
1. Introduction
Wave-particle interactions in the Earth's magnetosphere can lead to the scattering of electrons in the central 
plasma sheet into the atmospheric loss cone. This process is generally associated with the violation of the first and 
second adiabatic invariants, such that the pitch angle of initially trapped particles approaches the loss cone angle 
and the particles are lost to the atmosphere, causing the optical phenomenon of diffuse aurora.

Several studies (e.g., Fukizawa et al., 2020, 2022; Horne & Thorne, 2000; Lyons, 1974; Ni, Thorne, Horne, 
et al., 2011; Ni et al., 2016) suggested that electrostatic electron cyclotron harmonic (ECH) waves can effi-
ciently precipitate plasma sheet electrons at energies of several hundred eV to a few keV and contribute to the 
formation of the diffuse aurora. While Thorne et al. (2010) concluded that scattering by whistler-mode chorus 
waves is the dominant cause of diffuse auroral precipitation in the inner magnetosphere at L < 8, ECH waves 
are suggested to be an important and even major driver of the nightside electron diffuse auroral precipitation 
in the outer magnetosphere (e.g., Ni et al., 2012; Zhang et al., 2015). Furthermore, ECH wave scattering is a 
possible cause of pulsating aurora (e.g., Liang et al., 2010), and they have recently been suggested to be impor-
tant for the generation of dayside diffuse aurora (Lou et al., 2021). The exact contribution of the diffusion of 
low-energy plasma sheet electrons into the atmospheric loss cone due to wave-particle interactions with ECH 
waves has been a subject of debate. While theoretical calculations of diffusion coefficients by Lyons (1974) 
suggested that ECH waves had amplitudes large enough to cause strong pitch angle diffusion of electrons 
with energies up to a few keV, for example, Belmont et  al.  (1983); Roeder and Koons  (1989); Schumaker 
et al. (1989) concluded that ECH waves are not the principal mechanism scattering low-energy plasma sheet 
electrons as the amplitudes of observed emissions are insufficient to account for diffuse auroral precipitation. 
More recent studies (e.g., Ni et al., 2016; Ni, Thorne, Horne, et al., 2011; Tripathi & Singhal, 2009) suggested 
that the observed wave amplitudes are sufficient to set electrons of several eV up to a few keV on strong diffu-
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sion, depending on the geomagnetic activity level. However, the exact role of ECH waves in driving the diffuse 
auroral precipitation at different spatial locations and under different geomagnetic conditions remains an open 
question.

ECH waves are electrostatic emissions observed in narrow frequency bands between the harmonics of the elec-
tron cyclotron frequency fce (e.g., Kennel et al., 1970). They are also known as “n + 1/2” waves, although the 
wave frequency is not necessarily centered at (n + 1/2)fce (Zhou et al., 2017), and as electron Bernstein mode 
(Bernstein, 1958). Previous observational and statistical studies (e.g., Gough et al., 1979; Meredith et al., 2009; 
Ni et al., 2017) have shown that ECH waves occur predominantly at the nightside in the MLT interval of 21–06 hr 
and are confined to the region of ±3° around the magnetic equator. Additionally, they are frequently observed in 
the dayside magnetosphere at latitudes up to 40°, as reported by Lou et al. (2018). Their group velocity is of the 
order of 10 5 m/s, which is generally smaller than the thermal velocity of the surrounding plasma, and shows a 
dependence on frequency and wave normal angle (see Supporting Information S1). The parallel group velocity 
of ECH waves can be of the same order of magnitude or higher than the perpendicular group velocity, but the 
waves are damped and dissipate in the parallel direction. As damping becomes stronger with decreasing wave 
normal angle, they propagate nearly perpendicular to the magnetic field (Baumjohann & Treumann, 1996). The 
most intense ECH waves occur at L = 5–9, but moderately strong ECH emissions can still be observed up to 
L = 12 (Zhang et al., 2013), while they generally intensify with increasing geomagnetic activity (Ni, Thorne, 
Horne, et al., 2011). ECH waves are thought to be excited by the loss cone instability of the ambient plasma sheet 
electrons (Ashour-Abdalla & Kennel, 1978), although other generation mechanisms like wave-wave interactions 
between chorus waves and ECH waves (Gao et al., 2018) or the excitation by an electron beam distribution (e.g., 
Zhang, Angelopoulos, Artemyev, & Zhang, 2021; Zhang, Angelopoulos, Artemyev, Zhang, & Liu, 2021) are 
possible.

