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ABSTRACT

As of today, Gaussian processes (GPs) have been widely and successfully used in the context of design
optimization based on expensive-to-evaluate functions. This supervised learning method enables a
generation of accurate nonlinear surrogate models based on relatively small datasets. Nonetheless,
their most valuable asset is to provide uncertainty in predictions. Despite their excellent stochastic
properties, Gaussian processes are unfortunately not immune to threats such as the generation of
distorted predictions, especially when the amount of data available is very limited. This shortcoming
is caused by a poor choice of the GP hyperparameters and represents a serious threat to the efficiency
and effectiveness of the whole surrogate-based optimization. In this paper we present the Hybrid
Loss (HL), a novel uncertainty-aware objective function for the hyperparameter tuning of Gaussian
processes. This method is intended to exploit information coming from the predictive variance
to remedy the typical shortcomings of the log marginal likelihood, i.e. the objective function
commonly used to optimize GP hyperparameters. By pairing this methodology with a well-known
adaptive sampling strategy, we investigate the performance on a wide range of benchmark functions
and a real engineering problem. The observed evidence clearly shows how uncertainty can be
successfully exploited to make a wiser choice of the hyperparameters. This translates into more
accurate predictions, surrogate models less prone to overfitting, and above all, greatly improved
convergence rates.

Keywords Marginal Likelihood - Gaussian processes - Uncertainty - Global Surrogate Modelling - Crashworthiness
optimization

1 Introduction

Surrogate models, often called metamodels, have been commonly used over the past decades for dealing with complex
real-world optimizations problems. Their usage enables Metamodel-Based Optimization (MBO), which can be
considered as the most efficient technique for solving the so-called expansive-to-evaluate black-box functions [[1]. These
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functions are very common in several engineering applications that rely on time-demanding numerical simulations
such as Finite Element Mehods (FEM), Computational Fluid Dynamics (CFD) and Computational Electromagnetics
(CEM). Such numerical simulations imply enormous computer resource utilization, ranging from hours to full days of
computation on computer architectur@k [In this regard, surrogate models are very promising methods to reduce the
overall number of function evaluatioris [3, 4].

Support Vector Regression (SVR), Arti cial Neural Network (ANN), Radial Basis Functions (RB@rd Gaussian
Process Regressor (GPR) are successful metamodeling techniques and are ideal to relieve this computational burden.
These methods have been extensively reviewed [6,[7, 8, 9].

Among them, GPR (often referred as Kriging) has gained special attention in the literature over the past 20 years.
Because of its stochastic and interpolative properties, GPR is also referred as the most intensively investigated surrogate
model [L0]. As stated in[L1,[10,[12], Gaussian processes show clear advantages. First of all, they use an interpolative
Bayesian metamodeling technique with exactly accurate predictions of observetiifjakddst importantly, unlike

RBF, NN and SVR, Gaussian Process Regressor provides predictive distribution instead of point predictions. In other
words, thanks to their stochastic property, GPRs offer uncertainty information (often referred to as predictive variance in
the literature) about the predicted values. Although the real function remains mathematically unknown, low uncertainty
implies that the predicted values are more likely to be close to the reallories [10].

It should be noted that the accuracy of the metamodels has a signi cant impact on the computational effort and
convergence of the metamodel-based optimization. The metamodel quality primarily depends on the number of
observations (also known as samples), the way the observations themselves are distributed in the design space, and
the choice of GPR hyperparameters. Generally speaking, the higher the number of observations, the higher the model
accuracy that can be achieved. Fewer samples redlféojver computational expense, but could result in inaccurate
metamodels. However, even with a proper number of samples, poor sample locations and suboptimal model parameters
can lead to distorted metamodels|[10].

In order to get the most out of the observations, several authors have been focusing on developing sampling strategies
suitable for Gaussian processes. Some have recently proposed new one-shot sampling stiZli¢ddls Jome others
sequential space- lling sampling methodk5[[16], while others have shifted the focus to adaptive sampling strategies
[17,[18,[19 120,121, [22]. These methods have been deeply analyzed in the recent reviews by LilZ8] alndl Fuhg et

al. |24].

Even with an ideal dataset of observations, poor metamodels can still be generated if the hyperparameters are not chosen
appropriately. The selection of ideal model parameters is an optimization problem commonly known as Hyperparameter
Optimization (HPO) or Hyperparameter Tuning (HPT). As pointed oU28}, [several challenges are to be solved in
applying optimization to hyperparameter tuning depending on the search space. Some of the most common challenges
are posed by the presence of at and noisy regions, discontinuities, local minima, and very steep gradients.

One of the simplest HPO approaches is grid search: Each hypermeter is discretized into a set of values, and models
are trained and assessed across all possible combinations of hyperparameters. Key nd6pbafg shown a
surprising effective alternative based on random search. As long as solutions are excluded from the search space in
a stochastic fashion, remarkable speedups are guaranteed, compared to the exponential grid search burden. More
elaborate approaches are instead based on optimization algorithms such as Covariance Matrix Adaptation Evolution
Strategy (CMA-ES)27], Evolutionary Algorithms (EA)[28], Tabu Search (TS9], and Bayesian Optimizatior8().

