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Chapter 1

Introduction

Whether it is the Earth’s climate, the spread of pandemics, or financial systems, in many areas,
the ability to forecast the behaviour of dynamical systems is immensely useful. When knowledge
about the system’s behaviour is available in form of governing equations, such as in many complex
physical systems, one approach to forecasting is to use numerical methods to solve these equations.
As these methods require knowledge of the underlying system, they are known as knowledge-based
models. However, in many cases, the underlying equations are either not known or only imperfectly
known, or their simulation is too computationally expensive, making accurate predictions difficult.
In such cases, machine learning models can be a useful approach for forecasting time series, as
they rely solely on data and do not require any knowledge of the system’s governing equations.
Additionally, a knowledge-based model can be combined with a data-driven machine learning model
to archive even better prediction results. These combined approaches, known as hybrid or physics-
informed machine learning models are considered a part of the interesting field of theory-guided
data science [I]. One pure machine learning approach that has been shown to be highly effective
for the task of predicting chaotic dynamical systems is reservoir computing (RC). Chaotic systems,
such as a simple double pendulum or the complex Earth’s weather system, represent one type of
dynamical systems that are inherently difficult to predict. For chaotic systems, small variations
in the past lead to largely different behaviours in the future. This property, commonly known as
the “butterfly effect”, prohibits accurate predictions for arbitrarily long time periods. A rough
estimate of the maximal time duration for which an accurate prediction is possible, is given by
the so-called Lyapunov time. Nevertheless, reservoir computing has repeatedly demonstrated the
ability to make predictions that are highly accurate for short-time periods and are successful
in replicating the long-term properties of the chaotic system [2]. Apart from good prediction
capabilities for chaotic time series, the RC approach has other advantages, such as a conceptually
simple architecture, fast training, and the ability to be realized by physical systems [3].

Reservoir computing, which originated from two independent works from the field of machine
learning [4] and from the field of computational neuroscience [5], couples the time series to a high-
dimensional, nonlinear, and fixed system called the reservoir. The exact implementation of the
reservoir can take many forms, ranging from simple recurrent neural networks [4], to physical
systems such as photonic systems [0], biologic systems [3], or even a bucket of water [7]. The main
importance of the reservoir is its ability to embed its input nonlinearly in a high-dimensional space,
so that the desired output can be learned by a simple learning algorithm, such as ridge regression,
leaving the reservoir untouched during training. The interesting physical implementations of the
reservoir can be considered as novel neuromorphic computing systems, which have the potential
for efficiently processing large amounts of digital information with much lower power consumptions
compared to conventional processors [§]. The RC approach is not limited to the task of time series
prediction, but can also be applied to tasks like classification, anomaly detection, and system
control [§]. In the case of time series prediction, the reservoir’s inputs are given by the previous
states of the time series, and the desired output corresponds to the time series’ next step.

In this thesis, the simple recurrent neural network approach to RC, also known as echo state
networks [4], is used. Being a software-based approach, it can be easily implemented on an ordinary
computer. The objective of this thesis is twofold. Similar to many machine learning and artificial
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intelligence systems, the inner workings of the reservoir in RC are not well understood and are
often treated as a black box. A better understanding of these mechanisms can assist in selecting
an effective reservoir for a given machine learning task. As a first part of this thesis, to investigate
the path towards explainable RC, the reservoir and corresponding output-training are analyzed
using a principal component analysis (PCA). The analysis presented in this thesis is similar to
a previous study [9], but extends it substantially. Secondly, this thesis further investigates a
hybrid reservoir computing approach, originally introduced by Pathak et al. [T0]. This approach
combines a knowledge-based model with RC, for which Pathak et al. have demonstrated significant
improvements in predicting chaotic dynamical systems. This approach is further examined by
using different types of knowledge-based models, revealing some of its strengths and limitations.
As testing data, comparable simple three-dimensional chaotic systems are used, with a focus on the
well-known Lorenz system, which was originally proposed as an approximate model for atmospheric
convection [IT].

The remainder of this thesis is organized as follows: In chapter |2 the basics of chaotic dynamical
systems are introduced, which will provide the testing data for the rest of the thesis. Chapter [3]
lays out the basic theory of PCA and ridge regression and highlights their strong connection. The
usual recurrent neural network implementation of RC is presented in chapter [4] along with some
simple extensions. Here, predictions of the Lorenz system are also presented, demonstrating the
established methods and highlighting the influence of the individual hyperparameters. In chapter
the application of PCA on RC is presented and results are shown and discussed. Chapter [f]
introduces the hybrid RC approach by Pathak et al. [I0], and further investigates its strengths and
limitations by applying it to nine different three-dimensional chaotic dynamical systems. Finally,
the results of this thesis are summarized in chapter



Chapter 2

Chaotic Dynamical Systems

This chapter introduces the basic concepts of chaotic dynamical system. The time series generated
by numerically simulating these system will then be used as synthetic data for reservoir computing
in the later chapters.

2.1 Definition

The area of chaotic dynamical systems is a subclass of nonlinear dynamics. Nonlinear dynamics,
in turn, is a branch withing the broader field of dynamical systems, which encompasses all systems
that evolve in time [12]. Furthermore, this thesis considers only deterministic dynamical systems,
where the systems future is uniquely determined by its past according to certain governing equa-
tions. These systems are distinct from stochastic systems, which involve random processes. In
addition, the dynamical system can evolve either continuously in time or in discrete time steps,
where the state of the system at a given moment, whether it be time ¢ or step i, is represented by
a ugim-dimensional vector u(t) or u[i]. Once an initial state ug is specified, the future state of the
system evolves in time according to deterministic equations. For discrete dynamical systems, the
state evolves according to a map M (-):

uli + 1] = M (uli]) (2.1)

The evolution of the system w[i] can be directly generated by simply iterating the map Eq. (2.1))
multiple times. For continuous-time dynamical systems, the state’s time evolution is governed by
a first-order differential equation in time, defined by the flow F'(-):

a(t) = Flult)) (2.2)

In contrast to the discrete time case, the true evolution of the system in the continuous-time
case, represented by u(t), can only be determined by analytically solving the first-order differential
equation in time as defined by the flow Eq. . Given that most interesting continuous-time
dynamical systems are described by flow equations that are not analytically solvable, the common
approach is to find an approximate solution by solving Eq. numerically. In the upcoming sec-
tion, the process of numerically solving flow equations using the forth-order Runge-Kutta method
(RK4) is described.

When the functions M (wu) and F(u), which define the governing equations, are nonlinear in the
system’s variables, u;, one enters the field of nonlinear dynamics. These systems often result in rich
and complex dynamics, and in some cases, they exhibit chaotic behavior. Chaotic dynamics are
characterized by being non-periodic, sensitive with respect to initial conditions, and bounded [12].
A system is considered non-periodic if each state in its infinite time evolution is visited only once. It
is referred to as sensitive to initial conditions if two initially highly similar states, ug ~ ug, diverge
significantly after being evolved for some time. It is interesting to note that while chaos can occur
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already in one-dimensional discrete deterministic dynamical systems, continuous systems require
at least three dimensions to be able to generate chaotic dynamics [I2]. Useful measures to analyze
the deviation of initially nearby states in a dynamical system are given by its Lyapunov exponents,
described in Sec. which serve as an indicator of whether a given system behaves chaotically
or not. Often, the trajectories of chaotic systems are drawn to small subspaces of the whole state
space, denoted as strange attractors, which are fractal objects with interesting shapes [12].

2.2 Numerical simulation using RK4

In this section, the numerical simulation of a continuous-time dynamical system, Eq. (2.2)), using
the forth-order Runge-Kutta method (RK4) [I3| [14] is described. This method discretizes time
into small time steps of size At which effectively approximates the flow Eq. (2.2)) by a map M,y4(-):

uli + 1] = M (uli]) (2.3)

Each discrete time step ¢ = 0, 1,. .. corresponds to the real time to+iAt. The RK4 iterator Myy4(+)
is defined as:

Mo (ufi]) = uli] + é(/ﬁ T 2k + ks + k) (2.4)

The terms k; in Eq. (2.4) are given by:
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In this thesis, all time series that are used as data in reservoir computing are generated using the
RK4 method.

2.3 Maximal Lyapunov exponents

The number of Lyapunov exponents in a system is equivalent to the dimensionality of its state
space, Uqim- Of these exponents, the maximal Lyapunov exponent (MLE) is particularly significant,
as a positive MLE value, Apax > 0, indicates that the system is chaotic. The MLE is a global
quantity that measures the overall behaviour of the dynamical system’s attractor, but its definition
is rooted in a local quantity, known as the local MLE A\joca1(uo), which measures the divergence of
nearby trajectories at a specific point, ug, on the attractor. To calculate the local MLE, one can
take an initial state, ug, and a slightly perturbed version of it, @y = ug + dg with ||dg|| = dp ~= 0,
evolve both for a short period of time, and measure the exponential growth rate of the difference
between the final states: After evolving both states, ug and g, for a small number of n steps,
each corresponding to a time step At, the length of the difference of §,, = uw,, — u,, can be written
as:

571 — 5Oe>\localnAt (29)

The global MLE, A\jax, is determined by averaging the local MLE, Ajpca1 = log(d,,/d0)/(nAt), for all
initial conditions ug that lie on the attractor. The MLE for chaotic systems is positive, Apax > 0,
which explains its sensitivity to small variations in the initial conditions, as the resulting trajectories
diverge exponentially. This property makes chaotic systems, such as the Earth’s weather system,
unpredictable over long periods of time. One can define the Lyapunov time, 7 = 1/Anax, as the
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characteristic timescale of a chaotic system, which represents the time at which initial perturbations
have increased by a factor e. Systems with larger Lyapunov times typically allow for more accurate
predictions over longer periods.

2.4 Lorenz system

The Lorenz system, first introduced as a simplified model for atmospheric convection [I1], is a
well-known example of a three-dimensional continuous-time system that displays chaotic dynamics
in certain parameter ranges. The system’s state, represented by u(t) = [z(t),y(t), 2(t)]T, evolves
according to the flow Eq. :

#(t) = oy — 2)
gty =z(p—2) -y (2.10)
2(t) =xy — Bz

For the typical parameter values, p = 28, ¢ = 10, 8 = 8/3, the system evolves chaotically, resulting
in the iconic butterfly shape shown in Fig. The chaotic nature of the Lorenz system can be
quantified by its positive MLE, which is given as Amax & 0.9059 [I2]. The system’s sensitivity to
small variations in the initial conditions is illustrates in Fig. [2.Ib which shows the time series for
the three dimensions, x(t), y(t), and z(t), for two initial states, one of which is perturbed by the
vector 8y = [107*,0,0]. After approximately 10 Lyapunov times, the differences between the two
time series become noticeable, and the subsequent evolutions are completely desynchronized.

In this thesis, the Lorenz system serves as the primary benchmark for evaluating the performance
of reservoir computing in predicting time series. In chapter [0} the performance of hybrid reservoir
computing will also be evaluated on eight additional three-dimensional chaotic systems, whose flow
equations are listed in appendix [A] For the illustration in Fig. and throughout this thesis,
the Lorenz system is simulated using the RK4 method with a time step of At = 0.1, and an initial
condition of u(0) = [0, -0.01,9]T.

— basis — perturbed

0 5 10 15 20

t- >\max
(a) Lorenz attractor (b) Time series of initially nearby states

Figure 2.1: Evolution of the Lorenz system. (a) 3D-Trajectory of 4000 time steps which illustrates
the Lorenz attractor. (b) First 250 time steps of the Lorenz time series of two initially nearby
states perturbed by o = [1074,0, 0].
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Chapter 3

Principal Component Analysis and
Ridge Regression

The method of ridge regression (RR) plays an integral part in reservoir computing, as will be
outlined in chapter 4 and is closely related to the concept of principal components (PCs). In
chapter |5, principal component analysis (PCA) is utilized to gain insights into the inner workings
of reservoir computing. This chapter establishes the theoretical foundations for PCA and RR, and
highlights how ridge regression can be understood through principal components.

3.1 Principal component analysis

PCA is a simple unsupervised learning technique that allows for the analysis of a dataset, repre-
sented by K = [k[1],k[2],...,k[N]] € RFam*N " containing N observations, k[j]. The principal
components of the dataset are orthogonal directions, p,, within the data’s space, R¥4m  that are
ordered by the data’s variance along these directions. There are an equal number of principal
components as there are mutually orthogonal directions in the data’s space, which is given by
Kdim-

The first PC, p;, points in the direction of the greatest variance within the centered dataset
K.. The centered dataset, K, can be obtained by subtracting the mean of the data from each

observation: k.[j] = k[j] — k. The mean of the data, k, is given by:

N
k- }Vz‘;km (3.1)

Mathematically, the first PC, p;, is given by the unit vector which maximizes the variance of the
projections p, - k¢[j] over all samples j:

N
Var(pTKe) = 131 eli)? (32

The second PC, p,, is also determined by maximizing the variance of the centered dataset projected
onto it, Var(plK.), but under the additional constraint of being orthogonal to the first PC,
p,. This process is repeated for the subsequent PCs, such that the kth PC, p;, is defined by
maximizing Var(p} K.), while being orthogonal to all previous PCs, p;, where i < k. The variances,
oK = Var(p{KC), of the centered data projected onto the PCs are known as the explained variances
(EVs).

The problem of finding the PCs by successively maximizing the remaining variance in the data,
as described above, is equivalent to finding the eigenvectors of the sample covariance matrix S =
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K.KT/N [15]: Each eigenvector of S represents a principal component, and the corresponding
eigenvalue equals the explained variance of that component. Therefore, the principal components,
p;, and explained variances, ¢;, can be efficiently retrieved from the unitary matrix, P, and diagonal
matrix, ®, which constitute the eigendecomposition of the square covariance matrix, S:

S =pPToP (3.3)

When the rows of P and ® are ordered by decreasing values in the diagonal elements of ®,
$1 > P2 > ... > Py, the ith row of P represents the ith principal component, p,, and the
ith diagonal element in ® represents the corresponding ith explained variance, ¢;. The unitary
matrix P will be referred to as the principal component matriz, and the diagonal matrix ® as the
explained variance matriz.

After identifying the principal components, the original data k can be transformed onto the coor-
dinate system defined by the PCs:

kpe = P(k — k) (3.4)

Transforming the data onto the principal components results in the new variables, ky., being
linearly uncorrelated. This can be observed from the covariance matrix of the transformed data,
KpCKgC /N, which is simply given by the diagonal explained variance matrix, ®:

K,.K! /N =PSP" =& (3.5)

C

Multicollinearity When the centered data, K., has some variables that are perfectly corre-
lated, meaning that some of the kgi, dimensions are linear functions of each other, it is said to
exhibit multicollinearity. In such cases, the data lives in a lower-dimensional subspace, whose
dimensionality is equal to the rank of the centered data matrix, rank(K.). PCA can be used
to detect multicollinearity, as all explained variances, ¢;, corresponding to principal components
i > rank(K.) vanish. This is shown in Figure where kg, = 3, but the data actually lies
on a two-dimensional plane, meaning one variable is a linear function of the other two, hence the
explained variance, ¢z, of the third principal component is zero. In cases where some dimensions
of the dataset are only approximately linear functions of each other, the dataset is said to exhibit
approximate multicollinearity. In such scenarios, the explained variances, ¢;, corresponding to the
higher principal components are not strictly zero, but become very small. Multicollinearity within
the data poses problems in linear regression tasks, as will be discussed in Sec. [3.3]

Benefits of using PCA It was demonstrated how the distribution of explained variances, ¢;,
provides insights into the extent to which the data lives in independent directions, which can be
used to detect highly correlated variables. Often, a small number of the first principal compo-
nents can explain the majority of the variance within the data. By projecting the data onto this
subset of principal components, PCA is frequently used as a dimensionality reduction technique.
Additionally, the principal components provide a natural coordinate system for the data, similar
to how the principal axes of a physical object provide a natural coordinate system. Transforming
the data to this uncorrelated principal component space can increase its interpretability.

PCA and SVD The principal components of a dataset K can also be obtained through a
singular value decomposition (SVD) applied to the transposed centered dataset, KX'. The SVD
provides an important link when connecting PCA to ridge regression, which will be discussed in
Section SVD decomposes KI' into three matrices, U, D, and VT:

K! =upv” (3.6)

U € RNXkaim js a semi-orthogonal matrix, meaning UTU = I, but UU” # I. Its columns
are called left-singular vectors. The matrix V € RFam*kaim is an orthogonal matrix, meaning
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explained variance ¢;
o
!

principal component 7
(a) (b)

Figure 3.1: (a) Scatter plot of three-dimensional data points, k[i], which all lie on the gray plane.
The principal components p;, py, and p; are displayed. The first two principal components,
Pq, Do, both lie in the plane, whereas p5 is perpendicular to it. (b) The explained variances, ¢;,
corresponding to the principal components. It can be observed that the explained variance, ¢s3,
corresponding to the third PC is 0, due to the multicollinearity in the data. By projecting the
data only on the first two principal components, the dimensionality of the data could be reduced
without loosing any information.

VTV = VVT =1, whose columns are called right-singular vectors. D € RFaim*kam i5 a diagonal
matrix with the positive singular values dy > da > ... > di,, as its diagonal entries.

