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A B S T R A C T

The launcher recovery method known as ‘In-Air Capturing’ is an innovative approach where a winged rocket
stage is captured mid-air by an aircraft and subsequently towed back to the launch site. To achieve this, a
capturing device attached to a tether is released from the towing aircraft. This device autonomously connects
the reusable launch vehicle to the aircraft, while the two vehicles are in proximity. The tether’s flexible
dynamics have a strong influence on the maneuverability of the capturing device. Thus, it is critical to model
the dynamics of the tether to get a realistic understanding and to evaluate feasibility of the concept. However,
precise modelling and control of highly flexible systems with large deformations is both challenging and
computationally intensive. For engineering applications which involve closed-loop simulations, finding a trade-
off between accuracy and computational effort is crucial. In this paper, the tether is modelled as a discretized
chain of rigid bodies connected by rotational springs at the joints. The tether along with the capture system
is integrated in a simulation model and open loop tests are performed to analyse the system characteristics.
The tether properties are studied to find a suited configuration for ‘In-Air Capturing’.
1. Introduction

The ‘In-Air Capturing’ recovery method was first invented and
patented by the German Aerospace Center (DLR) in 2003 [1–3]. In
this reusable launch technology, a winged booster stage is captured
mid-air by a towing aircraft (TA) and towed to the landing site. The
aircraft acts as an external propulsion system to the reusable launch
vehicle (RLV), eliminating the need for descent propellant. This reduces
the overall launch mass and provides potential for considerable cost
reduction compared to the current recovery methods like ‘downrange
landing’ and ‘return-to-launch site’. A comparitive performance analysis
of different RLV approaches and the associated cost benefit against
‘In-Air Capturing’, can be found in [4] and [5] respectively.

1.1. ‘In-Air Capturing’ mission cycle

Fig. 1 illustrates the complete operational cycle of ‘In-Air Captur-
ing’. During launch, the TA is positioned at a designated downrange
rendezvous area. Following the stage separation, the winged booster
stage embarks on a ballistic trajectory, quickly descending through the
denser atmospheric layers. At approximately 20 km altitude, it deceler-
ates to subsonic speed and descends rapidly in a gliding trajectory. This
reusable stage is met by a suitably equipped TA at the rendezvous area
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around 10 km altitude. Once the two vehicles are in vicinity and gliding
in a parallel formation, a capturing device is released from the TA. This
device, attached via rope, autonomously spans the distance between the
two vehicles and establishes a connection. The entire maneuver occurs
at subsonic speeds between 3 km and 8 km altitude. After the successful
connection of both vehicles, the winged reusable stage is towed back to
the launch site by the larger carrier aircraft. Near the airfield, the stage
is released by the TA and autonomously glides to the landing runway.

An essential aspect of ‘In-Air Capturing’ is the capturing system,
comprising of a long tether (up to 350 m) attached to the TA on one
end and a capturing device attached to its other end. Given that the
capturing device is positioned at the end of a flexible tether, its position
and orientation are extremely sensitive to vibrations, perturbations,
and general tether dynamics [6,7]. To achieve the capturing of the
RLV in a short time (about 70 s), the device must be capable of
maneuvering with agility and accuracy [8,9]. Further, the tether model
should achieve a balance between computation time and accuracy to
facilitate control design and study of closed-loop behaviour. Lastly,
the tether properties should be selected, such that it can sustain the
loads from towing a large RLV. Thus, the paper aims at modelling and
analysis of the tether dynamics and capturing system for the ‘In-Air
Capturing’ of the selected RLV test case.
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Nomenclature

 Rayleigh damping function
𝛼𝑡 Total angle of attack
𝒇 Inertia forces
𝑴 Mass matrix
𝑸𝑫 Generalized forces due to viscous damping
𝑸𝒊 Generalized forces on element 𝑖
𝒒𝒊 Generalized coordinates of element 𝑖
𝑸𝑴 Generalized forces due to bending moment
𝑸𝒂𝒆𝒓𝒐 Generalized forces due to rope aerodynamics
𝑸𝒆𝒙𝒕 Generalized forces due to external forces
𝑸𝒓𝒉𝒆𝒐 Generalized forces due to rheonomous con-

straints
𝑻 Transformation matrix for cartesian coordi-

nates to generalized coordinates
𝛷 Relative angular velocity between two ele-

ments
𝜙 Generalized rope angle along the horizontal

axis
𝜓 Generalized rope angle along the vertical axis
𝑘∗ Turbulent kinetic energy
𝑙 Length of a discretized tether segment
𝑚 Mass of a discretized tether segment
𝑛 Number of tether segments
𝑠 Variable representing elongation of rope
𝑢′ Root mean square of velocity fluctuations
𝑢′𝐴 Component of velocity fluctuation in direction

A
𝑈∞ Free stream velocity

Abbreviations

6DOF Six Degrees of Freedom
ACCD Aerodynamically Controlled Capturing Devices
ANCF Absolute nodal coordinate formulation
DLR German Aerospace Center
FEM Finite element method
RANS Reynolds Averaged Navier–Stokes
RLV Reusable launch vehicle
TA Towing aircraft
UHMWPE Ultra-High-Molecular-Weight Polyethylene

1.2. State of the art

Considering only elastic deformation in the tether (constant stiff-
ness), a number of modelling approaches can be explored. Some com-
mon models used for the simulation of tethers and cable-like bodies are
based on continuum mechanics, multibody approaches (liked lumped
mass models) and finite element method (FEM) [10–25]. Based on
the mission heritage of systems similar to ‘In-Air Capturing’, closer
associations can be made for the application. Both aerial and under-
water towing systems contain a larger vehicle (aircraft or ship) towing
a smaller vehicle (e.g. drone, submarine) via cables or tethers. Most
f these applications require accurate positioning of the tip [14–18].
uffman and Genin [14] performed several studies on the dynamics
f a sphere towed by an aircraft, using continuum mechanics for the
odelling of the cable. In the work of Kamman et al. [15,16], both

erial and underwater towed flexible cable systems are modelled using
igid links connected by frictionless hinges and lumped masses, forces
oncentrated at joints. Williams et al. [17,18] model an aerial towing
60

ystem using lumped masses attached via spring to each other. Lastly,
Morozov [19] models the cable dynamics for aerodynamic design of the
towed aircraft, in order to achieve a favourable equilibrium position.