It has to be noted that grid and random search are still the default choices for many open source machine learning
packages [31].

Gaussian Process Regressors are commonly tuned by maximizing the Log Marginal Likelihood (LML), employing
evolutionary or gradient-based algorithn2. [The goal is to nd a reasonable trade-off between data- t and model
complexity. Although this approach is still considered as the state of the art and widely used as a standard method the
main machine learning packages, it hides certain pitfalls. Namely, in case of a nonconvex, multimodal LML function, it

is likely that GPRs may suffer from over tting. A poor choice of the hyperparameter ranges could also lead generating
subpar metamodel.

This issue becomes of great relevance when, as is often the case in simulation-based optimization, Gaussian processes
are combined with active learning metho8&,[33]. These approaches rely on algorithms that are allowed to query

an oracle for additional data to further improve the accuracy of metamodels. Common examples of active learning
methods are adaptive sampling strategies and Bayesian optimization, where focus is usually to learn better predictive
models rather than to solely perform optimizati@d][ Surprisingly enough, as can be observed from Figure 1, the
sequential addition of observations does not necessarily guarantee enhanced prediction.
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Figure 1: Gaussian Process Regressor trained on 6 (on the left) and 7 (on the right) observations. The additional sample
on the right (marked in orange) is added by adaptive sampling

One possible way to improve the accuracy of GPRs is to consider uncertainty in the objective function of the hyperpa-
rameter optimization. A few authors have already tried to consider predictive variance to make metamodel decisions.
Chugh et al. employed the Mean Standardized Log Loss (MSLP]) pn uncertainty-based performance metric
presented by Rasmussen and Williar85] fo manage the trade-off between the complexity term and data t with a
multi-objective optimization approach. Nonetheless, this metric is based on a test dataset that may be prohibitive in
the context of expensive-to-evaluate functions. Rahat et al. instead exploited uncertainty information to determine the
probabilistic dominance of one solution over another in a multi-objective optimization framework [36].

To the best of our knowledge, overall, little attention has been paid to the usage of uncertainty within the objective
function to improve the hyperparameter selection of GPR in the context of expensive-to-evaluate functions. Therefore,
we propose here the Hybrid Loss, a novel approach to integrate predictive variance into the log marginal likelihood for
training Gaussian Process Regressors. The approach is best suited for computationally-demanding functions where the
user cannot afford to employ a test dataset to inspect how the model generalizes on unseen data.

The key contributions of this paper can be summarized as follows:

« We propose here a novel uncertainty-aware hyperparameter tuning objective function to t Gaussian Process
Regressors. This approach is robust against over tting.

» We optimize this novel objective function using a meta-heuristic optimization algorithm to escape local minima
and avoid suboptimal regions. We further polish the resulting optimum with a gradient-based algorithm.

» We combine this approach with an adaptive sampling strategy to reveal signi cant improvements in the
convergence rate and overall stability across iterations.

This paper is structured as follows. In Sect. 2 we brie y introduce Gaussian Process Regressors, a few commonly used
GP kernel functions, the current standard methodology to tthese metamodels, and the most relevant pitfalls related to
log marginal likelihood. In Sect. 3 we present the newly developed Hybrid Loss methodology and its mathematical
formulation. We test the proposed approach on several benchmark functions and a crashworthiness use case in Sect. 4.
We nally draw the conclusions and discuss potential future research step in Sect. 5.

2 Background on Gaussian Process Regression

In the framework of expensive-to-evaluate functions, a popular task is to infer the relationship between a set of
independent variables (or features) and a dependent variable (response function or target function). This can be achieved
by rst generating a set of points (often known as observations or samples) and then tting a regression model to the
observed points. The entire set of samples is commonly referred to as design of experiment (DoE).

In order to introduce basic notation, consider an initial design of experimenbbservation® = f(x;;f (xi))ji =
1;::::ng, wherex; is ad-dimensional variable vector so that2 RY,f : R9 1 R is a time-consuming black box
function and”: RY ! R s the surrogate model prediction fof
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2.1 Predictive distribution

Gaussian processes are a general class of function models. More precisely, a Gaussian process is any distribution over
functions such that any nite set of function valukeéx,); f (x2);::;; f (Xn) have a joint Gaussian distributioB89].

Before conditioning on data, a GPR is completely speci ed by its mean function (Eg. 1) and kernel function, sometimes
referred as covariance function (Eq. 2)

(x) = E(f (x)) @

k(xi;xj) = Cov(f (xi);f(xj)) @

Therefore, we can write the Gaussian process as:

F(x) GP ( (x);k(xi;x;)) @)

Since the uncertainty about the mean can be taken into account by adding an extra term to the kernel, it is common
practice to assume that the mean function is zero everywhere in the design d8airnprefore, the type of structure

that can be captured by a GPR is entirely determined by its kernel function. This function determines how the metamodel
generalizes new data. We will present few basic kernel functions in Sect. 2.2.