By inserting the SVD of K, represented by Eq. (3.6)), into the definition of the covariance matrix,
S = K.K? /N, and comparing it with Eq. (3.3]), the principal component matrix, P, and explained
variances, ®, can be linked back to V and D:

PToP "2 K KT /N X° vD2VT /N (3.7)

On the right side of Eq. (3.7) the semi-orthogonality of U was used. By comparing the left and
right side of Eq. (3.7)), the principal component matrix, P, and explained variance matrix, ®, can
be linked to the right-singular vectors, V, and the singular values, D, respectively.

® = D?/N
P=VvT

3.2 Ridge regression

Ridge regression, also known as Tikhonov reqularized regression [L6], is a simple method of super-
vised learning that is used to establish a linear relationship between an input variable (also known
as the explanatory variable) represented by k € R¥4m and an output variable (also known as the
dependent variable) represented by y € R¥im_ This relationship can be either represented by a
pure linear model, M1 Eq., or a linear model that includes an intercept vector, M2 Eq.:

1:

M k (3.10)
M2:

k + w (3.11)

<S>
I

\%%
\%%

<>
Il
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Ridge regression finds the optimal parameter matrix, W € R¥dim¥kaim and intercept, w € RYdim,
if included, that minimize a certain kind of error between the model prediction, ¢[i], and the true
output, y[i], for all training observations, {k[i], y[i]}, where i = 1,..., N. Compared to ordinary
least squares (OLS) regression, where the error is given as the residual sum of squares, RSS =
> llyld — 9lil||*, RR additionally penalizes large parameter values by adding a regularization
term to RSS. The additional regularization becomes useful when the explanatory variables, k,
are highly correlated. In such cases of multicollinearity, the OLS solutions results in very large
parameter values leading to overfitting, or even becomes undetermined in the extreme case of true
mutlicollinearity.

The implementation of RR can be specified by selecting either the purely linear model, M1, or
the linear model including an intercept, M2. When M2 is chosen, there is an additional option to
either only regularize values in the parameter matrix, W, or to additionally penalize large values
in the intercept, w. The resulting three types of RR, denoted as type-a, type-b and type-c, are
defined by the loss functions L,, Ly, and L., respectively:

— WEJi]||? + 8 Te(WTW) (3.12)

N
Z
N
Z E[i] — w|* + 8 Tr(WTW) (3.13)
=
Z k[i] — w|]? + 8 [Tr(WTW) + w”w] (3.14)

The loss functions L, /. in ridge regression consist of two parts: the left sum represents the
residual sum of squares, RSS, and the right term starting with g represents the regularization
term. The positive regularization parameter, 3 > 0, controls the strength of the penalty for large
parameter values. If 8 = 0, ridge regression reduces to OLS regression. The minimizing parameters
for the three types of RR loss functions, L,y /c, are denoted as Wy, (Wp,wy,), and (W, w.),
respectively. The solutions for these minimization problems can be calculated analytically due to
the quadratic nature of the loss functions. To do this, it is useful to work with the data matrices
K = [K[1],...,k[N]] € RFam*N and Y = [y[1],...,y[N]] € R¥m>*N which represent the input
and output datasets, respectively.

Type-a: no intercept To find the minimizing parameter matrix, W, = arg miny (L), it is
useful to rewrite Eq. (3.12) in matrix form:

L. (W) = (Y - WK)(Y - WK) + 8 Tr(WIW) (3.15)

The solution parameters W, can be determined by differentiating Eq. (3.15) with respect to W,
and setting the result to zero. Solving for W, = W yields:

-1

W, = YK" (KK” + 3I) (3.16)

Here, I represents the kgim X kqim identity matrix.

Type-b: unregularized intercept The minimizing parameters, (W1, wy,) = arg minyy ,, (L),
for type-b RR can be found by first minimizing the loss function, L,, with respect to the intercept,
w, and then by minimizing with respect to the parameter matrix W. The partly minimizing

intercept, represented by w*, can be obtained by setting the gradient of Lj, with respect to w to
zero and solving for w* = w:

Ve Lb(W,w) —_22 —w— WE[i]) =0 (3.17)

10



3.2. RIDGE REGRESSION

After solving for w, the partly minimizing intercept w* is given by:

w" =79 - Wk (3.18)

Here, k and ¥ represent the input and output data means, k = + >, k[i] and § = + >, y[d],
respectively. By inserting the minimizing intercept from Eq. (3.18)) into the loss function, Ly in
Eq. (3.13)), the dependency on the intercept can be eliminated:

N
W) = Z |y li] — Wke||* + 8 Tre(WTW) (3.19)

Here, k. = k — k and y. = y — ¥ represent the centered input and output variables, respectively.
Comparing Ly, in Eq. with the definition of the type-a loss function, L, in Eq. 7 one can
observe that both have the same form, where the former is acting on the centered data {k.[i], y.[?]},
and the latter on the original data {k[i], y[{]}. Replacing the uncentered data matrices, K and Y,
in the type-a solution, Eq. , with the centered data matrices, K. and Y, the type-b solution
of Wy, is given by:

-1

Wy, = Y K! (KK + BI) (3.20)

By noting that YK = Y. K7, which holds if K. is centered, the full type-b solution, (W, wy),
is given by:

W, = YK! (K.KZ + p1) ! (3.21)

w, =Y — WbE (322)

Type-c: regularized intercept The type-c RR solution parameters, (W, w.), can be obtained
by a simple redefinition of the input variables, k. Specifically, by adding one dimension to k with
a constant value of one, k — k = [k1, ka, ..., kx,,.,1]7, the model M2 that includes the intercept,
Eq. , can be effectively rewritten as a model M1 without an intercept, Eq. :

=Wk +w=Wk (3.23)

The original intercept, w, can be recovered by taking the last column of the matrix W. The
original parameter matrix, W, is then formed by collecting all the previous columns of Ww. Using
this transformation, the type-c loss function, L. in Eq. -, can be again cast into the familiar
form of the type-a loss function, L, in Eq. - by replacing W with W and k with k:

ley ~ WE[]|)? + 8 Te(WTW) (3.24)

By using the form of the type-a solution, Eq.(3.16[), once more, the type-c solution, (W, w.), can
be expressed as:

W, = YK (KKT + ﬁI) B (3.25)

[Wc; wc] = Wc (326)

11



CHAPTER 3. PRINCIPAL COMPONENT ANALYSIS AND RIDGE REGRESSION

Train data: (k[i], y[i]) Train data: (k[i], y[i])
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(a) Larger regularization parameter, 8 = 107 (b) Smaller regularization parameter, § = 107"

Figure 3.2: The three ridge regression types, no intercept (type-a), unpenalized intercept, (type-b)
and penalized intercept (type-c), for one-dimensional input and output data.

Comparison The three types of ridge regression, a, b, and ¢, introduced above, exhibit different
fitting capabilities. These types are compared in Fig. for simple one-dimensional input and
output data, for both a large and small regularization parameter, 5. As shown in Fig. type-b
ridge regression can produce the best fit, followed by type-c and type-a ridge regression. The
superiority of type-b and type-c over type-a is understandable as the inclusion of an intercept w
allows the fitting plane/line to not be fixed to the origin, which is necessary for a good fit when
the data is uncentered. However, if the input and output data are centered, i.e. k =0 and g = 0,
all three types become equivalent. Additionally, as mentioned in [I5], regularizing the intercept in
type-c does not offer any advantages over type-b, since it results in an unwanted dependence of the

fitting procedure on the origins chosen for the input and output data.

In practice, as shown in Fig. [3.2] and also demonstrated for reservoir computing in Sec. [1.6] the
differences between type-b and type-c are usually insignificant as long as the regularization param-
eter is not too large and the data is not highly uncentered. The differences between the three RR
types applied to reservoir computing in the case of strongly uncentered output data, y, is further
discussed in appendix [B] where the advantages of type-b become more apparent.

Invariance in type-b The main advantage of type-b ridge regression, which will be utilized in
this thesis, is its invariance under a transformation of the input data of the following form:

k — ky = Mk +m (3.27)

Here, M € RFaimXkaim ig g ynitary matrix, and m € RFaim is an arbitrary vector that shifts
the input data. As the principal component transformation, given by Eq. (3.4, corresponds to a
transformation of such kind, with M = P and m = —Pk, this property allows for an interpretation
of type-b ridge regression in terms of the principal components of the input data, as will be discussed
in the following section.

This invariance can be understood by calculating the type-b solutions, (Wy,, wy,), for the trans-
formed input, ky,, according to Eq. (3.21)) and Eq. (3.22), and relating them back to the original
solutions, (Wy,, wy,) as:

W, = W,M” (3.28)
Wy = w, — WyMTm (3.29)
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Here, the unitary property of the transformation matrix, MM7” = I, was used. Both solutions,
(W, wy,) for ky, and (W, wy) for k, are equivalent, as the resulting loss function Ly, given by
Eq. (3.13]), has the same value in both cases.

3.3 Understanding ridge regression through principal com-
ponents

In this section, ridge regression will be interpreted using the principal components of the RR input
dataset K. As demonstrated in the previous section, type-b ridge regression is invariant under a
transformation of the input variables, k — Mk + m, involving a shift and a multiplication with
a unitary matrix. Using the PC-transformation given by Eq. (3.4]) and transforming the original
type-b solutions, (Wy,, wy,), according to Eq. and Eq. the original type-b RR output,
9y = Wik + wy, can be transformed to the PC coordinate frame:

i/ = Wpckpc + wpc (3.30)

The PC-transformed quantities, kpc, Wy, and wp., are given by:

kp. = P(k — k) (3.31)
Wy = WpP” (3.32)
Wye =7 (3.33)

The principal component interpretation of type-b ridge regression can be achieved by analyzing the
PC-transformed parameter matrix, Wp., which now acts on the PC-transformed input data kp.:
The (4, j)th element of W, connects the jth principal component with the ith output dimension.
Through this analysis, described in the following, it is possible to interpret the regularization
induced by 8 > 0 in terms of the principal components and corresponding explained variances.
This can be done by rewriting the original solution of Wy, as given in Eq. , in terms of the
SVD, KI' = UDVT, as given in Eq. (3.6).

W, = YK (KK” + 1)

P yuD (D% 4 81) ' VT (3.34)

Here, the unitary properties, VIV = I and UTU = I, were used. By noting that VT = P, as
demonstrated in Eq. (3.9)), and utilizing the transformation given in Eq. (3.32)), the PC-transformed
parameter matrix, Wy, is given by:

_ d;
W, = YUD (D*>+81) "' = YU - diag <d2 - ) (3.35)
As D corresponds to the diagonal matrix holding the singular values, d;, on its diagonal, the entire

component D (D2 + ﬂI)f1 is also diagonal. The effect of regularization becomes apparent, when
comparing Eq. (3.35)) to its non-regularized, 8 = 0, version, corresponding to OLS regression:

1
Wyes—0 = YUD ' = YU - diag <d) (3.36)

When the input data exhibits true multicollinearity, i.e. the explained variances vanish, ¢; = 0
for all ¢ > rank(K,), the singular value matrix D is not invertible. This is because the elements
of D are related to the explained variances via ¢; = d7/N, as seen in Eq. (3.8). As a result, the
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non-regularized OLS solution becomes undetermined. However, when regularization is included,
B > 0, the problematic matrix D~! is replaced by D (D2 + 61)71, enabling the inversion even
for vanishing singular values. Assuming the calculation of Wy g—¢ is possible, which is the case
when the input data is not truly multicollinear, the regularized solution, W, can be related to
We.p=0 by:

Wie = Wi p=o - diag (M) (3.37)

This result is interesting as it shows how regularization in RR suppresses the contributions of
principal components corresponding to small explained variances, ¢;, by the factor:

N
f(¢i) = T BN (3.38)

The factor f(¢;) acts as a low-pass filter on the explained variances ¢;. At ¢; = 8/N, the filter
value is f(8/N) = 0.5, which can be interpreted as the cutoff explained variance, represented by

Peo-

¢co = ﬁ/N (339)

For larger explained variances, ¢; > ¢¢o, the filter approaches 1, corresponding to no filtering, and
for smaller explained variances, ¢; < ¢.o, the filter approaches 0, corresponding to strong filtering.
The principal component index, 1 < ico < kdim, Where ¢;. = ¢co, Will be referred to as the cutoff
principal component and it approximately measures the number of active principal components in
the RR output. Mathematically, i, is obtained by:

ico = argmin |f(¢;) — 0.5] = argmin |¢; — deol (3.40)
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Chapter 4

Reservoir Computing

4.1 Introduction

Reservoir computing (RC) is a computing framework suited for temporal data processing, such
as times series prediction and classification. RC is a unified framework [I7] that originated from
two independently proposed recurrent neural network (RNN) models, which were introduced as
Echo State Networks (ESNs) from the field of machine learning in [4], and Liquid State Machines
(LSMs) from the field of computational neuroscience [5].

In the following, the application of RC will be limited to tasks that model a relationship between
temporal input data x(t) and the desired temporal output data y(t). In RC, the temporal input
x(t) is coupled to a high-dimensional, nonlinear dynamical system called the reservoir so that
the state of the reservoir r(t) becomes a function of the current and previous inputs, where the
influence of past inputs fades away over time. This is called the echo state property which is
an important aspect of reservoir computing. Assuming discrete time steps At, the state of the
reservoir 7(t) can be generally written as:

r(t) = func(x(t), x(t — At), z(t — 2At),...) (4.1)

As aresult, the reservoir state r(t) encodes the information of the inputs’ recent history nonlinearly
in a high-dimensional space. With a suitable choice of the reservoir, its high-dimensionality and
nonlinearity can be leveraged in such a way that the desired output, y(¢), can be efficiently read
out from the reservoir states, r(¢), by a simple learning algorithm such as ridge regression.

It is important to note that the properties of the reservoir itself are fixed at all times, while only the
relationship between 7(¢) and y(t) is learned. This is a great advantage of RC, as the problematic
training of internal reservoir parameters, as done in classical RNNs, can be bypassed. Additionally,
besides very fast learning, this property allows for using physical implementations of reservoirs,
which do not allow for detailed internal parameter adjustments. For example, in [7] the reservoir is
realized by a bucket of water. The input signal is coupled to the reservoir through electric motors
that create ripples on the water surface. By video recording the surface, corresponding to creating
the digital representation of the reservoir state, 7(t), the desired output can be learned by mapping
the reservoir states 7(t) to y(¢). Among other tasks, one task was to classify a spoken digit which
could be either “zero” or “one”. As reviewed in [3] there are many other more practical physical
RC systems such as photonic RC, spintronic RC and quantum RC.

In this thesis, the usual software-based implementation of RC via an artificial recurrent neural
network is used, as is described in the following section. Furthermore, this thesis is restricted to
time series prediction tasks, which relates to the desired output being the next step of the input
data, y(t) = x(t + At). One type of time series that has been shown to be well predictable with
RC [I8, 2] are the trajectories of chaotic dynamical systems, which were described in chapter [2} In
these cases, RC excels not only at creating accurate short-term predictions, but also at replicating
the ergodic properties of the system’s attractor.
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4.2 Basic implementation

In the usual software-based implementation of RC, the reservoir is realized using a recurrent
neural network, with only the last layer being trained. The time dependent input, &(t), which has
a dimension of xgim, is dynamically coupled to the high-dimensional reservoir state, r(t), which
has a dimension of rqiy, through the following equation:

r(t) = tanh (Winx(t) + Ar(t — At)) (4.2)

The input, x(t), is connected to the reservoir through the 7gim X Zgim input matrix, Wy,, and
the recurrent connections between consecutive reservoir states, r(t), are introduced through the
Tdim X Tdim adjacency matrix A, also known as the reservoir network. The hyperbolic tangent,
tanh(-), is used as the node activation function, introducing the important nonlinearities by acting
element-wise on each dimension of its argument. Other activation functions such as the Sigmoid
or ReLU function can also be used, but in this thesis, the usual tanh-function is applied. The non-
dynamic quantities A and Wi, are initialized once before the training and then kept fixed. Their
initialization details will be discussed in the final paragraph of this section. From the recursive
form of Eq. it is clear that the current reservoir state, r(t), depends not only on the current
input, @ (t), but also on the previous inputs, x(t — i - At), with ¢ = 1,2, ..., mediated through the
previous reservoir states, r(t — At).

The application of RC as a machine learning model for time series prediction can be divided into
the following training and prediction phases:

Training To begin the training phase, the initial reservoir state r(tp) must be initialized to some
arbitrary value. Here, 7(tg) = [0,0,...,0]T is used. The reservoir is then dynamically driven
by the input @(t) by iteratively applying Eq. for N1s + Nt time steps. The subscripts TS
and T corresponds to train-sync and train, respectively. The first Npg iterations are used to
synchronize the reservoir state, r(t), with the driving input, @(¢). This eliminates any transient
dynamics that result from the arbitrary initial condition, 7(¢q), if a suitable reservoir matrix
A has been chosen. After synchronization, the following Nt reservoir states will be saved in a
Tdim X N7 matrix R = [r[1],7[2],...,r[N7]], where the index ¢ = 1,2,... Ny corresponds to the
time t = to + (N7g + ) At.

