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ABSTRACT 

 

In this study, we developed an efficient computer-aided design tool for scaling combustor designs. From a limited number of fluid 

simulations, an original design is scaled while preserving most of the flow properties, using a multi-objective optimization method and 

deep neural network or kriging surrogate models. The accuracy and robustness of the method were first tested with a simple geometry. 

Investigations have shown a strong sensitivity of the surrogate models to the sample distribution, which can be reduced using a strategic 

sampling method. Subsequently, the geometry was scaled down to a factor of two using both surrogate models while preserving most of 

the flow features. 

 

Keywords: multi-objective optimization, combustion, scaling. 

NOMENCLATURE  

𝑛𝑙 Number of hidden layers of an ANN. 

𝑛𝑛 Number of nodes per hidden layers of an ANN. 

𝑥𝑘 Input of the k-th nodes of an ANN. 

𝑤𝑘 Weight on the k-th nodes of an ANN. 

𝑦 Output of an ANN. 

𝑏 ANN bias. 

𝐷 Collection of design used to build a surrogate model. 

Ω Fluid domain. 

𝑈 Fluid velocity. 

ρ Fluid density. 
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𝑝 Fluid pressure. 

𝑌𝑘 Mass fraction of the k-th species. 

𝑽𝑘 Diffusion velocity of the k-th species. 

𝜔̇𝑘 Reaction rate of the k-th species. 

𝜔̇𝑇 Heat release due to combustion. 

τ Fluid stress tensor. 

μ Fluid dynamic viscosity. 

ℎ Fluid enthalpy. 

𝑇 Fluid temperature. 

λ Fluid heat conductivity. 

𝐶𝑝 Fluid specific heat capacity. 

Δℎ𝑓
0 Fluid heat formation. 

𝑺𝑆
ℎ Heat fluxes. 

ω𝑖 Chemical source. 

𝑀𝑖 Species molecular mass. 

𝑁𝑠 Number of species. 

𝑣𝑖𝑟
′  Reaction stoichiometric coefficient. 

𝐴𝑗 The Arrhenius coefficient. 

𝒙𝑝 Droplet position. 

𝒖𝑝 Droplet velocity. 
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𝑇𝑝 Droplet temperature. 

𝑑𝑝 Droplet diameter. 

𝑐𝑝Droplet drag coefficient. 

Δℎ𝑣𝑎𝑝 Specific enthalpy of evaporation. 

𝑐𝑝𝑙 Specific heat capacity. 

𝑄̇𝑠𝑢𝑟𝑓 Surface heat flow rate. 

𝔼 Relative error (eq. 12). 

α Geometrical scale ratio of a current design compared to the reference design. 

 

1. INTRODUCTION 

 In recent years, innovations in combustion systems have been driven by the need of the industry to comply with stricter 

environmental regulations while remaining competitive. Computer-aided design has become a standard in the industry to cost-effectively 

accelerate R&D. However, developing brand-new designs still comes at significant costs and risks. In this context, it is desirable to scale 

proven and tested designs to different power classes and sizes. Recent improvements in Selective Laser Melting and 3D printing[1, 2] 

facilitate the manufacturing of complex geometries at scale. The classical approach to scaling a design is to use dimensional analysis. 

From the governing equations of the flow, a set of necessary conditions for two designs to have similar flow properties can be extracted 

using the Buckingham Pi theorem. However, the scaling of a combustor is found to be practically impossible even with steady 

aerothermochemistry[3–6], due to the multi-physic and highly non-linear nature of the phenomena involved in combustion. In other words, 

there are too many simultaneous constraints on the similarities between scales that it is simply impossible to satisfy them all at the same 

time. Hence, a looser definition of similarity is generally used, where only design-critical quantities are preserved. To this end, we 

propose a multi-objective optimization method that focuses on scaling a design and preserving key quantities such as velocity and 

temperature distributions. This article is organized as follows. In Sec. 2 the surrogate models and optimization method used are described 

in depth. Sec. 3 details the numerical methods used to solve the flow dynamics in the combustion chamber. Subsequently, the accuracy 
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of the surrogate-based optimization method is assessed with a simple test case in Sec. 4. Finally, a reference design is down- and up-

scaled using two different surrogate models. 

 

2. METHODOLOGY 

The proposed method to scale a combustor follows the same flow as a classical surrogate-based optimization. Instead of directly 

optimizing a physical variable of interest (e.g. fluid temperature), the deviation of this variable on a scaled geometry from its value in 

the reference case at scale 1:1 is set as an objective function. The method pipeline is summarized in Fig. 1. 

 

FIGURE 1: Illustration of the surrogate-based optimization pipeline for a single objective f and two design parameters x and y. 