In general, the waves can resonate with particles when the Doppler-shifted wave frequency experienced by the 
particle equals a multiple of the electron cyclotron frequency. In order to solve the resonance condition and 
find the velocities and energies of the particles that the wave will interact with, we need to know the cyclotron 
frequency, wave frequency and wave propagation angle and we must solve the plasma dispersion relation 
relating the wave frequency to the wave vector. Therefore, information about the wave propagation charac-
teristics and the specification of the spatial distribution of the background magnetic field and plasma density 
and properties of the hot plasma sheet electrons responsible for the wave excitation, such as temperature and 
loss cone parameters, is required. Lou et al.  (2022) performed a sensitivity analysis of ECH wave-induced 
scattering rates to the ambient magnetic field intensity, total electron density, and density ratio between hot 
and cold electrons, finding that the variation of the parameters can significantly change the magnitude of 
the diffusion coefficients of electrons with energies <1 keV. In this study, we aim to extend these results by 
investigating the sensitivity of previously unexplored properties of the hot electron component to constrain 
the conditions under which ECH wave-induced scattering can theoretically make a significant contribution 
to the total diffuse auroral precipitation. This information is relevant to practice because it helps to decide 
whether this precipitation mechanism (ECH-wave induced scattering driven by loss cone instability) needs 
to be considered under what conditions (i.e., parameters of the electron distribution) when analyzing actual 
precipitation events. Additionally, resonant interactions between particles and ECH waves have an impact 
on electron phase space density evolution, but typical quasilinear studies of radiation belt dynamics do not 
currently incorporate them. This is because the resonant electron energy due to ECH waves is typically less 
than 10 keV, which is much lower than the energy range of radiation belt electrons. However, there are recent 
results by Haas et al.  (2023), suggesting that it might be important to consider ECH waves in ring current 
models. Furthermore, to our knowledge, a comprehensive statistical model of waves that includes the wave 
normal angle as well as the electron loss cone distribution parameters, which are responsible for wave excita-
tion, has yet to be developed.

We calculate bounce-averaged quasi-linear scattering rates due to ECH waves and analyze the dependence on 
the temperature, plasma density and loss cone parameters of the hot electron component in the electron distri-
bution. In Section 2, we present our methods used to calculate the ECH wave-induced diffusion coefficients and 
the underlying assumptions about the wave properties and the background plasma. The numerical results of the 
diffusion coefficients and electron lifetimes for different electron distributions are shown in Section 3, and are 
discussed in Section 4 and summarized in Section 5.
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2. Methods and Assumptions
2.1. Initial Electron Distribution

Figure 1 gives an overview of the different steps involved in the calculation 
of the bounce-averaged quasi-linear scattering rates due to ECH waves, indi-
cating the main input and output of each step.

Following previous studies (e.g., Lou et  al.,  2022; Ni et  al.,  2012; Ni, 
Thorne, Horne, et al., 2011), we assume that the electron distribution can be 
modeled by a sum of subtracted bi-Maxwellian components, each given by 
(Ashour-Abdalla & Kennel, 1978)

𝑓𝑓𝑖𝑖(𝑣𝑣⟂, 𝑣𝑣‖) =
𝑛𝑛𝑖𝑖

𝜋𝜋3∕2𝑎𝑎2
⟂,𝑖𝑖
𝑎𝑎‖,𝑖𝑖

exp

(
−
𝑣𝑣2‖

𝑎𝑎2‖,𝑖𝑖

)
⋅

{
Δ𝑖𝑖 exp

(
−
𝑣𝑣2
⟂

𝑎𝑎2
⟂,𝑖𝑖

)

+
1 − Δ𝑖𝑖

1 − 𝛽𝛽𝑖𝑖

[
exp

(
−
𝑣𝑣2
⟂

𝑎𝑎2
⟂,𝑖𝑖

)
− exp

(
−

𝑣𝑣2
⟂

𝛽𝛽𝑖𝑖𝑎𝑎
2
⟂,𝑖𝑖

)]}
,

 (1)

where ni is the electron density, a⊥,i and a‖,i are the thermal velocities perpen-
dicular and parallel to the ambient magnetic field and Δi and βi are the loss 
cone parameters determining the filling and the slope of the distribution inside 
the loss cone. The thermal velocities are related to the parallel and perpendic-
ular temperatures of the plasma by 𝐴𝐴 𝐴𝐴2‖,𝑖𝑖 = 2𝑇𝑇‖,𝑖𝑖∕𝑚𝑚𝑒𝑒 and 𝐴𝐴 𝐴𝐴2

⟂,𝑖𝑖
= 2𝑇𝑇⟂,𝑖𝑖∕𝑚𝑚𝑒𝑒 , where 

me is the electron mass. Figure 2 shows a plot of the distribution given by 
Equation 1 for different values of Δ and β corresponding to the two extreme 
cases of maximum and minimum influence of the loss cone term. When 
Δ = 1, the distribution reduces to a simple Maxwellian distribution without 
loss cone term. For Δ = 0 and β = 0.99, the influence of the loss cone term 
in Equation 1 maximizes and the phase space density becomes zero for small 
values of v⊥, corresponding to no particles inside the loss cone.

We assume the electron distribution to consist of one cold, isotropic compo-
nent and one hot component including a loss cone. The parameters adopted 
in the distribution are listed in Table 1 and represent typical conditions in 
the plasma sheet at around L  =  6, following previous studies (Fukizawa 
et al., 2020; Horne & Thorne, 2000; Lou et al., 2022; Ni, Thorne, Horne, 
et al., 2011). The temperature of the cold and hot electrons is 1 eV (Horne 
& Thorne, 2000; Lou et al., 2022) and 621 eV, respectively. The loss cone 
parameters of the hot component are set to β = 0.02 and Δ = 0.5 (Horne & 
Thorne, 2000; Lou et al., 2022). The total electron density is adopted from 
the plasma trough density model in Sheeley et al. (2001) and the density ratio 
between hot and cold electrons is set to be 1/2. The background magnetic 
field intensity is assumed to be B0 = 143 nT, representing the dipole magnetic 
field intensity at L  =  6. We vary the hot electron temperature Th, plasma 
density n and loss cone parameters Δ and β choosing 20 values of T⊥, T‖, 
Δ and β, respectively, and three different values for n within the range indi-
cated in Table 1, which is based on the parameters obtained in previous stud-
ies based on observations (e.g., Fukizawa et al., 2020; Ni, Thorne, Horne, 
et al., 2011; Zhou et al., 2017).