Another technology that shares heritage with ‘In-Air Capturing’, is
the aerial refuelling system. It commonly consist of a flexible refuelling
hose attached to a tanker aircraft and a drogue at the end of the hose.
A popular methodology appears to be multibody models with rigid
links connected by spherical joints [16,18,20–22]. Both continuum [24]
and classical FEM models [25] have also been used for modelling
of aerial refuelling systems, providing good accuracy but with large
computational effort [12]. A variation of FEM called absolute nodal
coordinate formulation (ANCF) has recently gained recognition for the
possibility of producing accurate results for large deformation problems
with lower computation effort than FEM [26,27]. Nonetheless, lumped
parameter multibody models are often preferred due to the simplicity
of modelling and versatility [12]. Thus, a multibody approach proposed
by Fritzkowski and Kaminski [28–30], is chosen for the modelling
of tether in ‘In-Air Capturing’ application. The approach provides a
good trade-off between ease of implementation, computation effort and
accuracy [31]. The methodology assumes that the tether can be divided
into equal rigid segments connected to each other by spiral springs.

1.3. Outline of the paper

To understand the requirements of the ‘In-Air Capturing’ system,
first the two large scale vehicles are briefly introduced in Section 2. For
appropriate modelling of the capture system, the capturing device and
its properties are discussed in Section 2.1. Next, the perturbing forces
originating from the wake of the aircraft are analysed and modelled.
Then, the modelling of the rope is presented in Section 2.3. All the
subsystems are then combined in the definition of equations of motions
of the system given in Section 3. The constraints, boundary conditions
and assumptions applied to modelling are also discussed in this section.
Different tether characteristics are evaluated using sensitivity studies
and a suitable configuration is selected for future closed-loop simula-
tions of ‘In-Air Capturing’. Lastly, some conclusions and future work
are presented in Section 5.

2. In-air capturing system

As shown in Fig. 2, the capturing system consists of the tether
attached to the TA on one end and the capturing device on the other
end. To comprehend the requirements for the tether as well as the
capturing system, some background on the vehicles involved in ‘In-Air
Capturing’ is required. In this study, two large scale test cases were
selected.

• Reusable Launch Vehicle (RLV): To achieve extended formation
flights with a high-performance aerodynamic aircraft, it is essen-
tial for the RLV to be equipped with wings. This design choice
requires an increased Lift-to-Drag (L/D) ratio in the RLV. How-
ever, a substantial wingspan in RLVs may result in shock–shock
interactions during re-entry. Consequently, a configuration fea-
turing foldable outer wings has been chosen. Fig. 3 illustrates the
reusable launcher stage, designated RLVC4. Further details about
the vehicle can be found in [8,32]. A descent weight of 80 tons
is estimated based on the current design.

• Towing Aircraft (TA): The retired jetliner Airbus A340-600 [33]
is selected as the TA due to its large loading capacity and thrust.
The A340-600, equipped with four robust Rolls-Royce Trent 556
engines and an advanced flight control system, aligns with the
specifications for ‘In-Air Capturing’ of the large RLV. Opting for
this long-range commercial aircraft also brings the advantages of
cost-effectiveness in acquisition and promotes reusability, making
it a practical choice for the task. Some detailed design require-
ments and modifications for the TA involved in ‘In-Air Capturing’

are described in [8].
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Fig. 1. Schematic of the complete ‘In-Air Capturing’ mission cycle.
Fig. 2. Schematic of capturing system with TA, tether and capturing device.
Fig. 3. Reusable launcher stage - RLVC4.

Thus, with the goal of capturing RLVC4, this section summarizes the
modelling methodology of the essential subsystems in the capturing
system of ‘In-Air Capturing’. For the current study, it is assumed that
the TA flies with a constant velocity of 185 m/s and an altitude of
6000 m. Next, the preliminary design and operating principle of the
capturing device is discussed. Since the device trails behind the TA
during capture, the modelling of external disturbances from aircraft
61
Fig. 4. ACCD Geometry with fins and capturing mechanism.

wake is also presented. Lastly, a multibody approach is presented for
efficient modelling of the flexible dynamics of the tether.

2.1. Aerodynamically Controlled Capturing Device (ACCD)

Based on earlier research performed at DLR, the Aerodynami-
cally Controlled Capturing Devices (ACCD) was identified as the most
promising capturing technique for ‘In-Air Capturing’ [34]. This device
demonstrated superior performance and agility while presenting the
lowest level of risk. Fig. 4 provides a schematic representation of the
ACCD, which measures 2 m in length with a cross-sectional diameter
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Fig. 5. ACCD flap deflections and resulting moments (from behind).

of 1.5 m, including the fins. It features four flaps capable of deflecting
up to a maximum of ±15◦, providing Six Degrees of Freedom (6DOF)
gility and control. The ACCD’s nose is connected to the TA via a tether,
nd the capturing mechanism is included at the rear of the ACCD. It
stablishes a secure connection using a lock-in mechanism with a boom
n the RLV.

Fig. 5 illustrates how roll, pitch, and yaw deflections are achieved
hrough the movement of the four flaps. For pitch maneuvers, both hor-
zontal flaps deflect in the same direction, while for yaw adjustments,
oth vertical flaps move in the same direction. For roll motion, all
laps deflect as shown in Fig. 5. Asymmetric flap deflections facilitate
ovement in more than one direction, using a superposition approach
roposed in [35]. The symmetric configurations of flap deflections,
p to 10◦ for pitch, yaw, and roll motion, were examined through

Reynolds Averaged Navier–Stokes (RANS) computations, covering a
range of ±15◦ angle of attack. This analysis aimed to gain a better
understanding of the ACCD’s aerodynamic performance and stability
characteristics [7]. The data obtained from these simulations is sub-
sequently utilized in the dynamic simulations of ‘In-Air Capturing’.
From the analysis, it was concluded that the current ACCD design
remained statically stable. Further details on simulation specifications
and in-depth aerodynamic analysis can be found in [7,36].

