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Abstract: Thermoelectric generators (TEGs) possess the ability to generate electrical power from
heat. As TEGs are operated under a thermal gradient, inhomogeneous material properties—either by
design or due to inhomogeneous material degradation under thermal load—are commonly found.
However, this cannot be addressed using standard approaches for performance analysis of TEGs in
which spatially homogeneous materials are assumed. Therefore, an innovative method of analysis,
which can incorporate inhomogeneous material properties, is presented in this study. This is crucial to
understand the measured performance parameters of TEGs and, from this, develop means to improve
their longevity. The analysis combines experimental profiling of inhomogeneous material properties,
modelling of the material properties using a single parabolic band model, and calculation of device
properties using the established Constant Property Model. We compare modeling results assuming
homogeneous and inhomogeneous properties to the measurement results of an Mg2(Si,Sn)-based
TEG prototype. We find that relevant discrepancies lie in the effective temperature difference across
the TE leg, which decreases by ~10%, and in the difference between measured and calculated heat
flow, which increases from 2–15% to 9–16% when considering the inhomogeneous material. The
approach confirms additional resistances in the TEG as the main performance loss mechanism and
allows the accurate calculation of the impact of different improvements on the TEG’s performance.

Keywords: thermoelectrics; performance modelling; material modelling; TEG characterization; single
parabolic band model; constant property model; inhomogeneous material; performance analysis

1. Introduction

Thermoelectric (TE) materials can convert heat flow into electrical power. They have
gained a lot of interest over the past decades as a green source of electrical energy [1]
since 60% of the primary energy is lost as waste heat [2]. TE devices have the advantages
of being lossless scalable, and negligible maintenance requirements due to their lack of
moving parts. This has made them a reliable energy source in demanding fields, such as
the aerospace industry, in which RTGs (Radioisotope Thermoelectric Generators) were
used in several space missions [3]. Terrestrial applications are also being considered and
researched, such as in the automotive industry and industrial processes [3–5], wearable
medical devices [6–8], mobile storage of pharmaceuticals, and electronic devices [3].

A thermoelectric generator (TEG) is a device in which n- and p-type TE legs are
connected electrically in series and thermally in parallel to generate an electrical current
from a heat flow. Over the last decades, the optimization of the TE properties of various
material classes has been the main focus of research as the first, very challenging step
in the development chain of a TEG [9–18]. As a consequence, research on contacting
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techniques and on TE module building remained relatively scarce, and only TEGs based
on (Bi,Sb)2(Te,Se)3 and PbTe/TAGS have reached commercial maturity. For many other
promising material classes such as half-Heusler materials, Skutterudites, PbTe, and Zintl-
phases, prototypes have been demonstrated [19–23]; partially, with limited stability due to
an early development stage.

Another promising material class is solid solutions from Mg2Si-Mg2Sn, due to the high
performance of the n-type material, the recent improvement of the p-type material, and the
abundance and non-toxicity of its components [12,13,24–26]. It is also lightweight; which,
is advantageous for mobile applications. For this material class, few prototypes have been
reported recently [27,28], and we have performed the first efficiency measurement on an
Mg2(Si,Sn)-based TEG, demonstrating 3.6% conversion efficiency for a hot side temperature
of 400 ◦C and a cold side temperature of 25 ◦C [29].

Locally resolved measurements showed a spatially varying Seebeck coefficient, in-
dicating an inhomogeneous carrier concentration in the initially homogeneous material.
As the device properties depend on the figure of merit zT = α2σ

κ T of the employed mate-
rial and the material properties α (Seebeck coefficient), σ (electrical conductivity), and κ
(thermal conductivity), all depend on the carrier concentration that has a direct impact on
the device’s performance. In fact, spatially inhomogeneous materials are quite a common
feature in TEGs. With respect to our prototype, Mg2(Si,Sn) was previously shown to be
sensitive to Mg evaporation at expected working temperatures [30,31] and in addition to
interdiffusion with foreign elements, such as the metallization layers which are included in
a TEG design [32,33]. Both mechanisms usually lead to spatially inhomogeneous changes
in the carrier concentration due to changes in the intrinsic or extrinsic defect densities.
Other material systems show similar chemical or thermal instabilities, leading to inhomo-
geneity. Such as: Mg3Sb2, which is also sensitive to Mg loss [34]; CoSb3 and half-Heusler
compounds, which are sensitive to Sb loss [35]; as well as (Bi,Sb)2(Te,Se)3, which is sensitive
to corrosion [36]. Generally, due to high temperatures (processing, application) and the
proximity of multiple chemical elements, doping defects can form in the TE materials,
which alter their properties [32]. On the other hand, local variation of properties can also be
intended and designed, as thermoelectric material properties are generally quite strongly
temperature-dependent; in addition, strategies such as segmentation [25,37] or grading are
employed for performance optimization [38].

