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Invariants of the plane-stress elasticity stiffness matrix [Q] play a key role in composite design, as they
simplify design processes. Multiple invariants have been proposed independently in the past, such as the ‘trace’
Tr = trace([Q]) by Tsai and Melo or the invariants U,, U, and Us, which are often used in context of lamination

The present paper presents a parametric description of rotation-independent (invariant) linear combinations

of the coefficients Q, ’ of [Q]. It is shown that the aforementioned invariants are special cases of the developed
parametric description, in which a novel invariant I, = Q; + 0y + O}, + Q¢ plays a key-role.

1. Introduction

Invariants play a key-role in composite design since decades [1]. In
recent publications Tsai [2-5], the ‘trace’ invariant (T'r) has been pro-
posed, as a scalar material property, defined as Tr = Oy, + 0y +2Q¢s =
01, + 0y, + 20 in context of UD-reinforced plies and corresponding
laminates. In earlier publications the invariants U,,U,,Us and I, I,
have been proposed.

All those invariants are used in context of the classical laminate the-
ory (CLT), which bases on the plane-stress assumption, on engineering-
strain formulation and on matrix notation [6]. The development of the
‘trace’ invariant is presented in the literature [2, p. 65] with a link
to tensorial strains, which appears questionable at first glance, as the
‘trace’ is used in context of engineering strains with the CLT.

In fact, all the aforementioned invariants are linear combinations of
the coefficients Q;; of the plane-stress elasticity-stiffness matrix [Q]. In
the present paper a generalized description of all [Q]-specific invariants
is presented. It is shown that all previously presented invariants (T'r,
U, U, Us and I,, I,) are special cases of the generalized form. A novel
invariant I, is identified. It is defined as Iy = Q; + Q) + Q5 + Qg =
Q11+ 05 + 0}, + Oy and plays a key-role in the presented generalized
invariant description. I, is compatible engineering-strain formulation
of the CLT.

1.1. A comment on the ‘trace’ development

The coefficient matrices of the stress and strain tensors (see Reddy
[7, p. 90]) are
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Both are symmetric. For symmetric second-order tensors, as [T] for

example
Ty, T, T
[T1=|Ty, Tn Txn|: &)

Tz Ty Ti
the principal invariants 7, I, and I; are defined as:

I, =‘trace’ =T + Tp, + T3
I, =trace(adj([T]))

=Ty T3 —T223 +T, - T3 —T123 +T), Ty —T122
I, = ‘determinant’

2 2 2
=T TyTs3 + 2T, 11313 — (T T + 111 Th + T33T),)

with adj(...) indicating the adjoint (see Appendix), and I, being the
sum of the main sub-determinants.

In context of composite-laminate design the matrix formulation is
used (see Reddy [7, p.91]), with [C] being the 6 x 6 stiffness matrix,
deduced from the fourth-order elasticity tensor
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The simplification to the 2D plane-stress case, in the CLT, leads to the
expressions

0y Lt €] €] €11 €11
oy |=|0y |=10]-|&2|=[0]-| &5 | =[O]"]| €3 |=[OI[R]-| 22| » (4)
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as outlined in multiple established textbooks in the field (see [2,6—
12]). Note that [R] defines the Reuter matrix. The plane-stress elasticity
stiffness matrix in the material ([Q]) and the global [Q] coordinate
system is defined as:

O Qn 0 B Q:ll Q:lz Q:16
[Q1=|01, O 0 , [01= Q_12 Q_22 Q_26 )
0 0 Qg Ois O Des

while both matrices refer to engineering strains. For tensorial shear
strain (g; ;= %y,- j) it reads:

Qll Q12 0
[Q] [R] = Q]z Q22 0 . (6)
0 0 204k

Tsai and Melo [2] identified that the trace Tr of [Q][R] is invariant
under rotation, which can be shown with the following O, 7 coefficients,
which refer to the laminate’s global coordinate system. Therein, m =
cos(a) and n = sin(a), with a being the plies’ rotation angle with respect
to the laminate’s global x-axis.

011 = m*(m*Qyy + Q1) + n*(m*Qyy + 1 Q) + 4m*n” Qg

0y = 12(1P Q1 + m Q) + m* (0 Q1 + m* Q) + 4m*n* Qe

Ogs = mM*n* (01 + 0y5) — 2m*n* 0y, + (m* — 2m*n® + n*)Qgq

01y = m*n*(Qy; + Op) + (m* +n*)0y, — 4m*n’ Qg @
Tsai and Melo defined the ‘trace’ as: Tr = Qi + Oy + 20¢ =

O + 0y + 204 = trace([Q][R]). It is important to highlight here that

trace([Q]) is not invariant, even though one finds this statement in some
references (see e.g. Tsai and Melo [2, p.280]).