2.2. Aircraft wake

Based on a detailed study of aircraft wake documented in [8], it was
determined that the wake exhibits a significant vertical (downwash)
component, particularly at higher angles of attack. Fig. 6 shows the
velocity contour of the wake trailing behind the TA generated using
RANS. The simulations employed a steady state solver (rhoSimple-
Foam), which simplifies the approximation of turbulence compared to
the intricate patterns commonly observed in a wake. However, for this
particular study, the simplified model adequately captures the charac-
teristics of the wake. Specific simulation parameters for the CFD study
can be found in [7]. From Fig. 6, it becomes evident that variations in
velocity due to the wake are considerable even at a distance of 315 m
from the nose of the aircraft. Given that the ACCD is required to trail
behind the aircraft during the capture phase, its exposure to the wake
is very likely. Furthermore, the aircraft is expected to operate at high
angles of attack during the descending flight [8], subjecting the ACCD
to substantial disturbances. Consequently, it is imperative to analyse
these effects in controlled flight simulations of the ACCD.

Fig. 7 shows the wake velocity profiles within the fuselage plane,
expressed as a fraction of the free-stream velocity (𝑈∞). The distances
from the aircraft in both the horizontal (X) and vertical (Z) directions
are scaled using the aircraft’s length (𝐿 =70 m). It can be observed
that the streamwise (horizontal) velocity component diminishes with
increasing distance from the TA and is confined within a width of
𝑧∕𝐿 = ±0.25. However, the downwash (vertical) velocity component
ersists even as the distance from the aircraft grows, enveloping a width
f 𝑧∕𝐿 > ±0.50 from the aircraft’s nose. For an angle of attack of
◦, this downwash component (𝑈𝑧) was found to reach approximately
% of the free-stream velocity, even at a distance of 315 m from the
62

ircraft. This presents a substantial challenge in control of the ACCD, as c
the device encounters continuously changing velocity and turbulence.
Consequently, these factors can lead to disturbances in its angle of
attack, impacting pitch maneuvers.

In the current system, the wake is modelled as a change in free-
stream velocity based on the position of the ACCD behind the TA.
The turbulence due to wake is added as time dependent velocity
fluctuations given by the formula [37]:

𝑢′ =
√

1
3
(𝑢′𝑥

2 + 𝑢′𝑦
2 + 𝑢′𝑧

2) =
√

2
3
𝑘∗ (1)

Here, 𝑢′ represents the root mean square of velocity fluctuations (𝑢′𝑥, 𝑢′𝑦,
𝑢′𝑧) resulting from turbulence. 𝑘∗ represents the turbulent kinetic en-
ergy, which is obtained from the RANS simulations. The wake module
utilized in the simulation incorporates look-up tables. These tables
generate alterations in the free stream velocity based on the ACCD’s
position behind the aircraft. To imitate the turbulence, time-dependent
velocity fluctuations are incorporated into this data.

2.3. Tether modelling

The general idea for the tether modelling is taken from the work
of Fritzkowski et al. [28–30]. However, the discretized tether model
presented in [28–30] is in 2D, which is insufficient for the current
application. Hence, the methodology is extended to 3D and adapted for
‘In-Air Capturing’ simulations. Here, one end of the tether is attached to
the aircraft and is constrained by its motion. Therefore, the origin of the
global reference frame for the tether is assumed at the attachment point
of the TA, effectively enforcing a fixed joint constraint. This approach
enables the description of the tether’s relative kinematics with respect
to the TA. When the TA maintains a constant velocity, the reference
frame becomes inertial. In this simplified scenario, there is no need to
introduce inertia forces in the tether model. However, during ‘In-Air
Capturing’, the TA can decelerate or accelerate to align with the RLV.
Consequently, the origin is modelled as a moving support, for which
the position is time dependent. These constraints are further explained
in Section 2.3.5.

The tether is discretized into n identical segments of length l and
mass m each, connected by identical massless springs of stiffness 𝑘𝑡.
Assuming that each element behaves like a rigid cylindrical rod, the dis-
crete model of the tether resembles a system of 3D multiple pendulum
system. Thus, the current model includes two generalized angles, 𝜙 and
𝜓 to define the relative displacement along the horizontal and vertical
directions respectively. As shown in Fig. 8, a spherical coordinate
approach is adapted. The Cartesian position (𝑥1, 𝑦1, 𝑧1) of a point P1
can be obtained as follows:
𝑥1 = 𝑙 ⋅ cos𝜓1 ⋅ sin𝜙1

𝑦1 = 𝑙 ⋅ cos𝜓1 ⋅ cos𝜙1

𝑧1 = 𝑙 ⋅ sin𝜓1

⎫

⎪

⎬

⎪

⎭

(2)

Considering a chain of bodies, the Cartesian coordinates of the 𝑖th
element (considering local frame at the centre of mass) can be written
as follows:

𝑥𝑖(𝑡) = 𝑥0(𝑡) +
𝑙
2

𝑖−1
∑

𝑗=1
cos𝜓𝑗 ⋅ sin𝜙𝑗 +

𝑙
2

cos𝜓𝑖 ⋅ sin𝜙𝑖

𝑦𝑖(𝑡) = 𝑦0(𝑡) +
𝑙
2

𝑖−1
∑

𝑗=1
cos𝜓𝑗 ⋅ cos𝜙𝑗 +

𝑙
2

cos𝜓𝑖 ⋅ cos𝜙𝑖

𝑧𝑖(𝑡) = 𝑧0(𝑡) +
𝑙
2

𝑖−1
∑

𝑗=1
sin𝜓𝑗 +

𝑙
2

sin𝜓𝑖

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

(3)

The components of the linear velocity (𝑣𝑖(𝑡)) and acceleration (𝑎𝑖(𝑡))
f the 𝑖th segment in the X, Y, Z directions are computed simply as
he numerical derivative of the position (Eq. (3)) with respect to time.
etailed description of these equations can be found in [31]. For a
omprehensive dynamic modelling of the system, a number of internal
nd external factors need to be studied. These will be explained in the
oming subsections.



Acta Astronautica 218 (2024) 59–69S. Singh and M. Mastrogiuseppe
Fig. 6. Velocity contour of the wake behind the aircraft [8].
Fig. 7. Wake profiles in the fuselage plane for 0◦ (blue) and 8◦ (red) angle of attack; streamwise velocity (top) and downwash velocity component (bottom) [8].
Fig. 8. 3D definition of tether segments using spherical angles.