 

First, information on the dependence of the objective function f (e.g. deviation of the fuel velocity field in a downscaled combustor 

compared to the original design) according to the design parameter (x, y), i.e. the operating variables with an influence on the objective 

function (e.g. fuel mass flow rate), need to be gathered. In this paper’s case, Computational Fluid Dynamics (CFD) simulations are 

carried out on a down-scaled version of a given combustor for different sets of design parameters, to evaluate the objective functions in 

the design space. In Fig 1 each red dot is the result of a CFD for a given design (x, y), and the collection of designs D is near-randomly 

spread in the design space using the Latin Hypercube Sampling[7] (LHS). Details regarding the CFD simulations are discussed in Sec. 
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3. As CFD simulations tend to be very costly and time consuming, in particular for combustion problems, a surrogate model is built 

using D to approximate the value of the objective function where no CFD were carried out (visualized by the blue surface in Fig. 1). 

Building a surrogate model with a very limited number of samples can be a challenge based on the complexity of the functions modelled. 

Hence, two models from the library DAKOTA[8] (Sec. 2.2) were considered for cross-validation with our in-house model (Sec 2.1) in 

the benchmarks in Sec 4. 

Finally, a multi-objective optimization method is run to find the optimal designs, using the surrogate model each time the objective 

functions need to be approximated. An example of the path taken by the optimizer in the design space is illustrated by the black line in 

Fig 1 to the optimal design (𝑥, 𝑦)𝑜𝑝𝑡 = {(𝑥, 𝑦), 𝑓(𝑥, 𝑦) = min 𝑓}. 

 

2.1 Deep Neural Network Based Surrogate Model 

The surrogate model proposed in this paper is built on an ensemble of Deep Neural Networks (DNN) trained to approximate the 

objective functions for given design parameters. 

 

2.1.1 Deep Neural Networks  

Artificial Neural Networks (ANN) are composite functions organized into a logical sequence of layers. The inputs of the network 

are fed to the first layer. Subsequent layers take as input the output of some of the functions in the previous layer. Finally, the last layer 

in the network maps to output data also called labels. DNN generally refers to ANN with multiple hidden layers. The more complex 

structure of DNN enables the network to better model highly non-linear systems.  

The layers are made of a collection of nodes also called neurons. The number of neurons on the input and output layer is equal to 

the number of design parameters and objective functions, respectively. For dense ANN, each neuron of a given hidden layer l receives 

input from all of the nodes (xk) on the previous layer l −1, or from a bias (b) and computes an output y. Each input has an associated 

weight w, which is assigned on the basis of its relative importance to other inputs. The node applies an activation function f to the 

weighted sum of its inputs:     
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𝑦 = 𝑓 (∑𝑤𝑘𝑥𝑘

𝑘

+ 𝑏). (1) 

 

For all nodes in the hidden layer, the ReLU activation function is used while a simple linear function is considered for the nodes on 

the output layer. With the backpropagation algorithm, the ANN weights (𝑤𝑘) are modified to fit the ANN to the objective functions. In 

this paper, the Python-based framework Keras from Tensorflow[9] is used to build and train ANNs. Once the structure is set, the ANN is 

trained using the samples from the training data set (75% of D) and the Adam optimization method[10]. At each epoch, the training and 

validation losses are computed using the training and validation data set (10% of D), respectively. Both losses indicate the quality of the 

ANN and are used to decide when to stop the training. Finally, the accuracy of trained ANN is evaluated using the testing data set (the 

last 15% of D). 

 

2.1.2 The DNN Surrogate Model  

The optimal structure of an ANN for a given problem is a priori unknown. Therefore, different structures are randomly generated 

following a given template. In this paper, dense feed forward ANNs are made of nl identical hidden layers of nn nodes. For each ANN, 

nl and nn are set randomly such that nl ∈ [1,10] and nn ∈ [5,500]. Due to the high cost of CFD simulations, the training data set available 

is relatively small compared to the data-set size generally used in ANN regressions. This increases the risk of overfitting the ANN to the 

data and so reduces the final ANN accuracy when fed new unseen inputs. To reduce this risk, different early stopping strategies can be 

used and we choose to interrupt the training of the ANN if the validation loss is val_loss ≤ 10-3.  

Once a large collection of ANN is trained, the accuracy of each ANN is assessed by comparing the ANN predictions to the computed 

objective functions for all design points in the testing data set. The ANNs are then sorted according to their accuracy. All ANNs with an 

error less than 5% of the most accurate ANN, are selected. The average of the individual predictions of the selected ANNs is defined to 

be the overall prediction of the resulting surrogate model. This selection step also helps to eliminate over-fitting ANNs since they often 

performed poorly on the testing data set and they are, therefore, discarded.  

In general, ANN-based regression models can be constructed either from a multiple output ANN, which approximates all the 

objective functions at once or from a collection of single output ANNs, each one approximating a specific objective function. If the 
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objective functions are not independent of each another, multiple output ANN models will generally be more accurate, since the ANN 

will model the dependencies between the objective functions. 

 

2.2 Dakota Surrogate Models  

Alternative surrogate models can be found in the open-source software DAKOTA developed at Sandia National Laboratory[8]. 