Those local changes in TE properties can be challenging when it comes to TEG mod-
eling, used to predict the performance of a TEG, and in providing a reference to evaluate
and understand measured data. The Constant Property Model (CPM) is generally used
in TEG calculations for its simplicity and ease [25,39–41]. For real materials, averages
corresponding to the relevant temperature range/profile are employed, resulting in a
relatively accurate prediction of TEG performance [32,42]. However, these averages are
obtained from temperature-dependent data; which, are usually obtained by integral bulk
measurements on material samples before device manufacturing, and are therefore only
available for homogeneous materials. On the other hand, locally resolved properties of
inhomogeneous samples are measured typically only at room temperature [43,44]. To be
able to model inhomogeneous materials in general, but also to calculate correct average
values for the CPM, there is a need for a material model that is both spatially and tem-
perature dependent. The performance of inhomogeneous thermoelectric materials was
already modeled using the Effective Media Theory [45–47]; however, those works are
generally applied to (intended) nanostructured thermoelectric materials, i.e., typically a
composite structure made of particles of a first material embedded in a matrix made of a
second material. This is a different case than that addressed here, as these materials are
homogeneous on a mesoscale/macroscale.

In this study, an innovative analytical method is developed combining experimental
carrier concentration profiling and the Single Parabolic Band (SPB) model combined with
the CPM/continuum theory: the CPIM (Constant Property (model) for Inhomogeneous
Materials). This method is able to capture the inhomogeneity of thermoelectric materials
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on a macroscopic/mesoscopic scale and is employed exemplarily to the measurement
results of an Mg2(Si,Sn)-based TEG. The predictions considering the actual inhomogeneous
properties of the n-type legs are compared to those assuming a homogeneous material
and the experimental data. When considering the inhomogeneous material, the deviation
between calculations and measurement of the heat flow increases above the measurement
uncertainty, and higher thermal losses through the TEG/heat exchanger coupling are
observed. However, for both conditions, the high difference observed between calculated
and measured electrical resistance likely indicates crack formation; which, is a commonly
observed degradation mechanism in TEGs.

2. Methods

Experimental:
This work deals with the same TEG as reported in [29], where the building process

and characterization methods are described. In this study, the solid solution Mg2Si0.3Sn0.7
was chosen as the chemical composition for both p- and n-type materials of the TEG. Both
materials have similar mechanical properties [48] and have a reported figure of merit among
the best in the mid- to high-temperature range. Pictures and dimensions are reported in [29],
while a schematic of the prototype is shown in Figure 1. The powder used to sinter the
n-type material was synthesized and compacted, such as reported in [24]; the resulting
properties are shown in Figure 2. The p-type powder is synthesized similarly, as described
in [32].
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Figure 1. Sketch of a 2× 2 TEG; where, the color gradient in the n-type legs indicates the inhomogene-
ity in the carrier concentration. The top bridges are not directly connected to the legs on the sketch to
have a better view of the full length of the legs; in reality, they are bonded with a metallization layer.

The Seebeck coefficient and electrical conductivity were measured using an in-house
device with a four-probe technique (HTSσ) [44,49]. The thermal conductivity κ was calcu-
lated from κ = DρCp, where D, ρ, and Cp are the sample thermal diffusivity, density, and
heat capacity depending on the composition at constant pressure, respectively. D was mea-
sured by a laser flash technique with a NETZSCH LFA 427 apparatus or with an XFA 467HT

Hyperflash apparatus; ρ was measured using Archimedes’ method. Cp = CDP
v +

9E2
T T

βTρ ,

where CDP
v is the Dulong-Petit limit; ET and βT , respectively, are the linear coefficient of

thermal expansion and isothermal compressibility dependent on composition [50]. The
values for Mg2Si0.3Sn0.7 are 2·10−5 K−1 and 2.07·10−11 Pa−1, respectively [43]. The mea-
surement uncertainties for α, σ, and κ are ±5%, ±5%, and ±8%, respectively, based on a
comparison with the NIST low-temperature standard for the Seebeck coefficient [51] and
internal reference measurements on a high-temperature standard [52]. Our estimates are
comparable to those obtained in an international Round-robin test.
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The metallization of the pellets was done using Al foils with Zn coatings, such as those
reported in [53]. The resulting p-type legs are homogeneous while the n-type legs show a
property gradient, presumably due to Zn diffusion.

CPIM (Constant Property model for Inhomogeneous Materials):
The CPIM relies on the application of the CPM (Constant Property Model) to inho-

mogeneous materials. The inhomogeneity is implemented in the model by experimentally
obtaining a spatial distribution of the carrier concentration in the TE material, using a
Seebeck coefficient microprobe and the SPB (Single Parabolic Band) model to link both
quantities. The SPB is then used to obtain a spatial temperature-dependent distribution
of all relevant quantities for the calculation of the average values used in the CPM. Each
component of the model is adequately detailed below.

SPB model:
To capture the inhomogeneous properties of the n-type legs and be able to predict

the properties at temperatures higher than room temperature, a single parabolic band
model is employed. An SPB model allows us to calculate the macroscopic transport n-type
properties based on a few material parameters: the reduced chemical potential (η = EF

kBT ),
where EF is the Fermi energy and kB is Boltzmann’s constant); the mobility parameters for
acoustic phonon scattering (AP) and alloy scattering (AS) (µ0,AP and µ0,AS, respectively);
and the density of states effective mass (m*

D) [50,54]. In this work, the lattice thermal
conductivity (κlat) is also used as an input parameter. The transport properties are obtained
using the following equations; which, are given here in the specific case corresponding to
AP and AS as relevant scattering mechanisms.