The idea behind reservoir computing is that the high-dimensional reservoir state, r(t), encodes
the inputs, x(t),xz(t — At),..., in such a way that the desired output, y(t), can be computed
by a simple linear function of the reservoir states. If the desired outputs, represented by the
matrix Y = [y[1],y[2],...,y[Nr]] € R¥am*NT are available as training data, the parameters of
the linear model can be learned through the use of ridge regression, as outlined in Sec. [3:2] Here,
the reservoir states, r, serve as the explanatory variables in ridge regression, previously denoted by
k. Usually, the simple linear model M1 without an intercept, as presented in Eq. , is used.
This corresponds to type-a ridge regression. The reservoir’s output, denoted as y,, that aims to
approximate the true output, y, = y, is given by:

Y. (t) = Wouir(t) (4.3)

As outlined in section for type-a ridge regression, the output matrix Wy, € RYdim*7dim can be
obtained by:

Wou = YR” (RRT + 1) (4.4)

The regularization parameter, represented by (3, is a crucial hyperparameter in reservoir computing.
The use of ridge regression in RC is beneficial because the reservoir states tend to be highly
correlated, resulting in approximate multicollinearity. This poses a problem for ordinary least
squares regression, as discussed in section [3.3]

The RC training procedure that has been developed thus far can handle any type of output, y(t),
which may be very different from the input, x(¢). In the case of time series prediction, the goal
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is to predict the next step of the time series, u(t + At), based on a section of previous states,
u(t),u(t — At),.... In order to apply the task of time series prediction to RC, both the training
input and desired output will be given by the true time series data, u(t): Specifically, the training
input is equal to the time series at a particular time, x(t) = u(t), and the desired output is equal
to the time series at the next step, y(t) = w(t + At). With Nps + Nt + 1 time steps of the true
time series, u(t), being available, the training-synchronization input is given by:

train-sync input: x[i] = w[i] i=—Nps+1,...,0 (4.5)

The training input and output used for ridge regression fitting are given by:

=
I

train-fit in- and output: {sc uli] i=1,...Np (4.6)

ylil =uli+1]

Upon determining the output matrix, Wy, through Eq. (4.4), the training phase is completed:
W, connects the reservoir state, r(t), to the reservoir output, which approximates the next time
step in the time series: y,(t) ~ u(t + At).

Prediction During the prediction phase, the driving input, x(¢), in Eq. (4.2) is replaced with
the prediction generated by the reservoir at the preceding time step: x(t) = y,(t — At). This
results in the prediction phase being defined by the following two equations:

Y, (1) = Wour(t) (4.7)
r(t + At) = tanh (Wi, y,(t) + Ar(t)) (4.8)

First, in Eq. the prediction of the next time series state y,(t) ~ u(t + At) is obtained from
the current reservoir state r(¢). Then, the next reservoir state (¢ + At) is calculated in Eq.
by using the prediction y,(t) as its current driving input. As the RC output is fed back into the
reservoir, the reservoir state, r(t), now evolves autonomously in a closed-loop. This means that
the subsequent reservoir state, r(t + At), is dependent only on the preceding reservoir state, r(t),
and not on any external input. This can be demonstrated by inserting Eq. into Eq. :

r(t + At) = tanh (Wi, Wy + Alr(t)) (4.9)

Given that Eq. (4.9) corresponds to an iterative map, as described in Eq. (2.1), the dynamics of
the reservoir during the prediction phase represent a high-dimensional discrete dynamical system.

In order to initiate the closed-loop, given by Eq. , an initial synchronized reservoir state, r(t),
is required. If the task is to predict the continuation of the training data, the last saved training
reservoir state, 7[Nt], can be utilized. However, if the task is to predict the continuation of an
arbitrary section of the time series, the reservoir must first be synchronized to that section. This
can be simply archived by driving the reservoir in the open-loop configuration with the true time
series as external input, x(t) = wu(t), following Eq. (4.2). The number of time steps used for
synchronization is denoted as Npg, where the subscript PS stands for predict-sync. The prediction
can then be initiated by taking the last resulting reservoir state, which is now synchronized, and
repeatedly applying Eq. and Eq. for the desired number of prediction steps. The number
of prediction steps is denoted as Np, where the subscript stands for prediction. The resulting
reservoir outputs, y,(t), represent the forecasted Np-long continuation of the Npg-long section of
the true time series.

Input matrix W;, and reservoir matrix A In the RC framework, the input matrix, Wiy,
and the reservoir network, A, are important parameters. The elements of the input matrix, Wiy 45,
indicate the strength of the connection between the input variable x; and the reservoir node 7;.
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Figure 4.1: Basic RC architecture for time series prediction.

Similarly, the elements of the reservoir network, A;;, represent the strength of the coupling between
the reservoir nodes r; and r;.

Typically, Wy, is populated either in a sparse or dense way with random numbers drawn from a
uniform distribution within the range of [—o, o], where o represents the input strength. A larger
input strength, o, corresponds to a stronger coupling of the input to the reservoir. In the case
of a dense population, all elements Wi, ;; are drawn from the uniform distribution. In contrast,
a sparse population, originally introduced in [I9], connects each reservoir node r; to only one
randomly chosen input variable, resulting in each row of Wj, having only one non-zero element.
In this thesis, the sparse input matrix is used.

Previous studies, such as [20] and [21], have investigated the effect of different network topologies
for the reservoir matrix A. In this thesis, the classical approach of creating a large, random, and
sparse network is employed, as it has been shown to yield rich reservoir dynamics, as already
noted in Jaeger’s original work on ESNs []. Specifically, corresponding to the method outlined
n [19], the network is generated using a weighted Erdés-Rényi random network, created through
the following steps: Starting from an empty network, each possible directed network connection
between node i and node j, where i # j, is created with a probability p. This relates to an initially
all-zero adjacency matrix, where each element, apart from diagonal elements, is set to 1 with the
probability p. In the case of an undirected Erdés-Rényi network, the opposite connection i < j
is also created upon the creation of i — j, which makes the adjacency matrix symmetric in that
case. In either case, each node is on average connected to d = p- (rqim — 1) other nodes, where the
average node degree d represents a hyperparameter of RC. Next, the network is converted into a
weighted one by replacing every 1 in the adjacency matrix with a randomly drawn value from the
uniform distribution [—1,1]. The resulting adjacency matrix is denoted as A. To obtain the final
reservoir matrix A, the previously created matrix, A, is then rescaled to have the desired spectral
radius, po > 0:

A
p(A)

A=p (4.10)

The spectral radius, p(:), of a square matrix is equal to its largest absolute eigenvalue, which
indicates the maximal scaling produced by a multiplication with that matrix. Therefore, the
chosen spectral radius, pg, of the reservoir network controls the strength of the influence of the
previous reservoir state on the next one, which represents an important hyperparameter of RC. It
can be observed that a large spectral radius, p > 1, often leads to unstable reservoir dynamics,
as the influence of previous states cannot fade away. To ensure the echo state property, a spectral
radius of p < 1 is usually chosen. Despite this, a spectral radius p > 1 may still fulfill the echo
state property under certain conditions, which may result in successful predictions [4].

The basic reservoir computing architecture outlined in this section is depicted in Fig.
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4.3 Extensions

There is a significant amount of research dedicated to extending and enhancing the basic RC
implementation, such as in [22] which explores deep RC architectures to improve the prediction of
time series with multiple time scales, and in [23] and [24], where the RC architecture is parallelized
to handle high-dimensional input data, such as in climate simulations. In this section, the focus
lies on simple extensions that address some of the limitations of the basic RC implementation
discussed in the previous section |4.2

Node bias One limitation of the basic RC implementation is the issue of point symmetry when
using the tanh(-) activation function, as pointed out in [25]. In this case, the learned output matrix,
Wut, s invariant when the reservoir is trained with w(t) or —u(t), resulting in the possibility of
the prediction flipping onto the so-called mirror attractor. To break this symmetry, one solution
is to add a node bias vector b to the reservoir update equation:

r(t) = tanh (Winx(t) + Ar(t — At) + b) (4.11)

The node bias vector b is an r4iy,-dimensional vector with elements randomly selected from the
uniform distribution [—op, op]. The node bias scale oy, represents an additional hyperparameter of
RC.

Readout function Another method for breaking the symmetry in the reservoir equations and
enhancing the overall prediction capabilities is to apply a readout function, ¥(-), to the reservoir
states prior to fitting the output.

Y, (1) = Wourt(7(t)) = Wou (1) (4.12)

The resulting generalized reservoir states, 7(t) = ¥(r(t)), often represent an extension of the
original reservoir states. As an example, the readout function in Lu et al. [I9] expands the reservoir
state by including its squared values:

T = Yoxt. Lu(T) = [F1,72, -« oy o eTrgy s T35 T - - - r?dim] (4.13)

A similar readout function that avoids doubling the total number of regressor variables, while still
utilizing the squares of the reservoir states, is one that replaces every second element in r with its
square:

7 =tpu(r) = [7‘1,7‘%, A r,,dim,l,rfdim] (4.14)

Following [25], the full-squaring in Eq. (4.13) is referred to as the extended Lu readout, while the
alternating squaring in Eq. (4.14)) is simply called the Lu readout.

As a result of using readout functions, the calculation of the output matrix, Wy, now acts on

the generalized reservoir states, R = [#[1],7[2],...,7[NT]]:
~ o~ -1 .
W = (RTR + 51) R7Y (4.15)

Input standardizer As is common with many machine learning models, standardizing the in-
put data by centering it and scaling it to unit variance can be beneficial. This can be achieved
by incorporating an input standardizer into the reservoir computing architecture. The input stan-
dardizer is placed between the input and the reservoir, and standardizes the input data x(t) — &(t)
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before it enters the reservoir, thus modifying the term Wi, (t) to Wi,&(t) in the reservoir update
Eq. (4.11)). The standardization is performed through the following transformation:

&(t) = S(x(t) =s ' - (x(t) — T) (4.16)

The quantities s and T are calculated from the training input data @[i], where ¢ = 1,..., N,
prior to the standard training process. The xq;,-dimensional vector @ represents the mean of the
training data:

Nt

_ 1 .
T = N—TZ:B[Z] (4.17)

i=1

The z4im X T4im diagonal matrix s holds the dimension-wise standard deviations on its diagonal
entries:

o 1 2
S35 = N Z(% [i] — ;) (4.18)

Ridge regression with intercept In section|3.2] it was discussed that the simple linear model
M1, represented by Eq. (3.10), can be improved by including an additional intercept term, w,
as represented by model M2 in Eq. . Similarly, this concept can be applied to reservoir
computing by extending the previous reservoir-output-connection Eq. to include the intercept
term, w:

Y, (t) = Wour(t) + w (4.19)

As discussed in section [3:2] ridge regression using the linear model M2 can be further divided
into type-b and type-c. Type-b does not penalize the intercept while type-c does. While type-c
RR is slightly easier to be implemented as it only requires extending the reservoir states by a
dimension with a constant value, type-b is more accurate. In the existing literature on reservoir
computing, the majority of works that include the intercept also penalize it, as seen in studies
such as [20] 25]. However, there are also works that use type-b RR, such as [19]. The widespread
use of type-a and type-c RR can be attributed to the fact that, in the typical case of reservoir
computing, they perform equivalently to type-b. This will be demonstrated in section for
the Lorenz system. However, as demonstrated in appendix [B] there are extreme cases where the
superiority of type-b becomes apparent. The primary reason for employing type-b RR in this thesis
is not its theoretically superior fitting capabilities, but rather its mathematically simple connection
to principal components, as will be utilized in chapter

4.4 Measuring prediction quality

In section 4.2} it was demonstrated how a reservoir computer can be utilized for time series pre-
diction. To evaluate the quality of the prediction produced by the reservoir, it is useful to predict
a section of the time series for which the true data is known. By doing so, the prediction, y,(t),
can be directly compared to the true data, y(t). In this section, a measure called the valid time is
introduced, which quantifies the duration for which the predicted time series matches the true time
series. Additionally, as the reservoir setup contains three sources of randomness, namely the input
matrix Wj,, the network matrix A, and the node bias vector b, different random realization of
these quantities result in different predictions, y,(¢). Therefore, to properly assess the prediction
quality of a particular reservoir architecture defined by its hyperparameters, the prediction must
be repeated for an ensemble of reservoir realizations. Furthermore, as the prediction quality also
depends on the time series sections used for training and prediction, the statistical significance
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of the results can be further improved by training and predicting each reservoir realization on
multiple sections of the time series. The implementation details of the ensemble experiment will
also be discussed in this section.

Valid time ¢, The length of time for which the prediction, y,(t), closely matches the true time
series, y(t), is known as the valid time or prediction horizon. Following the implementation of [10],
the first step to calculating the valid time, ¢, is to compute the normalized time-dependent error,
e(t), between the prediction, y,(t), and the true time series, y(¢):

ly(t) — y.()]
e(t) = ————— 4.20
w (ly@®)2*? (4:20)

The average over all prediction steps, Np, is represented by (-}, and || - || denotes the L2-norm. The
valid time, ty, is defined as the elapsed prediction time until the time-dependent error, e(t), exceeds
a predefined error-threshold, ey« > 0. The valid time is determined by finding the first time step,
k € [1, Np], where e(t) > emax, and calculating t, = kAt. In chaotic dynamical systems, the valid
time is often measured in terms of the Lyapunov time, 7 = 1/A\pax, and is then represented as

tV )\max .

It is important to note that using the time-dependent error defined in Eq. may lead to
unwanted results if there is a large offset in the time series data. This is because the numerator of
the error function is invariant under an offset of y + § and y, + ¢, while the denominator is not.
When the offset § is large, the time-dependent error may never exceed the error-threshold, ey,
even though the prediction may deviate greatly from the true data. To address this issue, a better
error function that is invariant under an offset can be calculated using Eq. . However, for the
time series data used in this work, the error defined in Eq. is sufficient.

Ensemble experiment To evaluate the ability of a reservoir architecture to predict a time
series, u(t), the following ensemble experiment is carried out, which is additionally outlined in the
algorithm[I]in more detail. To begin, an ensemble of ng reservoir computing realizations are created
by randomly selecting the elements of Wj,, A, and b, as described in sections and Each
RC realization is trained on nr different training-sections, each of length Ntp + Ntg + N, which
includes Nrg train-synchronization steps and Ny train-fitting steps. To ensure that the different
training-sections are independent of each other, the first Ntp steps of each section are discarded,
where TD stands for train-discard. Next, each reservoir realization, ig, that was trained on a
specific training-section, i, is used to make predictions on np different prediction-sections, each
consisting of Npp + Npg + Np time steps. Following the prediction-process outlined in section [4.2]
each trained reservoir is first synchronized with the true time series for Npg steps, after which
it is run in the closed-loop configuration to generate Np prediction steps. Again, the first Npp
time steps of every prediction-section are discarded, where PD stands for predict-discard. The
training and prediction process applied to each RC realization is visualized in Fig. Finally, for
each iR, iT and ip the reservoir prediction is compared to the true time series for that prediction-
section, and the valid times, t, (iR, iT,ip), are recorded. The final result of the prediction quality
is determined by using the median value from the set of valid times, with the lower and upper
quartiles serving as the range for error.

Experiment parameters The parameters for the ensemble experiment utilized in this study are
outlined in table[d.1] The choice of ng, nr, and np results in an effective ensemble of 15x 15x 10 =
2250 valid time calculations.

Training Prediction Ensemble Valid time
Nrp Nps Nr | Nep Nps Np | nr nr np €max
1000 100 2000 | 1000 100 2000 | 15 15 10 0.4

Table 4.1: Default ensemble experiment parameters.
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Figure 4.2: Training- and prediction-sections of ensemble experiment as outlined in algorithm
For demonstration purposes nt = 3 and np = 2 is used. Each training-section contains a discard,
synchronize and train subsection, and each prediction-section contains a discard, synchronize and
predict subsection. The arrow represents the true time series data where the left starting point
represents the first data point u[0].

Algorithm 1 Ensemble experiment to assess prediction quality of RC using valid times

u[0], w[1],...: time series data.
nr: number of reservoir realizations.
n: number of training-sections.
np: number of prediction-sections for each training section.
Nrp: time steps to discard before training.
Nrg: time steps used for training-synchronization.
Nr: time steps used for training-fit.
Npp: time steps to discard before prediction.
Npg: time steps used for prediction-synchronization.
Np: time steps to be predicted.
Output:
ty(ir,iT,7p): Valid time for each combination of reservoir realization ig, training-section iy
and prediction-section ip.