2.2. Frequency-Dependent Diffusion Coefficients

This subsection refers to the steps in the blue box in Figure 1. The parameters 
listed in Table 1 can be used as input to the WHAMP (Waves in homoge-
neous, anisotropic, multicomponent plasmas) Code (Roennmark,  1982) to 
solve the hot plasma dispersion relation for nine specific frequencies in the 

Figure 1. Full Diffusion Code for the calculation of quasi-linear 
bounce-averaged diffusion coefficients for wave-particle interaction with 
ECH waves. The core calculation block of the code is indicated in blue and 
assumptions to be discussed are highlighted in red.
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first harmonic band, from f = 1.1 fce to f = 1.9 fce with a step of f = 0.1 fce. For each frequency, we vary the wave 
normal angle θ between 86° and 89.96°. In Figure 3, the distributions of the wave growth rate with wave normal 
angle computed with WHAMP are shown for ten different hot electron temperatures and for three different 
plasma densities at f = 1.3 fce. The growth rate is normalized to the angular electron gyrofrequency Ωe = |eB0/me| 
and its maximum value varies between γ/Ωe ∼ 10 −7 and γ/Ωe ∼ 10 −3 depending on frequency and on the electron 
distribution described above. We see that the growth rate maximum generally tends to decrease as T‖ = T⊥, T⊥/T‖, 
Δ and β increase. The values of the growth rate maximum correspond to timescales of ∼0.25 s to ∼42 min of 
the considered instability. For reference, this is comparable to or greater than the bounce time of the considered 
electrons, which varies between ∼11 s (for E = 1 keV) and ∼36 s (for E = 100 eV).

Following Ni, Thorne, Horne, et al. (2011), we define the model of the wave normal angle distribution by the 
wave normal angle θ0, the width δθ, perpendicular and parallel components of the wave number k⊥ and k‖, and the 
spread in the parallel wave number δk‖. As the growth rate remains almost constant over a range of wave normal 
angles (Figure 3), we select the midpoint of this plateau as the wave normal angle θ0 and define the width as 
δθ = 90° − θ0. We adopt the model for the latitudinal variation of the wave normal angle from Ni, Thorne, Horne, 
et al. (2011). For each frequency, θ0 is taken as the equatorial wave normal angle θe and depending on that value, it 
is assumed that the wave can propagate up to λm = 1° (if θe ≥ 89.8°), 2° (if 89.5° ≤ θe < 89.8°) or 3° (if θe < 89.5°) 
in latitude. The relation between wave normal angle and latitude is assumed to be linear, so that θ = a · λ + θe 
with a slope a, which depends on λm = [1°, 2°, 3°] so that θ(λm) = 90°. We linearly interpolate the wave normal 
angle between (λ = 0°, θ = θ0 = θe) and (λ = λm, θ = 90°). By combining the results from WHAMP with the wave 
normal angle model, the latitudinal variation of the wave normal angle θ, the width δθ = 90° − θ, parallel and 
perpendicular wave number k‖ and k⊥ and the spread in the parallel wave number δk‖ = k⊥,0/tan(θ − δθ) − k‖,0 are 
obtained, where k0,⊥ = k0 · sin θ0 and k0,‖ = k0 · cos θ0 are the perpendicular and parallel components of the wave 

Figure 2. (a) Loss cone distribution in (v⊥, v‖)-space as described by Equation 1 for Δ = 1, corresponding to a bi-Maxwellian distribution, and (b) for Δ = 0 and 
β = 0.99, showing the maximum influence of the loss cone term.

Parameter T⊥ (eV) T‖ (eV) n (m −3) Δ β

Comp. 1 (cold) 1 1 3.31 × 10 6 1 –

Comp. 2 (hot) 621 621 1.65 × 10 6 0.5 0.02

Variation of comp. 1 – – 1 × 10 6 to 6 × 10 6 – –

Variation of comp. 2 100 to 10,000 100 to 10,000 0.5 × 10 6 to 3 × 10 6 0.3 to 0.9 0.01 to 0.4

Table 1 
Electron Components Used to Model the Electron Distribution Function Consisting of One Cold and One Hot Component 
Including a Loss Cone
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vector k0 corresponding to θ0. These parameters can be used further to calculate bounce-averaged quasi-linear 
diffusion coefficients.