2.3.1. Bending stiffness
In the current model, identical, massless springs with stiffness 𝑘𝑡 are

placed at each joint, as shown in Fig. 8. These elements apply a torque
opposite to the curvature of the tether (𝑅). The associated bending
moment 𝑀 is computed using the expression:

𝑀 =
𝑘𝑡
𝑅

(4)

Non-linear springs with changing flexural rigidity (𝑘𝑡) are considered
to avoid unnatural full rotations at the joints. In other words, if two
elements tend to have a relative rotation such that 𝜙1 − 𝜙2 = 𝜋, the
elastic force 𝑀 will grow infinitely. The related generalized forces
(𝑄𝑀𝑖 ) associated with the polar angle 𝜙𝑖 can then be written as:

𝑸𝑴
𝒊 =

{

𝑀𝑖 −𝑀𝑖+1, for 𝑖 = 1, 2,… , 𝑛 − 1

𝑀𝑖, for 𝑖 = 𝑛
(5)

This process [28] is also followed in 3D, where calculations for
generalized forces are performed independently for angles 𝜙 and 𝜓
(refer to Fig. 8).

2.3.2. Viscous damping
Springs alone are not sufficient to stabilize the dynamics of the

system [30]. Thus, viscous dampers with damping coefficient 𝑐 are
63
added to the tether joints. For a generalized coordinate angle 𝜙, dissi-
pative generalized forces may be derived from the Rayleigh dissipation
function:

 = 1
2
𝑐

𝑛
∑

𝑖=1
𝛷̇𝑖

2 (6)

where 𝛷̇𝑖 represents the relative angular velocity between two elements
(𝜙̇𝑖 − 𝜙̇𝑖−1). The generalized forces for viscous damping are then given
by:

𝑸𝑫
𝒊 = − 𝜕

𝜕𝜙̇𝑖
=

{

𝑐
(

𝛷̇𝑖+1 − 𝛷̇𝑖
)

for 𝑖 = 1, 2,… , 𝑛 − 1

− 𝑐 𝛷̇𝑖 for 𝑖 = 2, 3,… , 𝑛
(7)

The damping coefficient 𝑐 is derived from the simple empirical as-
sumption of Rayleigh Damping [10]. The damping coefficients depend
strongly on the tether properties and often can only be correctly esti-
mated through experiments [38]. Since no experiments were possible
during this study, an estimation is done through generic benchmark
test cases [39,40] and stable tether behaviour. More details about the
coefficients can be found in [31].

2.3.3. External forces
The external forces are modelled to account for the forces applied

by the ACCD on the last node as shown in Fig. 2. This includes the
aerodynamic forces, gravity and disturbances from the wake acting on
ACCD. A detailed study on aerodynamic properties of the capturing
device can be found in [7,35]. This total external force can be translated
into generalized coordinates to be integrated with the rope model.

𝑸𝒆𝒙𝒕 = 𝑭 𝒆𝒙𝒕 ⋅ 𝐓 (8)

where T is the transformation matrix for cartesian coordinates to the
generalized coordinates of the system.

2.3.4. Aerodynamics
In the context of the ‘In-Air Capturing’, a drag model must be

applied to the tether body. Aerodynamic effects are analysed by de-
scribing tether elements individually. The drag (𝐶𝐷) and lift (𝐶𝐿)
coefficients as a function of the angle of attack of the body, were
estimated using J. H. Lee’s work, which describes the dynamics of
tethers in underwater structures [41]. Since the current tether model
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Fig. 9. Comparison of elongation approaches.
Table 1
Simulation parameters for tether elongation.
𝑛 𝐿 [m] 𝑚𝑡𝑜𝑡 [kg] 𝑘 [N/m] 𝑐1 [N m s/kg]

4 10 5 10 000 20

describes the position in 3D, the effect of both angles 𝜙 and 𝜓 should
be considered for the aerodynamics. Therefore, a total angle of attack
(𝛼𝑡𝑜𝑡) is considered [42]. Since the element orientation is described
using spherical coordinates, the velocity can be written as a function
of free-stream velocity (𝑈∞).

𝑢 = 𝑈∞ ⋅ cos 𝛼𝑡
𝑢 = 𝑈∞ ⋅ cos𝜙 ⋅ cos𝜓

→ 𝛼𝑡 = cos−1 (cos𝜙 ⋅ cos𝜓) (9)

The aerodynamic forces, expressed in Cartesian components, must
also be transformed into generalized forces (𝑄𝑎𝑒𝑟𝑜) using the same
process shown in Section 2.3.3.

2.3.5. Rheonomous constraints
In the current model, the reference frame of the tether is described

relative to the position of the TA, and its origin is fixed in the connec-
tion point. Hence, the origin of the tether reference frame is constrained
to have the same motion as the TA. This acts like a rheonomous
constraint for the system, because the time variable appears explicitly
in the equation [28]. In the final set of equations, the contribution of
rheonomous constraints to the non-Lagrangian of the system is:

𝑸𝒓𝒉𝒆𝒐 = −𝑚𝒂𝟎(𝒕) (10)

where 𝑎0(𝑡) is the acceleration of the tether’s first node. It can be
visualized as an apparent inertia force applied to all elements that acts
in the opposite direction to the reference frame acceleration. In the ‘In-
Air Capturing’ mission, the TA reference frame cannot be considered
as inertial, if it undergoes any acceleration. Therefore, to maintain
this constraint and simulate the effect of TA acceleration, the apparent
forces are applied to the tether model.

2.3.6. Tether elongation
Another goal of the study is to find tether characteristics that can

sustain the loads from towing of RLV. Therefore, the model must
also look into the tether tension and elongation. In the work of
Fritzkowski [28–30], simple 2D model of the tether is expanded, by
using axial spring-damper elements at every joint. However, maintain-
ing system stability within a reasonable computation time becomes
challenging with this model. These challenges are further amplified as
the model is extended to 3D. As a consequence, a simplified model is
proposed. A linear visco-elastic element is introduced at the beginning
of the chain instead of every joint. This component is assumed to model
the elongation of the whole tether, using the axial stiffness (𝑘) and
damping (𝑐1).
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Simple verification tests are performed to check the validity of
assumption. The test case is simply a 3D extension from the test case
used in [28–30]. A 10 m long tether (fixed at one end) is assumed
with specifications as shown in Table 1. Fig. 9(a) shows the elongation
of a vertical tether extending under its own weight. The ‘full model’,
with springs at every joint (considering 4 elements), appears to have
larger amplitude of oscillations compared to the ‘simplified’ model
with one spring. A similar observation can be made in Fig. 9(b),
which shows the same tether swinging under its own weight, when
released from an initial point (𝜙 = 𝜋∕4 and 𝜓 = 𝜋∕4). Although the
simplified model is able to capture the oscillatory motion with lower
computational effort, it is less accurate. Tuning of stiffness and damping
factors of the simplified elongation model through experiments can
improve accuracy. Nonetheless, a factor of safety is considered during
the estimation of maximum tension in the tether.