α =
kB

e

(
2F1

F0
− η

)
(1)

n = 4π

(
2m∗DkBT

h2

)1.5
F1

2
(η) (2)

µAP = µ0,AP·ψ(η) =
√

8πe}4ρvl
2

3EDef
2ms2.5(kBT)1.5 ψ(η) (3)

µAS = µ0,AS·ψ(η) =
64e}4N0

9(2π)1.5x(1− x)E2
ASms2.5(kBT)0.5 ψ(η) (4)

1
µ
=

1
µAP

+
1

µAS
(5)

σ = µen (6)

κ = κlat + κe = κlat + LσT (7)

where h̄ is the reduced Planck constant,Fi(η) the Fermi integral of order i, and x is the alloy
atomic composition in Sn, such as Mg2Si1−xSnx (x = 0.7 in this work), ψ(η) = 3

√
π

16
F−0.5(η)

F0(η)

and L =
(

kB
e

)2 3F0(η)F2(η)−4F1
2

F0(η)
2 .

The other parameters are described in Table 1. These parameters were obtained from
the literature for samples whose properties match ours [12], and are therefore applicable.
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Energies 2023, 16, 3666 6 of 18

Table 1. Parameters used for the Single Parabolic Band model calculations of Mg2Si0.3Sn0.7.

Parameter (Units) Symbol Value (SI) Reference

Average density of states effective mass m∗D 2.1 m0 [50]

Band degeneracy Nv 6 [31]

Single band mass ms m∗D/N2/3
v -

Theoretical mass density (g/cm3) ρD 3.117 [50]

Longitudinal speed of sound (m/s) vl 5290 linear with x, [50]

AP deformation potential constant (eV) EDef 9.8 [55]

Alloy scattering potential (eV) EAS 0.5 [31,55]

Number of atoms per unit volume (m−3) N0 4.105·1028 linear with x, [31]

κlat is obtained from measured experimental data of our as-sintered n-type material:

κlat = κexp − LσexpT ≈ κexp −
[

1.5 + exp
(
−|αexp|

116

)]
σexpT, where κexp, σexp, αexp denote

the bulk measured values, corresponding to the homogeneous material, before contact-
ing and device making [11]. The obtained data is fitted with a third-order polynomial
κlat = 1.63

[
W

mK

]
− 2.21·10−3

[
W

mK2

]
·(T− 273) + 1.21·10−6

[
W

mK3

]
·(T− 273)2 + 3.09·10−9

[
W

mK4

]
·

(T− 273)3 with T in K, and this fit equation is used to calculate the temperature- and
position-dependent total thermal conductivity using the SPB model.

The comparison between bulk measurements on homogeneous samples correspond-
ing to the n-type material employed for the TEG and the related SPB model results (for
n = 2.3 · 1026 m−3, obtained with the experimental room temperature Seebeck coefficient
and Equation (2)) and measured data, is shown in Figure 2.

It can be seen that SPB represents the experimental data well and captures the temper-
ature dependence of the transport properties. α(T) starts to show a different temperature
dependence only for T ≥ 400◦C due to the excitation of minority carriers; which, is beyond
the analyzed temperature range. Therefore, SPB is fully valid for the initial, homogeneous
material.

Obtaining the spatial carrier concentration profile:
The spatial variation of the Seebeck coefficient is obtained using an in-house-built

device called the Potential & Seebeck Microprobe (PSM) [56,57]. This device locally mea-
sures the Seebeck coefficient and the voltage along a conductive sample; which, in the case
of a TE leg, allows us to calculate the electrical contact resistance and map the Seebeck
coefficient. Exemplary line scans, obtained in the PSM for the legs prior to TEG making, are
shown in Figure 3. In [29], we measured an n-type leg of the TEG post cycling, and little
difference was observed in the PSM Seebeck coefficient profile, showing a relatively stable
behavior of the legs through TEG measurement. Therefore, pre-cycling profiles can be used
for the SPB calculations in this work.

The Seebeck coefficient values obtained with the PSM are systematically underesti-
mated, and not as accurate as those obtained under integral measurement conditions using
the HTSσ device. This is due to the temperature difference between the effective position
of the thermocouple junction and the point where the thermovoltage is measured [56];
which, leads to an empirically determined deviation between 10% and 20% of the measured
Seebeck values in the PSM. This deviation depends on sample properties and tip wear,
and was found for the range of thermal conductivities of TE materials (2 to 6.5 W/(mK),
respectively, for Bi2Te3 and FeSi2); in which, the range our inhomogeneous material falls.
This effect is also known as the cold finger effect [43,51]. Note though, that the effect of
statistical noise can be reduced by averaging.
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Figure 3. Seebeck coefficient and electrical potential line scans of legs after contacting before TEG
joining: (a) n-type and (b) p-type. In (a), it can be noticed that the slope of the potential in zone 2 is
steeper than within zone 2, where the Seebeck coefficient is smaller.

A spatial Seebeck coefficient profile at room temperature is obtained by scanning
an n-type leg with the PSM. The obtained profile αPSM(x) is converted into a “true” α(x)
profile using previously measured Seebeck coefficient values from integral measurement
conditions αint. The employed assumptions here are first, that there is a constant relative
difference between αPSM and α (which is plausible as the cold finger effect on the PSM
measurements leads to a constant relative error) and second, that the carrier concentra-
tion in the middle of the sample (x = x0) is unchanged due to the distance to outside
metallization layers. This allows us to obtain a corrected Seebeck coefficient profile from
α(x) = αPSM(x) ∗ αint/αPSM(x0), where αPSM(x0) = −90 µV/K and αint = −109 µV/K. The
deviation between those values is 17%; which, lies within the combined uncertainty for the
local Seebeck coefficient by the PSM (10–20%) and that of the integral Seebeck coefficient
measurement system (5%).