1: for i = 1:ngr do

© O NP R D
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get reservoir realizations by randomly drawing Wi,, A, and b
set: TrainStart < Ntp
for it =1:nt do

set: TrainEnd < TrainStart + Npg + Nt — 1

get train-fit input Xirain = u[TrainStart + Ng], . .., u[TrainEnd]

get train-fit output Yirain = w[TrainStart + Npg + 1], ..., u[TrainEnd + 1]
calculate the input-standardizer, S(-), from X¢rain

initialize the reservoir state » = [0,0,...,0]

synchronize the reservoir with w[TrainStart], ... u[TrainStart + Npg — 1]

train the reservoir with X ain and Yirain

set: TrainStart < TrainEnd + Npp + 1

set: PredStart < TrainEnd + Npp + 1

for ip =1:np do
set: PredEnd < PredStart + Npg + Np — 1
reset the reservoir state r = [0,0,...,0]7
synchronize reservoir with u[PredStart], ..., u[PredStart + Npg — 1]
predict with reservoir for Np steps and save prediction Y preq
get true time series Yipye = w[PredStart + Npg], ..., u[PredEnd]
calculate valid time, ¢, (ig,iT,%p), using Ypred and Yipye
set: PredStart < PredEnd + Npp + 1
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4.5. DEFAULT RC SETUP

4.5 Default RC setup

In the preceding section, the numerical experiment was presented that examines the ability of a
specific RC setup to predict a chaotic dynamic system. In this section, the default RC setup,
constituted by the default choice of extensions and hyperparameter values, is introduced. This
default setup will be used throughout the thesis, unless otherwise specified.

The default RC setup will employ the input standardizer, Eq. 7 as it is a standard practice
in machine learning and allows for greater comparability between different kinds of time series.
To break the symmetry within the reservoir update equation, the default setup will also include
the node bias, b, as presented in Eq. . An additional nonlinear readout function, such as
Lu readout, Eq. ([£.14)), or extended Lu readout, Eq. (4.13), is omitted, as the symmetry is already
broken by the node bias. Furthermore, using the reservoir states directly as the input variables for
ridge regression allows for greater interpretability in the principal component analysis, which will
be presented in chapter For the same reason, type-b RR will be used as it allows for a direct
interpretation through the principal components, as described in section [3.3

The default RC architecture is summarized by the following equations:

Input:
x(t) = a(t) (4.21)
at) = u(t) for sync}.lr(?nization and training (4.92)
y,(t — At) for prediction
Input standardizer:
z(t) = S(x(t)) (4.23)
Reservoir update equation:
r(t) = tanh (Win(t) + Ar(t — At) + b) (4.24)
Ridge regression input:
k(t)=7r(t) (4.25)
Ridge regression output:
Yy, (1) = Wouk(t) + w (4.26)

The seemingly superfluous equations, Eq. (4.21]) and Eq. (4.25)), are listed here as they constitute
the entry point for the hybrid reservoir computing approach described in chapter [6]

The chosen hyperparameter values are listed in table

Reservoir Input Node bias | Ridge regression
Tdim d  po A-type o Wiy-type ob B type
500 5.0 0.4 undirected | 1.0 sparse 0.4 1077 b

Table 4.2: Default RC hyperparameters.

4.6 Prediction demonstration: Lorenz system

To showcase the RC framework presented in this chapter, the default RC setup outlined in the
previous section will be applied to predict the three-dimensional Lorenz system, whose flow is
given in Eq. . Additionally, variations from the default setup will be explored in order to
demonstrate the impact of the RC extensions and hyperparameter values.
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CHAPTER 4. RESERVOIR COMPUTING

Trajectory plots Figures and show the true and predicted trajectories of the Lorenz
system generated by a single reservoir realization using the default setup. As seen in Fig. the
predicted time series aligns very closely with the true time series until a valid time of ¢, Apax =~ 5.8.
From the three-dimensional trajectory in Fig. [£:3a] where all Np = 2000 prediction steps are
plotted, one can see that the reservoir is able to accurately replicate the true Lorenz attractor.
Whereas the prediction shown in figures and utilizes the default reservoir dimension of
Taim = 500, the prediction shown in figures [£.3¢| and are generated by a smaller reservoir
of rqim = 50. In this case, the prediction only archives a valid time of tyApnax &~ 0.7. From the
three-dimensional trajectory in Fig. [f.3d, one can observe clear differences between the predicted
and the true Lorenz attractor: The prediction collapses into a single point located in the middle
of the right wing of the true Lorenz attractor.

= True = Predicted

— True — Predicted
tyAmax = 5.8

2(t)

vt

L zl(t\) 1

t- /\max
(a) 3D-Trajectory (raim = 500) (b) Time series (rgim = 500)

= True = Predicted = True = Predicted

v

2,

t- /\max
(c) 3D-Trajectory (rdim = 50) (d) Time series (raim = 50)

Figure 4.3: Demonstration of a good and bad prediction of the Lorenz system using a larger
and a smaller reservoir. The left column shows the three-dimensional trajectories of the true and
predicted time series for all Np = 2000 prediction steps, while the right column displays the first
100 steps of the time series for each dimension. (a) and (b): A good prediction using the default
RC setup, which uses rgim = 500. (c) and (d): A bad prediction using the same setup but with a
smaller reservoir dimension of rq;m = 50.

Violin plots The ensemble experiment described in Sec. [I.4] generates a total of ng X nt x np =
2250 valid time calculations. The distributions of these valid times for the Lorenz system are
represented in Fig. [£.4] through the use of violin plots, where the default RC setup is highlighted
in green. Fig[4.4a] compares the three different types of ridge regression, a, b, and ¢, and shows
that there are no significant differences between them. However, when dealing with extremely
uncentered time series data, as will be discussed in Appendix [B| notable differences between the
different RR types can be observed. The influence of the nonlinear readout functions, Lu readout
and eztended Lu readout, compared to using no readout is depicted in Fig. [£.4b] It can be observed
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4.6. PREDICTION DEMONSTRATION: LORENZ SYSTEM

that both readouts lead to higher valid times compared to using no readout, with the extended Lu
readout performing the best. The superiority of the extended Lu readout can be explained by its
incorporation of all the regressor variables of normal RC, as well as their squared values, which
doubles the number of regressor variables from 500 to 1000. The advantage of the squaring can also
be observed for the non-extended Lu readout, which also results in higher valid times compared to
the normal linear readout, while using the same number of regressor variables. It is noteworthy
that the distributions of valid times for all cases shown in Fig. [f.4] are very broad. For the default
RC setup, they range from t,Apax = 2.5 to tyApax =~ 14.

204 204
15
10188
5 4
0 w 0 ‘ :
a b c Linear Lu ext. Lu
ridge regression type Readout function ¥

(a) (b)

Figure 4.4: Violin plots for the ensemble of ng X nt X np = 2250 valid time calculations according
to the ensemble experiment, defined in Sec. [£.4] applied to the Lorenz system. The default RC
setup is shown in green. The box in the middle of the violin shows the median value, and lower
and upper quartile. (a) Valid times for the different ridge regression types a, b, and ¢ defined in
Sec. (b) Valid times for the nonlinear readout functions, defined in Sec.

Hyperparameter sweeps Fig. [L.5]illustrates how variations in the hyperparameter values affect
the median value of the ensemble of valid times. The error bars, which represent the lower and
upper quartiles, indicate the valid times for which 25% of the data points fall below, and 75%
fall above, respectively. For each hyperparameter sweep, all other hyperparameter values are fixed
according to the default values listed in Tab. [£:2] The purpose of this paragraph is to provide a
simple understanding of the influence of the hyperparameters, and to justify the chosen default
hyperparameter values. These hyperparameters will be discussed in more depth through the lens
of principal components in the following chapter.

As seen in Fig. a sufficiently large reservoir dimension, r4in,, is necessary for achieving a high
prediction quality. As the reservoir dimension is increased, there is a steep increase in valid times,
however, this improvement saturates for larger dimensions: A reservoir dimension of rqi, = 2000
only yields a small improvement compared to r4;;, = 1000, but there is a significant increase when
moving from 74i; = 200 to rqim = 400.

Fig. demonstrates the influence of the regularization parameter, 8, on the valid times. It
can be observed that an initial decrease of the regularization parameter from 8 = 107! to 3 =
10~8 significantly increases the valid times. However, any further reduction in the regularization
parameter reduces the valid times again. As described in chapter [3] a low regularization parameter
leads to larger values in the output matrix, W, which relates to overfitting the training data.
The large values in the output matrix can lead to unstable predictions, resulting in lower valid
times.

The influence of the input strength, o, is illustrated in Fig. It can be seen that there is a
sharp increase in the prediction accuracy when moving from ¢ = 0.2, representing the first data
point that is shown, to ¢ = 1.0. However, for larger input strengths, o > 2.5, the prediction
quality starts to decrease again. The poor prediction quality for small input strengths can be
explained by the fact that the input strength controls the range of values for the arguments of
the tanh activation function. For small arguments, |z| & 0, the hyperbolic tangent function is
approximately linear: tanh(z) ~ x. However, a certain degree of nonlinearity is necessary for good
prediction capabilities, as was also discussed in [27].
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Figure 4.5: Median value with lower and upper quartile error bars for the ensemble of ng xnrxnp =
2250 valid time calculations for the Lorenz system, under variations of hyperparameters. The green
dashed line indicates the default hyperparameter choice.

Fig. demonstrates the positive impact of including a node bias vector, b, into the default RC
setup: When the default node bias is added with o, = 0.4, the valid time that corresponds to no
node bias, o, = 0, is almost doubled. An increase in the node bias to o, = 1.4 further improves
the prediction quality, but the effect is relatively small.

The figures, Fig. and Fig. demonstrate the impact of the spectral radius, pg, and average
node degree, d, of the reservoir network, A, respectively. In Fig. which shows the spectral
radius, it can be observed that there are comparable valid times across a wide range of values,
po € [0.2,0.7]. However, in the case where the spectral radius is set to pg = 0, effectively removing
the reservoir network, A = 0, the prediction capabilities of the reservoir are nullified, as shown
by the leftmost data point. A small increase in the spectral radius to pp = 0.25, as represented
by the second data point, already leads to a substantial increase in valid times. At the other
end of the spectrum, when the spectral radius exceeds py > 0.7, the prediction quality begins to
decrease again. As shown in Fig. a variation of the average node degree, d, from an extremely
small value, d = 0.01, to the default value, d = 5.0, increases the the valid times substantially.
Interestingly, there is no difference in performance between d = 5 and d = 100.
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Chapter 5

Towards Explainable RC using
Principal Components

In the previous chapter, the software-based implementation of reservoir computing for the task of
time series prediction was introduced. It was shown how the input, x(t), is embedded in the high-
dimensional reservoir states, r(t), through the use of the recurrent update function, Eq. ,
whose parameters, Wi,, A, and b, are randomly generated and fixed throughout training. It was
demonstrated that variations in the hyperparameter values that control the random generation
of these RC parameters can result in better or worse predictions for the Lorenz system. Despite
extensive research on determining which RC parameters lead to optimal performance, such as in [2T]
25\, 27, 28], 29], 30, [31], the reservoir states, r(t), remain a black box with limited interpretability.
This chapter aims to improve the interpretability of RC through the use of a principal component
analysis on the reservoir states, r(t). Due to the tight connection between principal components
and ridge regression, as described in chapter |3} the PCA not only provides a tool to investigate
the dynamics of the reservoir, but also allows for an in-depth analysis of the RR output-learning.
In a previous study, Gallicchio et al. [9] also used PCA as a tool to analyze the reservoir states.
They demonstrated a high level of redundancy in the reservoir states when driven with a discrete
one-dimensional time series consisting of 10 possible values. In addition, they found an interesting
match between the first few principal components and the most recent reservoir inputs. In [32],
the authors used PCA as a dimensionality reduction technique for the reservoir states before
performing ridge regression, which results in additional regularization. The work presented here
can be considered an extensions of the work in [J], incorporating an analysis of ridge regression
using the Lorenz system as data.

5.1 PCA-procedure for reservoir computing

The theory developed in section which allows for an interpretation of type-b ridge regression
through the principal components of the RR input variables, k, is now applied to reservoir com-
puting. In RC, the RR input variables, k, can either be given by the pure reservoir states, k = r,
or by a nonlinear readout function of the latter, k = 1 (r), as described in section In the
following, only the case where the RR input variables are given by the pure reservoir states, k = r,
is considered, enabling a direct analysis of the reservoir states through the principal components.
The PCA-procedure for reservoir computing can be defined by the following steps:

PCA-procedure:

1. Train RC:
Perform standard RC training by conducting type-b ridge regression on the set of N reservoir
states, R, and output data, Y, as outlined in section [4.2l This results in the type-b RR
solutions given by the output matrix, Wy, and intercept, w.
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2. Perform PCA:
Calculate the principal components, P, and explained variances, ®, of the collected reservoir
states, R, by diagonalizing the covariance matrix, S, of the centered reservoir states, R.:

S =R.R!/N =PToP (5.1)

The Nt centered reservoir states, r.[j], in R, are given by:

relj] = 7lj] = F,  with 7= Ni S rlj (5.2)

Once the principal components, P, and mean of reservoir states, 7, are obtained, the reservoir
states can be transformed onto the PC coordinate system by:

Tpc(t) =P(r(t) — 7) (5.3)

3. RC output through PCs:
The reservoir output, Eq. (4.26)), can now be transformed to act on the PC-transformed
reservoir states, rpc(t):

PC _ .

Y, (t) = Wour(t) +w =  y,(t) = Wperpe(t) + 7, with W, = W PT (5.4)
The PC-transformed output matrix, Wy, now acts on the principal components rather than
on the original reservoir nodes, as was previously the case for W,;. The regularization
imposed by the RR regularization parameter, 5, can now be interpreted directly in terms of
the principal components:

Woe = W poo - ding (F(00)), with £(6) = —2— (5.5)
d)i + ¢CO
The cutoff explained variance, ¢¢o, is given by ¢, = S/Nt. The PC-ilter, f(¢;) € (0,1],
leads to a suppression of output contributions belonging to principal components, i, with
small explained variances, ¢; < ¢,. The resulting number of active principal components
in the reservoir output, Eq. , can be estimated by the PC-cutoff, i.,. This cutoff is
represented by the PC index, 4, where f(¢;) ~ 0.5, or equivalently, where ¢; & ¢co.

4. Variance of r,. during prediction:
Thus far, the steps described have only taken into account quantities generated during the
RC training phase. Additionally, the reservoir states, r(t), generated during the prediction
phase can also be PC-transformed using P and 7 from the training phase, as per Eq. .

A comparison of the variances of the PC-transformed reservoir states, rp(t), generated when
driven with the true system during training, and those generated during the prediction phase
when the reservoir is run in a closed-loop configuration, can be used to assess the prediction
quality of the reservoir. To remind, the variances of rc ;(t) generated during the training
phase are simply the explained variances, ¢;:

1
b= - Z(rpc,i[j] — (Ppe,i)T)” (5.6)

Similarly, the variances of rp ;(t) generated during the prediction phase, denoted as ¢Zi, can
be obtained by:

i = : (Tpe,ild] — <Tpc,i>P)2 (5.7)
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5.1. PCA-PROCEDURE FOR RESERVOIR COMPUTING

It is noteworthy that while the mean of 7, (t) over the training samples vanishes, (rpc ;)T = 0,
the mean of rpc(t) over the prediction samples may not be strictly zero, (rpc:)p # 0.

Demonstration In this paragraph, the PCA-procedure for RC will be demonstrated by display-
ing the explained variances, ¢;, and prediction variances, &i, as well as the PC-transformed output
matrix, Wy, that is regularized by the PC-filter, f(#;). To do so, the same reservoir realization
of the default setup is once trained with the default regularization parameter of 5 = 107, and
once with a stronger regularization of 3 = 10~*. The experiment corresponds to the first iteration,
ir = iT = ip = 1, of the ensemble experiment described in section [£:4] Corresponding to the de-
fault experiment parameters, Tab. the reservoir is trained and predicted for Ny = Np = 2000
time steps, using the Lorenz system as the data. The results are depicted in Fig. [5.1

[_ Predict (¢;) — Train (¢i)‘ 1 [_ Predict (¢;) — Train (¢i)‘

= o
) )
z z
0 100 200 300 400 500 0 100 200 300 400 500
principal component ¢ principal component ¢
(a) B = 107" (default) (b)y B=10""

Figure 5.1: Explained variances, ¢;, and prediction variances, (;NSZ (upper plots), as well as the
PC-transformed output matrix, Wy, and PC-filter, f(¢;) (lower plots), for the Lorenz system
prediction using one realization of the default RC setup. The left plots, (a), use the default
regularization parameter, 3 = 1077, and the right plots, (b), a stronger regularization of 3 = 1074,
The PC-transformed output matrix is visualized as a stacked area plot of its absolute values, |W .|,
where the three colors indicates the three output dimensions. The PC-cutoff, i.,, where f(¢;) = 0.5,
or equivalently, where ¢; = ¢, is shown as a vertical dashed line.

The explained variances, ¢;, which are not affected by the regularization parameter, 8, are shown
in the upper plots in Fig. [5.I] using a logarithmic y-axis. They show a rapid decline when moving to
higher principal components, indicating strong correlations in the reservoir states, which confirms
the findings in [9]. The explained variance of the 50th PC is already as low as ¢50 ~ 1075,
demonstrating that a small number of principal components explains almost all the variance in the
reservoir states. The EV curves in the semi-logarithmic plot appear to converge to a linear form,
indicating an exponential decrease in the explained variances, ¢;, in that range. Interestingly, the
prediction variances, ¢;, match the explained variances, ¢;, very accurately up to ¢ ~ 100 for both
cases of the regularization parameter. However, for higher components, clear differences between
the two variances can be observed. Here, it would be interesting to examine the relationship
between the degree of matching between <l~52 and ¢; and the corresponding prediction qualities.

