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Outline

1. Overview and problem setting
2. Analysis of the state equation
3. First-order optimality conditions

4. Second-order optimality conditions
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Literature overview (1/2)

» Sparse optimal control
Different approaches allow to enforce small (“sparse”) support of the optimal control of
an optimal control problem, e.qg.:
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Literature overview (1/2)

» Sparse optimal control
Different approaches allow to enforce small (“sparse”) support of the optimal control of
an optimal control problem, e.qg.:
> ' or mixed L'/[%-penalization: L'-penalization [Stadler 2009], L'-L?-penalization (“directional
sparsity”) [Herzog, Stadler, Wachsmuth 2012], L2-L"-penalization [Casas, Herzog, Wachsmuth 2017]

& ., pp—
DLR



http://www.dlr.de

dirde - Slide 1 of 15 > Sparse optimal control of a quasilinear elliptic PDE in measure spaces® > F. Hoppe > 13.07.2022

Literature overview (1/2)

» Sparse optimal control

Different approaches allow to enforce small (“sparse”) support of the optimal control of
an optimal control problem, e.qg.:

> ' or mixed L'/[%-penalization: L'-penalization [Stadler 2009], L'-L?-penalization (“directional
sparsity”) [Herzog, Stadler, Wachsmuth 2012], L2-L"-penalization [Casas, Herzog, Wachsmuth 2017]

» Controls from measure spaces: linear elliptic [Casas, Clason, Kunisch 2012] and parabolic [Casas,
Kunisch 2016] PDEs, semilinear elliptic PDEs [Casas, Kunisch 2014], [Ponce, Wilmet 2018]
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Literature overview (1/2)

» Sparse optimal control

Different approaches allow to enforce small (“sparse”) support of the optimal control of
an optimal control problem, e.qg.:

> ' or mixed L'/[%-penalization: L'-penalization [Stadler 2009], L'-L?-penalization (“directional
sparsity”) [Herzog, Stadler, Wachsmuth 2012], L2-L"-penalization [Casas, Herzog, Wachsmuth 2017]

» Controls from measure spaces: linear elliptic [Casas, Clason, Kunisch 2012] and parabolic [Casas,
Kunisch 2016] PDEs, semilinear elliptic PDEs [Casas, Kunisch 2014], [Ponce, Wilmet 2018]

> Combined approaches: [2-M [Casas, Clason, Kunisch 2013], M-L? “measure-valued directional
sparsity” [Kunisch, Pieper, Vexler 2014],

# ) 27 i
DLR



http://www.dlr.de

dirde - Slide 1 of 15 > Sparse optimal control of a quasilinear elliptic PDE in measure spaces® > F. Hoppe > 13.07.2022

Literature overview (1/2)

» Sparse optimal control
Different approaches allow to enforce small (“sparse”) support of the optimal control of
an optimal control problem, e.qg.:

> ' or mixed L'/[%-penalization: L'-penalization [Stadler 2009], L'-L?-penalization (“directional
sparsity”) [Herzog, Stadler, Wachsmuth 2012], L2-L"-penalization [Casas, Herzog, Wachsmuth 2017]

» Controls from measure spaces: linear elliptic [Casas, Clason, Kunisch 2012] and parabolic [Casas,
Kunisch 2016] PDEs, semilinear elliptic PDEs [Casas, Kunisch 2014], [Ponce, Wilmet 2018]

> Combined approaches: [2-M [Casas, Clason, Kunisch 2013], M-L? “measure-valued directional
sparsity” [Kunisch, Pieper, Vexler 2014],

» [P-penalization with p € [0, 1): [Ito, Kunisch 2014], [Casas, Wachsmuth 2020]
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Literature overview (2/2)

» Optimal control of quasilinear PDEs
Nonlinearity appears in the coefficients of the principal part of the state equation
here: nonlinearity depends on the solution, not on its gradient (= nonmonotone nonlinearity!)
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Literature overview (2/2)

» Optimal control of quasilinear PDEs
Nonlinearity appears in the coefficients of the principal part of the state equation
here: nonlinearity depends on the solution, not on its gradient (= nonmonotone nonlinearity!)
» Quasilinear elliptic problems: smooth nonlinearity [Casas, Troltzsch 2009; Casas, Troltzsch 2011;
Casas, Troltzsch 2012], [Casas, Dhamo 2011], nonsmooth nonlinearity [Clason, Nhu, Résch 2021,
Clason, Nhu, Résch 2021; Clason, Nhu, Rdsch 2022]
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Literature overview (2/2)