The assumption that the carrier concentration in the middle of the sample is unchanged
is, in principle, an uncertainty of the CPIM. If that is not true, the correction factor and
subsequent analysis are flawed. However, for the considered example, this assumption
is reasonable since the PSM value at x0 is close to values measured for as-sintered pellets
made with other powder batches of the same composition and similar properties.
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As described in Equations (1) and (2), the Seebeck coefficient at room temperature can
be linked to the carrier concentration using the SPB model. A carrier concentration profile
n(x) can therefore be obtained from the corrected Seebeck coefficient profile.

The temperature function T(x) is obtained along the leg assuming a linear profile
between Th,TE and Tc,TE (see CPM section). For Mg2X materials, the linearity of the
temperature profile can be assumed in spite of the interplay between Thomson heat, κ(T),
and Joule heat, as shown by Ponnusamy et al. [42,58].

Constant Property Model (CPM):
The basics of the CPM are given in [39–41] while those applied to the TEG are derived

in detail in [29]; however, the most relevant equations are given below and the relevant
parameters are reported in Table 2:

∆TTE,0 =
U0,m

N
(
αp − αn

) (8)

Th,TE,I = Th,m − 0.5× ∆Tpar,I (9)

Tc,TE,I = Tc,m + 0.5× ∆Tpar,I (10)

Qopt,m

Q0,m
=

∆Tpar,opt

∆Tpar,0
=

∆Tm,opt − ∆TTE,opt

∆Tpar,0
(11)

QI = KTE∆TTE,I + I·N·
(
αp − αn

)
Th,TE,I −

1
2

I2R (12)

Iopt =
N(α p − αn

)
∆TTE,opt

2R
(13)

R = RTE + Rc + RCu = N
[

ρpL
Ap

+
ρnL
An

+ 2rc

(
1

Ap
+

1
An

)]
+ RCu (14)

KTE = N
(

κp Ap

L
+

κn An

L

)
(15)

Pmax = N
(

Pn + Pp
)
=

(
N
(
αp − αn

)
∆TTE,opt

)2

4R
(16)

ηmax =
Th,TE,opt − Tc,TE,opt

Th,TE,opt

√
1 + ZTm − 1

Tc,TE,opt
Th,TE,opt

+
√

1 + ZTm

(17)

Z =
N2(α p − αn

)
2

KTER
(18)

where:

Table 2. Parameters of the CPM.

Symbol Description

m (subscript) Indicates measured value

U0 Seebeck voltage

Th,m,I , Tc,m,I
Temperature at the hot, cold block in TEG measurement at
current I
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Table 2. Cont.

Symbol Description

Th,TE,I , Tc,TE,I Temperature at the hot, cold side of the TE legs at current I

∆Tpar,I = ∆Tm,I − ∆TTE,I Parasitic temperature loss at current I

QI Heat flow at the hot side (Qin) at current I

KTE Thermal conductance of the TE legs

RTE Electrical resistance of the TE legs

Rc Electrical contact resistance

rc Electrical contact resistivity

N Number of leg pairs

L, A Length, Cross-sectional area of TE element

RCu = ∑
i

Li
σCu(T)Ai

Resistance of the Cu bridges: sum of the resistances of all i pieces
(varying geometries and temperatures). Li,Ai are the length,
cross-sectional area of each Cu piece.

Iopt,p Current at maximum power

Pmax Maximum power output

ηmax Maximum efficiency

Note that all material properties (ρ, S, κ) in Equations (8)–(18) are actually temperature

averages, e.g., αp = 1
∆T
∫ Th

Tc
αp(T)dT, ρp = 1

∆T
∫ Th

Tc
ρp(T)dT and κp =

(
1

∆T
∫ Th

Tc
κp
−1(T)dT

)−1
.

When modeling module properties, the resistance of the bridges is often neglected,
[22,59] as in our previous work [29]. Here, RCu was considered explicitly in Equation (14),
and represents 4% of the calculated total resistance. This not-so-small value arises despite
a relatively large bridge thickness of 250 µm because of its relatively long length Li and
the significantly reduced conductivity of the Cu at the hot side temperature [60]. Note
also that we have taken the total bridge length; which, systematically overestimates the
effective length. The dimensions of the hot side bridges are Lh = 12 mm and Ah = 6 mm;
those of the shorter bridge on the cold side are Lc,s = 12 mm and Ac,s= 5 mm; and those of
the two longer bridges are Lc,l = 16 mm and Ac,l = 5 mm. rc = 4 µΩcm2 is used for all legs,
as measured and reported in [29]. Similarly to [29], temperatures at Iopt,P are used also
for ηmax calculations because the difference between Iopt,P and Iopt,η < 7%, so temperature
conditions at both currents are similar.

3. Results

The Seebeck coefficient, electrical resistivity and thermal conductivity profiles of the
n-type legs are obtained from n(x) and T(x). The procedure is represented in Figure 4.