The lower plots in Fig. [5.1] demonstrate the effect of regularization in ridge regression. In the case
of stronger regularization, 3 = 104, the PC-transformed output matrix, W, incorporates fewer
principal components, compared to weaker regularization with 8 = 10~7. This behaviour can be
directly explained by the PC-filters, f(#;) € (0, 1], which are also shown in the lower plots: The
approximately exponential decrease in explained variances, ¢;, results in the PC-filter, f(¢;), to
resemble a softened step-function that goes from 1 to 0. Contributions to Wy, on the right side
of the softened step-function are suppressed to 0, according to Eq. . The location of the step
is given by the PC-cutof, i.,, which represents the principal component, 7, where f(¢;) = 0.5, or
equivalently, where ¢; = ¢.,. When the regularization parameter, /3, is increased, the location of
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the PC-cutoff, i.,, moves to the left, to the point where the horizontal line given by ¢., = 8/Nr
intersects the explained variance curve, ¢;. The width of the step-function, f(¢;), is related to the
decrease in explained variances, ¢;, on either sides of the PC-cutoff, i.,. A stronger decrease in ¢;
leads to a sharper step in f(¢;), while a flatter EV-curve results in a softer step. In the analysis
that follows, the number of active principal components will be estimated by the PC-cutoff, ico,
regardless of the softness of the step in the PC-filter, f(¢;).

5.2 Explained variances, active components and prediction
quality

This section investigates the impact of variations in the RC hyperparameters on the reservoir’s
explained variances, ¢;. Additionally, the relationship between the resulting number of active
components, as measured by the PC-cutoff, i.,, and the prediction quality, as measured by the
valid times, t,, is analyzed.

To obtain accurate statistical results, the ensemble experiment outlined in Sec. is employed
to calculate the explained variances, ¢;, corresponding PC-cutoffs, i.,, and valid times, t,, for
an ensemble of ngy reservoir realizations, nr training-sections, and np prediction-sections. As the
EVs, ¢;, and PC-cutoffs, i.,, can be obtained from the training phase alone, only the calculation of
the valid times, t,, requires the additional np prediction-sections. The final datapoints and error
spans for EVs, ¢;, and PC-cutoffs, i.,, correspond to the median value and lower/upper quartile
of the ngr x nt = 225 ensemble calculations, respectively. Similarly, the valid time datapoints and
errors are also formed from the median and lower/upper quartile across all ng X nt x np = 2250
ensemble calculations. As in all previous experiments, all hyperparameter values which are not
specifically changed are given by the values in Tab. [I.2] and the time series data is provided by
the Lorenz system.

The first experiment investigates the scenarios in which either the tanh-activation function or the
reservoir network, A, are individually removed, as well as the scenario in which both are removed
from the reservoir update equation, Eq. . The subsequent experiments examine individual
variations in the hyperparameters: reservoir dimension, 7q;n, input strength, o, spectral radius,
po, average node degree, d, and regularization parameter, 5. In all experiments except for the final
one, which investigates the influence of the regularization parameter, the regularization parameter
is fixed at its default value of 8 = 1077, resulting in an EV-cutoff of ¢, = 1077/2000 = 5.0- 10~ L.

Activation function and reservoir network: Fig. demonstrates the variations in ex-
plained variances, ¢;, depending on the use of the tanh activation function, labeled as “linear” or
“tanh”, and the presence of the reservoir network, A, labeled as “network” or “no network”. The
second plot, Fig. [5.2b] is equivalent to the first but is zoomed in on the first six principal compo-
nents. The third and forth plots, Fig. and Fig. show the distribution of the PC-cutofs,
ico, and valid times, t,, respectively, through the use of violin plots.

An interesting initial observation of all explained variance curves is their extremely narrow error
bands, which represent where 50% of the data points fall. This demonstrates a very small vari-
ability of ¢; across the ensemble of ng x nt = 225 different combinations of reservoir realizations
and training-sections. The EV curve for the case where both the reservoir network, A, and the
tanh activation function are removed, drops below machine precision after the first three princi-
pal components. This corresponds to the expected behaviour, as the resulting reservoir update
function,

r(t) = Wind(t) + b, (5.8)

is just a linear function of the standardized input, &(¢). As the input, (t), provides three dimen-
sions which are not collinear, any linear function of it can also contain at most three non-collinear
dimensions. By either incorporating nonlinearity through the use of the tanh activation function,
labeled as “tanh + no network”, or enabling memory through the addition of the reservoir network,
labeled as “linear 4+ network”, the EV curves no longer drop below machine precision after the first
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Figure 5.2: Explained variances, ¢;, PC-cutoffs, i.,, and valid times, t,Apax, for the four cases:
“linear + no network”, “linear 4+ network”, “tanh + no network”, and “tanh + network”.

three principal components. Interestingly, both curves show a similar, near-perfect exponential de-
crease, which corresponds to a near-perfect line on the logarithmic y-axis. This trend continues
until they both fall below machine precision after around 90 principal components. In contrast,
when both the nonlinearity and memory are enabled, as is the case in the default RC setup labeled
“tanh + network”, the resulting reservoir states contain far less multicollinearity, as indicated by
the much broader explained variance curve. As described in the previous section, the intersection
of the horizontal line given by the EV-cutoff, ¢.,, and the explained variance curve, ¢;, defines
the PC-cutoff, i.,, which measures the number of active components in the reservoir output. As
a result, the stronger declines in the modified RC setups lead to far less active components, com-
pared to the standard RC setup, as is visualized in Fig. Additionally, the only setup capable
of producing accurate predictions is the standard RC setup that includes both nonlinearity and
memory, as evident from the distribution of valid times shown in Fig. [5.:2d] This raises the ques-
tion of whether the number of active components obtained from the training phase can be used as
an early indicator of prediction quality. The following experiments, which analyze the impact of
variations in the RC hyperparameters, will investigate this question in greater depth.

Reservoir dimension rgim: The left plot in Fig. [5.3]shows the explained variances, ¢;, for seven
different reservoir dimensions, ranging from g, = 100 to 74im = 1500. Since the total number of
principal components is equal to the reservoir dimension, imax = Tdim, €ach curve only extends up
to its related rqim. The right plot depicts the valid times, ¢, against PC-cutoffs, i.,, with the colors
of the points indicating the reservoir dimensions, rg;,. An additional five reservoir dimensions are
considered in this plot.

All explained variance curves share a similar shape, characterized by a steep drop for small principal
components, followed by a relatively flat region that appears linear on a logarithmic y-axis, and
ending with another stronger drop as ¢ approaches r4i,. While the initial steep drops appear
to be similar for all reservoir dimensions, the following flatter declines are slightly stronger for
smaller reservoir dimensions. The initial similarities in the curves can persist for many principal
components, as is demonstrated by comparing rqi, = 1000 and rqi;, = 1500, which are nearly
identical up to i ~ 500. Interestingly, due to the initial decline being relatively similar for all
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Figure 5.3: Reservoir dimensions, rqim € (25,50, 75, 100, 150, 200, 250, 300, 400, 500, 1000, 1500).

reservoir dimensions, the range of different PC-cutoffs, ic,, resulting from the intersections of
¢; with ¢, is small compared to the range of reservoir dimensions tested: For small reservoir
dimensions, such as rgi, = 100, the minimal explained variance is still above the EV-cutoff,
Draim > Pcos s0 the RR regularization has no effect and the number of active components equals
the reservoir dimension, i, = rqim- On the other hand, transitioning from a large to an even
larger reservoir dimension, the initial explained variances up to ¢., remain unchanged, as shown
by rqim = 1000 and rg4ir, = 1500, both of which have a similar PC-cutoff of i, &~ 300. As a result,
with all other hyperparameters being fixed, the number of active components saturates for large
reservoir dimensions.

The plot on the right in Fig. displays a remarkable nearly linear correlation between the
number of active components (measured by i.,) and the prediction quality (measured by t,) for
all tested reservoir dimensions. The saturation in valid times with increasing reservoir dimensions,
previously shown in Fig. aligns well with the saturation in the number of active components
discussed here. This interesting result supports the previous conjecture that the number of active
components derived solely from the combination of driven reservoir states, R, and EV-cutoff,
¢co = B/Nr, serves as an indicator for the prediction quality. Moreover, the matching saturations
in the number of active components and in the prediction quality demonstrate that increasing the
reservoir dimension only remains effective at a certain point if the EV-cutoff is lowered accordingly
to enable more active components. Due to the low variability in the explained variances, ¢;,
across reservoir realizations and training-sections, an accurate statistical estimation of the resulting
number of active components, i.,, requires far less computational power compared to accurately
estimating the median value of the valid times. This can be observed from the very narrow (hardly
visible) error bars for i., compared to the larger error bars for the valid times, t,. Therefore,
an investigation of the number of active components, i.,, using only a few reservoir realizations
and training-sections might provide a fast estimation of the reservoir dimension, 74iy,, where the
valid times begin to saturate. However, this procedure only works if all other hyperparameters,
including the regularization parameter (3, are kept fixed.

Input strength o: The plots in Fig. 5.4 show the effect of input strength, ranging from o = 0.1
to o = 4.0, on the explained variances, ¢;, (left plot) and on the ¢, vs. i, scatter plot (right plot).
The EV curves display only five input strengths for easier visualization, while the scatter plot on
the right shows 14 values for more detailed results.

Contrary to the previous scenario where the initial drop in the explained variance curves was similar
across different reservoir dimension, rqiy, in this case, the initial drop for lower input strengths is
more pronounced than for higher input strengths. Interestingly, after the initial drop in ¢;, the
flatter regions of the plots show a similar slope for the various input strengths, corresponding to an
approximately equivalent exponential rate of decline in ¢;. The lower overall explained variances
for smaller input strengths indicate higher correlations among the nodes of the reservoir states,
r(t), compared to higher input strengths. This can be related to the input strength controlling
the amount of nonlinearity induced in the reservoir: The input strength, o, controls the size of
the elements in the input matrix, Wj,. The combination of input matrix, Wj,, reservoir network,
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Figure 5.4: Input strengths, o € (0.1,0.2,...,0.9,1.0,1.5, 2.0, 3.0,4.0).

A, and node bias, b, determines the overall size of the arguments passed to the nonlinear tanh
activation function in the reservoir update equation, Eq. . With the selected spectral radius
of the reservoir network, py = 0.4, and the scale of the node bias, o, = 0.4, being not too large, a
smaller input strength moves the arguments of the activation function closer to its linear regime,
tanh(z) =~ x for |z| < 1. The lower extent of nonlinearity induced in the reservoir states results
in higher correlations, as reflected by their lower explained variance curves, compared to the case
of larger input strengths. This results in fewer active components, i.,, for smaller input strengths,
o, and in more active components for larger values of o. For instance, a small input strength of
o = 0.1 results in only ., ~ 60 active components, while the default value of ¢ = 1.0 leads to
ico ~ 250. For the lower end of input strengths tested, o € [0.1,1.0], the resulting number of
active components, i.,, correlates well with the prediction qualities, as seen from the right plot in
Fig. As the input strength increases beyond ¢ > 1.0, the number of active components, i¢,
also increases, but the corresponding valid times start to decrease again. The decrease in valid
times for larger input strengths was previously demonstrated in Fig. [f.5¢ Therefore, compared
to the results discussed in the previous experiment for varying reservoir dimensions, rgim, the
correlation between the number of active components and prediction quality is only observed at
the lower end of the active components in this case.

Spectral radius pp: The plots in Fig. [5.5] show the impact of the reservoir network’s spectral
radius, ranging from py = 0.0 to pg = 1.0, on the explained variances, ¢;, (left plot) and on the ¢,
VS. i¢o scatter plot (right plot). The spectral radii tested, apart from the extreme case of pg = 0.0,
were varied by adjusting the exponent, z, in pg = 10*, uniformly from x = —4 to z = 0 with a
step size of 1 for the EV plots and a smaller step size of 0.5 for the PC-cutoff vs. valid times plot.
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Figure 5.5: Spectral radii, po € (0.0,107%,10735...,1079%,1.0).

The explained variances, ¢;, demonstrate the strong exponential decay in the case of a vanishing
spectral radius, pg = 0, as already observed in the “tanh + no network” case in figure
Interestingly, for increasing spectral radii, pg > 0, the EV curves still follow the line corresponding
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to po = 0 for small principal components, but eventually deviate into the previously seen flatter
regime. Smaller spectral radii result in a later deviation from the py = 0 curve. The larger
explained variances, ¢;, for larger spectral radii, pg, can be explained as follows: The spectral
radius, pg, regulates the influence of the reservoir network, A, and hence the influence of past
inputs, on the reservoir dynamics, through the term Ar(t — At) in Eq. (4.24). A larger spectral
radius, which increases the memory of the reservoir, leads to more independent dynamics in the
reservoir states, 7(t), and therefore, higher overall explained variances, ¢;, compared to a smaller
spectral radius. Additionally, as all EV curves display a similar behavior for smaller principal
components regardless of the spectral radius, pg, it suggests that these first principal components
are mainly affected by the reservoir’s immediate input, «(¢). This finding was previously noted
in [9] and will be further studied in section

The plot on the right of Fig. [5.5]displays the relationship between the number of active components,
ico, and their corresponding valid times, ¢, resulting from the variations in the spectral radius, pg.
As in the previous cases for varying reservoir dimensions, rgim, and input strengths, o, a strong
positive correlation can be observed for the lower end of active components. With a large spectral
radius of py = 1.0, the explained variances, ¢;, are so high that all the principal components act
as active components, i., =~ Tqim = 500. However, the prediction quality does not improve in
proportion to the correlation seen for the lower end of active components and actually decreases.
The decrease in valid times for larger spectral radii was already demonstrated in Fig. The
steeper slope in the lower-end positive correlation between t, and i., compared to the previous
cases with varying r4i, and o reveals that the same number of active components, i.,, leads to
varying prediction qualities, depending on the source of the active components. For instance, in
the case of varying spectral radii the median valid time for i, ~ 100 active components results in
tyAmax =~ 5, while the same number of active components in the case of varying input strengths
yields only tyAmax &~ 1. This shows that it is not just the number of active components, but also
their effectiveness that matters.

Avg. node degree d: The plots in Fig. [5.6] show the effect of the reservoir network’s average
node degree, ranging from d = 0.01 to d = 100, on the explained variances, ¢;, (left plot) and
on the t, vs. 4., scatter plot (right plot). The node degrees tested were varied by adjusting the
exponent, z, in d = 10*, uniformly from =z = —2 to x = 2 with a step size of 1 for the EV plots
and a smaller step size of 0.5 for the PC-cutoff vs. valid times plot.
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Figure 5.6: Avg. node degree, d € (1072,10=1%,...,1015,10%).

As previously seen, the input strength, o, primarily affects the slope of the initial EV curve
drop for small principal components, while the spectral radius mainly determines the principal
component where the initial drop ends and the middle flat region begins. The average node
degree, d, considered here, appears to control the width of the middle flat region before the final
steep exponential drop occurs: For the extremely low node degree of d = 0.01, the final EV drop
occurs immediately after the initial drop, resulting in a similar curve of ¢; to the previous case
of a removed reservoir network, A = 0. This behavior can be explained by the fact that a node
degree of pg = 0.01 leads, on average, to only pg - rqim = 5 non-zero elements in the reservoir
network A. Thus, the network’s influence is negligible and the EV curve closely resembles the
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“tanh + no network” case in Fig. The next two larger node degrees tested, d = 0.1 and
d = 1, extend the flatter middle region to around i =~ 70 and i ~ 350, respectively, before the
drop occurs. Interestingly, for d = 10 and d = 100, the EV curves are almost the same, and the
hypothetical final EV drop appears to be beyond the limit of i, = 500. This suggests that at one
point, increasing the node degree does not introduce new independent dynamics into the reservoir.

As in the previous cases, the number of active components, this time resulting from variations
in the average node degree, d, aligns well with the corresponding valid times, as shown in the
right plot of Fig. Interestingly, the similar number of active components for the node degrees,
d =10, d = 10"® ~ 32, and d = 100, is reflected in the similar prediction qualities they produce.

Regularization parameter 5: This final experiment considers variations in the ridge regres-
sion regularization parameter, 5. Unlike in previous experiments, changes in 8 do not affect the
explained variances, ¢;, but do alter the EV cutoffs according to: ¢, = 8/Nt. The left plot in
Fig. displays the explained variance curve of the default RC setup, along with the EV cutoffs,
deo, Tesulting from seven different regularization parameters in the range 3 = 10713 to 8 = 1071,
The right side of Fig. presents the resulting i., vs. t, scatter plot using more detailed variations
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Figure 5.7: Regularization parameter, 8 € (1073,10712,...,1072,1071).

As shown in the explained variance plot, different ¢, values intersect the EV curve at different
points, allowing direct control of the active components, i.,, through the choice of the regularization
parameter, 3. Similar to the prior cases, up to ic, = 300, corresponding to 8 = 10~%, the number
of active components aligns well with the corresponding valid times, ¢t,. Even though a further
decrease in the regularization parameter results in even more active components, the corresponding
valid times decrease. The decrease in valid times for very small regularization parameters was
already demonstrated in Fig. and can be related to overfitting the training data: When the
output matrix, Wy, is overly fine-tuned to the training data, the reservoir during the prediction
phase, which by itself is a high-dimensional chaotic dynamical system, may converge to an attractor
unrelated to the Lorenz system. Therefore, these potential instabilities in the closed-loop reservoir
dynamics result in a lower prediction quality.

