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Classical Continuum Mechanics Theory

1. The medium is continuous (a continuous mass density field 
exists).

2. Internal forces are contact forces (material points interact only 
if they are separated by zero distance).

3. The deformation is twice continuously differentiable (this 
assumption is relaxed in the weak form of the equations).

4. The conservation laws of mechanics apply (conservation of 
mass, linear momentum, and angular momentum).

1Bobaru, F.; Foster, J. T.; Geubelle, P. H. & Silling, S. A. „Handbook of Peridynamic Modeling“ CRC Press, 
2016
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Peridynamics

Type
conservation of 
momentum

conservation of 
angular momentum

𝐓 𝐱, 𝑡 𝐱 − 𝒙 − 𝐓 𝐱 , 𝑡 𝐱 − 𝐱 𝑑𝑉 + 𝐛 = 𝜌�̈�

Formulations



Peridynamics

𝐓 𝐱, 𝑡 𝐱 − 𝒙 − 𝐓 𝐱 , 𝑡 𝐱 − 𝐱 𝑑𝑉 + 𝐛 = 𝜌�̈�

Type
conservation of 
momentum

conservation of 
angular momentum

Bond-based Bond Bond

1 2
𝐅 = 𝒇𝐅 = 𝒇

 Only one material parameter
 Fix Poisson’s ratio
 Non-local spring formulation

Formulations
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Type
conservation of 
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conservation of 
angular momentum
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based
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stated based
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Peridynamics
Modelling classical continuum mechanics models in Peridynamics

𝐓 𝐱, 𝑡 𝐱 − 𝒙 − 𝐓 𝐱 , 𝑡 𝐱 − 𝐱 𝑑𝑉
𝑯

+ 𝐛 = 𝜌�̈�

𝐓 𝝃 =𝜔 𝝃 𝐏𝐊 𝝃 𝐏 = det𝐅𝛔𝐅

𝐅 = 𝜔 𝝃 𝐘 𝝃 ⊗ 𝐗 𝝃 𝑑𝑉 𝐊 𝐊 = 𝜔 𝝃 𝐗 𝝃 ⊗ 𝐗 𝝃 𝑑𝑉

𝛔 = 𝐂 ⋅⋅ 𝛆 𝛆 = 𝐅 𝐅 − 𝐈

𝝈 = 𝐑
𝜕𝜎

𝜕𝜀
𝐑𝑻𝜺𝐑𝐑𝑻



Peridynamics

SUBROUTINE UMAT(STRESS,STATEV,DDSDDE,SSE,SPD,SCD,
1 RPL,DDSDDT,DRPLDE,DRPLDT,
2 STRAN,DSTRAN,TIME,DTIME,TEMP,DTEMP,PREDEF,DPRED,CMNAME,
3 NDI,NSHR,NTENS,NSTATV,PROPS,NPROPS,COORDS,DROT,PNEWDT,
4 CELENT,DFGRD0,DFGRD1,NOEL,NPT,LAYER,KSPT,JSTEP,KINC)

C
INCLUDE 'ABA_PARAM.INC'

C
CHARACTER*80 CMNAME
DOUBLE PRECISION, DIMENSION(NTENS) :: STRANNP1
DIMENSION STRESS(NTENS),STATEV(NSTATV),
1 DDSDDE(NTENS,NTENS),DDSDDT(NTENS),DRPLDE(NTENS),
2 STRAN(NTENS),DSTRAN(NTENS),TIME(2),PREDEF(1),DPRED(1),
3 PROPS(NPROPS),COORDS(3),DROT(3,3),DFGRD0(3,3),DFGRD1(3,3),
4 JSTEP(4)

...

RETURN
END

𝝈 = 𝝈 + d𝝈

d𝝈 =f(𝜺 , 𝑑𝜺, 𝑭 , 𝑭 , 
𝒔𝒕𝒂𝒕𝒖𝒔, 𝒑𝒓𝒐𝒑, … )

UMAT Fortran Routine



Verification
Displacements



Verification
𝛔𝒙𝒙



Plasticity

 E (Elastic modulus)

 nu (Poissons ratio)

 Y0 (Initial yield limit)

 Hiso (Isotropic hardening modulus)

 invYiso (Inverse of isotropic saturation stress)

 Hk1 (Kinematic hardening modulus nr. 1)

 invYk1 (Inverse of kinematic saturation stress nr 1)

 Hk2 (Kinematic hardening modulus nr. 2)

 invYk2 (Inverse of kinematic saturation stress nr 2)

https://github.com/KnutAM/MaterialModels
K. A. Meyer, M. Ekh, and J. Ahlström (2018) "Modeling of kinematic hardening at large biaxial deformations in pearlitic rail steel," Int. J. Solids 
Struct., vol. 130–131, pp. 122–132. https://doi.org/10.1016/j.ijsolstr.2017.10.007



Plasticity
𝛔𝒙𝒙

https://github.com/KnutAM/MaterialModels
K. A. Meyer, M. Ekh, and J. Ahlström (2018) "Modeling of kinematic hardening at large biaxial deformations in pearlitic rail steel," Int. J. Solids 
Struct., vol. 130–131, pp. 122–132. https://doi.org/10.1016/j.ijsolstr.2017.10.007



Conclusion

 UMAT interface as a standard works with Peridynamics

 Complex material routines are usable

 Verification and dual use will speed up research and increase quality

 Future work:
 Multiphysical models, e.g. for additive manufacturing
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