The local pitch angle diffusion coefficients due to electrostatic ECH waves are given by (e.g., Horne & 
Thorne, 2000; Lyons, 1974)

��� =
∞
∑

�=−∞
∫ �⟂ d�⟂

[

Ψ�,�

(

�Ω�∕�� − sin2�
sin � cos �

)2]

�
‖

=�
‖,���

,

Ψ�,� =
1
4�

�2

�2
�

|��|
2

�

(

��

|�|

)2 � 2
� (�⟂�⟂∕Ω�)

�4|�
‖

− ���∕��‖

|

,

 (2)

where α is the electron pitch angle, k‖,res  =  (ωk  −  nΩe/γ)/v‖ is the resonant parallel wave number, ωk is the 
wave frequency as a function of k, γ is the Lorentz factor, and Jn is the Bessel function of order n. Horne and 
Thorne (2000) developed Equation 2 into a modified version,

𝐷𝐷𝛼𝛼𝛼𝛼 =

√
𝜋𝜋

2

𝑒𝑒2

𝑚𝑚2
𝑒𝑒

|𝐸𝐸𝑤𝑤|2

𝑘𝑘2
0,⟂
𝛿𝛿𝑘𝑘‖

exp(−𝜇𝜇)

𝑣𝑣5 cos 𝛼𝛼

⋅

+∞∑

𝑛𝑛=−∞

(
𝑛𝑛Ω𝑒𝑒∕𝜔𝜔𝑘𝑘 − sin2𝛼𝛼

sin 𝛼𝛼 cos 𝛼𝛼

)2

𝐼𝐼𝑛𝑛(𝜇𝜇)
{
exp

[
−(𝜁𝜁−

𝑛𝑛 )
2
]
+ exp

[
−
(
𝜁𝜁+
𝑛𝑛

)2]}
,

 (3)

where In(μ) is the modified Bessel function of order n with the argument 𝐴𝐴 𝐴𝐴 = 𝑘𝑘0,⟂𝑣𝑣
2
⟂
∕
(
2Ω2

𝑒𝑒

)
 , and 𝐴𝐴 𝐴𝐴±

𝑛𝑛 =
𝜔𝜔𝑘𝑘−𝑛𝑛Ω𝑒𝑒

𝛿𝛿𝑘𝑘‖𝑣𝑣 cos 𝛼𝛼
±

𝑘𝑘0,‖
𝛿𝛿𝑘𝑘‖

 . 

This can be done under the assumption of an electric field spectrum of the form

|𝐸𝐸𝑘𝑘|2 = 𝐶𝐶 ′𝑘𝑘2
⟂
exp

[
−

(
𝑘𝑘⟂

𝑘𝑘0,⟂

)2
]
⋅

{
exp

[
−

(
𝑘𝑘‖ − 𝑘𝑘0,‖

𝛿𝛿𝑘𝑘‖

)2
]
+ exp

[
−

(
𝑘𝑘‖ + 𝑘𝑘0,‖

𝛿𝛿𝑘𝑘‖

)2
]}

 (4)

with a normalization constant

𝐶𝐶 ′ =
4𝜋𝜋3∕2

𝑘𝑘4
0,⟂
𝛿𝛿𝑘𝑘‖

𝑉𝑉 |𝐸𝐸𝑤𝑤|2. (5)

here, Ew is the wave amplitude, and V is the plasma volume. Furthermore, it is assumed that the parallel group 
velocity is small compared to the electron parallel velocity (i.e. ∂ωk/∂k‖ ≪ v‖, see Supporting Information S1).

The local mixed diffusion rates Dαp and momentum diffusion rates Dpp can subsequently be obtained by

��� = ���

[

sin � cos �
�Ω�∕(���) − sin2�

]

��� = ���

[

sin � cos �
�Ω�∕(���) − sin2�

]2

, (6)

Figure 3. (a) Normalized growth rate as a function of wave normal angle for f = 1.3 f˙ce for ten different hot electron temperatures and (b) for three different plasma 
densities.
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and the quasi-linear bounce-averaged diffusion coefficients are calculated by (e.g., Glauert & Horne,  2005; 
Shprits, Thorne, et al., 2006; Summers et al., 2007)

⟨���⟩ =
1

�(���) ∫

��

0
���(�)

cos �
cos2���

cos7 � d�, (7)

⟨���⟩ =
1

�(���) ∫

��

0
���(�)

cos4�
(

1 + 3sin2�
)1∕4

cos �
d�, (8)

⟨���⟩ =
1

�(���) ∫

��

0
���(�)

cos �
(

1 + 3sin3�
)1∕2

cos �
d�, (9)

where S(αeq) gives the variation of the electron bounce period τB with the equatorial pitch angle αeq, approximated 
by S(αeq) = 1.3 − 0.56 sin αeq in a dipole magnetic field (Hamlin et al., 1961). αeq is associated with the local pitch 
angle by 𝐴𝐴 sin2𝛼𝛼 =

√
4−3cos2𝜆𝜆

cos6𝜆𝜆
sin2𝛼𝛼𝑒𝑒𝑒𝑒 . λm is the upper limit of the magnetic latitude determined either by the mirror 

latitude of the particles or by the maximum latitude of the wave occurrence obtained from the wave normal angle 
model.

We calculate bounce-averaged diffusion coefficients as given in Equations 7–9 for 200 values of the equatorial 
pitch angle ranging from αeq = 0° to αeq = 90° and for 201 values of the electron kinetic energy ranging from 
E = 0.01 keV to E = 100 keV.

