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Why Hybrid ML-methods?

▪ Modeling of complicated technical systems needs surrogate modeling

▪ By data-driven ML approaches some natural laws are not or only poorly considered

How to make ML safer and more robust?

▪ By teaching it the physical laws
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Input

Figure: Velocity field around an airfoil 
with an angle of attack of 15°.
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2D Stokes flow around an airfoil

▪ PDE: 

∇ ⋅ 𝑢 = 0,
∇𝑝 − Δ𝑢 = 0

▪ with velocity 𝑢 and pressure 𝑝

▪ BC: Dirichlet at inflow, Neumann 

at outflow, no-slip at airfoil
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Figure: Domain around NACA 0012 

airfoil with an angle of attack 𝛼.

▪ Saddle point problem

▪ Even for FEM no straight-forward 

problem

𝛼
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Physics-Informed Neural Networks (PINNs [1])

▪ Universal function approximator

▪ Fast prediction after training

▪ Parameterizable
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𝓛 = 𝑤1𝓛𝑃𝐷𝐸1 + 𝑤2𝓛𝑃𝐷𝐸2 +𝑤3𝓛𝐵𝐶1 + 𝑤4𝓛𝐵𝐶2

𝓛𝑃𝐷𝐸1= (∇ ⋅ 𝑢)2

𝓛𝑃𝐷𝐸2 = (∇𝑝 − Δ𝑢)2

𝓛𝐵𝐶1 = 𝜕𝑛𝑢|𝜕Ω − 𝜕𝑛𝑔|𝜕Ω
2

𝓛𝐵𝐶2 = 𝑢|𝜕Ω − 𝑔|𝜕Ω
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NN AD Loss

▪ Physics-driven learning process 

▪ More interpretability

▪ Expensive training due to higher order derivatives

▪ Multi-objective optimization
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PINNs - Stokes

▪ Training with 𝛼 = 0:

▪ Yields unphysical 

results

▪ No guarantee for 

finding a global 

minimum of the loss
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Finite Element Neural Networks (FENNs)

▪ Combination of classical finite element method and NN

▪ Use best of both worlds
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FEM NN

Sparsity patterns Universal function approximators

No multi-objective optimization Fast prediction after training

Numerical theory of errors Parameterizable
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FENN

7

Parameter(s) 
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𝐾 ⋅ 𝑢ℎ – 𝐹
𝑖
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PDE + BC

Construct 𝐾 and 𝐹 of 

Galerkin system:

Prediction for

𝑢ℎ
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FENNs – Stokes

▪ Taylor-Hood elements to 

construct Galerkin system 

→ avoid instabilities

▪ Training with 𝛼 = 0 and 

2000 epochs of LBFGS

▪ Prediction similar to 

reference!
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FENNs – Stokes Preconditioned

▪ Improve condition of indefinite stiffness 

matrix 𝐾

▪ Preconditioning with:

▪ Schur complement 

▪ Cholesky decomposition ෩𝐾 = 𝐿 ⋅ 𝐿𝑇

▪ Training with 𝛼 = 0 and 2 epochs of LBFGS:
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𝑆 = −𝐾𝑢𝑝𝐾𝑢𝑢
−1𝐾𝑝𝑢

𝐾 =

𝒖𝒙 𝒖𝒚 𝒑

𝐿∞ 1.1108e-08 1.7542e-09 1.5471e-07

𝐿2 4.4982e-08 3.4358e-09 2.8849e-08

-
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FENNs – Stokes Parameterizability & Generalizability

▪ Training with various numbers 

𝛼 ∈ 1, 45
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Parameterizabilty

▪ Testing inside training interval with 

random numbers

▪ Testing outside training interval with 

𝛼 ∈ {47.5, 50, 55}

Generalizability
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Conclusion and Outlook

▪ PINN yields unphysical Stokes results

▪ Preconditioned FENN shows the ability 

to parameterize and generalize well
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Results

▪ Inverse problems 

▪ Uncertainty Quantification

Contact: Franziska.Griese@dlr.de

Next steps for FENNs

Figure: Velocity field around an airfoil with various angles of 
attack calculated from a FENN.
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