Among all the surrogate models provided in DAKOTA, two surrogate models were considered: the artificial neural network which is in 

nature comparable to our in-house model (Sec. 2.1.2) and the Gaussian process which was the most reliable during the benchmark test 

(see Sec. 4). Results obtained with the Gaussian process were used in particular as a reference to validate the DNN model. 

 

2.2.1 The Artificial Neural Network Model 

The ANN surface fitting method in Dakota employs a Stochastic Layered Perceptron (SLP) artificial neural network based on the 

direct training approach of Zimmerman[11]. The SLP ANN method is designed to have a lower training cost than traditional back-

propagation neural networks. The functional form of the SLP ANN model is: 

 𝑓(𝑥) = tanh(tanh(𝑥𝐴0 + θ0) 𝐴1 + θ1), (2) 

 

where x is the current point in n-dimensional parameter space, and the terms A0, θ0, A1, θ1 are the matrices and vectors that correspond 

to the neuron weights and offset values in the ANN model. These terms are computed during the ANN training process. The SLP ANN 

is a non-parametric surface fitting method which means, unlike kriging (Sec. 2.2.2), the ANN surface is not guaranteed to exactly match 

the response values of the data points from which it was constructed[8]. Furthermore, one SLP ANN is trained for each objective function 

and so cannot model potential non-linear interactions between objective functions. 

 

2.2.1 Gaussian Process (GP) or Kriging Interpolation 

The kriging interpolation model is based on the notion that the sample response values exhibit spatial correlation, with response 

values modelled via a Gaussian process around each sample location. In other words, samples taken close together are likely to have 
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highly correlated response values, whereas samples taken far apart are unlikely to have highly correlated response values. Kriging 

methods have wide utility due to their ability to accommodate irregularly spaced data, their ability to model general surfaces that have 

many peaks and valleys, and their exact interpolation of the given sample response values[12] . These methods are also known to generally 

perform well compared to peers when only small training datasets are available. The specific form of the kriging model implemented in 

Dakota is described in Giunta and Watson[13] and Romero, et al.[14], and it is based on the work of Koehler and Owen[15]. The form of 

the kriging model is 

 𝑓(𝑥) = β̂ + 𝑟(𝑥)𝑇𝑹−1(𝑓 − β̂𝟙), (3) 

 

where 𝛽̂ is the generalized least squares estimate of the mean response; r(x) is an N×1 vector of correlations between the current 

point x and all N sample sites in the parameter space; R is the N×N correlation matrix of all N sample sites; f is the vector of N sample 

site response values; 1 is an N×1 unit vector. The terms in the correlation vector 𝑟 = (𝑟𝑖)⟦1,𝑁⟧ and matrix 𝑹 = (𝑹𝑖,𝑗)⟦1,𝑁⟧ are computed 

using a Gaussian correlation function: 

 

{
 
 

 
 𝑟𝑖 = exp [−∑θ𝑘|

𝑛

𝑘=1

𝑥𝑘 − 𝑥𝑘
(𝑖)|2] ,

𝑅𝑖,𝑗 = exp [−∑θ𝑘|

𝑛

𝑘=1

𝑥𝑘
(𝑖) − 𝑥𝑘

(𝑗)
|2] ,

 (4) 

 

with n the number of dimensions of the parameter space, and θ is the n×1 vector of correlation parameters, which is computed using 

maximum likelihood estimation. This kriging method works well for a sparse set of sample points in n-dimensional parameter space, 

but as the number of samples increases, the correlation matrix R becomes ill-conditioned which leads to a numerically unstable surrogate 

model. 

 

2.3 Optimization Method  

Once the surrogate models are built on a given set of training samples, optimal designs are located using the Nondominated Sorting 

Genetic Algorithm II (NGSA-II). NGSA-II is an improvement of NGSA developed by Deb[16] and is a typical multi-objective 
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evolutionary algorithm (MORAs). In particular, NGSA-II is a fast and elitist multi-objective genetic algorithm, that overcomes the three 

main criticism of the original NGSA approach: high computational complexity of non-dominated sorting, lack of elitism, and need for 

specifying the sharing parameters. The NGSA-II is directly integrated into our toolchain using the Python library PyMOO[17]. 

 

3. NUMERICAL METHOD 

The optimization toolchain is tested on a bluff body spray flame. The reacting multi-phase flow system is solved by applying a two-

way coupled RANS/Lagrange method based on two DLR in-house solvers. The gaseous phase is calculated using the pressure-based 

code THETA (Turbulent Heat Release Extension of the TAU Code) while the dispersed liquid phase is computed using the Lagrangian 

particle tracking code SPRAYSIM. As the focus of the paper at hand is on the optimization and scaling methodology, the CFD models 

were selected to be stable, reliable, and with short turnaround times (24 CPU.h). However, this is not a limitation of the toolchain per se 

as these models can be easily replaced by more sophisticated, more accurate but also more costly numerical models. 