From the calculated profiles, average material properties are calculated for the n-type
leg; while for the p-type, a homogeneous material is assumed. The averages are obtained
in dependence of the relevant temperature interval (∆TTE,I), obtained using the CPM with
the equations presented above, following, e.g., the procedure outlined in [29]. Module
parameters are also calculated following those equations. A comparison of the relevant
quantities assuming a homogeneous n-type leg and an inhomogeneous leg using the CPIM
is presented in Figure 5.
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Figure 4. Schematics of the procedure for the calculation of the property profiles for an inhomoge-
neous leg: (a) exemplary line scan of the Seebeck coefficient at room temperature, measured with PSM
and also corrected for the cold finger effect; (b) carrier concentration (spatial) profile obtained from
(a) using the SPB model; (c) fitted lattice thermal conductivity from experimental data of the sample
directly after sintering; (d) corresponding Seebeck coefficient profile (in a temperature gradient) calcu-
lated using Equation (1); (e) corresponding electrical resistivity profile calculated using Equation (6);
(f) corresponding thermal conductivity profile calculated using Equation (7). A comparative profile
for a homogeneous material using the properties directly after sintering is added in dashed lines
in (d–f). In (c–f), a linear temperature profile is assumed between Tc = 25 ◦C and Th = 400 ◦C (for
illustration purposes) to convert the temperature dependence of the properties into a spatial profile.
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Figure 5. Comparison of experimental data for a Mg2(Si,Sn) TEG (measured during cooling sequence
under stabilized temperature conditions, taken from [29]) to CPM and CPIM calculated data for a
TEG with homogeneous and inhomogeneous n-type legs, respectively: (a) ratio of the temperature
difference at the TE legs and the measured temperature difference at the module/heat flow meter
interface at I = 0 and Iopt,P; (b) heat flows at I = 0 and Iopt,P; (c) inner resistance; (d) maximum
conversion efficiency for measured inner resistance Rm and several calculated inner resistances
(considering TE resistance, contact resistance such as rc = 4 µΩcm2 and RCu ); (e) maximum power
for measured and calculated inner resistances. The legend in (e) also applies in (d). Th,m is the
temperature at the hot side of the TEG in the measurement column.
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Going from the homogeneous material to the inhomogeneous material, carrier loss
near the metallization interfaces leads to an increase of the average absolute Seebeck
coefficient and electrical resistivity while the thermal conductivity decreases. This trend is
observed in the CPM results shown in Figure 5, where the temperature difference at the TE
legs (based on measured open-loop voltage of the TEG and the input Seebeck coefficient)
and the heat flows decrease for the inhomogeneous legs. Note that the significant decrease
in heat flow (~10%) is due to a combined effect of the changed temperatures and the
decreased K.

Employing Equation (14), the expected resistance of the TEG can be calculated from
material properties, measured contact resistances before device making, and the contribu-
tion of the Cu bridges. If we consider the inhomogeneous leg properties the portion of the
measured resistance that is due to the TE materials is 74%; while, it would be 70% if we con-
sider the homogeneous properties of the original material. The contributions from contacts
and bridge are visible, but relatively small. While the unexplained differences between
measured and calculated resistances are large in both cases, this shows that incorrectly
assuming homogeneous material would lead to an overestimation of these parasitic resis-
tances. This corresponds to an overestimation of the “effective” contact resistances obtained

from rc,eff =
(Rm−Rlegs−RCu)An

2N(1+An/Ap)
[29] in the CPM model (at Th = 200 ◦C: 65 µΩcm2 for the

homogeneous material, 58 µΩcm2 for the inhomogeneous material). The relative difference
in maximum power between inhomogeneous and homogeneous material (Figure 5e) is
smaller for R = Rm than for R = Rideal = RTE + Rc with rc = 4 µΩcm2; since for the latter,
the resistance value is based on the calculated resistance of the TE materials, which differs;
while for the first, the same measured resistance value is used for both materials.

The proportion of parasitic electrical resistance is large in both cases; this confirms that
crack formation and propagation are responsible for the suboptimal performance of the
TEG, as initially reported in [29]. By avoiding cracking, the maximum power output could
be increased by 26%, with a corresponding power density of 1.06 W/cm2. The smaller
relative temperature difference for the inhomogeneous material also indicates that the
thermal coupling between the heat source and TE material is worse than initially expected.
From an application perspective, thermal losses inside the module and at the heat exchanger
need to be minimized [61]. These are not reported for most module characterizations but
will be relevant for system optimization and, hence, need to be characterized accurately.

It can be noted that the deviation from measured values for the maximum power
in Figure 5e is similar for the homogeneous and for the inhomogeneous legs (2–4% and
3–5%, respectively, with increasing temperature); while, the inhomogeneous leg should be
the most realistic case. This is due to the adjustment of the term

(
αp − αn

)
∆TTE,opt to the

measured U0,m value; which, is common to both cases. It is expected that the CPIM error
increases for higher temperatures where the SPB model is not as reliable, as the minority
carriers start contributing to the conduction [62]. This limitation is even more pronounced
for lower carrier concentrations where the conduction regime transition happens at a lower
temperature. The hot-side portion of the leg is therefore where the SPB limitations and
uncertainty are most relevant due to amplified bipolar effects; since, this portion combines
higher temperature and lower carrier concentration. This will be further discussed below.