Conclusion The experiments presented in this section resulted in two interesting observations:

Firstly, the embedding of the input signal, (t), into the high-dimensional reservoir states, r(t), was
explored through the lens of the reservoir state’s explained variances, ¢;. The explained variances,
¢, provide a simple tool to explore the richness of the reservoir states [9], as they measure the
amount of linear correlation within the reservoir’s nodes: Smaller values indicate fewer independent
dynamics, while larger values indicate more linearly independent dynamics in the reservoir states.
It was demonstrated that only by combining memory and nonlinearity can the resulting reservoir
states, r(t), achieve a significant amount of linearly independent dynamics, which is necessary for
a successful prediction. A more detailed investigation of the explained variance curves, plotted on
a logarithmic scale, revealed three approximately distinct regions: The first region, defined by the
first few principal components, exhibits a steep initial decline in explained variance, followed by
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a flatter decline in the broader middle region, and ending with another steep drop in the third
region. Interestingly, the individual RC hyperparameters appear to directly control the properties
of these regions: The input strength, o, appears to determine the slope of the initial drop in the
first region, with a smaller value of o corresponding to a steeper decline. The spectral radius, po,
affects the point at which the first region transitions into the flatter middle region, with a smaller
value of pg resulting in a later transition. The combination of the reservoir dimension, rq;y, and
average node degree, d, appears to determine the principal component at which the middle region
transitions into the final drop, with smaller values of rq; and d resulting in an earlier transition.
In the case of the reservoir dimension, rgim, this control is due to its definition of the total width
of the EV curve. The overall slope of the broader middle region appears to be influenced by all
the hyperparameters, o, pg, d, and r4in, with smaller values in each leading to a stronger decrease.
This corresponds to the expected behaviour, as larger values of o result in more nonlinearity,
larger values of pg and d result in stronger memory, and a larger reservoir dimension, rg4;y,, results
in overall more available space for independent dynamics. Therefore, the explained variances have
been demonstrated as an interesting tool for exploring the amount of independent dynamics in the
reservoir generated by each hyperparameter.

The second interesting observation is the relationship between the number of active components, as
measured by the PC-cutoff i.,, and the prediction quality, as measured by the valid times ¢,. The
number of active components, i.,, which is determined by the intersection between the explained
variances, ¢;, and the EV-cutoff, ¢., = B/Nr, measures the number of linearly independent
dynamics in the reservoir states, r(¢), that contribute to the output through the equation y,(t) =
Wout(t) + w. The value of ic, can change by either varying the hyperparameters that control
the reservoir update equation, Eq. , causing variations in the explained variances, ¢;, or by
changing the value of the EV-cutoff, ¢,, through variations in the regularization parameter, 3,
or in the training size, Nr. Interestingly, it was demonstrated in all tested cases that a small
number of active components results in a low prediction quality. Furthermore, it was shown that
the prediction quality improves as the number of active components increases, regardless of the
hyperparameter causing the increase in i.,. This positive correlation between i, and ¢, held for at
least up to i, &= 250 principal components in all tested cases. This experiment clearly shows that
the number of active components is important for the prediction quality, but it does not imply
that it is the only factor. This can be seen, as the positive correlations between i., and t, for the
lower end of active components show different slopes depending on the hyperparameter considered.
Nevertheless, an investigation of the number of active components appears to explain why some
hyperparameter values perform well and others do not. This is particularly interesting because
the estimation of the number of active components for a given set of hyperparameters can be done
efficiently due to their low error and the fact that calculations do not need a prediction phase.

5.3 Meaning of principal components

In this section, the meaning of the principal component vectors, p,;, and the PC-transformed reser-
voir states, rpc i(t), is investigated through two simple experiments. In the previous study [9]
the meaning of the PC-transformed states, rpc i(t), was also investigated using a random omne-
dimensional input sequence with 10 possible values. The authors found that the states correspond-
ing to the first PC, r,¢ 1(¢), correlate strongly with the immediate input, the states of the second,
Tpe,2(t), with the input one step before, and so on, until the correlation diminishes. In this study,
this behaviour is further investigated by using the Lorenz system as the reservoir’s input, which
includes the additional complications arising from a three-dimensional input. Fig. [5.§ shows the
three-dimensional trajectories of the PC-transformed reservoir states generated during training,
[Ppe.1(t)s Tpe,2(t), Tpe,3(H)]T and [rpe. 4(t), pe.5(t), Tpe,6(t)]”, alongside the training input provided
by the Lorenz system. From the trajectory of the first three principal components, a slightly
deformed Lorenz system trajectory can be recognized, whereas the following three principal com-
ponent’s trajectory shows a different shape. This already suggests a close relationship between the
first zqim principal components and the driving input time series x(t).
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(a) Lorenz input (b) PCs,1=1,2,3 (c) PCs, i =4,5,6

Figure 5.8: Three-dimensional trajectories (a) of the reservoir input x(¢) given by the Lorenz
system, (b, ¢) of the PC-transformed reservoir states rpc,;(t) generated during training.

Network influence on rpc ; and p;, In this numerical experiment, the influence of the reservoir’s
memory, induced by the reservoir network, A, on the individual PC-transformed reservoir states,
Tpe,i(t), and corresponding PC vectors, p;, is investigated. To do this, two RC configurations
are compared: one with a non-zero reservoir network A given by the default RC setup with the
spectral radius py = 0.4, and the other using the same default RC setup with the network removed
by setting pg = 0. Apart from the reservoir network, both RC setups are identical in terms of input
matrix, Wj,, and node bias, b. As a result, the modified reservoir’s update equation, Eq. , is
solely dependent on the immediate standardized input S(x(t)), thereby eliminating any influence
of previous inputs:

r(t) = tanh(W;, S(x(t)) + b) (5.9)

Eq. corresponds to the “tanh + no network” case from the previous section After training
both reservoirs on the same Lorenz time series, the resulting PC vectors, p; and p,, and PC-
transformed reservoir states, rpc ;(t) and 7pc ;(t), are compared, where p; and ¢ ;(t) correspond
to the modified RC setup without network. By comparing p; with p; and ryc ;(t) with 7pc (t),
the aim is to identify any similarities between the two cases for some principal components ¢. This
would suggest that these PCs are independent of the reservoir’s memory, and are thus defined by
the reservoir’s input x(t) alone. The comparison is performed by using the Pearson correlation
coefficient (PCC), R(a,b) € [—1,+1], between two sequences, a and b. The PCC is defined as:

C(a,b)
b = .].
R(e.b) =m0 (5.10)
The function C(a,b) denotes the usual covariance between two N-long sequences a and b:
N —
Cla,b) = S (ali] - ) (bli] - B) (5.11)
k=1

For the comparison of the PC-transformed reservoir states, rp¢ ;(t) and ¢ ;, the sequences a and
b are given by:

a= [Tpc,i[l]a Tpc,i[2]7 cee 77"pc,i[NTH (5.12)
b= [’ch,i[lL TApc,i[Z]v e 7fpc,i[NT]] (513)
For the comparison of the PC vectors, p and p, the sequences a and b are given by:

a=[pi1,Di2,- - Piraim) (5.14)
b= [pi1,Di2,-»Diraim) (5.15)

Here, p; ; and p; ; denote the jth element of the ith principal component vectors, p; and p;,
respectively. As only the strengths and not the signs of the correlations are important, only
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the absolute values of the PCCs are considered. To obtain statistically significant results, the
experiment is repeated according to the ensemble experiment parameters outline in Table As
before, the median value and lower, upper quartile of the resulting absolute PCCs are presented.

The results are presented and discussed in the following:
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Figure 5.9: Network influence on principal component quantities, where (7 ;(t), p;) correpond to
the default RC setup with pg = 0.4, and (#pc,i(t),D;) correspond to the same RC setup without
network po = 0.0. (a, ¢) Scatter plots of ryc ;(t) vs. Fpci(t), and p; vs. p; for the first four
principal components for a single reservoir realization and training-section. (b, d) Absolute value
of Pearson correlation coefficient between 7pc ;(t) and 7pc ;(t), and between p; and p,. The curve
correponds to the median accross all ng reservoir realizations and nr training-sections according
to Tab. and the error band corresponds to the lower and upper quartile. Only the first 10
principal components indices ¢ are shown.

Fig. and Fig. depict the absolute PCC’s dependency on the principal component i for
the PC-transformed states and PC vectors, respectively. Additionally, Fig. presents scatter
plots of rpe, i (t) vs. Tpe,i(t), and Fig. shows scatter plots of p,; vs. p, for the first four principal
components i = 1,2,3,4, obtained from a single reservoir realization and training-section. The
scatter plots in Fig. [5.9a] illustrate that the first three PC-transformed reservoir states are largely
identical, up to a sign, whether the RC architecture includes a reservoir network or not. Even for
the fourth component, there is still a high correlation, although it is not as strong as it is for the
first three components. From the absolute PCCs shown in Fig. a strong correlation can be
observed even up to ¢ = 5. For the following principal components, ¢ > 5, the PC states are only
weakly correlated, but here only the first ten PCs are shown. The error bands are also very narrow
up to ¢ = 5, indicating that this behavior is consistent regardless of the specific realization of Wiy,
b, A, and training-sections used. A similar behaviour can be observed for the principal component
vectors p, and p,, even though the corresponding correlations are less pronounced in this case.
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Specifically, for i = 4, differences between the two PCC curves can be observed, with the PCC
between the PC vectors being lower compared to the corresponding PCC of the PC-transformed
reservoir states. Furthermore, it is interesting to note that the scatter plots of p; vs. p, all show
some points lying on a horizontal line at the origin. This line visualizes that some elements in
the PC vectors p, of the reservoir without network are close to zero, whereas the corresponding
elements in p, are not.
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Figure 5.10: Same as Fig. [5.9b/and Fig. [5.9d| but here the node bias is ommited, i.e. o1, = 0.

To study the effect of the node bias, b, the same experiment as described above, which uses the
default node bias scale of o, = 0.4, is repeated, this time with the node bias removed from both
RC setups. The resulting PCC curves for the PC-transformed reservoir states and PC vectors are
shown in Fig. In this case both RC setups, with and without network, correlate strongly only
for the first three components, corresponding to the dimensionality of the Lorenz system. This
suggests, that a non-zero node bias, b # 0, has a substantial influence on the number of principal
components, which are solely related to the reservoir’s input, ().

To conclude, the main results of this study show that at least the first xq;y principal components are
largely independent of the reservoir’s memory induced by its reservoir network, A, and therefore
are only related to the reservoir’s immediate input, x(¢). Furthermore, as the first principal
components correspond to the largest explained variances, the results also demonstrate that the
reservoir’s immediate input, x(t), is responsible for the directions of the largest variance within
the reservoir states, r(t). These results are in general agreement with those previously obtained
in section which showed that the input strength, o, influenced the explained variances of the
first few principal components the most, while variations in the spectral radius, py, and average
node degree, d, left the first few components mostly untouched.

Memory in higher PCs The previous experiment revealed that at least the first xq;yn principal
components can be attributed primarily to the reservoir’s current input, «(t). The simple experi-
ment presented here, aims to examine the impact of the previous inputs, x(t — At), x(t — 2At), . . .,
on the PC-transformed reservoir states, rpc ;(¢). In order to do so, the experiment examines the re-
sponses in the PC-transformed reservoir states, rpc, ; (), when the reservoir’s input, «(¢), is abruptly
removed. The sudden removal of the inputs causes a modification in the reservoir update equation
according to:

r(t) = tanh(Ar(t — At) + b) (5.16)

In detail, the experiment is conducted using the following procedure: Initially, the reservoir is
driven with the Lorenz system, as it is done in the usual training process, in order to obtain the
principal component matrix, P, and mean, 7, which define the PC-transformation, r,. = P(r —7).
Next, the reservoir is again driven with a separate section of the Lorenz time series for t,g— 1 steps,
after which, starting from the ¢,g’s step, the input is removed from the reservoir’s update equation
according to Eq. . The resulting reservoir states are then transformed onto the principal
components using the previously determined PC matrix, P, and state mean, #. This allows for
an examination of the responses in the individual PC-transformed reservoir states, rpc ;(t). To
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visualize the responses, the absolute difference between two consecutive time steps of the PC-
transformed reservoir states, rpc i(t), is calculated:

RESP;(t) = [rpe,i(t + At) = rpe,i(t)] (5.17)

If a principal component index, 4, is solely determined by the reservoir’s immediate input, x(t),
the corresponding response in 7y ;(t) will be instantaneous, and thus RESP;(¢) = 0 for all ¢ > t.g.
In contrast, principal components, which incorporate a greater portion of the input’s history are
expected to show a longer echo.

Besides the default RC setup with a spectral radius of py = 0.4, two additional setups with a lower,
po = 0.1, and higher spectral radius, pp = 0.9, are also tested. An ensemble of ng = 5 different
reservoir realizations trained on nt = 5 different training-sections are investigated. As mentioned
above, each training-section is only used to obtain the PC-transformation parameters, P and 7,
meaning an output fit using ridge regression is not required. For all trained reservoirs, the final
response collection is based on the same section of the time series.
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Figure 5.11: Responses in PC-transformed reservoir states rpc ;(t), when driven with an abruptly
stopping signal.

The responses for the selection of six principal components, ¢ = 1,5, 10, 50, 200, 500, and for the
three tested spectral radia, pg = 0.1, pg = 0.4, and py = 0.9, are shown in Fig. It is important
to note, that the scales of the individual y-axes are not equivalent, instead, they are selected to
match their corresponding data. The results indicate that the duration of the echo increases
as either the principal component index ¢ (plots from top to bottom) or the spectral radius pg
(plots from left to right) increases. The responses in the first principal component, i = 1, are
approximately instantaneous, especially for the two smaller spectral radii, pp = 0.1 and py = 0.4.
This demonstrates once again that the first principal component is primarily influenced by the
reservoir’s immediate input. The longer echo within the higher principal components indicates
that inputs from further in the past have a greater impact on these components. This is consistent
with the findings reported in [9]. The longer echo for larger spectral radii demonstrates the greater
impact of past inputs on the current reservoir state through the larger elements in the reservoir
network, A.

5.4 Possible further studies

The experiments presented in this chapter were only applied to the synthetically generated three-
dimensional Lorenz system. Investigating the influence of inputs with different characteristics on
the reservoir state’s explained variances, ¢;, could provide valuable insights. For example, the
effects of noisy inputs, as seen in real data, or higher-dimensional inputs such as the Kuramoto-
Sivashinsky or Lorenz-96 systems could be studied. Additionally, the impact of simpler periodic
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inputs, as opposed to chaotic ones, can be investigated. As a simple demonstration of the difference
between chaotic and periodic input data, Fig. illustrates the explained variances resulting
from a chaotic solution of the Lorenz system using Lorenz-8 = 8/3 and a periodic solution using
Lorenz-3 = 0.2. Such experiments suggest that periodic inputs lead to faster declines in explained
variances compared to chaotic inputs. Therefore, exploring the potential of using the explained
variances, ¢;, as a tool to probe the nature of the inputs, (t), could lead to interesting insights.

chaotic input
=== periodic input

— chaotic input

‘; 1 = periodic input
\ 1071/
J\ 1020
30
xS g 107 . . , , )
- 0 100 200 300 400 500
principal component ¢
(a) Input data trajectory (b) Explained variances

Figure 5.12: Explained variances resulting from chaotic (Lorenz-8 = 8/3) and periodic (Lorenz-
B = 0.2) Lorenz system input.

Additionally, the effect of different modifications to the reservoir update equation on the explained
variances, ¢;, beyond those considered in this chapter, may also yield interesting findings. For
instance, the effect of different activation functions, such as the Sigmoid or ReLU function, or the
impact of different reservoir network topologies, such as small-world, scale-free or densely-connected
networks, can be studied. Furthermore, the explained variances of the generalized reservoir states

resulting from a nonlinear readout, ¢(-), such as the extended or alternating Lu readout can be
investigated.

Considering the prediction phase of the reservoir, the possibilities of using a comparison between
the prediction variances, q~5i, and the explained variances, ¢;, as a tool to assess the prediction
quality of the reservoir can also be further explored. Intuitively, one might suggest that strong
similarities between (51- and ¢; indicate good prediction qualities, but proper statistical experiments

also considering long-term ergodic prediction measures such as Lyapunov exponents and correlation
dimensions are needed.