2.3. Total Diffusion Coefficients

Given that the wave electric field and wave normal angle distribution are known, the bounce-averaged reso-
nant diffusion coefficients can be evaluated for ECH waves at the nine specified frequencies. Theoretically, the 
quantification of diffusion rates requires an integration over the entire ECH frequency band, which depends 
on solving the hot plasma dispersion relation. Ni, Thorne, Horne, et al. (2011) have developed an approximate 
method instead, using the observed ECH wave power spectrum to introduce weighting factors for the diffusion 
rates at each wave frequency. The overall bounce-averaged diffusion rates due to the nine frequencies in the first 
harmonic band are computed by

⟨𝐷𝐷⟩total =

9∑

𝑗𝑗=1

𝑅𝑅𝑗𝑗⟨𝐷𝐷⟩𝑗𝑗 (10)

with the weighting factor for the jth wave frequency given by

𝑅𝑅𝑗𝑗 =
(𝐼𝐼𝐸𝐸)𝑗𝑗

∑9

𝑗𝑗=1
(𝐼𝐼𝐸𝐸)𝑗𝑗

. (11)

here, 〈D〉j is the bounce-averaged diffusion rate due to the jth wave frequency and 𝐴𝐴 (𝐼𝐼𝐸𝐸)𝑗𝑗 is the electric field inten-
sity for the jth wave frequency, given by

(𝐼𝐼𝐸𝐸(𝑓𝑓 ))𝑗𝑗 = 𝐴𝐴 exp

[
−

(
𝑓𝑓𝑗𝑗 − 𝑓𝑓𝑚𝑚

Δ𝑓𝑓

)2
]
, (𝑓𝑓𝑙𝑙𝑙𝑙 < 𝑓𝑓 < 𝑓𝑓𝑢𝑢𝑙𝑙) (12)

when assuming a Gaussian frequency distribution, with fm and Δf being the frequency of maximum wave power 
and bandwidth, respectively, and flc and fuc being the lower and upper cutoffs to the wave spectrum outside which 
the wave power is assumed to be zero. A is a normalization factor given by

𝐴𝐴 =
𝐸𝐸2

𝑤𝑤

Δ𝑓𝑓

1

𝜋𝜋3∕2

[
erf

(
𝑓𝑓𝑚𝑚 − 𝑓𝑓𝑙𝑙𝑙𝑙

Δ𝑓𝑓

)
+ erf

(
𝑓𝑓𝑢𝑢𝑙𝑙 − 𝑓𝑓𝑚𝑚

Δ𝑓𝑓

)]−1
, (13)

where Ew is the wave electric field amplitude.

Following previous studies (e.g., Horne & Thorne, 2000; Lou et al., 2022), we assume a nominal wave amplitude 
of Ew = 1 mV/m and consider only the first harmonic band of ECH emissions, that is, fce < f < 2fce, which is the 
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strongest compared to the other bands (Ni et al., 2017; Ni, Thorne, Horne, et al., 2011; Roeder & Koons, 1989) 
and contributes most to the scattering rates near the loss cone (see Text S2 in Supporting Information S1). Based 
on the statistical results from Ni et al. (2017), we assume that the wave power is centered at fm = 1.4 fce and that 
the bandwidth is Δf = 0.2 fce. Thus, we calculate bounce-averaged quasi-linear diffusion coefficients at the nine 
specified frequencies, including contributions from the Landau resonance (n = 0) and the cyclotron resonances 
from n = −10 to n = 10, and apply the weighting with the wave power spectral profile as described above in order 
to obtain total diffusion rates from the first harmonic band.

3. Model Results
In Figure 4, we show examples of the two-dimensional bounce-averaged pitch angle diffusion coefficients 〈Dαα〉, 
momentum diffusion coefficients 〈Dpp〉 and mixed diffusion coefficients |〈Dαp〉| as a function of equatorial pitch 
angle αeq and electron kinetic energy E for three different plasma densities. From the upper panels, it can be 
inferred that ECH waves can efficiently scatter electrons in pitch angle in the energy range from less than 0.1 keV 
to approximately 1 keV over a broad range of pitch angles from 0° to ∼60°. At higher energies >1 keV, the 
range of pitch angles for which efficient scattering in pitch angle can occur narrows significantly, suggesting that 
ECH waves play a negligible role in scattering plasma sheet electrons at these energies. With increasing plasma 
density, the resonant pitch angle range changes slightly at low energies, extending to larger pitch angles and 
lower energies for a higher plasma density. Compared to pitch angle diffusion, the momentum diffusion, shown 
in Figures 4d to 4f, is several orders of magnitude weaker. The same applies for the mixed diffusion rates, shown 
in Figures 4g to 4i.

Figure 4. (a)–(c) Quasi-linear bounce-averaged pitch angle diffusion coefficients 〈Dαα〉, (d)–(f) momentum diffusion coefficients 〈Dpp〉 and (g)–(i) mixed 
diffusion coefficients |〈Dαp〉| as a function of equatorial pitch angle αeq and electron kinetic energy E for three different plasma densities n = 1.5 cm −3 (left column), 
n = 4.96 cm −3 (middle column) and n = 9 cm −3 (right column). The white dashed line indicates the loss cone angle αLC.
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In order to investigate the contribution of ECH waves to the diffuse auroral precipitation, we calculate the life-
time of electrons near the loss cone and compare it to the strong diffusion limit. Lifetime is a relevant parameter 
because it describes the timescale on which the particle distribution would go to an equilibrium state due to 
the wave-particle interactions (e.g., Shprits, Li, & Thorne, 2006; Albert & Shprits, 2009) and is important for 
including the scattering due to ECH waves into numerical codes solving the diffusion equation and simulating 
the dynamics of the ring current, for example, Following Shprits, Li, and Thorne (2006), we estimate the electron 
loss timescale as 1/〈Dαα〉|LC, where the bounce-averaged pitch angle diffusion coefficient 〈Dαα〉 is evaluated at the 
equatorial loss cone angle αLC. Assuming a dipolar magnetic field, we find that αLC = 2.85° at L = 6. Following 
Summers and Thorne (2003), the strong diffusion rate is approximated by