Taking into account all modelling and assumptions, the tether mod-
elling approach has been verified through several test cases derived
from Fritzkowski’s research [28–30]. The test cases replicated the dy-
namics of the reference system and adhered to the law of conservation
of energy. The verification cases can be found in [31].

3. System integration

In this section, the previously described subsystems are integrated
and the dynamics of the system are defined. Since the goal of the
simulation is to determine the position of the ACCD behind the TA,
the dynamics of the system can be visualized using the simplified
representation shown in Fig. 10. The origin of the coordinate system
that marks the first node of the tether, is assumed to be attached to
the TA. An axial spring-damper system is considered at the first node
(attachment point) for estimation of elongation in the tether. This is
followed by a chain of identical rigid elements connected by angular
spring-damper systems. Finally, a lumped mass equivalent to the mass
of the ACCD is considered at the end node (free end) of the tether.
In the current study, torsional moments due to the tether were not
included. Therefore, the ACCD is assumed to be attached to the last
node via a spherical joint at the center of gravity. In such a scenario,
only the translational motion of the ACCD is affected by the tether. The
rotational motion is assumed to be independent of the tether. Based
on these assumptions, the equations of motions are defined and the
simulation environment is set up.

3.1. Equations of motion

To derive the translational equations of motion, the
Euler-Lagrangian approach is used. The Lagrange equations of motion
can be written as [10]:

𝑑
𝑑𝑡

(

𝜕
𝜕𝒒̇𝒊

)

− 𝜕
𝜕𝒒𝒊

= 𝑸𝒊, 𝑖 = 1, 2,… , 𝑛 (11)

where 𝑸𝒊 are the generalized forces (also referred to as non-Lagrangian
components) applied to the system. The number of equations per tether
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Fig. 10. Schematic of the integrated TA-Tether-ACCD system.

segment is equal to number of generalized coordinates (𝒒𝒊) used in the
description of the chain. Two angles (𝜙 and 𝜓) as shown in Fig. 8 are
used to characterize each element. Additionally, an elongation variable
𝑠 is also included. Hence, the number of variables will be 2𝑛+1 in total.
The final equations of motion take the following form:

𝑴(𝒒)𝒒̈ = 𝒇 (𝑡, 𝒒, 𝒒̇) +𝑸𝐷 +𝑸𝑀 +𝑸𝑎𝑒𝑟𝑜 +𝑸𝑟ℎ𝑒𝑜 +𝑸𝑒𝑥𝑡 (12)

where:

𝑴(𝒒) =

⎡

⎢

⎢

⎢

⎢

⎣

𝑀1,1 𝑀1,2 ⋯ 𝑀1,𝑘
𝑀2,1 𝑀2,2 ⋯ 𝑀2,𝑘
⋮ ⋮ ⋱ ⋮

𝑀𝑘,1 𝑀𝑘,2 ⋯ 𝑀𝑘,𝑘

⎤

⎥

⎥

⎥

⎥

⎦

, 𝒇 =

⎡

⎢

⎢

⎢

⎢

⎣

𝑓1
𝑓2
⋮
𝑓𝑘

⎤

⎥

⎥

⎥

⎥

⎦

𝑘 is the total number of variables in the system, equal to 2𝑛+1. The
detailed expressions for the mass matrix (𝑴(𝒒)) and inertia terms (𝒇 )
are given in Appendix. The generalized forces on the right hand side
were explained in Section 2.3.

3.2. Simulation environment

Using the equations of motion stated above, a simulation set up
for the capture system is built. Fig. 11 briefly describes the tether sub-
module as a part of the full-scale simulation architecture. The complete
simulation architecture for ‘In-Air Capturing’ can be found in [7]. The
tether model is essentially a function that computes the translational
equations of motion of the capturing device (end node of the tether).
The simulink block requires a set of inputs:

• TA acceleration: Since the tether shares the top node with the
aircraft, accelerations in the TA motion will generate apparent
forces as shown in Eq. (12). Thus, the Cartesian coordinates of
the TA acceleration are input to the model.

• External Forces: In the context of application, the ACCD is included
as a lumped mass at the end of the tether (as shown in Fig. 10).
Hence, this input accounts for the aerodynamics, gravity or any
other forces acting on the capturing device. Distributed forces like
gravity and aerodynamics of the tether are handled internally in
the tether model and do not require any inputs.

• Tether Specifications: Here the tether properties like length, diam-
eter, material, mass etc. are defined.

The ‘Equations of Motion’ subsystem block outputs the derivative
of the state, which is fed to an ODE solver. Initial conditions for the
system, in the form of tether angles and elongation, are provided. The
final output of the integrator is the translational position and velocity
of the capturing device (last node of the tether). In the coming section,
open loop tests will be performed by varying the tether properties
and external forces coming from capturing device, to study the system
characteristics.
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Table 2
Material properties of different tethers [44–46].

Material Diameter [mm] Mass per unit
length [kg/m]

Maximum
Tension [kN]

UHMWPE 16 0.156 280
UHMWPE 24 0.329 550
UHMWPE 32 0.555 900
Kevlar 16 0.156 175
Kevlar 32 0.555 578
Steel 24 2.34 375
Steel 32 4.1 645

4. Open loop simulations

The tether properties contribute significantly to the dynamics of
‘In-Air Capturing’ and thus, must be carefully selected. To ensure
effective maneuverability of the capturing device, the tether should be
lightweight. It is equally crucial for the tether to possess the strength
necessary to withstand towing forces once the RLV is attached. Thus,
the material, length and diameter of the tether must be selected ac-
cordingly. Further, factors like disturbances from wake, must also be
considered during the tether design. Consequently, a sensitivity study
is conducted to evaluate the most suitable tether configuration. A
simple set of open-loop control commands, encompassing pitch and
yaw adjustments (as illustrated in Fig. 12), are employed to assess
the maneuvering capabilities of the capturing device. The system is
directed to execute pitch maneuvers and yaw maneuvers by deflecting
its flaps. For the current test simulation, the aircraft is assumed to be in
a cruise state, with constant velocity (185 m/s) and altitude (6000 m).
The initial tether configuration is set to be straight (𝜙 = 0 and 𝜓 = 𝜋∕2),
tensed and horizontal with respect to the plane. An Runge–Kutta fourth
order fixed step integrator with a timestep of 10−2 is used.