This chapter showed that the regularization in ridge regression occurs through the PC-filter, f(¢;),
which resembles a soft step-function going from 1 to 0 and suppresses all principal components
located on the right side of the step. The principal component index, i.,, that marks the step
location in the PC-filter was referred to as the “number of active components”, but in reality,
components i > i, still contribute weakly to the output due to the soft nature of the PC-filter.
This suggests the use of a sharp step function, which is strictly 1 for all principal components
1 < i and strictly 0 for all i > i.,. The resulting regression scheme is known as as principal
component regression (PCR) [15]. To implement PCR for reservoir computing, similarly as done
in [32], one can transform the reservoir states, r(t), into their PC-coordinate frame, yielding rp.(¢),
and then keeping only the first i., principal components, resulting in a dimensionality reduction.
The resulting states are then used as the input variables, k, in ordinary least squares regression:
k = [Tpe,1,Tpe,2s -+ s Tpeics) L - In [32], the authors used ridge regression for the final output fit
instead of OLS regression. However, they did not mention that both ridge regression and principal
component regression result in a suppression of larger principal components. An exploration of
the potential advantages of using PCR instead of RR can be conducted.

Furthermore, it was observed in some cases that applying a full PC-transformation to the reservoir
states prior to performing type-b ridge regression resulted in greater numerical stability for the RR
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output fit, when using an extremely low regularization parameter, 3. For instance, when comparing
the results of the default RC setup and the same setup with the additional PC-transformation,
applied to the Lorenz system with a time step of At = 0.05 and a low regularization parameter,
B < 1072, differences between the two can be observed. This is illustrated in Fig. where it
is shown that without using a PC-transformation before RR, the PC-transformed output matrix,
W, displays significant contributions from higher principal components, despite the fact that
they should be suppressed. This shows that while both methods are mathematically equivalent,
the prior PC-transformation seems to enhance numerical stability during ridge regression. This
improved numerical stability is reflected in the significantly longer valid times, while the standard
RC setup becomes unstable. For the larger Lorenz time step of At = 0.1, which is used throughout
this thesis, no differences in the valid times could be observed. A further exploration into this
enhanced numerical stability when using an additional PC-transformation could yield noteworthy
result.
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Figure 5.13: Influence of PC-transformation layer on (a) PC-transformed output matrix, W,
and (b) valid times, ¢, for Lorenz system with At = 0.05.

The results demonstrated in this chapter revealed that the first few principal components of the
reservoir states, 7(t), are mostly influenced by their immediate input, x(¢). These results were
obtained by comparing a standard RC setup with a modified setup where the influence of past
inputs was removed by setting the reservoir network to zero, A = 0. Denoting the reservoir states
from the setup without network as () (t), influenced by n = 0 past input states, and the reservoir
states from the standard setup as (> (t), influenced by all past inputs, n = co, one can also define
“n-step reservoir states”, r(”)(t), by limiting the influence to the nth step into the past:

7O (t) = tanh {Wy,z(t)}
rM(t) = tanh {Wi,z(t) + A tanh [Wi,a(t — At)]}
7@ (t) = tanh {Wi,z(t) + A tanh [Wi,z(t — At) + A tanh(Wi,z(t — 2At))]}

(%) (1) = tanh {wmw(t) +Ar (¢ — At)}

For simplicity, the node bias, b, and the input standardizer, S(-), have been omitted. A comparison
of the principal components of the n-step reservoir states, (") (t), with those of the standard
reservoir states, r(t) = 7(°)(t), could provide more insights into the memory capacities of the
individual principal components.
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Chapter 6

Hybrid Reservoir Computing

6.1 Introduction

The reservoir computing approach described so far was purely data-driven which is a useful ap-
proach if there is no knowledge about the governing equations producing the data. In many cases
though some knowledge about the underlying system is known and its inclusion into the data-
driven methods can usually be helpful in improving the prediction quality. These combinations
of machine learning and knowledge-based models are often called hybrid or physics-informed ma-
chine learning models. These models can be seen as a part of an important emerging field called
Theory-guided data science which “seeks to exploit the promise of data science without ignoring
the treasure of knowledge accumulated in scientific principles” [I].

One example area of science which benefits well from hybrid models is the field of extreme events
in complex dynamical systems, which studies phenomena as epidemics, tsunamis, droughts and
more [33]. These systems are usually extremely complex with a multitude of different interacting
parts [34]. As such, a detailed description of their dynamics by the means of governing equations
is often not feasible even if the underlying equations are known in principle. In these cases approx-
imate knowledge-based models, which often reduce the complexity of the system in order to make
it computationally feasible, are used to predict the behaviour of the system. Due to these approx-
imations, interesting nonlinear phenomena of these systems as extreme events are often difficult
to predict. Purely data-driven models such as reservoir computing can often predict the systems
main attractor quite well, but also face challenges dealing with extreme events which only occur
rarely in the data [33]. The combination of knowledge-based equations with data-driven machine
learning methods often leads to an improvement of the prediction quality compared to a purely
data-driven prediction.

In the field of reservoir computing different ways to implement physical knowledge into the RC
framework were explored. Doan et al. [35 [36] introduced the PI-ESN (physics-informed echo
state network) which was then extended by [37]. The PI-ESN uses the time series’ true physical
equations in order to fine-tune the RC output matrix, Wy, in a second training phase, after
being normally trained with the data only. Consequently, the PI-ESN architecture corresponds to
a normal RC architecture, as only the values of the output matrix, Wy, are adjusted using the
physical equations of the system. Their example predictions on the Lorenz system and on chaotic
flows related to the Navier-Stokes equation showed improved robustness to noise and overall better
prediction qualities. Another hybrid approach was introduced by Pathak et al. [I0], and then
utilized and extended in 38, 26, (39, 40], where, in contrast to the PI-ESN, the physical knowledge
becomes an integral part of the hybrid RC architecture. The physical knowledge of the system, as
introduced in [I0], is given as an imperfect knowledge-based model, K(-), which is a function of
the current state of the time series, u(t), that outputs an approximation of the next state:

K(u(t)) =~ u(t + At) (6.1)
By implementing the knowledge-based model, K (-), into the RC architecture, Pathak et al. were
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able to show large improvements in prediction qualities of the Lorenz and Kuramoto-Sivashinsky
system over a normal data-driven RC approach [10].

In this chapter, the hybrid RC approach by Pathak et al. is studied by comparing different variations
in the architecture, and by investigating the effect of different kinds of knowledge-based models,
K().

6.2 Hybrid RC architectures

The hybrid approach introduced by Pathak et al. [I0] consists of two independent entry points of
the knowledge-based model (KBM), K (), into the RC framework, which will be denoted here as
input hybrid (IH) and output hybrid (OH). If both input hybrid and output hybrid are used, as
originally in [I0], the resulting RC architecture will be denoted as full hybrid (FH).

The dimension of the knowledge-based output, K (u(t)), is denoted as Kqip,. In the original imple-
mentation, the knowledge-based model, K(-), is taken to be an approximate next-step predictor,
i.e. Eq. holds. In this case, the dimension of the KBM output equals the dimension of the
time series: Kqim = udim. In the course of this chapter the equation Eq. will be relaxed
so that K (-) is just some function containing physical knowledge of the system, which does not
necessarily have to be an approximate next-step predictor. In these cases Kqjm # Udim 1S also
possible, but the hybrid RC architectures described below remain the same. In the following the
same notation as in Eq. is used, where @(t) stands for the true time series, u(t), during
synchronization and training, as well as for the previous reservoir prediction, y,.(t — At), during
the prediction phase.

Input hybrid In the input hybrid approach the reservoir input, x(t), is given by the concate-
nation of the time series, @(t), and the knowledge-based prediction, K(w(t)). Mathematically,
Eq. (4.21)) belonging to normal reservoir computing is replaced by Eq. (6.2]):

0~ |xfatn) o

This extends the former input dimension of normal RC, z4jm = U%dim, t0 Tdim = Udim + Kdim-
Consequently, the input matrix, Wi,, now becomes a 7qim X (Udim + Kdim) matrix, where the
first wgim columns connect the pure input, @(t), to the reservoir nodes and the last Kg;, columns
connect the knowledge-based predictor, K (w(t)), to the reservoir nodes, r(t), respectively.

Output hybrid In the output hybrid approach, the input variables for ridge regression, k, which
are given by the pure reservoir states, k = r, or a nonlinear readout of the latter, k = ¢ (r), are
simply extended by the knowledge based model, K(@). Assuming here that no readout function
¥ (+) used, the output hybrid architecture is implemented by replacing k(t) = r(¢) from Eq.
with:

=[]

As a result, the output matrix, Wy, now has the shape of ugim X (Fdim + Kdim), where the
first 7qim rows connect the reservoir states, r(t), to the output and the last Kgi, connect the
knowledge-based model, K (u(t)), to the output, respectively. The reservoir output, y,, can then
be rewritten as:

_ r(t) _ _
Y, (t) = Wou [ K (aft ))} +w=Wyr(t) + Wipm K (a(t)) + w (6.4)

The partial output matrices, Wyes and Wiy, are of the shape ugim X Tdim and dim X Kdim,
respectively. The mean output contributions, es,; and Qipm,j, of the two matrices, Wies and
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Wibm, can be defined by averaging the absolut elements of W,os and Wy, over the reservoir
nodes and KBM-output dimensions, respectively:

1 Tdim
Q1res,j = i Z ‘Wres,ji| (65)
=1
1 Kdim
Qkbm,j = Ko > Wibmjil (6.6)
=1

Full hybrid In the full hybrid approach, as it was initially introduced in [10], both equations
Eq. (6.2) and Eq. (6.3)) are used.

The three possible hybrid RC approaches, IH, OH, and FH, are visualized in Fig. [6.1] The main
idea of these hybrid approaches is to make the physical knowledge, K(-), available within the
reservoir prediction. The output hybrid framework works in the straight forward manner, where
the ridge regression finds the optimal weights in W,y which combine the reservoir states, r(t),
with the KMB output, K (@(t)), in order to learn the desired output. In the input hybrid approach
the KMB output, K (w(t)), is just fed into the reservoir as additional input, making it less straight
forward to interpret.

Normal u(t) >@—» u(t + Ar)

Input hybrid u(t) J >@—> u(t + Ar)
Model K
Output hybrid  #@(?) » Reservoir l——» u(t + Ar)

Model K

Full hybrid u(t) » Reservoir l——» u(t + Ar)

Model K

Figure 6.1: Hybrid RC architectures.

6.3 Knowledge-based models

In this section the different knowledge-based models, K (-), which will be used to test the hybrid
architectures IH, OH, and FH are introduced. As before, it is assumed that the time series, u(t),
to be predicted is resulting from a numerical solution, using RK4 Eq. (2.3)), of a continuous time
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dynamical system given by a flow equation, Eq. (2.2)): @(t) = F(u(t)). Denoting the RK4 iterator
as M (-), the true time series is created by iteratively applying:

M(u(t)) = u(t + At) (6.7)

e-model K. The e-model, K(-), as was used in [I0], is created by modifying one parameter value
of the true dynamical system’s flow, F(-), and then performing the same numerical integration
method, i.e. RK4, in order to artificially create an imperfect predictor, K.(-). The modified
parameter in the flow is obtained by multiplying the true systems’ parameter by a factor (1 + €),
where € is denoted here as the model error. If the model error, €, is not too large, K.(u(t)) =~
u(t + At) holds. For example, in the Lorenz system, Eq. , the parameter p = 28 can be
modified to p(1 + €) = 28(1 + ¢). In Fig. [6.2| the true Lorenz time series, created using the default
parameters p = 28,0 = 10,5 = 8/3, is compared with the e-model prediction where o and
remain the same, but p is modified to p = 28(1 + €) = 30.8, using ¢ = 0.1. The pure e-model
prediction only archives a valid time of t,A.x = 0.4. From the three-dimensional trajectory plot

in Fig. one can observe that the effect of the modification of p results in a slightly rotated
Lorenz attractor.

= True — e-model prediction

= True = e-model prediction

t- /\max
(a) 3D-Trajectory (b) Time series
Figure 6.2: True Lorenz time series vs. e-model with the parameter change: p — (1 + €)p. Here,
the model error € = 0.1 is used, which modifies the default p = 28 to g = 30.8.

Flow-model Kgow The flow-model, Kpqoy, is simply given as the flow of the true dynamical
system, Kfow() = F(-). This model is used to investigate if a knowledge-based model that does
not approximately predict the next state of the system, Kgow (w(t)) % u(t + At), but still contains
information about the system is able to improve the prediction quality of the hybrid reservoir.

Dimension-selection-model K45 In this case, the knowledge-based model, Kgs(-), is given as
only one dimension of the true systems iterator, M(-). Writing the true iterator dimension-wise,
M(u) = [M;y(u), Ma(u), ..., M,,, (u)]T, the dimension-selection-model, Ks(+), is given by:

Kas(u) = M;(u) (6.8)

Here, the dimension [ represents the chosen dimension. As before with the flow-model, the

dimension-selection-model does not provide a next-step predictor according to Eq. (6.1]), but still
contains useful information about the dynamical system.
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Sinus-model Kg;, In order to test the influence of an extremely inaccurate model which incor-
porates no knowledge of the underlying system, but still produces a nonlinear transformation of
the state, the sinus-model K, (+) is also tested, which is given as:

Kn(u) = [sin(uy),sin(us), ..., sin(ty,, )]" (6.9)

6.4 Experiments and results

In order to investigate the predictive qualities of the three hybrid models, IH, OH, and FH, the
valid times for these architectures are compared to each other and to a normal non-hybrid reservoir,
for the four kinds of knowledge-based models, e-model, flow-model, dimension-selection-model, and
sinus-model, introduced in the previous section. In the case of the e-model, the model-only predic-
tion, using no reservoir, is also included in the comparison. As before, the default RC setup defined
in Sec. is used, i.e. node bias and input standardization is incorporated, and the nonlinear reser-
voir readout ¢(-) is omitted. All hyperparameter values which are not explicitly varied are taken
from Tab.[£.2] and the ensemble experiment parameters are taken from Tab. In addition to the
well-known Lorenz system, eight other three-dimensional continuous-time chaotic dynamical sys-
tems are studied, whose flow equations and default parameters are listed in appendix[A] Table
lists all nine tested systems, along with the e-parameter which defines the choice of parameter that
is modified in the e-model.

System Eq. e-param | System e-param
Chen A1 a Roessler a
ChuaCircuit A2 @ Rucklidge a
DoubleScroll (A3 a Thomas b
Halvorsen A a Windmi a
Lorenz 2.10) o

Table 6.1: Equation references and selected e-parameter which is modified in the e-model.

e-model Fig. [6.3] shows the influence of reservoir dimension, 7qim, and model error, €, on the
Lorenz system’s valid times for the three hybrid architectures IH, OH, FH. The model-only and
reservoir-only predictions are also shown for comparison.

= = only reservoir input hybrid === output hybrid = = only reservoir input hybrid === output hybrid
=== full hybrid *== only model === full hybrid *=== only model
154
10+
% 5
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Reservoir dimension 7gj;, model error €
(a) Model error fixed at € = 0.1 (b) Reservoir dimension fixed at r4im = 500

Figure 6.3: Hybrid RC using the e-model for the Lorenz system.

With the model error fixed at ¢ = 0.1, Fig. clearly shows that all three hybrid approaches
significantly increase the valid times compared to either a model-only or a reservoir-only prediction.
The FH prediction, which uses both the input and output hybrid approaches, provides the best
prediction over all reservoir dimensions, rgim, tested. It is interesting to note that for small
reservoirs, rqim ~ 25, the predictive qualities corresponding to FH and OH are equivalent and
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much higher than those of the IH and the reservoir-only approach. This is due to the fact that
the output hybrid approach is independent of the reservoir dimension, 74iy,, so that the full power
of an accurate knowledge-based model can be utilized even for small reservoirs. In contrast, the
IH approach doubles the reservoir input size, and therefore requires a sufficiently large reservoir to
effectively utilize the KBM effectively. This can be seen from the IH valid times curve surpassing
the OH wvalid times curve at rgim ~ 200. Fig. shows the effect of a varying model error ¢ for
a fixed reservoir dimension of rq;, = 500. As expected, the valid times of all hybrid approaches
decrease as the model error increases from an extremely accurate model, e = 1074, to an extremely
inaccurate model, € = 100. For the highly accurate model with € = 10™*, the valid times of FH
and OH are equivalent and significantly higher than those of the IH, reservoir-only and model-only
approaches. It is interesting to note, that the predictive qualities of IH do not vary within the
range from € = 107% to € = 0.1. As the model error increases, the OH approach converges to the
reservoir-only prediction. The FH and TH approaches, on the other hand, show even lower valid
times in the case of the highly inaccurate model with € = 100.

For the OH approach using rgim = 500, the reservoir and KBM output contributions, €. ; and
Qkbm, j, are shown in Fig. for three different model errors e € (1074,0.1,100).

‘ B Reservoir KBM
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03 B I . 8

2 I I 2 26

g g g

= 02 | | : <y

o 0 3 3 < S

0 ? ! 1 L 7 0

1 2 3 1 2 3
output dimension j output dimension j output dimension j
(a) e=10"* (b) e=0.1 (c) € =100

Figure 6.4: Output contributions of OH approach with rg;;, = 500 using the e-model.