The combination of the prior belief (based solely on the kernel function) and the data leads to the posterior distribution
over functions. In probabilistic terms, making the prior distribution agree with the observed data points is a relatively
simple operation that corresponds to condition the joint Gaussian distribution on the obseraHjioNs{e that the
posterior predictive distribution is also normal:

p(fix;D; ) N (Fif(x); 2(x)) (4)

Where the predictive mean and variance are given by:
(x) = k(X YK+ 21) *f ®)
2x) = kO x ) KOGX; )T(K + 21 k(X ) (6)

Thed n matrix of the observations is referredXsso thatX 2 R4 ". The vectoff is the corresponding response
vectorf = (fq;fy;:;f,) andthuf 2 R". The covariance matriKk 2 R" represents the kernel functidugx® x° )
evaluated for each pair of observatiqws, x° 2 X . The vector of covariances between an arbitsagnd each sample
points is represented ty(x; X; ) 2 R". Model parameters are collected in the hyperparameter ve@oRK. In
presence of noisy responses sucly asf (x) + ", the noise variance is taken into account by thegerm.

2.2 Covariance functions

The choice of the kernel function has a signi cant role when tting Gaussian process since it re ects our ability to
express prior knowledge of the shape of the function we are trying to model [38].

A covariance function is a positive-de nite function of two feature vector inputandx; . As mentioned above, a
kernel function is also controlled by a setlohyperparameters enclosed in the vectoiThe intuition behind the
covariance function lies in the fact that data points that are spatially close in Euclidean space should exhibit very similar
responses. The relationship between these points is described by the hyperparameters themselves.

We present below three covariance functions that are very common in the literature. Each of them has in common an
amplitude hyperparametef that describes how the response function can span. Note that the naatiymefers to
the Euclidean distance.

Squared-exponential

kse (Xi;Xj) = Zexp

()

The Squared-exponential kernel, also known as Radial Basis Function (RBF) or Gaussian kernel, is parametrized by a
length scale parameter 0 which de nes how quickly the correlation relationship between two points drops as their
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distance increases. Because of its universality, and the fact that you can integrate it against most functions that you need
to, the RBF kernel is de-facto the default kernel for Gaussian processes [37, 38].

Rational Quadratic
d(x;;x;)?
kKro (XisX))= ¢ 1+ —£§1—%27 (8)

The Rational Quadratic covariance function can be seen as an in nite sum of RBF kernels with different characteristic
length scales. It is parametrized by a length scale pararhetérand a scale mixture parameter 0. The parameter

describes the relative weighting of large-scale and small-scale uctuations. Large values of alpha make the RQ kernel
lean toward a standard RBF kernel [37].

Exponentiated Sine Squared

kese (xi7%)) = exp émzdﬁyﬂ o

Exponentiated Sine Squared, often referred as periodic kernel, allows the modeling of functions that repeat themselves
exactly. While the | parameter works the same way as in the RBF kernel, the period p simply determines the distance
between repetitions of the functions. This kernel has been derived by David Mackay in [39].

It has to be noted, that we can also build “made to order” kernel with desired properties. Indeed, new tailored kernels
can be constructed through mathematical operations such as multiplication or addition of well-known kernels. Although
there have been efforts in the literature to search for an ideal covariance function over a space of combined kernel
structures (e.g.4[0]), choosing a kernel function remains a challenging task that often requires prior knowledge about
the problem. Since, however, this is not the focus of this paper, we are going to select well known kernel structures for
further discussion in this article.

2.3 Hyperparameters optimization

Given a covariance function, we can compute the marginal likelihood of a dataset. This is a crucial property to compare
different models, balancing between the capacity of a GP and its t to the data points. Because of this property, as
mentioned in Sect. 1, Gaussian processes are commonly tuned by maximizing the Log Marginal Likdliholod [

this section we brie y derive the marginal likelihood function and break it down into its main components.

Maximizing the marginal likelihoog(Dj ) of the Gaussian process distribution based on the observe®datget
the optimal set of hyperparameterscan be formulated as follows:

= argmax(p(Dj )) (10)

Bear in mind that the marginal likelihood of the Gaussian process is the likelihood of a Gaussian distribution. Substituting
the mean and the covariance matrix based on observed data and taking the logarithm to the left and right of the equation,
we derive the log marginal likelihood:

logp(Dj )= ;WK+$)H ;mm+§u %wz (12)

The marginal likelihood function described in Eq. 11 can be broken down into three main terms, each of which has
interpretable roles. The rst term is the only one dealing with observations and is called “data- t". The second term is
the complexity penalty, referred to as “differential entropy” by some auti&s The last term is a normalization
constant, and its in uence is not relevant since its value does not change as the hyperparameters vary. Therefore, the
optimal hyperparameter set obtained from the log marginal likelihood optimization is the trade-off outcome between
the data t and the complexity term.

