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In the research domain of fluid physics the institute provides the link between basic research 
and industrial implementation. Our knowledge base is embedded into an international 
framework of research establishments and industry.
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Organization | Sites of the Institute

Braunschweig: ~ 150 Employees  
Göttingen / Köln: ~ 200 Employees 
Gesamt: ~ 350 Employees 
(exept  internships, students, temporary support staff) 
Status: May 2023
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FLIGHT DYNAMIC STABILITY



Flight Dynamics

Aircraft motion - three axes (t/r) 

Arbitrary flight-orientation 

Considerations 
Flight trajectory 

Aircraft - Fluid interaction 

Subsonic-Transonic flow region 

Question: Is flight vehicle stable or 
unstable after perturbation from trimmed 
state?
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Why so difficult? Transonics and its traps

Transonic flow region 
linear - nonlinear 

Shocks 

Influence of viscosity 
(flow separation) 

To reflect this flow phenomena, 
demand of certain numerical schemes:  

Navier-Stokes Eqn. 

Accuracy
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Problem reduction
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Nonlinear equations of motion

x = [x,y,x]T , j = [f ,q ,y]T ,

ẋ = ThbU, j̇ = R�1
bh wb,

ẍ =
1
m

X+ThbW+wb ⇥U, j̈ = I�1(M�wb ⇥ Iwb)
<latexit sha1_base64="suT1JT0f9lusYyL9EnhUsmhb1aw="></latexit><latexit sha1_base64="suT1JT0f9lusYyL9EnhUsmhb1aw="></latexit><latexit sha1_base64="suT1JT0f9lusYyL9EnhUsmhb1aw="></latexit><latexit sha1_base64="RaTkuvWt/zLvwZa5YEhZ9kJtGlo="></latexit>

Spring-mass 
 damper oscillator

k

x(t)c.g.

F (t)

c

Initial conditions  
Small perturbations 
Linearisation - Taylor series

f[x(t), ẋ(t)] = 0, f[x̄, ˙̄x] = 0,
x(t)⇡ x̄+ x̃(t),
ẋ(t)⇡ ˙̄x+ ˙̃x(t),

f(t)⇡ f[x̄, ˙̄x]+ ∂ f
∂x

x̃+ ∂ f
∂ ẋ

˙̃x = 0

<latexit sha1_base64="3K41pkKUQYI2JoeZj5XjrmHS940="></latexit>

x(t) = x0 sin(ωt) 
Harmonic response 
Stability F(t) = 0

˙̃x = Ax̃
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Jacobian, state matrix A, 
exact symmetry x-z, longitudinal + lateral/directional 
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Consider longitudinal motion in the body-fixed frame of reference, Eq. (2.40),

˙̃x = Alongx̃, x̃ = (ũ, w̃, q̃, ✓̃)
T
,

Along,b =

2

66666666664

1
mXu

1
mXw

1
mXq � w̄ �g cos ✓̄

1
mZu

1
mZw

1
mZq + ū �g sin ✓̄

1
Iyy

Mu
1
Iyy

Mw
1
Iyy

Mq 0

0 0 1 0

3

77777777775

. (2.85)

Eq. (2.85) can be described with force and moment derivative coefficients.

@#
@! u w q

X q1 S
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Z q1 S
1

U1
CZu
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CZw q1 S

lµ
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M q1 S lµ
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a
q1 S lµ
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2U1
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˙̃u
0
=

˙̃ulµ
2U2

1
u
0
=

u
U1

w
0
=

w
U1

q
0
=
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2U1

a DLM: q1 S
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(2C̄i + Ciu), SC̄i
@q1
@u = q1S(

2
U1

C̄i), i = X,Z,m

The dimensional stability derivatives in Eq. (2.85) are related to their dimensionless
body-fixed coefficient counterparts listed in table 2.4. Stability derivative coefficients
are not dimensionless, however, with the prefactors in table 2.4, these coefficients be-
come dimensionless.
Switching from dimensional to nondimensional forces and moments does not take into
account the treatment for specific numerical methods for example potential method
versus linearized finite volume methods, see notes in table 2.4. A complete description
of applied derivatives regarding the DLM can be found in table 2.4.
Introducing the relative mass parameter,

µ =
2m

⇢1 S lµ
, (2.86)

which depends on the ambient density, and as a result of this dependence on air den-
sity, µ is a function of the flight altitude. Rotational equations are scaled with a refer-
ence moment of inertia to be consistent with the force equations:

Iref = ⇢1S

✓
lµ

2

◆3

=
m

µ

✓
lµ

2

◆2

, Iyy = iyyIref. (2.87)

state matrix A: dynamic / steady-state static, quasi-steady and dynamic derivatives

body-fixed (u,v,w)

trimmed state 
arbitrary flight orientation 
no simplification velocity components

aerodynamic (U, α, β)

trimmed state, second column: sin α = w/U   
α ≈ β ≈ 0°, sin α ≈ α, cos α ≈ 1 
v ≈ w ≈ 0, ⩒ ≈ ẇ ≈ 0

A0
long,w ⇡

2

666666666664

� 1

2µ
CDU

1

2µ
(C̄L � CD↵) � 1

2µ
CDq � 1

2µ
CG cos ✓̄

� 1

�
CLU � 1

�
(C̄D + CL↵)

1

�
(2µ� CLq ) � 1

�
CG sin ✓̄

a31
1

iyy
(Cm↵ � Cm↵̇

(C̄D + CL↵)