In the case of the highly accurate model with e = 10~%, most of the weights in W, are contributed
to the knowledge-based e-model. For ¢ = 0.1, which corresponds to the model error used in
Fig. the contributions of the reservoir nodes and of the KBM are approximately balanced. In
the case of the highly inaccurate model with € = 100, most of the output can be attributed to the
reservoir nodes. This demonstrates how the output matrix, Wy, in the OH and FH approaches is
able to choose between the KBM and the reservoir nodes, depending on the accuracy of the model.
This also demonstrates the power of the OH approach, which in the worst case, when the KBM
is very inaccurate, just reduces to the reservoir-only prediction. For TH and OH, however, the
KBM-output directly influences the reservoir states, r(t), which, in the case of a highly inaccurate
model can reduce the predictive ability of the reservoir states, as shown in Fig. [6.3D] for e = 100.
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Figure 6.5: Hybrid RC using the e-model with ¢ = 0.1 for all nine dynamical systems.

Fig. [6.5 compares the three hybrid architectures with a fixed model error ¢ = 0.1 for the nine
different dynamical systems from Tab.[6.1] using a smaller reservoir rqim = 50 and a larger reservoir
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rqim = 900. In all cases, the hybrid approaches IH, OH, and FH show higher valid times than the
reservoir-only and the model-only prediction, with the OH and FH approaches yielding even better
prediction qualities compared to TH. Furthermore, the equivalence of the FH and OH approaches
using smaller reservoirs such as rq;;, = 50, which was already observed for the Lorenz system in
Fig. [6.3a] can also be confirmed for the other dynamical systems. Even in the case of the larger
reservoir with rgi, = 500, the OH wvalid times are equivalent to the FH valid times for many

systems.

Flow-model As before with the e-model, Fig.[6.6a]shows the influence of the reservoir dimension,
Tdim, on the Lorenz prediction for the three hybrid approaches, this time using the flow-model as
the knowledge-based model. All hybrid approaches improve the prediction qualitiy compared to
the reservoir-only prediction, but compared to the e-model with € = 0.1, the improvements are only
marginal. As shown in Fig. the valid times of the hybrid predictions with rq;, = 500 of most of
the other dynamical systems also show only small improvements over the reservoir-only prediction.
Nevertheless, the Halvorsen system and the Windmi system show significant improvements in all
hybrid architectures using the flow-model. The prediction of the Thomas system shows a case
where the OH approach actually performs worse than the reservoir-only prediction.
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Figure 6.6: Hybrid RC using the flow-model.

The higher effectiveness of the hybrid predictions using the flow-model in the cases of the Halvorsen
and Windmi systems can also be observed in the reservoir and KBM output contributions, e,
and Qypm, j, for the OH approach. In both cases, shown in Fig. and Fig. a non-vanishing
KBM-contribution is observed, although the KBM-contribution for the Halvorsen system is still
rather small compared to the reservoir-contribution. In contrast, for the Lorenz system shown in
Fig. the KBM-contribution to the flow-model is only vanishingly small, which corresponds
well to the marginal prediction improvement in this case.
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Figure 6.7: Output contributions of OH approach with r4;;, = 500 using the flow-model.
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Dimension-selection-model Fig. shows the influence of the reservoir dimension, 74y, on
the prediction of the Lorenz system using the dimension-selection-model with [ = 1 serving as the
knowledge-based model. In this scenario, the FH and IH approaches perform similarly well and
enhance the prediction compared the OH and reservoir-only approaches for all reservoir dimensions
tested. The OH approach only shows a slight improvement over the reservoir-only approach for
small reservoir sizes. Fig. depicts the valid times for all systems evaluated using a reservoir of
raim = 900 and again setting the selected dimension to [ = 1 for each system. For certain systems,
such as the Chen, ChuaCircuit and Halvorsen systems, the dimension-selection-model significantly
improves the prediction. However, for other systems, such as the DoubleScroll, Roessler and
Windmi systems, the hybrid approaches are still not able to generate a successful prediction.
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Figure 6.8: Hybrid RC using the dimension-selection-model with [ = 1 for each system.

The dimension-selection-model’s effectiveness is strongly influenced by the chosen selected dimen-
sion [, as demonstrated in Fig. which shows the distribution of valid times depending on the
selected dimension for the ChuaCircuit and Windmi systems, using the OH approach.
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Figure 6.9: Distribution of valid times for OH approach with rg;,, = 500 depending on selected
dimension [ in the dimension-selection-model.

In both cases the choice of [ leads to significant differences in the valid time distributions. As
can be seen from the ChuaCircuit’s flow Eq. , all of its nonlinearities are contained in
the first dimension, #(¢). It follows, that only the first dimension of the RK4 iterator, x(t +
At) = My(x(t), y(t), 2(t)), contains nonlinearities, while the other two dimensions, Ms(x,y, z) and
M;s(x,y, z), are just linear functions of z, y, z. As a result, when choosing Kqs(x,y, z) = M (z,y, 2)
as the knowledge-based model, all the complex nonlinearities are handled by the KBM, leaving
the reservoir to learn only the linear functions Ms(x,y, z) and Ms(z,y, z). For the Windmi sys-
tem, all the nonlinearities are contained in the third dimension, resulting in the higher valid times
for [ = 3. Although the effectiveness of the hybrid approaches appears to be optimal when the
chosen dimension, [, corresponds to a dimension with high nonlinearity in the system, even if
Kas(z,y,2) = M)(z,y, 2) is linear, the hybrid approaches can still be beneficial. This can be ob-
served, as dimension [ = 2 for both the ChuaCircuit and Windmi systems results in higher valid
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times compared to the reservoir-only prediction shown in Fig. despite the corresponding
KBMs, Kgs(z,y,2) = Ma(z,y, ), being linear.

Fig. illustrates the effect of the selected dimension, [ € (1,2,3), on the output contributions,
Qres,j and Qypm j, in the OH approach when applied to the ChuaCircuit system. As expected, for
all selected dimensions [, the reservoir-contribution €2,¢s ;—; vanishes, as it is accurately covered
by the KBM. Interestingly, even when the KBM is given by the second or third dimension of the
ChuaCircuit’s iterator, M;—5 or M;_3, a majority of the KBM-contributions are still attributed to

the nonlinear dimension, j = 1.
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Figure 6.10: Output contributions of OH approach with rq;, = 500 using the dimension-selection-
model for the ChuaCircuit system.

Sinus-model This paragraph investigates the sinus-model, which represents a highly inaccurate
model containing no information about the dynamical system. The sinus-model is represented by
Kan(z,y,2) = [sin(z),sin(y),sin(2)]7. As for the other KBMs, Fig. shows the influence of
the reservoir dimension, 7qim, on the prediction of the Lorenz system, while Fig. [6.11b| depicts the
valid times for all dynamical systems that were tested using a reservoir dimension of rgi,, = 500.
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Figure 6.11: Hybrid RC using the sinus-model.

In all cases, apart from the Thomas system, the OH approach is equivalent to the reservoir-only
approach, and the IH approach is equivalent to the FH approach. Furthermore, only for the
ChuaCircuit and Thomas systems do the IH and FH approaches perform better than the OH
and reservoir-only approaches. This confirms the previous claim that when the model is highly
inaccurate, the OH approach just reduces to the reservoir-only prediction. On the other hand, the
IH and FH approaches, which incorporate the inaccurate model into the reservoir states 7(t), fail
to ignore the inaccurate model, and as a result, the prediction quality decreases. The exceptional
behaviour for the Thomas system can be attributed to the fact that its flow equation, Eq. ,
includes the terms sin(x), sin(y), and sin(z). Therefore, in this case, incorporating the sinus-model
Kin actually introduces some relevant knowledge about the system.

This behaviour of the Thomas system is further supported by investigating the reservoir and
KBM output contributions, (es,; and Qypm,;, for the OH approach using a reservoir dimension
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of rqim = 500, as shown in Fig. In this case, it can be observed that the sinus-model
makes a notable contribution to the output matrix, Wy;. Nevertheless, the sinus-model in the
OH approach seems to generate unstable dynamics, as its valid times are close to zero, as seen
in Fig. For the Lorenz system, where the sinus-model does not lead to differences between
the OH approach and reservoir-only approach, the KBM-contribution, Qyp,m,;, is insignificant, as
shown in figure

| B Reservoir KBM B Reservoir KBM
10 \
- = 08 1
=1 g |
4 g 04 I ! I T
S S |
0
1 2 3
output dimension j output dimension j
(a) Lorenz system (b) Thomas system

Figure 6.12: Output contributions of OH approach with r4;,, = 500 using the sinus-model.

Conclusion In summary, the input hybrid, output hybrid, and full hybrid approaches were evalu-
ated for nine different chaotic dynamical systems using various artificially created knowledge-based
models.

The e-model with a lower model error was used as an accurate knowledge-based model that is able
to approximate the next step in the time series, according to Eq. . It is important to note that
for one choice of € the accuracy of the knowledge-based model can vary depending on the chosen e-
parameter (Tab. and the general characteristics of the individual dynamical systems. For these
accurate e-models, it was observed that all hybrid architectures showed a significant improvement in
predictive qualities compared to the reservoir-only approach, with the output hybrid and full hybrid
approaches standing out in the comparison over all dynamical systems. Generally, throughout all
dynamical systems and KBMs tested, it was observed that the full-hybrid approach was always
performing as good or better compared to the input-hybrid approach. This is because the FH
approach reduces to the IH approach for highly inaccurate models and incorporates the strengths
of the output-hybrid approach for highly accurate models. Furthermore, it was demonstrated that
the IH approach requires higher reservoir dimensions, rqim, in order to efficiently incorporate the
KBM. In contrast, using the FH and OH approaches, a small reservoir is often sufficient in order
to generate good predictions, compared to the reservoir-only approach. The only downside of the
FH approach becomes apparent, when confronted with a highly inaccurate KBM, as demonstrated
with the e-model with ¢ = 100, and with the artificially wrong sinus-model. In this case, as in
the IH approach, the inaccurate KBM is incorporated into the reservoir states, r(t), which may
diminish its predictive abilities. By using the OH approach this problem can be surpassed, which
reduces to the reservoir-only prediction for highly inaccurate KBMs. In addition, the flow-model
was used as a knowledge-based model that incorporates some knowledge about the dynamical
system, without being able to approximate the next state directly. For most dynamical systems
tested, the flow-model lead only to a marginal improvement of valid times when incorporated into
the Hybrid approaches. Using the dimension-selection-model as the KBM, it was interesting to
note that the hybrid approaches are most effective when the chosen dimension [ covers most of the
nonlinearity of the dynamical system.
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Chapter 7

Summary

To summarize, this thesis considered the software-based approach to reservoir computing for the
task of predicting three-dimensional chaotic dynamical systems. In most cases, the well-known
Lorenz system was used as the testing data. In chapter [4] the RC approach that includes useful
extensions such as node bias and input standardization, and an ensemble method to statistically
assess its prediction quality was introduced. The influence of individual hyperparameters on the
prediction quality was demonstrated in Fig.

Chapter [5| analyzed the high-dimensional reservoir states, r(t), and corresponding ridge regression
output-learning by using the reservoir state’s principal components, according to the theory out-
lined in chapter The reservoir state’s explained variances, ¢;, were shown to provide a useful
tool to assess the richness of the reservoir, as they measure the amount of linearly independent
dynamics in the reservoir’s nodes. The observed exponential decrease in ¢; confirmed the expected
high correlations between the reservoir’s nodes. The influence of the RC hyperparameters control-
ling the input-reservoir coupling on the explained variances, ¢;, demonstrated how some RC setups
lead to more and others to less independent dynamics in the reservoir. The novel interpretation of
ridge regression through principal components in the case of reservoir computing resulted in the
definition of the number of active components, ic,, that approximately measures the number of
principal components considered in the output of the reservoir. Interestingly, the lower end of the
number of active components, i.,, was shown to correlate strongly with the corresponding predic-
tion quality, regardless of the hyperparameter that caused the change in i.,. This is a remarkable
result, as the number of active components appears to explain the increase in prediction quality
previously observed in Fig. with an increase in reservoir dimension, rqim,, input strength, o,
spectral radius, pg, average node degree, d, and with a decrease in the regularization parameter,
8. Additionally, the meaning of the individual principal components was investigated in terms of
their memory capacities. Here, it was shown that the first few principal components are primarily
influenced by the reservoir’s immediate input, x(t), while the later components have a stronger
association with the reservoir’s memory. For possible further studies utilizing the combinations of
PCA and RC, view section

For the second topic of this thesis, presented in chapter[6] the physics-informed hybrid RC approach
introduced by Pathak et al. [I0] was further explored. In this hybrid approach a knowledge-
based model is connected either to the input (input hybrid) or output (output hybrid) of the
reservoir, or to both in the full hybrid approach. It has been demonstrated that in situations where
the knowledge-based model is relatively accurate, the use of hybrid approaches can significantly
improve the reservoir predictions. Among the hybrid approaches, the output hybrid and full hybrid
approaches showed particularly exceptional results across all three-dimensional chaotic systems
tested. Providing the flow of the underlying dynamical system as the knowledge-based model
also resulted in improved prediction qualities compared to the reservoir-only approach, although
the improvements were smaller. Additionally, the knowledge-based model, when represented by
only one dimension of the true system’s iterator, was found to be most effective in assisting the
reservoir when handling the difficult nonlinear dimensions. It has been demonstrated that for
highly inaccurate knowledge-based models, the output hybrid approach defaults to the reservoir-
only approach, while the prediction quality in the input hybrid and full hybrid approaches may be

53



CHAPTER 7. SUMMARY

undermined.

For both topics in this thesis, PCA-explainability and hybrid RC, further research could be con-
ducted with a broader range of test data, such as higher-dimensional, noisy, and especially real-
world data.
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Appendix A

More three-dimensional chaotic
dynamical systems

All system equations, default parameters, initial points, and maximal Lyapunov exponents are
taken from [12].

Chen’s system

#(t) = aly — o)
yt)=(c—a)r —xz+cy (A1)
2(t) = a2y — bz

Parameter values ‘ Initial point w(0) ‘ Time step At ‘ MLE Apax
a=35b=3,c=28 ‘ [—10,0, 37] ‘ 0.03 ‘ 2.0272

Chua’s circuit

() =aly—z+br+0.5(a—b)(|z+ 1| — |z — 1|)]

gty =z —y+2 (A.2)
£(t) = =By
Parameter values | Initial point u(0) | Time step At | MLE Apax
a=9,8=100/7,a=8/7,b=5/7 | [0,0,0.6] | 0.2 | 0.3271
Double scroll
i(t) =y
y(t) = = (A.3)

(t) = —alz +y + 2 — sgn(z)]

Parameter values ‘ Initial point w(0) ‘ Time step At ‘ MLE Anax
a=038 | [0.01,0.01,0] | 0.03 | 0.0497
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Halvorsen’s cyclically symmetric attractor

i(t) = —ax — 4y — 4z — o?
y(t) = —ay — 4z — 4o — 22

—az — 4 — 4y — 2?

Parameter values ‘ Initial point w(0) ‘ Time step At ‘ MLE Anax

a=127 | [-50,0 | 005 | 0.7899

Rossler attractor

2)=b+z(x —¢)

Parameter values ‘ Initial point w(0) ‘ Time step At ‘ MLE Apax

a=b=02,c=57| [-9,0,0] | 0.2 | 0.0714

Rucklidge attractor
Z(t) = —kx + Ay —yz

At) = —z+y°

Parameter values ‘ Initial point w(0) ‘ Time step At ‘ MLE Apax
k=20,A=6.7 | [1,0,4.5] | 0.1 | 0.0643

Thomas’ cyclically symmetric attractor

&(t) = —bx + sin(y)
y(t) = —by + sin(z)
2(t) = —bz + sin(x)
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Parameter values ‘ Initial point w(0) ‘ Time step At ‘ MLE Apmax

b=0.18 | [0.1,0,0] | 0.4 | 0.0359

WINDMI attractor

2(t) = —az —y + b — exp(x)

Parameter values | Initial point %(0) | Time step At | MLE Apax

a=07,b=25 | [0,0.8,0] | 0.2 | 0.0755
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Appendix B

Effect of ridge regression type in
RC

In the theory presented in section |3.2] it was demonstrated that type-b ridge regression, which
incorporates an unregularized intercept w, is in principle superior compared to type-a (no intercept)
and type-c (regularized intercept) ridge regression. However, in section it was observed that
the choice of ridge regression type (a, b, or ¢) had a negligible effect on the prediction of the Lorenz
system. In this appendix, it is demonstrated, that the equivalence of the three RR types previously
shown is due to the relatively small mean of the Lorenz data. When the Lorenz data is modified
by adding a large offset, w(t) — u(t) + J, the superiority of type-b RR becomes apparent.

As mentioned in section [£:4] the calculation of the valid time using the previously defined over-time
error, e(t) from Eq. (4.20), fails if the output data, y(¢), has a very large mean. Consequently,
in this experiment where a large offset is added to the Lorenz data, the over-time error must be
modified to:

0BG B
(ly () = Cy@)1?)
The over-time error in Eq. is now invariant under offsets in the data. The resulting valid
times for the three RR types, as a function of the data offset in the range § = 0 to § = 600, are
shown in Fig. It can be seen that only in the case of type-b ridge regression does the prediction
quality remain invariant under the data offset, .

——a b—.—c

tv )\max
AN
—

5 1

0 100 200 300 400 500 600
data offset &

Figure B.1: The median and lower/upper quartiles of the valid times for the default RC setup in
predicting the Lorenz system where each dimension includes an offset of d, for the three RR types.
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