The effect of the length scale is shown in Figure 2. Poorly tuned length scale Va@sedt in suboptimal metamodels.
In this case, a low value { = 0:02, on the left) and higt value { = 0:5, on the right) respectively re ect in over tting
and under tting issues.

It should be noted that the marginal likelihood gradient is known since it can be derived analytically. In fact, starting
from Eq. 11, we can calculate the partial derivatives with respect to the hyperparameters as shown in Eq. 12.
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Figure 2: The breakdown of the log marginal likelihood is shown in the subplot above. Below, the impact of the length
scalel of a trained RBF kernel on a given dataset is illustrated. Starting from the left, we see a trained GP with a
[ =0:02,1 =0:115(optimum LML) andl = 0:5, respectively

@ @K i 1 1@K

1
— logp(Dj )= =f'K ! “tr K
@; 9p(D; ) 2 @; 2 @;
Since the gradient is a known function and the computational overhead of computing partial derivatives is small (time
O(n?) per hyperparameter on¢ée ! is known), the use of gradient-based algorithms is encouraged. L-BFGS-B
[43, 44], is commonly used in the literature [25].

(12)

Since by convention, most optimization algorithms aim to minimize a function, it is convenient to consider the negative
log marginal likelihood function as the objective function. Furthermore, to relax the notation, from now on we de ne
the negative log marginal likelihood function as:

fneme (Dj )= logp(Dj ) (13)
2.4 Pitfalls of the marginal likelihood method

Hyperparameter tuning by maximizing marginal likelihood is a proven and widely used approach due to the bene ts
shown in the previous sections. However, some pitfalls that can easily lead to distorted metamodels, are concealed
behind this method.

The major pitfall in optimizing the marginal likelihood is landing in a suboptimal region of the hyperparameter space.
Indeed, not only is the convexity of this function not guaranteed, but the function itself can also be multimodal.
Multimodality implies the existence of local maxima that gradient-based methods are strongly vulnerable to. The reason
for this is that gradient-based algorithms are highly dependent on their starting point.

As an example, consider the rational quadratic kernel for reconstructing the fuh¢tipr 7 =2x + sin(6x)?>  10x

sin (5x) as shown in Figure 3. In this case, as seen on the left, the L-BFGS-B method clearly failed to nd the global
optimum of the marginal likelihood function. This results in a distorted metamodel characterized by an unreasonably
small length scale (on the right-hand side). This type of metamodel is a highly undesirable outcome, especially in
the context of expensive-to-evaluate functions where the user is reluctant to increase the design of experiment size to
improve the quality of the metamodel, unless strictly necessary.

A widespread rst practice to remedy this threat is to increase the number of restarts of the gradient based optimizer. In
this way, the optimization of marginal likelihood can be reiterated starting from different regions of the hyperparameter
space and limiting the traps of local minima. Another solution employed by some authors to best optimize the log
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Figure 3: Common pitfall when optimizing the marginal likelihood with a gradient-based method. The L-BFGS-B
method fails in nding the optimum (on the left). As a consequence (on the right), the prediction suffers from over tting
issues

marginal likelihood is using a meta heuristic algorithm such as Evolutionary Algorithms. These methods are well suited
when the marginal likelihood is expected to be a highly multi-modal function. Genetic Algorithms (GA) are a popular
choice for this purposetp]. From now on, as a meta-heuristic method, we will use the Differential Evolution (DE)
method introduced for the rst time irdp)]. It has been proven to be an ef cient method for optimizing multi-modal
objective functions. It is also simple to use, has excellent convergence properties and is suitable for parallelization.
Since nding the best possible meta-heuristic method is not in the scope of this paper, we will not elaborate further on
this topic. More information about DE can be found in [47, 48].

Figure 4: Remedies to LML optimization pitfalls: a gradient-based multi-start strategy is shown on the left, and three
successive population evolution stages (in black, magenta and orange, respectively) of DE are shown on the right

The improvements in the prediction of a Gaussian process are shown in Figure 4, made by increasing optimizer restarts
(on the left) and using a meta heuristic method (on the right).

Landing in a suboptimal hyperparameters space is not the only threat of the marginal likelihood approach. Indeed, even
landing somewhere near the global minimum of this function generally does not prevent running into over tting or
yielding suboptimal metamodels. On this matter, see the example in Figure 5.