4.1. Tether material

The first criteria for selection of a suitable tether material is the
tether’s maximum allowable tension. It is crucial to guarantee that the
tether is able to sustain the maximum tension scenario during the mis-
sion as shown in Fig. 13. This occurs when the RLV is already connected
to the capturing system and flying with maximum drag. The airplane’s
engines are throttled up to maximum thrust while the TA is flying with
minimum drag. The TA is considered to be the long-range jetliner A340-
600 with four engines [8]. Each of these engines is expected to provide
a maximum thrust of 260 kN when at sea level [33]. At the same time,
the RLV [43], with a mass of approximately 80 tons is attached to the
other end after the successful capture. Assuming that the RLV lift is
balanced by its weight, the maximum drag is estimated to be about
50 kN. To simulate this scenario, associated forces are applied on the
ends of the tether and the maximum tension is evaluated.

Fig. 14 shows the tension in the tether in the maximum tension
scenario. In steady-state conditions, the stress oscillates around 125 kN
and peaks at approximately 225 kN. Since an accurate estimation of
this tension is not possible with the current model (as explained in
Section 2.3.6), a factor of safety of 3 is considered. Thus, the tether for
‘In-Air Capturing’ application must have a maximum allowable tension
that is higher than 450 kN. Table 2 summarizes the maximum allowable
tension and mass of different diameters of Ultra-High-Molecular-Weight
Polyethylene (UHMWPE) and Kevlar tethers compared against some
standard steel wire tethers. It can be observed that UHMWPE tethers
offer the highest strength with the lowest mass per unit length.

UHMWPE (also known as Dyneema) is renowned for its high
strength and minimal stretching properties. One significant advantage
of UHMWPE tether is that it can replace a steel wire tether of the same
diameter at only 1/7th the weight [46]. These tethers are lightweight
and possess the added benefit of vibration damping properties.
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Fig. 11. Scheme of the simulation environment.
Fig. 12. Open loop control rates for sensitivity study.

Fig. 13. Forces for maximum tension in tether after the successful capture of RLV.

Fig. 14. Maximum tension in tether due to RLV drag.

Based on Table 2, it can be concluded that, a minimum diameter
of 24 mm is required to meet the strength requirements for ‘In-Air
Capturing’ application. For the same diameter, UHMWPE tethers are
comparatively lighter and offer higher breaking strength. To under-
stand the effect on dynamics, UHMWPE and steel tethers of 250 m
length and 24 mm diameter are considered in dynamic simulations.
Fig. 15 shows the relative equilibrium position of the capturing device
behind the TA. No control deflections are applied and the vibrations
in tether are allowed to dampen naturally. It can be observed that the
Steel tether being much heavier, settles more than 100 m below the
TA and oscillates for a longer duration. The lighter UHMWPE tether
settles quickly and stabilizes to about 50 m below the aircraft. Thus,
a UHMWPE clearly provides superior performance and is examined
further for the ‘In-Air Capturing’ application.
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Fig. 15. Sensitivity to tether material — Steel and UHMWPE.

4.2. Sensitivity to length

Tether length is another variable that can influence the system’s
behaviour. A shorter tether might exhibit restricted maneuverability,
while longer tethers tend to be heavier and could generate more pro-
nounced vibrations that take longer to dissipate. Additionally, longer
tethers may necessitate a finer level of discretization to accurately
model their dynamics, leading to increased computational demands.
To explore the impact of tether length, an open loop test is conducted
using the commands illustrated in Fig. 12. A 24 mm diameter UHMWPE
tether with 30 tether segments is considered. Figs. 16(a) and 16(b)
shows the relative position of the capturing device behind the aircraft.
It can be observed that the 300 m long tether results in more significant
movement (especially in Z-direction) compared to the shorter tether
of 150 m. However, this longer tether also exhibits greater amplitude
in vibrations and has extended settling times. This heightened vibra-
tion amplitude could hinder the system’s maneuverability by requiring
lengthier settling periods, potentially limiting the capturing device’s
ability to execute multiple corrective maneuvers during the capture of
the RLV.

Taking a closer look at the vertical displacement (Fig. 16(b)), it
becomes evident that heavier and longer tethers tend to stabilize at
a lower position in the Z-direction, approximately 70 m below the
reference point for the 300 m tether. This characteristic may prove
advantageous in terms of exposure to wake disturbances since shorter
tethers stabilize very close to the wake [43]. Fig. 17 show the response
of the longer tethers (250 m and 300 m) when exposed to the wake.
It can be observed that both ropes are similarly affected by wake and
a major advantage of selecting a longer rope is not evident. Therefore,
considering the trade-off between reduced computational effort, faster
settling times and wake exposure, an intermediate tether length of
250 m is analysed.
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Fig. 16. Open loop response of tether to different tether lengths.
Fig. 17. Open loop response of tether to different tether lengths with wake exposure.
Fig. 18. Open loop response of tether to different tether diameters.
4.3. Sensitivity to diameter

Here, the tether behaviour for different tether diameters and a fixed
length of 250 m is analysed. In this scenario, when the diameter is
doubled, the tether’s weight increases nearly fourfold. Both bending
and axial stiffness also increase significantly, resulting in a notably
rigid tether. This increased stiffness can have contrasting effects on
the system’s behaviour. On one hand, a stiffer tether may reduce the
amplitude of vibrations transmitted through the tether. Conversely,
it has the potential to significantly diminish the maneuverability of
the capturing device. Thus, an open-loop test is been conducted using
the fundamental commands outlined in Fig. 12, to assess the system’s
maneuverability and stability.

Figs. 18(a) and 18(b) show that vibrations are more pronounced
when using larger tether diameter. Consequently, these vibrations also
exhibit a prolonged duration before damping out. This can be attributed
to the fact that a thicker diameter results in a stiffer tether. When
subjected to the same pitch command (as shown in Fig. 12), it becomes
apparent that for a 16 mm diameter tether undergoes larger displace-
ment. A similar trend can be observed in the lateral direction, where
the capturing device exhibits greater mobility with the 16 mm diameter
tether. Thus, it can be concluded that a heavier tether diminishes the
maneuverability of the capturing device. However, as mentioned in
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Table 3
Simulation parameters for selected tether for ‘In-Air Capturing’ simulations.
𝑛 𝐿 [m] 𝑚𝑡𝑜𝑡 [kg] 𝑘 [N/m] 𝑘𝑡 [N m2] 𝑐1 [N m s/kg] 𝑐𝑘 [N s/m kg]

30 250 82.25 157 431.5 170 1 100

Section 4.1, a minimum of 24 mm diameter must be considered for
sufficient breaking strength. Thus, the tether model with a 24 mm
diameter is selected for further studies.