1.2. Use of the trace Tr
Tsai and Melo use T'r for the development of a trace-normalized de-

scription of ply and laminate properties, which allows for generalizing
the design processes to a group of materials.

[01=Tr-[0*] = trace normalized!
[A]= Y0 - 4, [AT7] = D (0"l - 1
k=1 k=1

-

(Bl=3 Y [0l -(h—h,_)  [B"1=3 DI0") - (hy —h}_)
k=1 k=1

(D] = 1 Z[Q]k(hi ) (D7) =1 Z}[Q*]kmi )
k= k=

(8)

For this concept it is essential that Tr (or another scalar parameter)
is invariant from rotation, in order to consider it a scalar pre-factor
for the summations in [A], [B] and [D]. However, other pre-factors are
conceivable as well, as long they are invariant from rotation-

2. A parametric description of all Q,;-related invariants

In the literature other invariants of [Q] are presented for different
purposes, as for example the following cases:

« Case U: U| = %Q“ + %Qn + inz + %Q(,ﬁ (see [2, p.62])
* Case Uy Uy = éQ” + %sz + %le - %Q“ (see [2, p.62])
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+ Case Us: Us = 10y, + 3Op — 101 + 5 Qg5 (see [2, p.62])
* Case I;: I} = Q| + 0y +20, (see [2, p.65])

+ Case I,: I, = ‘trace’ Tr = Q1 + O, + 204 (see [2, p.65])
» Case Iy: 215 =1} + I, =2(Qy; + O + Q15 + O¢s)

In fact, Tr and all other presented invariants are linear combinations
of the Q,; coefficients. This leads to the question whether all those
invariants can be expressed with a single relation.

The following section shows that this is possible. A simple four-
parameter optimization approach has been set up. The objective func-
tion was defined as

Obj = % [1’1 (011 — Q1)+ p2- (On —0y)

+ 23 (@12 —012) +ps - (Og6 — Qﬁs)” , (C)]
with the parameters being defined as integer variables, with 1 <
Pis---» P4 < 8, in order to exclude trivial solutions.

Analyses of feasible solutions revealed that for all cases p; = p,,
which are hereafter summarized using 5. In addition, it was found that
all solutions show an integer offset in the parameters p; and p,, with
p3 = b—1i, p, = b+ i. The observed offset is denoted as « hereafter,
leading to the expression
b QO +(b=a)- Q1 +b-0yp +(b+a) Qg =

b-O1+(b=a) Qi +b-0p+b+a) O , (10)

or
b- (011 + 01+ 0y + 0g) +a- (Qes — O12) =
b- (O +Q1p+ 0p + Ogs) +a- (s — C12) . a1
in rearranged form. The parameters b and a are defined as: b > 1 €
N and a € Z. Thus, all invariant combinations can be parameterized
using b and a as shown hereafter. With the invariant I, = Oy +
Q_IZ + sz + Q_Gf) = Qll + Q12 + Q22 + Q66 and the coefficient from
Equation-set (7) one finds:
]paru =b- 1Q+a'(Q66_Q_12) 12)
=b-Iy+a- [mn*(Qy + Qy) — 2m*n*Qyy + (m* — 2m*n® + n*) Qg4+
—m?n*(Qy + Q) — (m* + 1)1y + 4m*n* Qg
=b-Ip+a [—(m4 +2m*n* + n4)Q12 + (m4 +2m*n® + n4)Q66]

=b-Ip+a[Qs— Q)] 13)
=b- (01 + 012+ 0n+0g) +a Qg —Q12) - a4
It is noted that the Qg — O, = Q¢ — O, is invariant as well

(See Egs. (12) and (13)). In summary, the following parameterized

expression I,,,,, is invariant from rotation for all combinations of b and

a:
Lyra =b- (011 + Q12 + O + Qg6) + @ (Qg — O12) (15)

=b- (011 + 012+ 0 + O6) +a- Qg5 — O12)
with b>1eNandae?Z (16)

3. Application

The presented parametric invariant I,,,, shall capture all the afore-
mentioned invariants, which is demonstrated hereafter for Tr, U,, Uy,
Us, I, I, and I.

3.1. Case I;: b=1,a=-1

See Tsai and Melo [2, p.65].