�
)

1
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(Cmq + Cm↵̇

(2µ� CLq )

�
) �Cm↵̇CG sin ✓̄

iyy�

0 0 1 0

3

777777777775

with :
1

�
= 2µ+ CL↵̇ , a31 =

1

iyy

✓
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CLU

�

◆
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A� Il = 0 ! l = s ± iw ! x(t) = x0est cos(wt +j)
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Jacobian, state matrix A, 
exact symmetry x-z, longitudinal + lateral/directional

Coupled motion
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The dimensional stability derivatives in Eq. (2.85) are related to their dimensionless
body-fixed coefficient counterparts listed in table 2.4. Stability derivative coefficients
are not dimensionless, however, with the prefactors in table 2.4, these coefficients be-
come dimensionless.
Switching from dimensional to nondimensional forces and moments does not take into
account the treatment for specific numerical methods for example potential method
versus linearized finite volume methods, see notes in table 2.4. A complete description
of applied derivatives regarding the DLM can be found in table 2.4.
Introducing the relative mass parameter,
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which depends on the ambient density, and as a result of this dependence on air den-
sity, µ is a function of the flight altitude. Rotational equations are scaled with a refer-
ence moment of inertia to be consistent with the force equations:
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LFD -  Linear Frequency Domain
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Linear Frequency Domain Method - LFD

Small perturbation approach, periodic motion, harmonic response 

Semi-discrete URANS (Spalart-Allmaras one equation turbulence model) 

Consistent linearisation - complex-valued linear system of equations 

Solution scheme: Direct solver, ILU-preconditioner, Krylov-GMRes

13

d(MW )

dt
+R(W,x, ẋ) = 0
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W (t)�W̄ = W̃ (t)⇡ Real(Ŵeiwt)

x(t)� x̄ = x̃(t)⇡ Real(x̂eiwt)
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W … conservative flow state vector 

x … grid-node vector



Problem reduction | Complex-valued linear system
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Ax = b
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4 Basic validation

Three representative test cases have been selected for validation and verification pur-
poses. They are well documented with elaborate testing in wind tunnel experiments.
Therefore, they are excellently suitable for verifying the functionality as well as the
accuracy of the presented method. Obviously, LFD results need to agree with time
accurate unsteady flow simulations, but experimental data emphasize the predictive
capability of numerical schemes. Matching experiments with numerical simulations to
a certain extent reflect a significant contribution to the complete classification and ac-
curacy of numerical modeling. Most validations of stability derivatives obtained with
LFD and URANS simulations are presented with Bode (Hendrik Wade Bode) magni-
tude and phase plots versus a log-scaled reduced frequency range. These plots are well
suited for representing the transfer behavior between a harmonic excitation input, and
the resulting output of air load coefficients adopted from LTI-dynamic systems named
Frequency Response Function FRF.
Simulations with a two-dimensional airfoil case investigate issues regarding influ-
ence of numerical simplifications for the Jacobians and first harmonic dominance for
small disturbance approaches, as well as discovering limitations of the linearization
approach of the URANS equations. The first step in the LFDs proof-of-concept status
is provided with a wing case, which is a more industrialized application for tuning
numerical solution methods to improve robustness, and for reporting significant time
reduction factors between LFD and URANS. Both cases are subject to viscous tran-
sonic flow conditions. The third test case is a transport aircraft configuration with
fixed control surfaces (HTP-VTP) operating at viscous subsonic conditions. Wind tun-
nel measurements of that aircraft model have been published by Hübner [52]. The
aircraft model is used for verifying roll and yaw derivatives while the first two cases
allow pitching oscillations only.
An important section is dedicated to one of the most rewarding achievements related
to computational expenses. It compares the expected gain in time and cost in memory
consumption for the LFD with URANS for the test cases mentioned earlier.

4.1 AGARD NACA 64A010, case CT8

Case NACA 64A010 CT8 (table 4.1) was investigated by Davis in AGARD-R-702 [19].
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4.2 AGARD LANN wing, case CT5/CT9

The AGARD LANN wing [140], fig. 4.13(a), is a trapezoidal high-aspect-ratio wing,
representative of transport aircraft flying at transonic speeds. It has a taper ratio of 0.4
and an aspect ratio of 7.92. The ratio between half span width and root chord length is
about 2.77.

Case ↵̄ [deg] M1 [-] Re1 [1⇥ 10
6] T [K] lref = cr [m] f [Hz] k [-] ↵̂ [deg]

CT5 0.6
0.82 7.3 302 0.3608 24 0.2 0.25

CT9 2.6

Table 4.3 summarizes the conditions for both cases. The transonic flow conditions are
at a freestream Mach number of 0.82, a Reynolds number of 7.3⇥ 10

6, and a mean
angle of attack of ↵̄ = 2.6 deg. Only the angle of attack for case CT5 of 0.6 deg increases
to an angle of attack at 2.6 deg for case CT9, changing the flow conditions severely.
Since lref was taken instead of half lref, a reduced frequency of 0.2 has been applied (see
definition of k in Eq. (4.1)). The original reduced frequency is 0.1.
The structured computational grid around the LANN wing with a blunt trailing edge,
as seen in fig. 4.13(a), consists of about 1.15 million grid nodes. The origin of the wing
is at the nose of the root chord. In both cases, the wing performs a forced sinusoidal
pitching motion about an axis parallel to the y-axis (with xr = 0.62), as governed by
Eq. (4.1). The farfield distance is set to ten root chord lengths, which is caused by the
structured grid approach to overcome an extensive stretching of the cells at the farfield.
For both ↵̄ cases, the distances of the first off-body grid-nodes all satisfy y

