variable
counted along the receiver vertical starting from the posi-
tion of the scattering point, and

ak;? ¼ sin h cos/ sin/ð ÞT is the transversal component
of the unit vector a ¼ k=k with k being the wave vector
of the signal wave. It is worth mentioning that due to the
flat geometry, the zenith, h, and azimuth, /, angles for
the sender, the scattering point, and the receiver attain
the same values in contrast to the case of the spherical
geometry. The slant thickness of the plan-parallel iono-
spheric slab is Ds ¼ Dh sec h with Dh being the slab thick-
ness. The shift of the spatial vector R? to R? þ tan hak;?h
accounts the displacement of the center of the receiver
coordinate system relative to the projection of the scatter-
ing point on the flat-Earth surface.

Integration of Eq. (D.3) with respect to h and Kh yields

Udu K?ð Þ ¼ 2pk2r2eDh sec hð Þ2UdNe K?;� tan hK? � ak;?ð Þ:
ðD:4Þ

If we compare Eq. (D.4) with Eq. (15), we observe that the
constant factors on the right hand sides of these equations
have different dependencies on the horizontal-to-slant map-
ping functions. In the case of the spherical geometry this
factor is proportional to the mapping function (C.4) [alter-
natively given by Eq. (C.6)], while for the flat geometry this
factor is proportional to the second power of the corre-

sponding mapping function, i.e., to sec hð Þ2.

Appendix E. Calculation of integrals in Eqs. (29) and (30)

The integrals appearing in Eqs. (29), (30) have been cal-
culated in Rino (1979a). In the sake of completeness we
outline the integration procedure in this appendix.

Consider firstly the integral

I1 ¼
Z
R2

djx djy

Aj2
x þ 2Bjxjy þ Cj2

y þ r20j
2
0

� �pþ2
2

: ðE:1Þ

We now perform the coordinate transformation in Eq.
(E.1) that brings the quadratic form (25) to the diagonal
representation according to:

jx ¼ A�CþD
2
ffiffiffiffiffiffi
BD

p qx þ A�C�D
2
ffiffiffiffiffiffi
BD

p qy ;

jy ¼
ffiffiffi
B
D

q
qx þ qy
� �

;
ðE:2Þ

where D ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A� Cð Þ2 þ 4B2

q
. The Jacobian of this trans-

formation is equal to one. The integral (E.1) can be written
in terms of the new variables as
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I1 ¼
Z
R2

dqx dqy

aq2x þ bq2y þ r20j
2
0

� �pþ2
2

; ðE:3Þ

where

a ¼ 1

2B
2B2 þA A� CþDð Þ	 


; ðE:4Þ

b ¼ � 1

2B
2B2 þA A� C�Dð Þ	 


:

By rescaling the integration variables and switching to the
polar coordinates this integral reduces to

I1 ¼ pffiffiffiffiffiffiffiffiffiffiffiffi
AC�B2

p R1
0 xþ r20j

2
0

� ��pþ2
2 dx

¼ 2pffiffiffiffiffiffiffiffiffiffiffiffi
AC�B2

p 1
p r0j0ð Þ�p

:
ðE:5Þ

Inserting Eq. (E.5) in (29) yields the phase scintillation
index (31).

We now switch to the calculation of the integral

I2 ¼
Z
R2

sin2 s j2
x þ j2

y

� �
=2k

h i
Aj2

x þ 2Bjxjy þ Cj2
y

� �pþ2
2

djxdjy ðE:6Þ

which is used for calculation of the amplitude scintillation
index (32). Performing the variable transformation
(Appendix E) this integral is modified to

I2 ¼
Z
R2

sin2 s aq2x þ bq2y
� �

=2k
h i

dqx dqy

aq2x þ bq2y
� �pþ2

2

; ðE:7Þ

where

a ¼ 1

2B
DþA� Cð Þ; ðE:8Þ

b ¼ 1

2B
D�Aþ Cð Þ:

Performing the rescaling of the variables q0x ¼ aqx; q
0
y ¼ bqy

and using the polar coordinates the integral can be written
as

I2 ¼ 1

2

Z 1

0

t�
p
2�1 sin2 s t

2k

� �
dt
Z 2p

0

� d/

a
a � a

a � b
b

� �
sin2 /

� �pþ2
2

: ðE:9Þ

Integrating over t one obtains after some simplifications
(Prudnikov et al., 1992):

I2 ¼
ffiffi
p

p
2

s
2k

� �p
2 1
p

C 1�p
4ð Þ

C 1
2þ

p
4ð ÞR 2p

0
d/

1
2 AþCþDð Þ�D sin2 /ð Þpþ2

2

:
ðE:10Þ
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Changing the integration variable as x ¼ sin2 / one can see
that the integral attains the form of the Euler integral rep-
resentation of the hypergeometric function 2F 1 a; b; c; zð Þ

I2 ¼ p
3
2 s

2k

� �p
2 1
p

C 1�p
4ð Þ

C 1
2þ

p
4ð Þ

1
2
AþBþ Cð Þ	 
�pþ2

2

� 2F 1
pþ2
2
; 1
2
; 1; 2D

AþCþD

� �
:

ðE:11Þ

Using the Euler transformation 2F 1 a; b; c; zð Þ ¼
1� zð Þc�a�b

2F 1 c� a; c� b; c; zð Þ and the formula

2F 1 a; b; c; zð Þ ¼ 22b�1C bþ 1=2ð Þz12�b 1� zð Þ 2b�2a�1ð Þ=4

� P 1=2�b
a�b�1=2

2�z
2
ffiffiffiffiffiffi
1�z

p
� �

;

where P b
a zð Þ is the Legendre function, Eq. (E.11) can be

written in the form

I2 ¼ p
3
2

s
2k

� �p
2 1

p

� C 1� p
4

� �
C 1

2
þ p

4

� � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AC�B2

p
� �pþ2

2

Pp
2

Aþ C

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AC�B2

p
� �

:

ðE:12Þ
This result is used for calculation of the scintillation index
given by Eq. (32).
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