As seen here, in this case the marginal likelihood has a completely at and very extensive optimal region, revealed by
multiple optimal spots and labeled by green hexagonal markers. Using the differential evolutionary algorithm, we can
easily land in this optimal area, but it is not clear what combination of hyperparameters is best suited for the problem.
In fact, although all these "green marks" share the same value of log marginal likelihood, their impact on the quality
of the metamodel is quite different. One possible approach to draw a distinction between these points, would be to
consider the uncertainty of the Gaussian process as a decision factor among these optima. Another method is to directly
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Figure 5: On the left, the subregion of multiple optimal solutions (marked in green) of the log marginal likelihood. On
the right, the prediction based on the solution found by DE

integrate the contribution of prediction variance within the objective function. The goal is to explore new combinations
of hyperparameters by considering information that is not explicitly accounted for by using the marginal likelihood. In
the next section, we show a viable approach based on this idea.

3 Hybrid Loss

As mentioned in the introduction, the main advantage of Gaussian processes is to provide uncertainty information about
the prediction. This is a priceless resource that holds potential for avoiding marginal likelihood pitfalls and improving
the quality of Gaussian processes in general. In order to get an intuitive understanding for how uncertainty bounds
relate to the quality of predictions, consider the example shown in Figure 6.

Figure 6: Underlying intuition of the Hybrid Loss. GP predicion obtained from the same train datased by optimizing
the LML with the L-BFGS-B algorithm (on the left) and with the DE algorithm (on the right)

Given the same dataset based on ve observations, we optimize the marginal likelihood of a Gaussian process with RQ
covariance function with the L-BFGS-B (on the left) and the DE algorithm (on the right). Although it is clear how an
erroneous choice of hyperparameters can lead to barely usable predictions such as the metamodel shown on the right, it
is non-trivial to gure out how these subpar models can be avoided. As we saw in the previous section, employing a
meta-heuristic algorithm does not guarantee an optimal choice of hyperparameters. Nonetheless, what can be easily
observed is the difference in the con dence intervals (i.e., uncertainty) between the two predictions. Bear in mind that

a high variance implies that the predicted function has a lower chance of being close to the real black-box function.
Therefore, the uncertainty of the tted model can be exploited as an additional objective to be optimized.
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3.1 Uncertainty estimation

Estimating the uncertainty can be seen as calculating a de nite integral in a generic ifdebyalf the predictive
variance, that is the area underlying thigx) function. Again, keep in mind that the methodology we propose is driven

by global metamodeling goals, i.e. achieving the most accurate prediction possible across the entire variable design
space.

Letd 1 be agiven dimension of the variable space. With no loss of generality! {0 ; 1] be thed dimensional
unit hypercube so that each feature is normalized in the unit interval. Aware4pdtis a positive de nite function
and assuming that it is integrable throughout the entire domain, we want to approximate

z
Fo= 2(x)dx (14)

| d

Since it is not always possible to evaluate an integral analytically, approximating numerical integrals is a well-known
problem of numerical analysis. Depending on the application area, sometimes high accuracy is required, while
sometimes a relatively low level is suf cient. Moreover, as reported4$)], [in certain applications a low level
approximation is not only acceptable but preferable, as it might be spurious to report otherwise. Numerous integration
techniques are available in the literature and these can be grouped into two broad categories: deterministic and Monte
Carlo integration. Deterministic techniques are methods that blend well with low-dimensional integrals (mainly one
dimension) when very high accuracy is required. However, they are very sensitive to the "curse of dimensionality”
(sometimes referred as "dimensional effect") and therefore are unsuited for high-dimensional integrals. Unlike
deterministic methods, Monte Carlo techniques are stochastic based approaches that are particularly attractive for
multi-dimensional problems [49, 50]. More information in this regard is provided in Appendix A.1.

A key difference between deterministic and Monte Carlo methods concerns their convergence properties. The approx-
imation error for deterministic methods typically converge©gs ¢), thus very slowly for large dimensions. In
contrast, Monte Carlo methods show slow convergence eq@(rto*=?), but independent of spatial dimension

A secondary bene t of Monte Carlo integration over common deterministic techniques, such as quadrature rules, is
the ease of extending to high-dimensional integrals. Sihtsamples are needed fodadimensional problem, the
exponential growth of samples makes the employment of these methods computationally prohibitive. In contrast, Monte
Carlo techniques give the freedom of choosing any arbitrary sampl&lsjzé].

Given the application of our interest, the highest priority is arguably to achieve an ef cient variance estimate that can be
conveniently scaled to multidimensional problems. This is imperative so that, when optimizing hyperparameters, as
many function evaluations as needed can be carried out without overburdening the computational effort. Regarding the
accuracy of uncertainty estimation, we believe that even a coarse estimate can have a decisive impact on hyperparameter
tuning enhancements. To support this thesis, bear in mind that Eg. 5 and Eq. 6 involve matrix inversion using Cholesky
factorization. Therefore, some round-off error is expected. Losing in ef ciency to over-model these error components is
not advisable. For the reasons mentioned above, we believe that a Monte Carlo-based estimator is a suitable choice for
this application.