The calculated heat flow remains below the measured one and the deviation increases
from 2–15% to 9–16% when going from a model considering a homogeneous to an in-
homogeneous leg, due to the decrease of thermal conductivity with decreasing average
carrier concentration of the material. In the case of inhomogeneous material, the deviation
between the CPM-predicted heat flow and the measured value can therefore be occasion-
ally larger than the estimated measurement uncertainty (13.5%). As explained in [63], the
measurement uncertainty was obtained by testing commercial TEGs which have a larger
number of legs, a higher filling factor, and a wider geometry [63]; therefore, it does not
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necessarily strictly apply to our TEG. As discussed in the SI of [29], the main challenge for
small TEG prototypes is the radiative thermal bypass; which, could happen between the
hot side and the cold side of the TEG itself, but also between the heater and the soldered
cables and the heat flow meter (HFM) where the output heat flow is measured. Even
though it cannot be stated with sufficient certainty, the improved analysis also indicates
that the results of the efficiency measurements are systematically too low, i.e., the TEG
performance is underestimated, as the otherwise quite predictive CPM model disagrees
with the experimental data for heat flow and efficiency.

4. Discussion

Figure 6a shows the Seebeck coefficient with respect to temperature for experimental
data and calculated data with the SPB model for different carrier concentrations. It can be
seen that beyond a certain temperature the experimental data starts to bend much more
than the SPB model due to the minority carrier contribution. This bending indicates the
maximum temperature at which the SPB is reliable for each carrier concentration. The
carrier concentration range shown in Figure 6a corresponds to the range determined in
the inhomogeneous material, with lower carrier concentrations at the hot and cold sides
and higher carrier concentrations in the middle portion. It can be therefore seen that, on an
inhomogeneous leg with a gradient from 25 ◦C to 400 ◦C, the SPB prediction of the portion
between approximately 350 ◦C and 400 ◦C would not be accurate.

Figure 6b,c show the calculated resulting profiles of the n-type material power factor
(PF) and figure of merit (zT) assuming a linear temperature profile between 25 ◦C and
400 ◦C. As mentioned above, for a fraction of the leg on the hot side, the SPB data is likely
not reliable; however, it can be seen that also the rest of the leg, the inhomogeneous leg is
predicted to have a higher performance. This is only on a first glance in contradiction to the
lower power CPIM calculation of the inhomogeneous leg in Figure 5e, as the reduced ∆TTE
for the inhomogeneous material overcompensates the increase in α. Efficiency, on the other
hand, is also governed by the heat flow, which is significantly lower in the inhomogeneous
leg, leading to the increased efficiency with CPIM shown in Figure 5d.
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Figure 6. (a) Seebeck coefficient with respect to temperature for: experimental data (from this work
and the literature [64]) and calculated data for different carrier concentrations, obtained with the
SPB model. It was added for visualization although no perfect match is expected as SPB parameters
were obtained by different synthesis routes and for different sample compositions. The grey area
visualizes the temperature range in which the SPB model apparently deviates from experimental data.
Calculation of the (b) PF and (c) zT profiles for an inhomogeneous (SPB data) and a homogeneous leg
(experimental data) with an assumed linear temperature profile between Tc = 25 ◦C and Th = 400 ◦C.
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The SPB predictions in Figure 6b,c show that the Zn-induced gradients initially present
on the n-type legs after contacting are not detrimental to the TEG’s performance. The as-
sintered material was not synthesized intentionally with a lower carrier concentration from
the start because the SPB model tends to overestimate the figure of merit for low n (see,
e.g., [50,65]). In practice, a lower-doped material might therefore have a lower performance.
Also, the material was synthesized aiming for a maximized zTmax; while zTavg is actually a
better performance indicator [58].

In this work, a constant mobility parameter is assumed in the SPB model, indepen-
dently of the carrier concentration value. If the local change in carrier concentration is
due to Mg loss in the TE material (diffusion into the metallization), it could also have an
effect on the carrier mobility, as was previously observed in [31,55]. For a one-dimensional
current flow along the leg holds ∂U

∂x ∝ 1
σ ; an approximately constant mobility can therefore

be verified by comparing the relative change in the slope of the electrical potential along
a leg on a gradient portion and a middle portion of a leg as shown in Figure 3a in the
light and dark grey zones (the slopes are, respectively, 8.3 mV/m and 3.5 mV/m) to the
relative change of carrier concentration in those portions (8.5·1025 m−3 and 1.7·1026 m−3,
respectively). In our case, both relative changes are about a factor of ≈2. This means
that the electrical resistivity and the carrier concentration changed quite proportionally;
therefore, mobility stayed relatively constant. This analysis validates the use of Equation (5)
with a constant EDef for the inhomogeneous material and is of significant importance, as a
change in mobility is one of the largest uncertainties of the SPB model.

Besides the limitations of the SPB model, part of the calculation error could also
originate from the specific methodology of the CPIM, especially the determination of the
corrected Seebeck coefficient profile, see the method section. Finally, the CPM is based on
temperature averaging, which balances out the uncertainty on the carrier concentration
profile; it is therefore, by definition, not sensitive to fine-tuning of the TE properties.