+
< 0.5

(sublayer scale).
Figure 4.13(b) presents the steady-state convergence history for the density and S-A
working variable residual. A three level V-cycle multigrid technique was applied for

LANN wing CT5/CT9

panels and a circular far field with a diameter of about 200 times the mean aerodynamic
chord length lµ. All RANS and URANS simulations were performed with a LU-SGS
semi-implicit pseudo-time stepping scheme and a 3 level W-symmetric multigrid cycle.

motion ↵̄ U1 Re1 lµ f ↵̂

[deg] [ms
�1] [1⇥ 10

6] [m] [Hz] [deg]

roll/pitch/yaw [0,3,6] 70 1.28 0.2526 3 4.86/4.52/4.32

The wind tunnel test conditions are summarized in table 4.9 for the DLR-F12 model.
There are various roll angles, side slip and at three angles angles of attack for deriving
static and dynamic derivatives. The bearing location for roll, pitch and yaw motions
is set at xr = 1.0488m, yr = 0.0m and zr = �0.0303m measured from the nose. Wind
tunnel experiments had been performed for the frequency f = 3Hz, and the reduced
frequency k was determined to be 0.068.

4.3.1 Forced pitch oscillation

The first simulation with the LFD and the URANS method for the subsonic flow
around the DLR-F12 model is performed for the forced pitching oscillation (see ta-
ble 4.9) for comparing the lift and pitching moment coefficient derivatives. Control-
ling parameters for the unsteady simulations were set based on previous investiga-
tions made for that model and are found in Ref. [52]. Time-accurate simulations were
performed with 100 steps per period and 1000 inner iteration per physical time step,
which yields a physical time step size of 0.003 33 s/step. Two periods for URANS are
performed to account for a sufficient transient phase. The LFD simulation parameters
are set to 60 restart vectors for the Krylov-GMRES solver, ILU-preconditioning with a
weighting of ⇠ = 0.5, and applying three preconditioning steps.
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6, and a mean
angle of attack of ↵̄ = 2.6 deg. Only the angle of attack for case CT5 of 0.6 deg increases
to an angle of attack at 2.6 deg for case CT9, changing the flow conditions severely.
Since lref was taken instead of half lref, a reduced frequency of 0.2 has been applied (see
definition of k in Eq. (4.1)). The original reduced frequency is 0.1.
The structured computational grid around the LANN wing with a blunt trailing edge,
as seen in fig. 4.13(a), consists of about 1.15 million grid nodes. The origin of the wing
is at the nose of the root chord. In both cases, the wing performs a forced sinusoidal
pitching motion about an axis parallel to the y-axis (with xr = 0.62), as governed by
Eq. (4.1). The farfield distance is set to ten root chord lengths, which is caused by the
structured grid approach to overcome an extensive stretching of the cells at the farfield.
For both ↵̄ cases, the distances of the first off-body grid-nodes all satisfy y
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Figure 4.13(b) presents the steady-state convergence history for the density and S-A
working variable residual. A three level V-cycle multigrid technique was applied for
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For both ↵̄ cases, the distances of the first off-body grid-nodes all satisfy y

+
< 0.5

(sublayer scale).
Figure 4.13(b) presents the steady-state convergence history for the density and S-A
working variable residual. A three level V-cycle multigrid technique was applied for
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4.2 AGARD LANN wing, case CT5/CT9

The AGARD LANN wing [140], fig. 4.13(a), is a trapezoidal high-aspect-ratio wing,
representative of transport aircraft flying at transonic speeds. It has a taper ratio of 0.4
and an aspect ratio of 7.92. The ratio between half span width and root chord length is
about 2.77.

Case ↵̄ [deg] M1 [-] Re1 [1⇥ 10
6] T [K] lref = cr [m] f [Hz] k [-] ↵̂ [deg]

CT5 0.6
0.82 7.3 302 0.3608 24 0.2 0.25

CT9 2.6

Table 4.3 summarizes the conditions for both cases. The transonic flow conditions are
at a freestream Mach number of 0.82, a Reynolds number of 7.3⇥ 10

6, and a mean
angle of attack of ↵̄ = 2.6 deg. Only the angle of attack for case CT5 of 0.6 deg increases
to an angle of attack at 2.6 deg for case CT9, changing the flow conditions severely.
Since lref was taken instead of half lref, a reduced frequency of 0.2 has been applied (see
definition of k in Eq. (4.1)). The original reduced frequency is 0.1.
The structured computational grid around the LANN wing with a blunt trailing edge,
as seen in fig. 4.13(a), consists of about 1.15 million grid nodes. The origin of the wing
is at the nose of the root chord. In both cases, the wing performs a forced sinusoidal
pitching motion about an axis parallel to the y-axis (with xr = 0.62), as governed by
Eq. (4.1). The farfield distance is set to ten root chord lengths, which is caused by the
structured grid approach to overcome an extensive stretching of the cells at the farfield.
For both ↵̄ cases, the distances of the first off-body grid-nodes all satisfy y

+
< 0.5

(sublayer scale).
Figure 4.13(b) presents the steady-state convergence history for the density and S-A
working variable residual. A three level V-cycle multigrid technique was applied for
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4.2 AGARD LANN wing, case CT5/CT9

The AGARD LANN wing [140], fig. 4.13(a), is a trapezoidal high-aspect-ratio wing,
representative of transport aircraft flying at transonic speeds. It has a taper ratio of 0.4
and an aspect ratio of 7.92. The ratio between half span width and root chord length is
about 2.77.