 

3.1 Governing Equation and Numerical Methods  

 

3.1.1 Gaseous Phase  

The flow in the gaseous phase is considered an ideal gas and is modelled using steady Reynolds-Averaged Navier–Stokes (RANS) 

equations[18]: 

{
 
 
 

 
 
 

𝜕𝑡〈𝜌〉 + 𝜕𝑥𝑖(〈𝜌〉𝑈̃𝑖) = 𝑆̇𝜌,

𝜕𝑡(〈𝜌〉𝑈̃𝑖) + 𝜕𝑥𝑖(〈𝜌〉𝑈̃𝑖𝑈̃𝑗) = 𝜕𝑥𝑖(〈𝜏𝑖𝑗〉  −  〈𝜌〉𝑈𝑖
′′𝑈𝑗

′′̃)  −  𝜕𝑥𝑗〈𝜌〉 + 〈𝜌〉𝑔𝑖 + 𝐹𝑖 + 𝑆̇𝜌𝑢,

𝜕𝑡(〈𝜌〉𝑌̃𝑘) + 𝜕𝑥𝑖(〈𝜌〉𝑈̃𝑖𝑌̃𝑘) = −𝜕𝑥𝑖(〈𝑉𝑘,𝑖𝑌𝑘〉 + 〈𝜌〉𝑈𝑖
′′𝑌𝑘

′′̃ ) + 〈𝜔̇𝑘〉 + 𝑆̇𝑌𝑖  𝑓𝑜𝑟 𝑘 ∈ ⟦1, 𝑁𝑆⟧,

𝜕𝑡(〈𝜌〉ℎ̃) + 𝜕𝑥𝑖(〈𝜌〉𝑈̃𝑖ℎ̃) = 〈𝜔̇𝑇〉 + 〈
𝐷𝑝

𝐷𝑡
〉 + 〈𝜏𝑖𝑗𝜕𝑥𝑗𝑈𝑖〉 + 𝜕𝑥𝑖(〈𝜆𝜕𝑥𝑖𝑇〉  −  〈𝜌〉𝑈𝑖

′′ℎ′′̃ ) − 𝜕𝑥𝑖 〈𝜌∑ 𝑉𝑘,𝑖𝑌𝑘ℎ𝑘

𝑁𝑆

𝑘=1

〉 + 𝑆̇ℎ,

𝐷𝑝

𝐷𝑡
= 𝜕𝑡〈𝑝〉 + 𝑈̃𝑖𝜕𝑥𝑖〈𝑝〉 + 〈𝑈𝑖

′′𝜕
𝑥𝑖
𝑝〉 ,

 (5) 
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with U, ρ, T, and Yi the velocity vector, the density, the temperature and the species mass fraction, respectively. The heat release due 

to combustion and k-th species reaction rate are denoted 𝜔̇𝑇 and 𝜔̇𝑘, respectively. The RANS equations assumed that any quantity f may 

be split into a mass weighted-average (Favre average) and a fluctuation component as: 𝑓 = 𝑓 + 𝑓′′,with 𝑓′′ = 0. Reynolds averages are 

denoted ⟨.⟩.  

Spray source terms are denoted 𝑆̇𝜌, 𝑆̇𝜌𝑢, 𝑆̇𝑌𝑘 , and 𝑆̇ℎ. Gravity is also considered and included in the total external force term Fi . The 

gaseous phase is assumed Newtonian. Therefore, the stress tensor 𝜏 can be related, as a first approximation, to the averaged velocity 

gradients, resulting in the Boussinesq approximation. In Cartesian coordinates it can be written as follows: 

 𝜏𝑖𝑗 = 𝜇 (𝜕𝑥𝑗𝑈𝑖 + 𝜕𝑥𝑖𝑈𝑗) − 𝛿𝑖𝑗 (
2

3
𝜇) 𝜕𝑥𝑘𝑈𝑘 (6) 

 

with µ the dynamic viscosity of the gaseous phase. The turbulent Reynolds stress tensor  𝑻 = 〈𝜌〉𝑈𝑖
′′𝑈𝑗

′′̃  is calculated using the k-ω 

SST closure equations. Since only low-Mach number flows are considered, the static enthalpy h is defined as follows: 

 
ℎ(𝑇, 𝑌𝑖) = ∑𝑌𝑖 (Δℎ𝑓𝑖

0 +∫ 𝐶𝑝(𝑇
′)𝑑𝑇′

𝑇

𝑇0
)

𝑁𝑠

𝑖=1

, (7) 

 

where Δℎ𝑓𝑖
0  and 𝐶𝑝 are the heat formation and the specific heat capacity at constant pressure, respectively. The heat fluxes 𝑺𝑆

ℎ are 

modelled according to the Fourier’s law: 

 
𝑺𝑆
ℎ = −λ∇𝑇 + ρ∑ℎ𝑖𝑌𝑖𝑽𝑖 ,

𝑁𝑠

𝑖=1

 (8) 

 

with the heat conductivity denoted λ. The convective velocity v is defined as the sum of the flow velocity U and the diffusion 

velocity V which can be modelled using Fick’s law. 