Lastly, the material change could have an impact on the self-compatibility of the mate-

rial. This can be verified by calculating the compatibility factor s(T) = (−1+
√

1+zT)
αT [38]

for the minimum and maximum carrier concentration values of the profile; which, gives
4.4 for both carrier concentrations at 200 ◦C and 3.8 and 3.9 at 400 ◦C, respectively. Limited
compatibility becomes an issue when s differs by a factor of 2 [38]; it, therefore, is not
expected to play a role here.

As TEGs are supposed to have a long-term application, a method of analysis that con-
siders degradation mechanisms is crucial to understand device behavior. The new method
presented here, CPIM, is easy to implement, as SPB-based material models are available
for several relevant thermoelectric material systems [54,65,66] and the often-implemented
CPM methodology needs to be adjusted only marginally. A further improvement of the pre-
sented approach would be to employ a two-band model [67] to overcome the limitations of
the SPB model and Finite Element Modelling to cross-check and deepen the understanding
of the results presented in this work.

5. Conclusions

In this paper, we present a new coupled material–device modeling approach, the
CPIM, which is a methodology developed to capture property inhomogeneity in TE legs
and which adapts the CPM model accordingly. This concept can be transferred to cases
where the inhomogeneity is by design, for example for graded materials [38]. The CPIM
furthermore enables an analysis of TEGs that have seen a thermal load where assuming
homogeneous material could lead to wrong conclusions. For the considered case of a
measured Mg2(Si,Sn) based TEG, we obtain a smaller temperature difference at the TE legs
and a reduced heat flow, compared to the initially assumed homogeneous material, beyond
the assumptions and doubts of the SPB model. Consequently, our deepened analysis of
the experimental data allows us to identify the heat flow measurement as a main future
challenge for accurate measurement of small TEG prototypes.
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9. Gorai, P.; Stevanović, V.; Toberer, E. Computationally guided discovery of thermoelectric materials. Nat. Rev. Mater. 2017, 2, 17053.

[CrossRef]
10. Iversen, B.B. Breaking thermoelectric performance limits. Nat. Mater. 2021, 20, 1309–1310. [CrossRef]
11. Snyder, G.J.; Toberer, E.S. Complex Thermoelectric Materials, in Materials for Sustainable Energy: A Collection of Peer-Reviewed Research

and Review Articles from Nature Publishing Group; World Scientific: Singapore, 2011; pp. 101–110.
12. Sankhla, A.; Patil, A.; Kamila, H.; Yasseri, M.; Farahi, N.; Mueller, E.; de Boor, J. Mechanical alloying of optimized Mg2 (Si, Sn)

solid solutions: Understanding phase evolution and tuning synthesis parameters for thermoelectric applications. ACS Appl.
Energy Mater. 2018, 1, 531–542. [CrossRef]

13. Kamila, H.; Sankhla, A.; Yasseri, M.; Hoang, N.; Farahi, N.; Mueller, E.; de Boor, J. Synthesis of p-type Mg2Si1-xSnx with x = 0–1
and optimization of the synthesis parameters. Mater. Today Proc. 2019, 8, 546–555. [CrossRef]

14. Trivedi, V.; Battabyal, M.; Balasubramanian, P.; Muralikrishna, G.M.; Jain, P.K.; Gopalan, R. Microstructure and doping effect
on the enhancement of the thermoelectric properties of Ni doped Dy filled CoSb3 skutterudites. Sustain. Energy Fuels 2018, 2,
2687–2697. [CrossRef]

15. Muthiah, S.; Singh, R.; Pathak, B.; Avasthi, P.K.; Kumar, R.; Kumar, A.; Srivastava, A.; Dhar, A. Significant enhancement in
thermoelectric performance of nanostructured higher manganese silicides synthesized employing a melt spinning technique.
Nanoscale 2018, 10, 1970–1977. [CrossRef]

16. Moghaddam, A.O.; Shokuhfar, A.; Zhang, Y.; Zhang, T.; Cadavid, D.; Arbiol, J.; Cabot, A. Ge-Doped ZnSb/β-Zn4Sb3 Nanocom-
posites with High Thermoelectric Performance. Adv. Mater. Interfaces 2019, 6, 1900467. [CrossRef]

17. Jood, P.; Male, J.P.; Anand, S.; Matsushita, Y.; Takagiwa, Y.; Kanatzidis, M.G.; Snyder, G.J.; Ohta, M. Na Doping in PbTe: Solubility,
Band Convergence, Phase Boundary Mapping, and Thermoelectric Properties. J. Am. Chem. Soc. 2020, 142, 15464–15475.
[CrossRef]

18. Song, K.-M.; Shin, D.-K.; Jang, K.-W.; Choi, S.-M.; Lee, S.; Seo, W.-S.; Kim, I.-H. Synthesis and Thermoelectric Properties of Ce 1−z
Pr z Fe 4−x Co x Sb 12 Skutterudites. J. Electron. Mater. 2017, 46, 2634–2639. [CrossRef]

https://doi.org/10.1016/j.rser.2016.07.034
https://doi.org/10.1016/j.energy.2013.03.097
https://doi.org/10.1016/j.egyr.2019.12.011
https://doi.org/10.1007/s11664-016-4511-8
https://doi.org/10.1016/j.jpowsour.2020.229266
https://doi.org/10.1002/admt.201800615
https://doi.org/10.1002/admt.201800708
https://doi.org/10.1002/admt.202101203
https://doi.org/10.1038/natrevmats.2017.53
https://doi.org/10.1038/s41563-021-01065-5
https://doi.org/10.1021/acsaem.7b00128
https://doi.org/10.1016/j.matpr.2019.02.052
https://doi.org/10.1039/C8SE00395E
https://doi.org/10.1039/C7NR06195A
https://doi.org/10.1002/admi.201900467
https://doi.org/10.1021/jacs.0c07067
https://doi.org/10.1007/s11664-016-4847-0