𝐷𝐷SD ≈
9.66

𝐿𝐿4

[
4𝐿𝐿

4𝐿𝐿 − 3

]1∕2 [𝐸𝐸′(𝐸𝐸′ + 2)
]1∕2

(𝐸𝐸′ + 1)
 (14)

for electrons of a specified kinetic energy in units of their rest energy E′ = E/(mec 2) at L = 6, and the lifetime of 
strong diffusion is obtained by tSD = 1/DSD.

The resulting electron loss times and lifetimes of strong diffusion are shown in Figure 5 for three specific electron 
energies E = 0.1 keV, E = 0.5 keV and E = 1 keV. For each energy, we plot the electron lifetime near the loss 
cone as a function of hot electron temperature with T⊥ = T‖ and as a function of temperature anisotropy T⊥/T‖. For 
E = 0.1 keV, the loss timescale is about 35 min (about 60 times larger than the bounce time of the considered elec-
trons), which is below the strong diffusion limit of tSD = 1.76 hr, and remains nearly constant within an interval 
of about 2 min if T⊥ = T‖ and for the considered values of temperature anisotropy. We therefore expect ECH 
waves to be able to fully fill the loss cone and dominate diffuse auroral precipitation at this electron energy. For 
E = 0.5 keV, the calculated lifetimes are about 6.8 hr, while the strong diffusion limit decreases to tSD = 0.79 hr. 

Figure 5. Electron lifetimes near the loss cone for three different energies (E = 0.1 keV, E = 0.5 keV and E = 1 keV from left to right) (a)–(c) as a function of hot 
electron temperature when T⊥ = T‖ and (d)–(f) for increasing temperature anisotropy T⊥/T‖. The lifetime of strong diffusion at the corresponding electron energy is 
indicated by the red dashed line.

 21699402, 2023, 12, D
ow

nloaded from
 https://agupubs.onlinelibrary.w

iley.com
/doi/10.1029/2023JA

031803 by D
tsch Z

entrum
 F. L

uft-U
. R

aum
 Fahrt In D

. H
elm

holtz G
em

ein., W
iley O

nline L
ibrary on [13/12/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



Journal of Geophysical Research: Space Physics

STOLL ET AL.

10.1029/2023JA031803

9 of 14

For E = 1 keV, the lifetime increases to close to a day, while the strong diffusion limit drops to approximately 
30 min. Our results therefore show that ECH waves can importantly contribute to diffuse auroral precipitation of 
electrons with energies of several hundreds of eV, while diffusion by ECH waves is not important for electrons 
with higher energies E > 1 keV under the assumed conditions.

In Figure 6, we show the variation of the electron lifetime near the loss cone with the initial loss cone parameters β 
and Δ and with the plasma density. Varying β and Δ, the resulting lifetimes do not change by more than 2 min for 
E = 0.1 keV, 5 min for E = 0.5 keV and 35 min for E = 1.0 keV over a large range of parameters. As Δ increases 
and approaches Δ = 1, which would mean that the loss cone is completely filled and the distribution in Equation 1 
reduces to a stable Maxwellian, the magnitude of the pitch angle diffusion coefficients decreases significantly 
and the electron lifetime near the loss cone increases correspondingly. Calculating the electron loss timescale for 
three different values of the total plasma density, while keeping the ratio of hot to cold plasma density constant at 
nh/nc = 1/2, we find that the electron loss is enhanced when the plasma density is low. This effect becomes more 
pronounced with increasing electron energy. The lifetime of electrons near the loss cone increases from 15.6 to 
23.2 hr at E = 1 keV, when the plasma density increases from n = 1.5  to n = 9 cm −3. It should be noted that this 
is not consistent with the results from Lou et al. (2022), who report stronger scattering in case of higher plasma 

Figure 6. Electron lifetimes near the loss cone for three different energies (E = 0.1 keV, E = 0.5 keV and E = 1 keV from left to right) (a)–(c) as a function of loss cone 
parameters β and (d)–(f) Δ and (g)–(i) cold plasma density. The lifetime of strong diffusion at the corresponding electron energy is indicated by the red dashed line.
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density. Lou et al. (2022) assume the wave growth rate to be centered at a wave normal angle of 89.5° with an 
angular width of 0.5°, which remains constant with changing plasma density. In our calculations, we see however 
that the profile of growth rate with wave normal angle changes with plasma density, as shown in Figure 3. This 
implies different values of the equatorial wave normal angle and angular width for the different plasma densi-
ties. As the diffusion coefficients are very sensitive to the wave normal angle (e.g., Horne & Thorne, 2000; Ni, 
Thorne, Horne, et al., 2011), the changes in wave normal angle lead to the differences in the calculated lifetimes 
with changing plasma density.