Lastly, the chemical source term ωi is defined for the Ns species as the sum over all Nr elementary reactions: 
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ω𝑖 = 𝑀𝑖∑(𝜈𝑖𝑟

′′ − 𝜈𝑖𝑟
′ )𝑘𝑟∏[𝐴𝑗]

𝜈𝑗𝑟
′

𝑁𝑠

𝑗=1

2𝑁𝑟

𝑟=1

, (9) 

 

where 𝑀𝑖, 𝜈𝑖𝑟
′  and 𝐴𝑗 are the species molecular mass, the reaction stoichiometric coefficient, and the Arrhenius coefficients, 

respectively.  

The chemical reactions are modeled using the Eddy Dissipation Model (EDM)[19], which is based on the assumption that the 

chemical reactions occur infinitely fast compared to the time scale of the transport process. This assumption, also known as Fast 

Chemistry, is often made for non-premixed flame as it reduces the complexity of the chemical model.  

The governing equations 5 are discretized and solved using 3D unstructured dual grids allowing for the simulation of flows in and 

around complex geometries. A second-order upwind scheme and a central scheme are used to calculate the convective and diffusive 

fluxes, respectively. The pressure-velocity coupling is based on the SIMPLE algorithm[20]. The FGMRES method is preconditioned by 

a single multigrid V-cycle and the BiCGStab method with Jacobi preconditioning is applied to solve the Poisson equation for the pressure 

correction and the other transport equations, respectively. 

 

3.1.2 Liquid Phase  

For the liquid phase, droplet size and velocity distributions were prescribed approximating the outcome of the atomization process. 

Droplet dispersion and evaporation were calculated using a Lagrangian particle tracking approach based on the following ordinary 

differential equations (ODEs): 

{
 
 
 
 

 
 
 
 

𝑑𝒙𝑝

𝑑𝑡
= 𝒖𝑝,

𝑑𝒖𝑝

𝑑𝑡
=
3

4

𝑐𝑑
𝑑𝑝

ρ𝑔

ρ𝑙
‖𝒖𝑔 − 𝒖𝑝‖ ∙ (𝒖𝑔 − 𝒖𝑝) + (1 −

𝜌𝑔

𝜌𝑝
)𝒈,

𝑑𝑇𝑝

𝑑𝑡
=

6

π𝑑𝑝
3

𝑚̇𝑠𝑢𝑟𝑓Δℎ𝑣𝑎𝑝(𝑇𝑝) + 𝑄̇𝑠𝑢𝑟𝑓

ρ𝑙𝑐𝑝𝑙
,

𝑑(𝑑𝑝)

𝑑𝑡
=
𝑑𝑝

3

1

ρ𝑙

ρ𝑙
𝑑𝑡
−
2

ρ𝑙

𝑚̇𝑣𝑎𝑝

π𝑑𝑝
2
,

 (10) 
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where xp, up, Tp, dp, and cd are the position, velocity, temperature, diameter and drag coefficient of the tracked droplet. Drag formulae 

were taken from Clift and Grace[21]. The indices g and l stand for gas and liquid, respectively. The specific enthalpy of evaporation, the 

specific heat capacity, and the surface heat flow rate are denoted 𝛥ℎ𝑣𝑎𝑝, 𝑐𝑝𝑙, and 𝑄̇𝑠𝑢𝑟𝑓 , respectively. Droplet evaporation was modelled 

by a variant of the evaporation model of Abramzon and Sirignano[22]. Relying on the point source approximation, the filtered spray 

source terms in the gas phase equations (Eq. 5) were computed following the approach presented in [23]. 

 

2.3 Description of the Benchmark Reference Case 

The toolchain was tested using a simple 100×20×20 cm combustion chamber design with a 10 cm cubic obstacle at the center (Fig. 

2). Pressurized air at Pair = 20 bar enters the chamber by the lower boundary (Z = 0) at a mass flow rate 𝑚̇𝑎𝑖𝑟 =  0.5 kg/s and temperature  

𝑇𝑎𝑖𝑟 = 800 K. The chamber top boundary (Z = 1 m) is set as a pressure outlet, while all the other boundaries are considered adiabatic 

walls. Jet-A fuel is injected at an angle of 45◦ with respect to Oz through an annulus (4.5 mm and 5 mm inner and outer radius, 

respectively) at the mass flow rate 𝑚̇𝑠𝑝𝑟𝑎𝑦 =  5.0 ·  10 − 3 kg/s, and temperature 𝑇𝑠𝑝𝑟𝑎𝑦 = 300 K. Droplet sizes were prescribed 

following a Rosin-Rammler distribution with a constant spread of q = 2.8. The kerosene properties were taken from the single species 

surrogate formulation of Rachner[24]. The whole fluid domain Ω was meshed using 3 million tetrahedral elements. A CFD simulation of 

the reference case is run to obtain the fluid density, temperature and velocity field needed to evaluate the toolchain objective functions 

described in Sec. 3.3 

 