Case ↵̄ [deg] M1 [-] Re1 [1⇥ 10
6] T [K] lref = cr [m] f [Hz] k [-] ↵̂ [deg]

CT5 0.6
0.82 7.3 302 0.3608 24 0.2 0.25

CT9 2.6

Table 4.3 summarizes the conditions for both cases. The transonic flow conditions are
at a freestream Mach number of 0.82, a Reynolds number of 7.3⇥ 10

6, and a mean
angle of attack of ↵̄ = 2.6 deg. Only the angle of attack for case CT5 of 0.6 deg increases
to an angle of attack at 2.6 deg for case CT9, changing the flow conditions severely.
Since lref was taken instead of half lref, a reduced frequency of 0.2 has been applied (see
definition of k in Eq. (4.1)). The original reduced frequency is 0.1.
The structured computational grid around the LANN wing with a blunt trailing edge,
as seen in fig. 4.13(a), consists of about 1.15 million grid nodes. The origin of the wing
is at the nose of the root chord. In both cases, the wing performs a forced sinusoidal
pitching motion about an axis parallel to the y-axis (with xr = 0.62), as governed by
Eq. (4.1). The farfield distance is set to ten root chord lengths, which is caused by the
structured grid approach to overcome an extensive stretching of the cells at the farfield.
For both ↵̄ cases, the distances of the first off-body grid-nodes all satisfy y

+
< 0.5

(sublayer scale).
Figure 4.13(b) presents the steady-state convergence history for the density and S-A
working variable residual. A three level V-cycle multigrid technique was applied for
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4.2 AGARD LANN wing, case CT5/CT9

The AGARD LANN wing [140], fig. 4.13(a), is a trapezoidal high-aspect-ratio wing,
representative of transport aircraft flying at transonic speeds. It has a taper ratio of 0.4
and an aspect ratio of 7.92. The ratio between half span width and root chord length is
about 2.77.

Case ↵̄ [deg] M1 [-] Re1 [1⇥ 10
6] T [K] lref = cr [m] f [Hz] k [-] ↵̂ [deg]

CT5 0.6
0.82 7.3 302 0.3608 24 0.2 0.25

CT9 2.6

Table 4.3 summarizes the conditions for both cases. The transonic flow conditions are
at a freestream Mach number of 0.82, a Reynolds number of 7.3⇥ 10

6, and a mean
angle of attack of ↵̄ = 2.6 deg. Only the angle of attack for case CT5 of 0.6 deg increases
to an angle of attack at 2.6 deg for case CT9, changing the flow conditions severely.
Since lref was taken instead of half lref, a reduced frequency of 0.2 has been applied (see
definition of k in Eq. (4.1)). The original reduced frequency is 0.1.
The structured computational grid around the LANN wing with a blunt trailing edge,
as seen in fig. 4.13(a), consists of about 1.15 million grid nodes. The origin of the wing
is at the nose of the root chord. In both cases, the wing performs a forced sinusoidal
pitching motion about an axis parallel to the y-axis (with xr = 0.62), as governed by
Eq. (4.1). The farfield distance is set to ten root chord lengths, which is caused by the
structured grid approach to overcome an extensive stretching of the cells at the farfield.
For both ↵̄ cases, the distances of the first off-body grid-nodes all satisfy y

+
< 0.5

(sublayer scale).
Figure 4.13(b) presents the steady-state convergence history for the density and S-A
working variable residual. A three level V-cycle multigrid technique was applied for
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4.2 AGARD LANN wing, case CT5/CT9

The AGARD LANN wing [140], fig. 4.13(a), is a trapezoidal high-aspect-ratio wing,
representative of transport aircraft flying at transonic speeds. It has a taper ratio of 0.4
and an aspect ratio of 7.92. The ratio between half span width and root chord length is
about 2.77.

Case ↵̄ [deg] M1 [-] Re1 [1⇥ 10
6] T [K] lref = cr [m] f [Hz] k [-] ↵̂ [deg]

CT5 0.6
0.82 7.3 302 0.3608 24 0.2 0.25

CT9 2.6

Table 4.3 summarizes the conditions for both cases. The transonic flow conditions are
at a freestream Mach number of 0.82, a Reynolds number of 7.3⇥ 10

6, and a mean
angle of attack of ↵̄ = 2.6 deg. Only the angle of attack for case CT5 of 0.6 deg increases
to an angle of attack at 2.6 deg for case CT9, changing the flow conditions severely.
Since lref was taken instead of half lref, a reduced frequency of 0.2 has been applied (see
definition of k in Eq. (4.1)). The original reduced frequency is 0.1.
The structured computational grid around the LANN wing with a blunt trailing edge,
as seen in fig. 4.13(a), consists of about 1.15 million grid nodes. The origin of the wing
is at the nose of the root chord. In both cases, the wing performs a forced sinusoidal
pitching motion about an axis parallel to the y-axis (with xr = 0.62), as governed by
Eq. (4.1). The farfield distance is set to ten root chord lengths, which is caused by the
structured grid approach to overcome an extensive stretching of the cells at the farfield.
For both ↵̄ cases, the distances of the first off-body grid-nodes all satisfy y

+
< 0.5

(sublayer scale).
Figure 4.13(b) presents the steady-state convergence history for the density and S-A
working variable residual. A three level V-cycle multigrid technique was applied for
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4.2 AGARD LANN wing, case CT5/CT9

The AGARD LANN wing [140], fig. 4.13(a), is a trapezoidal high-aspect-ratio wing,
representative of transport aircraft flying at transonic speeds. It has a taper ratio of 0.4
and an aspect ratio of 7.92. The ratio between half span width and root chord length is
about 2.77.