To further improve the uniformity in the distribution of the samples, we employ a Latin Hypercube Design (LHD)
sampling strategy as shown by2. Letl, = 'N—l; N'—) ford | N andfVj;::;V, g be independent random
variable withV,' uniformly distributed ovet,. Assuming thaf !;::; Sgare independent permutationsiof::;; N,

we de neW, so thatw, = fV1;::; VS g[50]. Therefore, we can approximate Eq. 14 as follows:

l’( 1
EN = 1 2(W) (15)
i=0

Compared with random sampling, LHD shows improved variance reducing proprieties. Indeed, key ndings in
[53] showed that for any square-integrable function, LHD does reduce the variance relative to random sampling
asymptoticallyN !'1 ).

3.2 Hybrid Loss objective function

With all the ingredients at our disposal, we can nally formalize the novel Hybrid Loss. The proposed objective function
is based on a multi-objective optimization approach by means of weighted sum method where the two main building
blocks are made up of the negative log marginal likelihbedy. and the estimated uncertairf§,. In order to
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lighten the notation and ease readability, the dependence of both these components on the observatioredataset
hyperparameters will be omitted within the loss function equation. We therefore present the Hybrid Loss objective
function in Eq. 16:

. fame  FTML PN
fHL (DJ ): WNLML |Og f',\l-na\);“- f,'\],lll_r']\/”_ + W2 W (16)
2

Since negative marginal likelihood and uncertainty can have ranges with very different orders of magnitude, it is
convenient to normalize the two main components into a unit interval. In this regard, the maximum and minimum

valuesf & fmin  andFN™  which are not known beforehand, are adaptively updated based on the function
evaluations in the early iterations of loss function minimization. Keep in mind that the negative log marginal likelihood
canvaryin(1 ;+1 ) while the variance estimate [; + 1 ). Therefore, the minimurd"s™" is known as priori and

is equal to zero. Next, we Iter the NLML component with a logarithmic function. This is mainly intended to slightly
unbalance the importance of the objective function toward the component that includes the data t term. In addition, the
logarithm also prioritizes small changes in NLML against small changes in variance. This has a bene cial effect on the
convergence of hyperparameter tuning, which, otherwise, could be undesirably over-extended by uncertainty round-off
errors. Finally, to give the user more control and exibility according to the application of interest, we added the two
weightswy v andw 2. The impact of these two scaling factors on the nal outcome and recommendations on the
choice of the weights are going to be clari ed in the next sections.

In order to mitigate the pitfalls described in Sect. 2.4, we decided to combine the bene ts of a meta-heuristic algorithm
with a gradient-based one. Therefore, at the rst stage, the Hybrid Loss is optimized with the differential evolution
algorithm. The best population member at the end is then further polished by the L-BFGS-B method.

4 Experiments

In this section we test and analyze the performance of the Hybrid Loss approach proposed in Sect. 3 on a wide range
of test problems and one engineering application. To be more speci c, in Sect. 4.1 we give an overview of the visual
comparison between the common approach of log marginal likelihood and Hybrid Loss. We also show the in uence of
weights on the tuning process of the Gaussian process. In Sect. 4.2 we illustrate the scheme by which all the tests in
this chapter are going to be conducted. In Sect. 4.3 we introduce the benchmark functions investigated and the results
of their tests in Sect. 4.4. Finally, in Sect. 4.5 we present two variants of an engineering use cases and related results
analysis.

4.1 Visual performance comparison and impact of weights

Before diving into performance analysis of the Hybrid Loss across a wide range of test problems, we want to visually
illustrate the impact of this approach on metamodels and the in uenegafi. andw » weights. In this regard

we investigate three low dimensional benchmark functions. An overview of the appearance of these functions, their
formulas, and the validation metrics used to evaluate their accuracy can be found in Sect. 4.2 and Sect. 4.3.

In the rst example, we investigate, once again, the one-dimensional sine function introduced in 2.4 with the same
dataset shown in Figure 5. We choose a rational quadratic covariance function with the same hyperparameter bounds
used previously. The comparison between the marginal likelihood optimization with differential evolution and the
Hybrid Loss approach is shown in Figure 7. In this rst attempt we set the weightg,. = 0:7andw 2 =0:3.

The result is unquestionably promising. Within the same hyperparameter space and with the same training points, the
Hybrid Loss function manages to generate a prediction much closer to the target function and with reasonably narrower
con dence intervals. To quantify the quality of the prediction, we compute the MSE (refer to Table 2 of Sect. 4.2 for
the mathematical formula) atD00@ test points randomly spread over the whole domain. In this particular case, it is
possible to lower the error by about 86.8 % using the novel approach.

The evolution of prediction shown in Figure 8 reveals some other interesting ndings. The marginal likelihood approach
(top row in Figure 8) seems paradoxically to worsen its prediction over iterations, despite new data being fed to the
GP. On the contrary, the Hybrid Loss approach (bottom row in Figure 8) appears to be very stable and better suited to
cooperate with this active learning logic.