FIGURE 2: 3D representation of the reference geometry. 
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2.3 Design Parameters and Objective Functions  

All optimizations were performed varying three design parameters: the air mass flow rate 𝑚̇𝑎𝑖𝑟, the liquid mass flow rate 𝑚̇𝑠𝑝𝑟𝑎𝑦, 

and the droplet scaling ratio DS. For example, if DS < 1, all droplet sizes of the given design are reduced (i.e. scaled by a factor DS) but 

still follow the same nondimensional droplet size distribution as in the reference case. The reference case was defined to have the 

following design parameter values: (𝑚̇𝑎𝑖𝑟 , 𝐷𝑆, 𝑚̇𝑠𝑝𝑟𝑎𝑦)𝑟𝑒𝑓 = (0.5 kg/s, 1 , 5.0 ∙ 10
−3 kg/s). The choice of these design parameters is 

based on their influences on the gaseous mixture velocity, temperature, and density that we wish to preserve while scaling. More design 

parameters could be considered such as the type of fuel. However, the cost of the method increases significantly as more design 

parameters are considered because of the increasing number of CFD needed to build accurate surrogate models.  

The choice of objective functions varies from project to project. We choose to look for designs with similar features compared to a 

reference case. Thus, each objective function is defined as the average difference between a current case and the reference: 

 𝑓ϕ,𝐼 =
1

|𝐼|
∫|ϕ
𝐼

− ϕ𝑟𝑒𝑓|𝑑𝑣

                ~
1

|𝐼|
∑|ϕ(𝑥)

𝑥∈𝐼

− ϕ𝑟𝑒𝑓(𝑥)
 (11) 

 

where I is a sub-domain of Ω, 𝜙 and 𝜙𝑟𝑒𝑓 are selected features (e.g. the temperature field) in the current and reference case, 

respectively. 𝑓𝜙,𝐼  is numerically approximated using the value of 𝜙 computed on the grid element x of the domain I. If not stated 

otherwise, ten objective functions 𝑓𝜙,𝐼  are built in the optimization toolchain based on the density, temperature and velocity fields of the 

gaseous mixture in the two planes: 𝜙 =  {𝜌, 𝑇, 𝑈𝑥 , 𝑈𝑦 , 𝑈𝑧} and the two center planes I = {YZ,XZ}. 

 

4. BENCHMARKS 

At first, the toolchain was used to reproduce a reference case without any geometrical scaling. By knowing exactly the reference 

design parameter values, the accuracy and robustness of the toolchain can be accurately assessed without the extra layer of uncertainty 

that comes with scaling. Due to randomization at different stages of the optimization process, such as the distribution of the design 
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samples, optimizations using identical inputs can give slightly different results. Therefore, five optimizations were run independently to 

obtain an averaged approximation of the optimal solution.  

In the three sections below, the accuracy of the toolchain is assessed by computing the relative error 𝔼 of the optimum found 

compared to the reference: 

 
𝔼 =

1

3
∑

|𝑥𝑘
𝑜𝑝𝑡

− 𝑥𝑘
𝑟𝑒𝑓
|

𝑥𝑘
𝑟𝑒𝑓

3

𝑘=1

, (12) 

 

With 𝑥𝑘
𝑜𝑝𝑡
, 𝑥𝑘

𝑟𝑒𝑓
 the design parameters of the optimum and reference, respectively. 

 

4.1 Surrogate Model Sensitivity to the Number of Samples 

The size of the training data set usually has a significant impact on the quality of the surrogate model. The more samples are 

computed, the more information is gathered on the objective functions and the better the training of the surrogate model is expected. 

However, as CFD simulations are expensive, only a limited number of samples can be realistically computed. This results in training 

data sets, which tend to be relatively small compared to standard ones, especially for ANNs. To evaluate the sensitivity to the number 

of samples, several optimization runs were performed using different data set sizes. Furthermore, the surrogate models could take 

advantage of objective function symmetries based on the design space definition, which would artificially increase the accuracy of the 

method. Therefore, the sensitivity analysis was carried out on two different design domains to reduce symmetry biases. Figures 3 and 4 

show the evolution of the error 𝔼 according to the number of samples generated with the LHS method looking at two different design 

domains.  

For all senarii, the ANN model from Dakota performs poorly compared to the two other models. This underperformance could be 

explained by the small size of the training data set or the simple structure of SLP ANN, compared to the ANNs used in the DNN based 

model, which fails to model highly non-linear objective functions. Therefore, the ANN model will not be considered further in this 

study. 
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FIGURE 3: Evolution of the error 𝔼 depending on the number of samples generated with the LHS method in the design domain 

[0.08 kg/s, 0.8 kg/s]×[0.8, 1.2]×[0.001 kg/s, 0.01 kg/s]. 

 

FIGURE 4: Evolution of the error 𝔼 depending on the number of samples generated with the LHS method in the design domain 

[0.08 kg/s, 0.8 kg/s]×[0.8, 1.2]×[0.001 kg/s, 0.01 kg/s]. 