Case ↵̄ [deg] M1 [-] Re1 [1⇥ 10
6] T [K] lref = cr [m] f [Hz] k [-] ↵̂ [deg]

CT5 0.6
0.82 7.3 302 0.3608 24 0.2 0.25

CT9 2.6

Table 4.3 summarizes the conditions for both cases. The transonic flow conditions are
at a freestream Mach number of 0.82, a Reynolds number of 7.3⇥ 10

6, and a mean
angle of attack of ↵̄ = 2.6 deg. Only the angle of attack for case CT5 of 0.6 deg increases
to an angle of attack at 2.6 deg for case CT9, changing the flow conditions severely.
Since lref was taken instead of half lref, a reduced frequency of 0.2 has been applied (see
definition of k in Eq. (4.1)). The original reduced frequency is 0.1.
The structured computational grid around the LANN wing with a blunt trailing edge,
as seen in fig. 4.13(a), consists of about 1.15 million grid nodes. The origin of the wing
is at the nose of the root chord. In both cases, the wing performs a forced sinusoidal
pitching motion about an axis parallel to the y-axis (with xr = 0.62), as governed by
Eq. (4.1). The farfield distance is set to ten root chord lengths, which is caused by the
structured grid approach to overcome an extensive stretching of the cells at the farfield.
For both ↵̄ cases, the distances of the first off-body grid-nodes all satisfy y

+
< 0.5

(sublayer scale).
Figure 4.13(b) presents the steady-state convergence history for the density and S-A
working variable residual. A three level V-cycle multigrid technique was applied for

LANN wing CT5/CT9



Frequency/Amplitude Response Function (FRF/ARF) 
Rigid motion in pitch - Lift

19

k

m
a

g
(C

L
)

p
h

a
s

e
(C

L
) 

[d
e

g
]

10
-3

10
-2

10
-1

10
0

0

2

4

6

8

-30

0

30

60

90

120

150

URANS mag
LFD mag
URANS phase
LFD phase

CT5

CT5

CT9

CT9

Pitch FRF CT5/CT9 ARF CT9

Amplitude

m
a

g
(C

L
)

p
h

a
s

e
(C

L
) 

[d
e

g
]

10
-3

10
-2

10
-1

10
0

0

2

4

6

8

-30

0

30

60

90

120

150
URANS mag
LFD mag
URANS phase
LFD phase

Phase lag / lead - Dynamically linear / non-linear

CASE CPU-time (h) URANS/LFD
URANS LFD

CT5 994 6.7 148
CT9 5512 32 172

z

y
rot

y x

α [deg]

C
L

1.4 1.6 1.8 2 2.2 2.4 2.6

0.25

0.3

0.35

0.4

0.45

0.5

0.55
URANS
LFD
LFD FEVA

(a) CL for ↵̄ = 2.0 deg

α [deg]

C
m

1.4 1.6 1.8 2 2.2 2.4 2.6

-0.035

-0.03

-0.025

-0.02

-0.015

-0.01

-0.005

0
URANS
LFD
LFD FEVA

(b) Cm for ↵̄ = 2.0 deg

CL Cm 1 = 0.8 1 =
12.5⇥ 106 ↵̄ = 2.0 deg ↵̂ = 0.5 deg k = 0.2

4.2 AGARD LANN wing, case CT5/CT9

The AGARD LANN wing [140], fig. 4.13(a), is a trapezoidal high-aspect-ratio wing,
representative of transport aircraft flying at transonic speeds. It has a taper ratio of 0.4
and an aspect ratio of 7.92. The ratio between half span width and root chord length is
about 2.77.

Case ↵̄ [deg] M1 [-] Re1 [1⇥ 10
6] T [K] lref = cr [m] f [Hz] k [-] ↵̂ [deg]

CT5 0.6
0.82 7.3 302 0.3608 24 0.2 0.25

CT9 2.6

Table 4.3 summarizes the conditions for both cases. The transonic flow conditions are
at a freestream Mach number of 0.82, a Reynolds number of 7.3⇥ 10

6, and a mean
angle of attack of ↵̄ = 2.6 deg. Only the angle of attack for case CT5 of 0.6 deg increases
to an angle of attack at 2.6 deg for case CT9, changing the flow conditions severely.
Since lref was taken instead of half lref, a reduced frequency of 0.2 has been applied (see
definition of k in Eq. (4.1)). The original reduced frequency is 0.1.
The structured computational grid around the LANN wing with a blunt trailing edge,
as seen in fig. 4.13(a), consists of about 1.15 million grid nodes. The origin of the wing
is at the nose of the root chord. In both cases, the wing performs a forced sinusoidal
pitching motion about an axis parallel to the y-axis (with xr = 0.62), as governed by
Eq. (4.1). The farfield distance is set to ten root chord lengths, which is caused by the
structured grid approach to overcome an extensive stretching of the cells at the farfield.
For both ↵̄ cases, the distances of the first off-body grid-nodes all satisfy y

+
< 0.5

(sublayer scale).
Figure 4.13(b) presents the steady-state convergence history for the density and S-A
working variable residual. A three level V-cycle multigrid technique was applied for
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4.2 AGARD LANN wing, case CT5/CT9

The AGARD LANN wing [140], fig. 4.13(a), is a trapezoidal high-aspect-ratio wing,
representative of transport aircraft flying at transonic speeds. It has a taper ratio of 0.4
and an aspect ratio of 7.92. The ratio between half span width and root chord length is
about 2.77.