Furthermore, we investigate the effect of the wave electric field amplitude on the scattering efficiency and calcu-
late the range of variation of the lifetime with changing plasma density for each amplitude, calculated for L = 6. 
As shown in Figure 7, electrons can be lost very fast in case of strong ECH wave events with Ew = 10 mV/m. 
The resulting lifetimes remain below or close to the strong diffusion limit up to electron energies of a few keV. 
In the case considered above with Ew = 1 mV/m, the lifetime of electrons with E = 1 keV is about two orders 
of magnitudes higher than the strong diffusion limit and increases further with increasing electron energy. As 
argued above, the lifetime increases with increasing plasma density. This effect becomes more pronounced with 
higher electron energies. For example, at E = 2 keV, when Ew = 10 mV/m, the lifetime varies between t = 31 min 
for n = 1.5 cm −3 and t = 48 min for n = 9 cm −3 compared to a strong diffusion limit of tSD = 24 min. When 
Ew = 1 mV/m, the lifetime varies between t = 52 hr for n = 1.5 cm −3 and t = 80 hr for n = 9 cm −3 for E = 2 keV 
electrons, significantly exceeding the lifetime calculated using the strong diffusion limit. We therefore expect 
ECH waves to importantly contribute to diffuse auroral precipitation of low-energy electrons of several hundreds 
of eV, and additionally be able to precipitate higher energy electrons during strong events significantly exceeding 
wave amplitudes of 1 mV/m.

4. Discussion
As shown in Figure 3, the profile of the growth rate as a function of wave normal angle changes with varying hot 
electron temperature. While the growth rate remains approximately constant over a range of wave normal angles 
from 88° to close to 90° for low energetic electron temperatures Th < 3 keV, the distribution shifts to higher 
wave normal angles and establishes a peak at around 88.6° when the temperature increases. In previous studies 
(e.g., Horne & Thorne, 2000; Lou et al., 2022), it is assumed that the wave growth is centered at a constant wave 
normal angle θ determining k0,⊥ and k0,‖ with a constant angular width δθ determining the spread in parallel wave 
number δk‖. Ni, Thorne, Horne, et al. (2011) and Lou et al. (2021) on the other hand, use the wave normal angle 

Figure 7. Electron lifetime near the loss cone as a function of energy for two different wave electric field amplitudes. Results 
are shown for the maximum and minimum lifetimes corresponding to the lowest and highest total electron density, indicating 
the range of variation of electron lifetimes with varying parameters in the initial electron distribution. The lifetime of strong 
diffusion is indicated by the red line.
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at the peak of the growth rate θ0 for the determination of k0,⊥ and k0,‖ and assume a width of δθ = 90° − θ0. In 
our calculations, the peak of the growth rate changes significantly with varying hot electron temperature, which 
would result in changing assumptions for the wave normal angle and width used for calculating the wave vector. 
This would imply large changes of the pitch angle diffusion coefficients and lifetimes near the loss cone (not 
shown here). As the calculated growth rates shown in Figure 3 do not establish a clear peak but remain almost 
constant over a range of wave normal angles, adopting the approach of deriving the equatorial wave normal angle 
from the peak of the growth rate would have lead to an overestimation of the influence of hot electron tempera-
ture on the scattering by ECH waves. Following the approach by for example, Horne and Thorne (2000) on the 
other hand and assuming a constant wave normal angle for all distributions would lead to an underestimation 
of the influence of temperature. Our approach of taking the midpoint of the plateau reflects the change in the 
growth rate profile, but does not result in unrealistically large changes of the wave normal angle distribution and 
resulting wave vectors. However, the effect of the energetic electron temperature might still be underestimated, 
as we do not capture the entire profile of the wave normal angle distribution. It might be a better approach to 
implement a Gaussian distribution of wave normal angles as commonly adopted for chorus waves (e.g., Glauert 
& Horne, 2005; Ni, Thorne, Meredith, et al., 2011; Ni et al., 2008; Shprits & Ni, 2009). This would however 
require the transformation of the integral over k⊥ in Equation 2 to an integral over wave normal angle. As shown 
by Tripathi and Singhal (2009), this transformation involves several terms that must be evaluated using the disper-
sion relation for ECH waves, and is beyond the scope of this paper.

In studies of ECH wave events, the electron distribution of the form in Equation 1 is usually fitted to the observed 
phase space density (e.g., Fukizawa et al., 2020; Lou et al., 2021; Ni, Thorne, Horne, et al., 2011). In these event 
studies, the distribution used to fit the observations usually consists of one cold and five or more hot components. 
Here, following other theoretical studies (e.g., Horne & Thorne, 2000; Lou et al., 2022), we assume an electron 
distribution consisting of one cold and one hot component in order to be able to isolate the effect of the different 
parameters in the hot component. It is not clear how the number of included hot components affects the results of 
the ECH wave-induced diffusion coefficients.

Additionally, the amplitude of the wave electric field has an important effect on the scattering rates, as Dαα∝|Ew| 2. 
Our results show that during strong wave events when Ew = 10 mV/m, pitch angle scattering by ECH waves can 
contribute significantly to diffuse auroral precipitation of electrons with energies up to a few keV. This is consist-
ent with the results from Fukizawa et al. (2022), who showed that the pitch angle diffusion coefficient for ECH 
waves can exceed the strong diffusion level up to electron energies of around 2 keV if Ew = 10 mV/m. However, 
Ni et  al.  (2017) gave statistical average values of the ECH wave amplitude not exceeding 1 mV/m based on 
THEMIS FFF wave data sets. It is therefore unclear how frequently such strong events with Ew > 1 mV/m occur.