Someone might argue that the rational quadratic kernel is probably not the most appropriate kernel to approximate a
periodic function. Therefore, we carry out a new test on the same benchmark function using a periodic kernel. For this
test, we include again the classical approach based on marginal likelihood using gradient based optimization.
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Figure 7: Comparison between the log marginal likelihood optimized with DE algorithm (left) and the Hybrid Loss
approach (right)

Figure 8: Comparison across three iterations between the log marginal likelihood ( rst row) and the Hybrid Loss
approach (second row). Both objective functions are optimized with the DE algorithm

Figure 9: Comparison of LML with L-BFGS-B (left), LML with DE (center) and Hybrid Loss with DE (right) using a
periodic kernel function

In this case, the MSE of Hybrid Loss is even two orders of magnitude smaller than differential evolution and about
thirteen times smaller than the gradient-based approach. Both marginal likelihood-oriented methods focus on an
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extremely small (albeit plausible) periodicity. Further evidence on visual performance on a two-dimensional test is
shown in Appendix A.2.

An insightful understanding of the impact of the weights on the tuning of metamodels (given the same design of
experiment) can be drawn from Figure 10. We consider the Easom function, a nearly at function in the whole domain
except around its global minimum located(in ). For this problem we employ an RBF kernel trained on ten samples
and we vary the weight ratiogy v, : W 2 from 90 : 10to 50 : 50

Figure 10: Impact of the weightsy v andw = of the Hybrid Loss tested on the Easom function. Starting from the
left, the following weight ratios are shown: 90:10, 80:20 and 50:50

An imbalance of Hybrid Loss in favor of variance generally leads to a smoothing effect of the metamodel. This is not
always considered a desired effect, merely due to the fact that it comes at the expense of the data- t term. High values
of the uncertainty weight (e.g., from >  0:5) should be considered in applications where the metamodel is not
expected to go through every single training point (e.g. applications with noisy observations).

Figure 11: Impact of the weights on the Pareto curve of the Hybrid Loss tested on the Easom function. A trade-off with
weight ratio of 90:10 (on the left) and 50:50 (on the right) is shown

12
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Figure 11 shows the pareto curve by decomposing the objective function of Eq. 16 into two sub-objectives: the negative
log likelihood and the variance. It becomes clear how an increase in the uncertainty weight pushes the optimum point
toward the elbow of the pareto curve. It should be noted that a weight selectith:dB0still does not place the
optimum exactly on the elbow of the curve. This is due to the unbalance given by the logarithm.

4.2 Testscheme

In order to draw any general inferences about the Hybrid Loss approach, the promising results presented in the previous
section require further evidence. Therefore, the performance of the Hybrid Loss function is initially tested against that of
the marginal likelihood on a variety of benchmark functions that differ from each other, in features and dimensionality
(more details on this in Sect. 4.3)

We are aware that the underlying assumption is that the response evaluations are extremely time demanding. The focus
of the analysis will be not only geared toward achieving the best possible metamodel accuracy, but also accomplishing
it using the least number of training samples possible. In this regard, beginning with an initial dataset with excellent
space- lling properties, an observation will be added at the end of each iteration by means of an exploration-oriented
adaptive sampling strategy. This means that the observations will be distributed so as to cover the variable domain as
uniformly as possible, regardless of the response values of the dataset (more information avail&blEsih [As

an additional assessment criterion, special attention will be paid to the stability and monotonicity of the convergence
curve. This allows to assess robustness against undesired severe uctuations in the convergence. Especially for the last
mentioned criterion, we prefer to report the results as convergence history graphs instead of tables.

In order to perform a sound comparison between the hyperparameter tuning techniques, comparable and fair numerical
conditions are ensured for all methods and problems investigated. In particular:

« In initial input dataseDy = X1;:::;Xn, Of sizeng is normalized to a unit hyperculje; 1]°. In the same
domain we t the Gaussian processes.

» To ensure optimal space- lling properties, the design of experiment ofrgjzis retrieved from a pre-
optimized LHD database presented in the works of Hussladjeahd van Dam$5] and available ahttps:
/Ispacefillingdesigns.nl . In case the required dataset is not available in the database, then an optimal
LHD is generated using the Translational Propagation algorithm proposed by Viana [13].

« At i jteration, each method has the option to use the optimal set of hyperparamefensd at iteration
(i 1)" as the starting point of HPO.

 As a stopping criterion, we set the number of maximum iteratiomgtax. We avoid accuracy goal base early
stops to get a better understanding of the convergence behavior.

« Depending on the dimensionality, we sgtandnmax around a value given by the common rule of thubta
proposed by Jones and supported by Loeppky's ndings [56].

« For the adaptive sampling method, we employ the MIPT approach presented by Crombecd%teaid [
revised by Lualdi et al. [16].