Case ↵̄ [deg] M1 [-] Re1 [1⇥ 10
6] T [K] lref = cr [m] f [Hz] k [-] ↵̂ [deg]

CT5 0.6
0.82 7.3 302 0.3608 24 0.2 0.25

CT9 2.6

Table 4.3 summarizes the conditions for both cases. The transonic flow conditions are
at a freestream Mach number of 0.82, a Reynolds number of 7.3⇥ 10

6, and a mean
angle of attack of ↵̄ = 2.6 deg. Only the angle of attack for case CT5 of 0.6 deg increases
to an angle of attack at 2.6 deg for case CT9, changing the flow conditions severely.
Since lref was taken instead of half lref, a reduced frequency of 0.2 has been applied (see
definition of k in Eq. (4.1)). The original reduced frequency is 0.1.
The structured computational grid around the LANN wing with a blunt trailing edge,
as seen in fig. 4.13(a), consists of about 1.15 million grid nodes. The origin of the wing
is at the nose of the root chord. In both cases, the wing performs a forced sinusoidal
pitching motion about an axis parallel to the y-axis (with xr = 0.62), as governed by
Eq. (4.1). The farfield distance is set to ten root chord lengths, which is caused by the
structured grid approach to overcome an extensive stretching of the cells at the farfield.
For both ↵̄ cases, the distances of the first off-body grid-nodes all satisfy y

+
< 0.5

(sublayer scale).
Figure 4.13(b) presents the steady-state convergence history for the density and S-A
working variable residual. A three level V-cycle multigrid technique was applied for

LANN wing CT5/CT9
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4.2 AGARD LANN wing, case CT5/CT9

The AGARD LANN wing [140], fig. 4.13(a), is a trapezoidal high-aspect-ratio wing,
representative of transport aircraft flying at transonic speeds. It has a taper ratio of 0.4
and an aspect ratio of 7.92. The ratio between half span width and root chord length is
about 2.77.

Case ↵̄ [deg] M1 [-] Re1 [1⇥ 10
6] T [K] lref = cr [m] f [Hz] k [-] ↵̂ [deg]

CT5 0.6
0.82 7.3 302 0.3608 24 0.2 0.25

CT9 2.6

Table 4.3 summarizes the conditions for both cases. The transonic flow conditions are
at a freestream Mach number of 0.82, a Reynolds number of 7.3⇥ 10

6, and a mean
angle of attack of ↵̄ = 2.6 deg. Only the angle of attack for case CT5 of 0.6 deg increases
to an angle of attack at 2.6 deg for case CT9, changing the flow conditions severely.
Since lref was taken instead of half lref, a reduced frequency of 0.2 has been applied (see
definition of k in Eq. (4.1)). The original reduced frequency is 0.1.
The structured computational grid around the LANN wing with a blunt trailing edge,
as seen in fig. 4.13(a), consists of about 1.15 million grid nodes. The origin of the wing
is at the nose of the root chord. In both cases, the wing performs a forced sinusoidal
pitching motion about an axis parallel to the y-axis (with xr = 0.62), as governed by
Eq. (4.1). The farfield distance is set to ten root chord lengths, which is caused by the
structured grid approach to overcome an extensive stretching of the cells at the farfield.
For both ↵̄ cases, the distances of the first off-body grid-nodes all satisfy y

+
< 0.5

(sublayer scale).
Figure 4.13(b) presents the steady-state convergence history for the density and S-A
working variable residual. A three level V-cycle multigrid technique was applied for

LANN wing CT5/CT9

Heave - FRF CT5/CT9

CASE CPU-time (h) URANS/LFD
URANS LFD

CT5 994 6.7 148
CT9 5512 32 172
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Parameter value

lµ (MAC) 7.2705m (0.252 625m)
scale 28.78

S 367.87m
2 (0.444 14m2)

m 193 t

Ixx 1.50⇥ 10
7
kgm

2

Iyy 2.02⇥ 10
7
kgm

2

Izz 3.46⇥ 10
7
kgm

2

Ixz �7.70⇥ 10
5
kgm

2

xc.g. [30.18, 0.0, -0.87] m ([1.049, 0.0, -0.030] m)
xLE-MAC 27.0m (0.9381m)

age of MAC. A usual location of the c.g. for a transport aircraft is between 15-35%
MAC. The percentage of MAC is computed with the position of the c.g. distance to the
leading edge of the MAC, and the MAC itself (table 6.1):

%MAC =
xc.g. � xLE-MAC

lµ
⇥ 100 = 43.8%.