 

The two remaining models have similar accuracy. In Fig. 3, the DNN model appears to perform better than the GP model. However, 

the design parameters of the reference are exactly in the middle of the design domain. The DNN model seems to take advantage of some 

objective function symmetries that significantly improve its accuracy compared to cases where the design domain is not centered onto 

the solution (Fig. 4). Overall, there is no clear correlation between the model accuracy and the size of the training data set, within the 

size range considered here. Therefore, increasing the size of the training data set, in the feasibility range imposed by the CFD costs, does 
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not guarantee a more accurate solution, and more effort should rather be invested in refining other model hyperparameters to improve 

the method’s accuracy. 

 

4.2 Sensitivity to Initial Sample Distribution  

As seen previously, the size of the data set is not directly correlated to the method’s accuracy. However, it was observed that the 

distribution of these samples in the design space influenced the quality of the surrogate model training. To highlight this influence, three 

different distributions for the training data set have been generated using three different seed numbers with the LHS method. A seed 

number is an integer used to initialize the pseudorandom sample generator built in the LHS method. It enables the reproduction of the 

experiences as two independent runs of the LHS method using the same seed number will generate the same sample distribution.  

The relative errors 𝔼 obtained using either the DNN surrogate model or the GP model are summarized in the table 1. With either 

surrogate model, the results clearly show the influence of the sample distribution on the optimization accuracy. Similar results were 

found with up to 10000 samples, different design spaces sizes, and positions relative to the reference (not shown here). 

Seed Number DNN model GP Model 

42 2.69 ± 1.05% 1.32 ± 0.40% 

420 2.62 ± 1.22% 50.06 ± 1.20% 

4200 1.44 ± 6.18% 8.48 ± 0.22% 

 

TABLE 1: Relative error 𝔼 for a seed number variation with 500 samples generated with the LHS method in the design domain 

[0.1 kg/s, 1.0 kg/s]×[0.8, 1.2]×[0.001 kg/s, 0.01 kg/s]. The reported values are the averaged relative errors and standard deviations 

obtained out of five independent optimization runs. 

 

The rather small training data sets could be the reason for this apparent sensitivity of the results to the sample distribution. However, 

data sets with more than a thousand samples are unrealistic due to the CFD simulation cost. Furthermore, there is no apparent way to 
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know a priori which seed number would generate an optimal distribution. Therefore, an alternative strategy to the LHS method is needed 

to sample strategically in the design space in order to minimize the influence of the sample distribution on the optimization results. 

 

4.3 A Nested Re-sampling Method  

To reduce the influence of the design sample distribution and thus improve the accuracy of the toolchain, a nested re-sampling 

method was additionally tested. First, samples are generated in the design space using the LHS method and then simulated to gather 

information on the objective functions. Based on the assumption that optimal designs are more likely to be close to samples with the 

current minimum error, the design domain is reduced to contain only 50% of the initial samples which have the smallest mean objective 

function. New samples are then added to the design domain using the LHS method. The process is repeated until the maximum number 

of computable samples is reached. To avoid computing the same design twice, new samples too close to an existing sample are discarded 

before simulating the batch of new design samples. 

 

 

FIGURE 5: Visualization of the resampling method in a region Ω′ of the design space Ω. New samples (circles) are added based 

on the location of existing samples (diamonds) and their averaged objective functions. 

 

Two scenarii using the re-sampling method were tested. Starting with the same initial 400 design sample distribution, 100 new 

samples were added either all at once in one resampling cycle or in two re-sampling cycles, each increasing the number of samples by 

50. Both scenarii were compared to the 500 samples equivalent obtained without re-sampling. In all three cases, a set of runs was 
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conducted with the same five LHS seed numbers {42, 420, 4200, 42000, 420000}. Table 2 summarizes the average errors E of these 

runs. 

Sampling DNN model GP Model 

500 2.25 ± 0.58% 19.96 ± 21.49% 

400 + 100 3.38 ± 2.16% 11.15 ± 6.70% 

400 +50 + 50 2.61 ± 0.26% 6.58 ± 6.82% 

 

TABLE 2: Relative errors of the optimized design compared reference design values for no, one or two re-sampling cycles. Error 

values are the average of 𝔼 obtained with LHS seed numbers {42, 420, 4200, 42000, 420000}. The reported values are the averaged 

relative errors and standard deviations obtained out of five independent optimization runs. 

 

It is noteworthy that a re-sampling cycle using the DNN surrogate model and concentrating the design samples in a neighborhood 

close to the last found optimum does not necessarily improve the accuracy compared to the case without re-sampling (see errors after 

the first resampling cycle). Furthermore, there is the risk to focus on a specific region of the optimization space and thus finding only a 

local optimum. Nevertheless, results in Tab. 2 show the potential of re-sampling methods to improve the toolchain accuracy and 

robustness. The uncertainty is improved by 38% with DNN models and 68% with the GP model if two re-sampling cycles are performed. 