 To prove that the tuning methods under consideration are independent of the kernel function, we alternate
between using RBF and RQ covariance kernel. However, choosing the most suitable kernel for the test problem
under investigation is beyond the scope of this paper. We consider the xed b@Lthds 10°) for the
hyperparametersfz,l and .

 For similar reasons, we also vary the usage of different error metrics to assess the quality of GPRs. These
metrics will be used ong = 10000d test points randomly spread across the domain. An overview of the
metrics employed can be found in Table 2.

 Considering that function responses are remarkably time-consuming, we set the maximum budget of time to
train a Gaussian process at two minutes. At the end of this time window, the best set of hyperparameters found
so far will be used.

» Since Monte Carlo methods and other stochastic components are involved in the sampling strategy and in
optimization methods, each test run is repeated 30 times. The ultimate performance will be depicted as an
average value with a 95% con dence interval.

» Considering that function responses are remarkably time-consuming, we set the maximum budget of time to
train a Gaussian process at two minutes. At the end of this time window, the best set of hyperparameters found
so far will be used.
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 Since Monte Carlo methods and other stochastic components are involved in the sampling strategy and in
optimization methods, each test run is repeated 30 times. The ultimate performance will be depicted as an
average value with a 95% con dence interval.

Figure 12: Flow chart about the methodology used to perform the experiments

That being said, the focus shifts to the hyperparameter tuning techniques to be investigated. The rst method aims to
optimize the log marginal likelihood via L-BFGS-B algorithm with a multi-start strategy. The second method also relies
on LML maximization but through differential evolution algorithm. The third and last method aims at minimizing the
Hybrid Loss objective function via metaheuristic method (we employ differential evolution here as well). For the sake
of clarity, we will refer to these three hyperparameter tuning approaches as LML-GB, LML-MH, HL-MH, respectively.
Here below we clarify some speci ¢ parameters for each method:

LML-GB

Depending on the dimensionality of the hyperparametric skaeee run the L-BFGS-B algorithm fd8k one run
starting from  found at the end of the most recent iteration. The marginal likelihood gradient shown in Eq. 12 is fed
to the gradient based algorithm as well.

LML-MH

To set the most relevant differential evolution parameters, we refer to the recommendations provided during the
experiments performed by Storn and Price. Accordingly, the values of population size, mutation constant and cross-over
probability are set t®k, 0:5 and0:7, respectively 46]. In addition, apart from the run based on the bestf the

previous iteration, each population member is further polished with an L-BFGS-B run once the metaheuristic approach
has reached convergence.

HL-MH
The differential evolution parameters are set just as for the LML-MH method. In addition, for the Monte Carlo-based
uncertainty estimation, we ud®00Q integration samples. Finally, given the absence of noise in the tests we slightly
promote the NLML contribution by setting the weightsmgt, . = 0:85andw > = 0:15.

4.3 Benchmark functions

Several benchmark functions have been developed and collected over the years. These functions are particularly useful
for testing the performance of optimization algorithms or regression models before moving on to experiments based on
real data.

A comprehensive summary of the benchmark functions considered within this work is given in Table 1.
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Table 1: Summary of benchmark functions

Group Benchmark function Domain  Dimensionality Name
Testbed 1 f, [ 3;3F 1 Modi ed Sine Wave

fo [ 88 1 Peaks

fa [ 44 1 Salomon
Testbed 2 f, [0;10F 2 Alpine 1

fs [ 44 2 Easom

fe [ 22 2 Goldstein-Price
Testbed 3 f5 [ 44" 4 Colville

fg [0; 118 6 Hartman 6

fo [ 447 7 Griewank
Testbed 4 fqq [ 222]'° 10 Ackley

fll [ 5;5]15 15 Trid

fio [ 55 15 Dixon-Price

For more information regarding the formulas, illustrations and criteria by which these functions were selected, please
refer to Appendix A.4

4.4 Results of the benchmark functions

In this section we reveal the results obtained on the test functions for both the RBF and RQ kernels. We distinguish the
LML-GB, LML-MH and HL-MH methods by blue, orange and green colors, respectively.

Figure 13: Results of test bed 1 with RQ kernel

Figure 14: Results of test bed 1 with RBF kernel

The results of the one-dimensional test bed support the favorable ndings already observed in the examples of Sect.
4.1. From Figures 13, 14 we can clearly observe that, starting from a very small initial dataset, after 10 iterations, the
MSE of the HL-MH method is the lowest regardless of the function analyzed and the kernel employed. Moreover, its
con dence intervals are consistently the narrowest, evidence that the method has a robust performance over minor
variations in the starting dataset as well. This can be explained by looking at Figure 15.

On one hand, the initial dataset is prohibitively limited, i.e., consisting of only ve samples. On the other hand, the
Salomon function is characterized by a very high frequency. Therefore, the sampling rate is well below the Nyquist rate
(twice the upper cutoff frequency), thus violating the Nyquist-Shannon sampling theorem. This phenomenon is better
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