Lora =b- (011 + Q12 + O + Og) +a- Qg6 — O12)
=0y, + 0y +20,, =1, in Tsai and Melo
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Table 1
Case-specific b,a parameters for I,,, for known invariants. Note that scalar pre factors are disregarded for
U, U,, Us.
Case Source Invariant Iua coefficients
b a
I [2, p. 65] Q1+ 0, +20), 1 1
I, ="Tr! [2, p. 65] 0,1 + 0y +204 1 -1
I present paper Q) + 05+ 01y + 0 1 0
U, [2, p. 62] 130y +305, +20, +404) 3 1
U, [2, p. 62] % (@) + 0y +60), - 4Q66) 1 -5
Uy [2, p. 62] 5 (011 + 00 =20, +40¢) 1 3

3.2. Case I,:b=1,a=1

See Tsai and Melo [2, p.65].

Lo =b- (011 + 013+ 0+ Os) +a- (Ogs — O12)
=0}, + 0y +20¢ = trace = I, in Tsai and Melo

3.2.1. Case In: b=1,a=0

Tyra =b- (011 + Q12+ O + Og6) +0- Qg6 — O12)
=0,1+0y»+01+0¢=1p

3.3. Case U;:

Note that the scalar factor 1/8 is excluded for U,, U, and Us.

S

3 3 1 1
= §Q11 + §Q22 + ZQ'Z + §Q66

1
=3 (3011 +302 +201, +40Q¢)
— inserting b = 3,a =1 in Eq. (13) yields:

= é(3 (@11 +0p + 01y + 0g6) + 1(Qg6 — 012))

= %(3 011 +302 +20; +40¢)

3.4. Case Uy,:

Us= %Qn + ész + %le - %Qéﬁ
= %Qu + %sz + ngz - %Q66
= é (1011 + 105, + 60, — 40¢6)
— inserting b = 1,a = =5 in Eq. (13) yields:
= 50101+ 0+ 013 + Oge) — 5(0g — 1))

= %(Q_ll + 0 + 60, — 4046)

3.5. Case Us:

=
[

1 1 1 1
= §Q11 + §Q22 - ZQIZ + §Q66
1
=3 (Q11 + Q02 =201, +404)
— inserting b= 1,a =3 in Eq. (13) yields:
1 _ _ _ _ _ _
=31 (@1 + 00+ 012+ Q) - 3(Qes — O12))
1 = _ _
= g(Qu + 0 — 20, +40Q¢)

Table 1 summarizes the previously presented cases.

4. Conclusion

Invariants play a key role in composite design. Different
Q;;-dependent invariants of the plane-stress elasticity matrix [Q] were
presented in the past individually, such as the ‘trace’ Tr, U,, Uy,
Us or I,, I,. The present paper presents a generalized parametric
invariant description of all rotation independent linear combinations
of 01,015, 0,, and Qg of [Q] or [Q], respectively.

It is demonstrated that previously presented invariants are all
covered by the parametric formulation. It is defined as I,,, = b -
(011 + 012+ 0x +0g4) + a - (Qgs — 1), with the parameter b and
a being limited to: b > 1 € Nand a € Z. Note that Tsai’s trace Tr
is determined for b = a = 1. The invariant I, plays a key-role in the
parametric description. It is defined as I, = O+ 05, + 0}, + Q. Being
the sum of all O, ; coefficients of [Q], makes it an easy to use invariant,
compatible with the CLT.
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Appendix

The inverse of matrix [T'], can be written as
1

T1™' = ——— - adj(T] . 17
[T] 2ei(TD) adj([T1) an
The adjoint of the symmetric square matrix T,
Ty, T T
[T1=|Ty, T Tl (18)
Ty; Ty Ti

denoted as adj(T), is defined as:

T
+(T, Ty — T223) —(T1,T53 = T13Ty)  +(T, T — Ti3Ty,)
adj([T]) = | =(T},T33 — T13T53) +(Ty Ty = T) (T, Ty, = T})
+TpTo = TisT)  ~(T1 Ty = T}) +(T Ty, = TE)

19
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Thus, trace(adj[T)) is defined as [5] A. Arteiro, et al., A case for Tsai’s modulus, an invariant-based approach to
) ) ) stiffness, Compos. Struct. 252 (2020).
trace(adj(TD) =Ty T3 =Ty + Ty - Ts3 =T+ Ty T =Ty, . (20) [6] A.T. Nettles, Basic Mechanics of Laminated Composite Plates - NASA Reference

Publication 1351, Technical report, NASA, 1994.

[7] J.N. Reddy, Mechanics of Laminated Composite Plates and Shells, Theroy and
Analysis, second ed., CRC Press, 2004.

[8] K. Moser, Faser-kunststoff-verbund, in: Entwurfs- Und Berechnungsgrundlagen,
VDI Verlag, 1992.

[9] VEREIN DEUTSCHER INGENIEURE. VDI 2014 blatt 3 / Part 3. Development of
FRP components (fibre reinforced plastics) analysis, 2006.
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