The pivotal point location is also the selected center of gravity, measuring 30.2m from
the datum equivalent to 44% of the MAC, which means an aft c.g. location. Another
useful measure of how much stability a particular aircraft possess is the distance be-
tween the center of gravity and the neutral point. This measure is termed the static
margin of the aircraft and is presented as a percentage of the MAC. It gives a very
useful standard of comparison of one aircraft with another, since it allows conclusions
of similar static stability. The larger the positive static margin, the greater the static
stability. In order to satisfy the criteria for natural stability the aircraft c.g. must remain
ahead of the neutral point. The static margin [106] can be expressed as

�@Cm/@↵

@CL/@↵
=

xN � xc.g.

lµ
, %MAC = �@Cm/@↵

@CL/@↵
⇥ 100. (6.1)

In contrast to the assumed fixed c.g. of the DLR-F12, Eq. (6.1) also brings into empha-
sis that a shift of the center of gravity of an aircraft can change the stability margin.
By this means a dangerously unstable aircraft can be made stable, or an over-stable
aircraft can be made more sensitive and responsive. The stability of an aircraft is thus
almost entirely weight and balance and can be varied, within limits, by the addition or
subtraction of pay load, fuel or ballast at certain locations between nose or tail. Any
such change of weight will require a new trim setting.
Both dimensionless descriptions of the state matrices for the longitudinal motion in
Eq. (2.88) and lateral/directional motion in Eq. (2.101) are used to compute eigenvalues
for the flight dynamic stability.

6.2 Subsonic wind tunnel conditions

The first step to the evaluation of the flight dynamic stability is made with the known
subsonic flow conditions of the DLR-F12 wind tunnel model. Since the validation with

experimental data and the URANS method in section 4.3 was successful, an evaluation
of the flight dynamic behavior with different excitation frequencies is performed. The
parameter space spans the same velocity (70m s

�1 ! M1 ⇡ 0.2) and all three angles of
attack (0/3/6 deg), ( see table 4.10). Since no shock and flow separation appears within
the selected parameter space, comparisons with the DLM can be made because the
conditions for its application are met. Even today, the DLM is successfully applied and
widely used for subsonic flow conditions. The DLM version applied here is taken from
Drela and Youngreen [24] known as AVL (Athena Vortex Lattice).

Parameter value/range

f [Hz] [(0.0), 0.15, 0.3, 0.8, 1.5, 3.0, 8.0, 15.0, 33.0]
↵̄ [deg] [0, 3, 6]
U1 70m s

�1

⇢1 1.225 kgm
�3

p1 101 325Pa

T1 288.15K

µ =
2m

⇢1Slµ
118.2

Iref 21 651 kgm
2

The flight dynamic stability is evaluated for numerous excitation frequencies specified
in table 6.2. Only for the LFD method f = 0Hz was included for deriving the steady-
state static derivatives. All applied conditions are the same as for the wind tunnel
experiment at standard atmospheric conditions. That parameter space includes one
freestream velocity with three angles of attack. The amount of simulations for evaluat-
ing derivatives with the LFD method are three angles of attack times nine frequencies
times six motions equals 162, and similarly with only eight frequencies resulting in 144
for the DLM. Table 6.2 includes the mass ratio parameter which is about 120 for the full
scale model.

Parameter

RANS
multigrid cycle 3W
minimum residual abort criterion (absolute) 1⇥ 10

�14

k
(2), Eq. (3.52) 0.5

k
(4), Eq. (3.53) 1/64

CFL number (fine/coarse) 15/7.5

LFD
minimum residual abort criterion 1⇥ 10

�6

Krylov-GMRES iterations 60
ILU 2nd order preconditioning weight, ⇠ 0.5
CFL number (fine) 15

Computation parameters for the RANS and the LFD methods are listed in table 6.3.
Equivalent as for the validation, default values for the central spatial discretization

Full scale DLR-F12

Parameter space DLR-F12
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Phugoid (viscosity) 
2nd order time response 

Lateral/Directional 
Dutch roll mode 
2nd order time response 

Roll mode 
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1st order time response
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LFD investigation - Angle of attack variation 
M = 0.206, Re = 1.28 m., β = 0° 
Phugoid: CXu, CZu, and Cg 
Dutch roll mode: CYv, CYr, Clv, Clr, Cnv and Cnr (v - β) 
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Oscillation frequency almost inherent 
Wind 

PH, DR: Damping deviates 
Body-fixed 

PH: Accurate CXu and CZu 
DR: Coupling of roll-yaw
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Scalar treatment - Pendulum Approach 

PH: Similar results 
DR: Projection - Clv and Cnr are similar to values 
of VLM and thus smaller in magnitude 
Projection shifts EV entirely into unstable region
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from the root to tip at midchord. The tail of the aircraft is largely enclosed in a shock
region, including a substantial part of the HTP and VTP.
Figure 6.26 visualizes the large shock-induced separation zone on the upper main wing
from mid chord to the wings trailing edge over almost the complete span. The ailerons
are usually installed on the wing tips at the trailing edge and separation in this region
reduces the maneuverability. Most aircraft wing design ensures the pre-stalling of the
inner wing prior to the outer wing to guarantee a safe application of the control sur-
faces. For that case, a substantial region of the trailing edge of the main wing tip lies
in the separation zone. Another large separation is detected downstream of the VTP,
which appears at the body-VTP intersection. A small separation region is visible at the
HTP on the upper surface at the tip.
These consolidated and strong occurrences of both flow phenomena are good candi-
dates for the appearance of unstable aircraft modes. Unfortunately, an in depth inves-
tigation of that flow phenomena is beyond the scope of this work.
The required computing time for LFD method obtained stability derivatives is of great
importance besides a successful flight dynamic evaluation. Efficiently derived stability
derivatives with the LFD method is a key issue for the applicability of the method. The
VLM is unbeatable in efficiency compared to the LFD method, however, with consider-
able limitations. Beginning with the setup for VLM and creating input for evaluating
stability derivatives takes a few hours on a regular desktop PC. In contrast to VLM,
time consuming and well converged RANS simulations have to be provided before
starting a single LFD simulation. Required computation times for the evaluation of
eigenvalues of both state matrices are negligible.