Based on the sensitivity study, the selected tether properties are
summarized in Table 3. Fig. 19 shows the relative equilibrium position
of the capturing device behind the TA. The capturing device is released
from a horizontal position behind the aircraft is allowed to settle (no
fin deflections). It can be observed that the capturing device settles to
about 50 m below the aircraft, as the vibrations from tether dampen
out over a period of approximately 40 s. Thus, the simulation remains
stable even with relatively large fixed-timesteps (10−2). Future ‘In-
Air Capturing’ trajectory simulations will thus be performed using the
developed tether model and the selected tether characteristics in this
study.



Acta Astronautica 218 (2024) 59–69S. Singh and M. Mastrogiuseppe
Fig. 19. Open loop response for the selected tether characteristics.

5. Conclusions and future work

In ‘In-Air Capturing’, a winged launcher stage is recovered mid-air
by an aircraft and towed to the landing site. The capture is achieved
through a capturing system, which consists of a tether attached to the
aircraft on one end and a capturing device on the other end. Hence,
the success of capture relies strongly on the accurate positioning of the
tether end. In this study, the tether is modeled as rigid links connected
by spiral springs. The capturing system including the capturing device
is modeled relative to the towing aircraft. The constraints and boundary
conditions in the equations of motion are applied to fit the ‘In-Air
Capturing’ application. Simplifying assumptions are made to reduce
computational effort. The integration of the capturing system with the
full-scale model as well as selection of appropriate tether properties are
also presented in the work.

The current model does not take into account twisting effect of the
tether. Future work would extend the model to 6DOF system by includ-
ing the torsional stiffness in the tether model. Another important aspect
that must be further examined in future is the coupling between the
bending stiffness along XY and XZ planes. Next, the tether model should
be tuned and validated through lab experiments. Further improvements
can be made to the model by comparison with other methods like FEM
or ANCF.
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Appendix

Mass matrix

The mass matrix 𝑴(𝒒) mentioned in Eq. (12) is expanded as follows.
The matrix is symmetric, so the lower triangular part has been omitted.

𝑴(𝒒) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑛𝑚𝐿 𝑀𝑠𝜙1 ⋯ 𝑀𝑠𝜙𝑛 𝑀𝑠𝜓1 ⋯ 𝑀𝑠𝜓𝑛
𝑀𝜙1,1 ⋯ 𝑀𝜙1,𝑛 𝑀𝜙𝜓1,1 ⋯ 𝑀𝜙𝜓1,𝑛

⋱ ⋮ ⋮ ⋱ ⋮
𝑀𝜙𝑛,𝑛 𝑀𝜙𝜓𝑛,1 ⋯ 𝑀𝜙𝜓𝑛,𝑛

𝑀𝜓1,1 ⋯ 𝑀𝜓1,𝑛
⋱ ⋮

𝑀𝜓𝑛,𝑛

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

Using the same notation used above, we can specify the expression for
the matrix entries:

𝑀𝑠𝜙𝑗 = −(𝑏𝑗𝑚 +𝑀𝑎𝑐𝑐𝑑 )𝑙 cos𝜓1 cos𝜓𝑗 sin
(

𝜙𝑗 − 𝜙1
)

𝑀 = (𝑏 𝑚 +𝑀 )𝑙
[

cos𝜓 sin𝜓 − cos𝜓 sin𝜓 cos
(

𝜙 − 𝜙
)]
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𝑠𝜓𝑗 𝑗 𝑎𝑐𝑐𝑑 𝑗 1 1 𝑗 𝑗 1
𝑀𝜙1,1 = 𝑚 cos (𝜓1)2
(

𝑐𝑖𝑙
2 + 2𝑏𝑖𝑠𝑙 + 𝑛𝑠2

)

+𝑀𝑎𝑐𝑐𝑑 cos (𝜓1)2(𝑙2+2𝑠𝑙+𝑠2)+ 𝑙2

12

𝑀𝜙𝑖=𝑗,𝑗≠1 = 𝑚𝑙2

12
(

𝑐𝑖 cos (𝜓𝑖)2 + 1
)

+𝑀𝑎𝑐𝑐𝑑 (cos𝜓1)2(𝑙2)

𝑀𝜙𝑖,𝑗 = (𝑏𝑗𝑚 +𝑀𝑎𝑐𝑐𝑑 )ℎ𝑖 𝑙 cos𝜓𝑖 cos𝜓𝑗 cos
(

𝜙𝑗 − 𝜙𝑖
)

𝑀𝜙𝜓𝑖,𝑗 = −(𝑏𝑗𝑚 +𝑀𝑎𝑐𝑐𝑑 )𝑙 ℎ𝑖 cos𝜓𝑖 sin𝜓𝑗 sin
(

𝜙𝑗 − 𝜙𝑖
)

𝑀𝜓𝑖,𝑗 =

⎧

⎪

⎨

⎪

⎩

𝑏𝑗 𝑚𝑙2 + 2𝑏𝑖𝑚𝑠𝑙 + 𝑛𝑚𝑠2 +𝑀𝑎𝑐𝑐𝑑 (𝑙2 + 2𝑠𝑙 + 𝑠2) for 𝑖 = 𝑗 = 1

(𝑏𝑗𝑚 +𝑀𝑎𝑐𝑐𝑑 )ℎ𝑖 𝑚𝑙
[

cos𝜓𝑖 cos𝜓𝑗
+sin𝜓𝑖 sin𝜓𝑗 cos

(

𝜙𝑗 − 𝜙𝑖
)]

else

The following notations were used to simplify the equations. The same
expressions apply for 𝑖 and 𝑗:

ℎ𝑖 =
{

𝑙 + 𝑠 for 𝑖 = 1
𝑙 else

𝑏𝑖 =
2(𝑛 − 𝑖) + 1

2

𝑐𝑖 =
3(𝑛 − 𝑖) + 1

3

𝑑𝑖 =
4(𝑛 − 𝑖) + 1

4

Inertia forces

The inertia terms (𝒇 ) on the right hand side of Eq. (12) is expanded
as follows: 𝒇 (𝑡, 𝒒, 𝒒̇) = [𝑓𝑠, 𝑓𝜙1 , … , 𝑓𝜙𝑛 , 𝑓𝜓1 , … , 𝑓𝜓𝑛 ]