Besides the amplitude, the distribution of wave power with frequency plays an important role in evaluating the 
wave-induced scattering efficiency. While in some studies (e.g., Fukizawa et al., 2022) it was assumed that the 
wave power spectrum is centered at (n + 1/2)fce, Zhou et al. (2017) reported two ECH emission events where 
the wave power and wave growth rates are peaked at the lower half interval of harmonic bands between nfce and 
(n + 1/2)fce for one event, but at the upper half interval between (n + 1/2)fce and (n + 1)fce for the second event. 
They found that the peak frequencies of the wave growth rate increase with increasing energetic electron temper-
ature, suggesting that this parameter has an important effect on the wave power spectrum. In our calculations, 
the growth rate peaks high in the band approaching the high gyroharmonic frequency. Because this is not quite 
consistent with the observations by Ni et al. (2017), we assume the wave power to be centered at 1.4fce and adopt 
the weighting method from Ni, Thorne, Horne, et al. (2011). This way, we may however underestimate the influ-
ence of the energetic electron temperature on the distribution of wave power with frequency. More detailed wave 
statistical studies should be a subject of future research.

5. Conclusions
In this study, we have calculated bounce-averaged quasi-linear scattering rates 〈Dαα〉, 〈Dpp〉, and |〈Dαp〉|, and 
electron lifetimes near the loss cone for wave-particle interactions with electrostatic ECH waves, varying the 
temperature of the energetic electron component T‖ and T⊥, loss cone parameters β and Δ, and the plasma density 
n in the electron loss cone distribution. Our main conclusions are summarized as follows:

1.  ECH waves predominantly interact with electrons of energies of a few hundreds of eV, leading to pitch 
angle scattering into the loss cone and consequently diffuse auroral precipitation. The electron lifetimes are 
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comparable to the lifetimes calculated using the strong diffusion limit up to approximately 300  eV when 
Ew = 1 mV/m and up to about 2 keV when Ew = 10 mV/m, and increase with increasing energy. This is 
consistent with the results obtained by Tripathi and Singhal (2009), who found that ECH waves are responsi-
ble for diffuse auroral precipitation of electrons with energies of a few hundred eV. Also consistent with previ-
ous studies (e.g., Ni, Thorne, Horne, et al., 2011; Thorne et al., 2010), we find that the effect of momentum 
diffusion due to ECH wave scattering is minor.

2.  The electron lifetimes remain almost unaffected by the energetic electron temperature, regardless of whether 
the thermal velocity distribution is isotropic or anisotropic. The same applies to changing loss cone parameters 
β and Δ, except when Δ becomes close to 1, where we observe a significant increase in lifetime. Furthermore, 
the plasma density has an important effect on the pitch angle scattering rates, leading to a shorter loss times-
cale for low plasma densities. This effect becomes more pronounced with increasing electron energy. For 
example, the lifetime of electrons near the loss cone increases from t = 15.6 hr to t = 23.2 hr at E = 1 keV, and 
from t = 52 hr to t = 80 hr at E = 2 keV, when the plasma density increases from n = 1.5 cm −3 to n = 9 cm −3.

3.  We find that the growth rate remains approximately constant over a range of wave normal angles between 88° 
and 90°, depending on the parameters in the electron loss cone distribution, instead of establishing a clear 
peak. Due to the considerable dependence of the scattering rates on the wave normal angle, we adapt the 
retrieval of the wave normal angle from the midpoint and the angular width of the growth rate profile. This 
approach reflects major changes in the growth rate profile with the tested parameters without overestimating 
their influence.

Besides the influence of the hot electron temperature, loss cone parameters and plasma density, the dependence 
of the scattering rates on the wave normal angle distribution remains to be explored in more detail. Our results 
suggest that the energetic electron temperature can alter the profile of wave growth rate as a function of wave 
normal angle. Currently, the wave normal angle distribution is modeled by a peak or midpoint wave normal angle 
determining k0,⊥ and k0,‖ and an angular width δθ determining the spread in parallel wave number δk‖. However, 
this cannot capture all changes in the profile. In addition, Zhou et al. (2017) suggested that the energetic elec-
tron temperature has an effect on the wave power spectrum and in particular on the location of the center of the 
ECH wave spectrum in the harmonic band. Therefore, detailed knowledge of the wave power spectrum as well 
as the wave normal angle distribution could improve the calculations of ECH wave-induced scattering effects. 
Furthermore, we modeled the electron lifetimes based on the scattering rates near the edge of the loss cone. As 
the scattering rates drop significantly when αeq > 60°, additional scattering by other types of waves, for example, 
chorus waves, may be needed to scatter electrons at all values of equatorial pitch angles in order to account for 
diffuse auroral precipitation.

Data Availability Statement
The WHAMP Code (Roennmark, 1982) used in this study is available at https://github.com/irfu/whamp. Numer-
ical output data can be obtained from https://doi.org/10.5281/zenodo.8082305 (available under the Creative 
Commons Attribution 4.0 International license), Stoll et al. (2023). Data analysis and visualization was performed 
using the Python packages numpy (Harris et al., 2020), pandas (McKinney, 2010), matplotlib (Hunter, 2007) and 
pylustrator (Gerum, 2020).
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