⇣CPU

Method CPUs # sim. t/sim. [hours] ttot [days]

RANS 72 19 x 5 12.1 48
LFD 72 (120) 19 x 5 x 481 1.67 ⇡ 318 (191)

URANS (estimated)
M1 = 0.70� 0.85 72 8 x 5 x 48 ⇡ 772 6160
M1 = 0.86� 0.90 72 5 x 5 x 48 ⇡ 963 4813
M1 = 0.91� 0.96 72 6 x 5 x 48 ⇡ 1164 6960P

URANS 17933

⇣CPU ⇡ 56
1 19 Mach numbers, 5 angles of attack, 48: 8 frequencies x 6 motions
2 300 pseudo time iter., 3W, 80 steps/period, 4 periods
3 1000 pseudo time iter., sg, 80 steps/period, 5 periods
4 300 pseudo time iter., 3W, 80 steps/period, 6 periods

Table 6.15 presents the computing time for RANS and LFD simulations. Since no un-
steady simulations are conducted, an estimation of the computing time is included
based on former simulation times for validation purposes. Computing times for the
RANS and the LFD methods include averaged values for the time per simulation,
fourth column in table 6.15, since the total actual time effort has been determined.
The time effort for the LFD simulations were scaled with a linear speed-up to 72 CPU’s
in parenthesis, since 120 CPU’s were necessary for the LFD method. It encounters

RANS simulations are neglected URANS/LFD 

All LFD simulations converged 

URANS simulations are estimated 

Time reduction URANS / LFD: about 60 
Effective time: 

RANS/LFD about 1 year 
RANS/URANS about 60 years
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Conclusion

Linear Frequency Domain method (LFD) - Small perturbation approach 
LFD provides a speed-up of about 2 orders of magnitude with the accuracy of URANS for small 
perturbations of motions 
RANS (viscosity) properties remain 

Good agreement of LFD results in comparison with URANS for harmonic oscillations 
Consistent linearisation of the Jacobians 
Linearization of turbulence model is a key feature 

Robust method, almost inherent of excitation frequency 
Preconditioner and Krylov-GMRes dramatically increase the robustness compared with 
multigridding 
Direct solver: Trade off between robustness and memory usage 
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LFD provides a speed-up of about 2 orders of magnitude with the accuracy of URANS for small 
perturbations of motions 
RANS (viscosity) properties remain 

Good agreement of LFD results in comparison with URANS for harmonic oscillations 
Consistent linearisation of the Jacobians 
Linearization of turbulence model is a key feature 

Robust method, almost inherent of excitation frequency 
Preconditioner and Krylov-GMRes dramatically increase the robustness compared with 
multigridding 
Direct solver: Trade off between robustness and memory usage 

Viscosity/Turbulence 
Game changer whenever separation appears
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Conclusion

Body-fixed versus aerodynamic frame of reference 
Body-fixed is necessary for arbitrary oriented aircraft 

Critical aircraft modes - Phugoid, Spiral and Dutch roll mode 
Scalar versus vector-valued treatment 

Critical aircraft modes - Dutch roll mode and Spiral 
Scalar - similar to VLM results 

Plain input of LFD results into state matrix - one motion/one column 
Straightforward extension to three dimensional stability state matrix 

Drawback: Identification of typical aircraft modes challenging 

Retaining with vector based notation 
Note: All six degree of freedom need to be evaluated 
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Body-fixed versus aerodynamic frame of reference 
Body-fixed is necessary for arbitrary oriented aircraft 

Critical aircraft modes - Phugoid, Spiral and Dutch roll mode 
Scalar versus vector-valued treatment 

Critical aircraft modes - Dutch roll mode and Spiral 
Scalar - similar to VLM results 

Plain input of LFD results into state matrix - one motion/one column 
Straightforward extension to three dimensional stability state matrix 

Drawback: Identification of typical aircraft modes challenging 

Retaining with vector based notation 
Note: All six degree of freedom need to be evaluated 

Description in principal axes 
Most accurate - Lagrangian equation of motion

31



Outlook

32



Outlook

High Resolution of flight vehicle (LFD vs VLM/DLM) 
No more correction factors for body/any mountings/high-lift devices aso 
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Outlook

High Resolution of flight vehicle (LFD vs VLM/DLM) 
No more correction factors for body/any mountings/high-lift devices aso 

Damped harmonic oscillator - LFD 
Problem reduction of complex aerodynamic system important for many unsteady applications 

Further applications of small disturbance RANS-based LFD method 
Control circuits - Frequency response functions/modulation 
Control surfaces - ailerons, rudder, elevator, …. 
Air load alleviation - Active flow control - Actuation jet velocity 
Optimisation including Stability & Control 
MDO - air loads (LFD - ROM) - Uncertainty quantification
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The end result of a well executed spiral dive
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