𝑓𝑠 = 𝑙 cos𝜓1

𝑛
∑

𝑗=2
(𝑏𝑗𝑚 +𝑀𝑎𝑐𝑐𝑑 ) cos𝜓𝑗 cos

(

𝜙𝑗 − 𝜙1
)

(

𝜙̇𝑗
2 + 𝜓̇𝑗2

)

−2𝑙 cos𝜓1

𝑛
∑

𝑗=2
(𝑏𝑗𝑚 +𝑀𝑎𝑐𝑐𝑑 ) sin𝜓𝑗 sin

(

𝜙𝑗 − 𝜙1
)

𝜙̇𝑗 𝜓̇𝑗

+ 𝑙
2

sin𝜓1

𝑛
∑

𝑗=2
(𝑏𝑗𝑚 +𝑀𝑎𝑐𝑐𝑑 ) sin𝜓𝑗 𝜓̇𝑗2

+
(

𝑏1𝑚𝑙 + 𝑛𝑚𝑠
)

[

𝜙̇1
2 (cos𝜓1

)2 + 𝜓̇1
2
]

𝑓𝜙1 = 𝑙 ℎ1 cos𝜓1

𝑛
∑

𝑗=2
(𝑏𝑗𝑚 +𝑀𝑎𝑐𝑐𝑑 ) cos𝜓𝑗 sin

(

𝜙𝑗 − 𝜙1
)

(

𝜙̇𝑗
2 + 𝜓̇𝑗2

)

+2𝑙 ℎ1cos𝜓1

𝑛
∑

𝑗=2
(𝑏𝑗𝑚 +𝑀𝑎𝑐𝑐𝑑 ) sin𝜓𝑗 cos

(

𝜙𝑗 − 𝜙1
)

𝜙̇𝑗 𝜓̇𝑗

+2𝑚 cos𝜓1 sin𝜓1
(

𝑐1𝑙
2 + 2𝑏1𝑠𝑙 + 𝑛𝑠2

)

𝜙̇1𝜓̇1

−2𝑚
(

cos𝜓1
)2 (

𝑏1𝑙 + 𝑛𝑠
)

𝑠̇ 𝜙̇1

𝑓𝜙𝑖 = 𝑙 cos𝜓𝑖
𝑛
∑

𝑗=2
ℎ𝑗 (𝑏𝑗𝑚 +𝑀𝑎𝑐𝑐𝑑 ) cos𝜓𝑗 sin

(

𝜙𝑗 − 𝜙𝑖
)

(

𝜙̇𝑗
2 + 𝜓̇𝑗2

)

+2𝑙 cos𝜓𝑖
𝑛
∑

𝑗=2
ℎ𝑗 (𝑏𝑗𝑚 +𝑀𝑎𝑐𝑐𝑑 ) sin𝜓𝑗 cos

(

𝜙𝑗 − 𝜙𝑖
)

𝜙̇𝑗 𝜓̇𝑗

+2𝑏𝑖 𝑚𝑙 cos𝜓𝑖 𝑠̇
[

sin𝜓1 sin
(

𝜙𝑖 − 𝜙1
)

𝜓̇1 − cos𝜓1 cos
(

𝜙𝑖 − 𝜙1
)

𝜙̇1
]

+2𝑐𝑖𝑚𝑙2 cos𝜓𝑖 sin𝜓𝑖 𝜙̇𝑖𝜓̇𝑖

𝑓𝜓1 = −𝑙 ℎ1 sin𝜓1

𝑛
∑

𝑗=2
(𝑏𝑗𝑚 +𝑀𝑎𝑐𝑐𝑑 ) cos𝜓𝑗 cos

(

𝜙𝑗 − 𝜙1
)

(

𝜙̇𝑗
2 + 𝜓̇𝑗2

)

+2𝑙 ℎ1 sin𝜓1

𝑛
∑

𝑗=2
(𝑏𝑗𝑚 +𝑀𝑎𝑐𝑐𝑑 ) sin𝜓𝑗 sin

(

𝜙𝑗 − 𝜙1
)

𝜙̇𝑗 𝜓̇𝑗

+𝑚𝑙 ℎ1 cos𝜓1

𝑛
∑

𝑗=2
𝑏𝑗 sin𝜓𝑗 𝜓̇𝑗2

−𝑚 cos𝜓1 sin𝜓1 𝜙̇1
2 (𝑐1𝑙

2 + 2𝑏1𝑠𝑙 + 𝑛𝑠2
)

( )
−2𝑚 𝑏1𝑙 + 𝑛𝑠 𝑠̇ 𝜓̇1
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R

𝑓𝜓𝑖 = −𝑙 sin𝜓𝑖
𝑛
∑

𝑗=2
ℎ𝑗 (𝑏𝑗𝑚 +𝑀𝑎𝑐𝑐𝑑 ) cos𝜓𝑗 cos

(

𝜙𝑗 − 𝜙𝑖
)

(

𝜙̇𝑗
2 + 𝜓̇𝑗2

)

+2𝑙 sin𝜓𝑖
𝑛
∑

𝑗=2
ℎ𝑗 (𝑏𝑗𝑚 +𝑀𝑎𝑐𝑐𝑑 ) sin𝜓𝑗 sin

(

𝜙𝑗 − 𝜙𝑖
)

𝜙̇𝑗 𝜓̇𝑗

+𝑙 cos𝜓𝑖
𝑛
∑

𝑗=2
(𝑏𝑗𝑚 +𝑀𝑎𝑐𝑐𝑑 )ℎ1 sin𝜓𝑗 𝜓̇𝑗2

+2𝑏𝑖 𝑚𝑙 sin𝜓𝑖 𝑠̇
[

cos𝜓1 sin
(

𝜙𝑖 − 𝜙1
)

𝜙̇1 − sin𝜓1 cos
(

𝜙𝑖 − 𝜙1
)

𝜓̇1
]

−2𝑏𝑖 𝑚𝑙 cos𝜓1 cos𝜓𝑖 𝑠̇ 𝜓̇1

−𝑐𝑖𝑚𝑙2 cos𝜓𝑖 sin𝜓𝑖 𝜙̇𝑗
2
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