In other words, the nested re-sampling method decreases the sensitivity of the optimization error to the LHS seed number, i.e. the sample 

distribution 

 

5. GEOMETRICAL SCALING 

In this section, the toolchain is used to find scaled designs with similar thermo-physical properties to the reference case described 

in sec. 3.2. Simulations are made with combustion chamber geometry scaled by a factor α, while all geometrical features remained 

identical to the reference. 
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5.1 Scaling Approach  

Flow similarity to the reference case was measured using ten objective functions 𝑓𝜙,𝐼 with 𝜙 =  {𝜌, 𝑇, 𝑈𝑥, 𝑈𝑦 , 𝑈𝑧} and I = {YZ, 

XZ}. With the same design parameters (𝑚̇𝑎𝑖𝑟 , 𝐷𝑆, 𝑚̇𝑠𝑝𝑟𝑎𝑦) as in the previous section, five different scale factors were investigated: α ∈ 

{1.25, 0.875, 0.75, 0.625, 0.5}. Based on the observation made in section 4.3, surrogate models were built from a 500-sample data set 

generated from an initial distribution of 300 samples using the LHS method and two refinement cycles of 100 samples using the nested 

re-sampling method.  

Figure 6 shows the locations of each optimal design found for α ∈ {1.25,0.875,0.75,0.625,0.5} using the DNN (circle) or GP 

(triangle) surrogate models. Both surrogate models give similar results, except for the case α = 0.5. 

 

 

 

FIGURE 6: Distribution of the optimal design parameter found using the DNN (circle) and GP (triangle) surrogate model scaling 

ratio α ∈ {1.25, 0.875, 0.75, 0.625, 0.5}. 
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To assess the accuracy of the surrogate models, the objective functions 𝑓𝜙,𝐼  were considered. For each optimal design, 𝑓𝜙,𝐼 were 

normalized by the average value of 𝜙 in the domain I of the reference case. Then, the global accuracy of the surrogate models was 

evaluated at each scale α by computing the average value of the normalized objective functions, displayed in figure 7. For α ∈ [0.625, 

1.25], the accuracy of the surrogate models is similar and decrease as the |1 − α| increase. For α = 0.5, the average of the normalized 

objective functions is one order of magnitude higher than at any other scale (31.07 and 85.14 with the DNN and GP model, respectively). 

With large size variations, the flow dynamics change drastically from the reference which makes it challenging for the toolchain to find 

an optimal design by varying only three parameters, even with a loose definition of similarity. Optimal designs could be found for 

extreme α by considering more design parameters and structural alterations of the geometry. 

 

FIGURE 7: Evolution of the objective function averaged according to the scaling ratio using the DNN and GP model. The case α 

= 0.5 is arbitrarily excluded for visibility. 

 

5.2 Spatial Distribution of Similarities and Dissimilarities  

As the objective functions in this study reflect only the overall error, it is advisable to also gain insight on the distribution of the 

differences between a scaled design and the reference. Thereby, it should be avoided that a design was considered similar to the reference 

while having high differences concentrated in a small region of the domain. Figure 8, 9, and 10 show exemplarily for a scaling factor α 

= 0.75 the local deviation of the density, temperature, and the Z-velocity field optimized by the DNN model (left) and the GP model 

(middle) from their respective reference fields (right). Negligible differences are blanked out to highlight regions where the computed 

optimal solution is dissimilar to the reference. 
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FIGURE 8: L2 error of the density field obtained with α = 0.75 in I = YZ and the DNN (left) or GP (middle) surrogate model, 

compared to the reference field (left). The density field of the reference slice is displayed in kg/m3. 

 

FIGURE 9: L2 error of the temperature field obtained with α = 0.75 in I = YZ and the DNN (left) or GP (middle) surrogate model, 

compared to the reference field (left). The temperature field of the reference slice is displayed in K. 
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FIGURE 10: L2 error of the z-velocity field obtained with α = 0.75 in I = YZ and the DNN (left) or GP (middle) surrogate model, 

compared to the reference field (left). The velocity field of the reference slice is displayed in m/s. 

 

Therefore, it might be advisable to use both models for cross-model validation. This is a viable approach as it does not result in a 

significant cost increase of the overall process being primarily dominated by the CFD simulations. Furthermore, the re-sampling method 

is independent of the surrogate models. 

 

6. CONCLUSION AND OUTLOOK 

It was shown that surrogate-based optimization can be a valuable tool for design optimization and scaling. Even though perfect 

similarity from a mathematical standpoint is difficult (or impossible) to achieve, a methodology was presented to scale an existing design 

while preserving most of the flow features. A simple geometry was scaled down to a factor of two using the Gaussian process and deep 

neural network-based surrogate models. Both surrogates showed significant sensitivity to the sample distribution and gave similar 

results. Presumably, the DNN accuracy could be improved with a more advanced network structure and hyperparameters optimization. 

Future works will focus on the improvement of the sampling method and applying the methodology to a more realistic combustor with 

geometrical features defined as design parameters. 
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