Energies 2023, 16, 3666 17 of 18

19. Yu, J.; Xing, Y.; Hu, C.; Huang, Z.; Qiu, Q.; Wang, C.; Xia, K.; Wang, Z.; Bai, S.; Zhao, X. Half-heusler thermoelectric module with
high conversion efficiency and high power density. Adv. Energy Mater. 2020, 10, 2000888. [CrossRef]

20. Chu, J.; Huang, J.; Liu, R.; Liao, J.; Xia, X.; Zhang, Q.; Wang, C.; Gu, M.; Bai, S.; Shi, X. Electrode interface optimization advances
conversion efficiency and stability of thermoelectric devices. Nat. Commun. 2020, 11, 1–8. [CrossRef]

21. Jood, P.; Ohta, M.; Yamamoto, A.; Kanatzidis, M.G. Excessively doped PbTe with Ge-induced nanostructures enables high-
efficiency thermoelectric modules. Joule 2018, 2, 1339–1355. [CrossRef]

22. Ying, P.; He, R.; Mao, J.; Zhang, Q.; Reith, H.; Sui, J.; Ren, Z.; Nielsch, K.; Schierning, G. Towards tellurium-free thermoelectric
modules for power generation from low-grade heat. Nat. Commun. 2021, 12, 1121. [CrossRef]

23. Bode, C.; Friedrichs, J.; Somdalen, R.; Koehler, J.; Büchter, K.-D.; Falter, C.; Kling, U.; Ziolkowski, P.; Zabrocki, K.; Mueller, E.; et al.
Thermoelectric Energy Recuperation for Aviation—Project Overview and Potentials. J. Eng. Gas Turbines Power. 2017, 139, 101201.
[CrossRef]

24. Farahi, N.; Stiewe, C.; Truong, D.N.; de Boor, J.; Müller, E. High efficiency Mg2(Si,Sn)-based thermoelectric materials: Scale-up
synthesis, functional homogeneity, and thermal stability. RSC Adv. 2019, 9, 23021–23028. [CrossRef]

25. Kim, H.S.; Kikuchi, K.; Itoh, T.; Iida, T.; Taya, M. Design of segmented thermoelectric generator based on cost-effective and
light-weight thermoelectric alloys. Mater. Sci. Eng. B 2014, 185, 45–52. [CrossRef]

26. de Boor, J.; Dasgupta, T.; Saparamadu, U.; Müller, E.; Ren, Z.F. Recent progress in p-type thermoelectric magnesium silicide based
solid solutions. Mater. Today Energy 2017, 4, 105–121. [CrossRef]

27. Gao, P. Mg2(Si, Sn)-Based Thermoelectric Materials and Devices; Michigan State University: East Lansing, MI, USA, 2016; p. 128.
28. Goyal, G.K.; Dasgupta, T. Fabrication and testing of Mg2Si1-xSnx based thermoelectric generator module. Mater. Sci. Eng. B 2021,

272, 115338. [CrossRef]
29. Camut, J.; Ziolkowski, P.; Ponnusamy, P.; Stiewe, C.; Mueller, E.; de Boor, J. Efficiency measurement and modelling of a high

performance Mg2(Si, Sn)-based thermoelectric generator. Adv. Eng. Mater. 2022, 25, 2200776. [CrossRef]
30. Kato, D.; Iwasaki, K.; Yoshino, M.; Yamada, T.; Nagasaki, T. Control of Mg content and carrier concentration via post annealing

under different Mg partial pressures for Sb-doped Mg2Si thermoelectric material. J. Solid State Chem. 2018, 258, 93–98. [CrossRef]
31. Sankhla, A.; Kamila, H.; Naithani, H.; Mueller, E.; de Boor, J. On the role of Mg content in Mg2(Si, Sn): Assessing its impact on

electronic transport and estimating the phase width by in situ characterization and modelling. Mater. Today Phys. 2021, 21, 100471.
[CrossRef]

32. Ayachi, S.; Radhika, D.; Prasanna, P.; Park, S.; Jaywan, C.; SuDong, P.; Byungki, R.; Eckhard, M.; de boor, J. On the Relevance
of Point Defects for the Selection of Contacting Electrodes: Ag as an Example for Mg2(Si,Sn)-based Thermoelectric Generators.
Mater. Today Phys. 2021, 16, 100309. [CrossRef]

33. Pham, N.H.; Farahi, N.; Kamila, H.; Sankhla, A.; Ayachi, S.; Müller, E.; de Boor, J. Ni and Ag electrodes for magnesium silicide
based thermoelectric generators. Mater. Today Energy 2019, 11, 97–105. [CrossRef]

34. Shang, H.; Liang, Z.; Xu, C.; Song, S.; Huang, D.; Gu, H.; Mao, J.; Ren, Z.; Ding, F. N-type Mg3Sb2-xBix with improved thermal
stability for thermoelectric power generation. Acta Mater. 2020, 201, 572–579. [CrossRef]
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