» Optimal control of quasilinear PDEs
Nonlinearity appears in the coefficients of the principal part of the state equation
here: nonlinearity depends on the solution, not on its gradient (= nonmonotone nonlinearity!)
» Quasilinear elliptic problems: smooth nonlinearity [Casas, Troltzsch 2009; Casas, Troltzsch 2011;
Casas, Troltzsch 2012], [Casas, Dhamo 2011], nonsmooth nonlinearity [Clason, Nhu, Résch 2021,
Clason, Nhu, Résch 2021; Clason, Nhu, Rdsch 2022]
» Quasilinear parabolic problems: [Meinlschmidt, Rehberg 2016], [Meinlschmidt, Meyer, Rehberg
2017a; Meinlschmidt, Meyer, Rehberg 2017b], [Bonifacius, Neitzel 2018], [Casas, Chrysafinos 2018],
[Hoppe, Neitzel 2020; Hoppe, Neitzel 2022a]

s | .
DLR



http://www.dlr.de

dirde - Slide 2 of 15 > Sparse optimal control of a quasilinear elliptic PDE in measure spaces® > F. Hoppe > 13.07.2022

Literature overview (2/2)

» Optimal control of quasilinear PDEs
Nonlinearity appears in the coefficients of the principal part of the state equation
here: nonlinearity depends on the solution, not on its gradient (= nonmonotone nonlinearity!)

» Quasilinear elliptic problems: smooth nonlinearity [Casas, Troltzsch 2009; Casas, Troltzsch 2011;
Casas, Troltzsch 2012], [Casas, Dhamo 2011], nonsmooth nonlinearity [Clason, Nhu, Résch 2021,
Clason, Nhu, Rosch 2021; Clason, Nhu, Résch 2022]

» Quasilinear parabolic problems: [Meinlschmidt, Rehberg 2016], [Meinlschmidt, Meyer, Rehberg
2017a; Meinlschmidt, Meyer, Rehberg 2017b], [Bonifacius, Neitzel 2018], [Casas, Chrysafinos 2018],
[Hoppe, Neitzel 2020; Hoppe, Neitzel 2022a]

» Sparse optimal control of quasilinear PDEs
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Literature overview (2/2)

» Optimal control of quasilinear PDEs
Nonlinearity appears in the coefficients of the principal part of the state equation
here: nonlinearity depends on the solution, not on its gradient (= nonmonotone nonlinearity!)

» Quasilinear elliptic problems: smooth nonlinearity [Casas, Troltzsch 2009; Casas, Troltzsch 2011;
Casas, Troltzsch 2012], [Casas, Dhamo 2011], nonsmooth nonlinearity [Clason, Nhu, Résch 2021,
Clason, Nhu, Résch 2021; Clason, Nhu, Rdsch 2022]

» Quasilinear parabolic problems: [Meinlschmidt, Rehberg 2016], [Meinlschmidt, Meyer, Rehberg
2017a; Meinlschmidt, Meyer, Rehberg 2017b], [Bonifacius, Neitzel 2018], [Casas, Chrysafinos 2018],
[Hoppe, Neitzel 2020; Hoppe, Neitzel 2022a]

» Sparse optimal control of quasilinear PDEs
> parabolic case: directional sparsity via L'-, L'-L2-, and (2-L"-penalization [Hoppe, Neitzel 2022b]
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Literature overview (2/2)

» Optimal control of quasilinear PDEs
Nonlinearity appears in the coefficients of the principal part of the state equation
here: nonlinearity depends on the solution, not on its gradient (= nonmonotone nonlinearity!)

» Quasilinear elliptic problems: smooth nonlinearity [Casas, Troltzsch 2009; Casas, Troltzsch 2011;
Casas, Troltzsch 2012], [Casas, Dhamo 2011], nonsmooth nonlinearity [Clason, Nhu, Résch 2021,
Clason, Nhu, Résch 2021; Clason, Nhu, Rdsch 2022]

» Quasilinear parabolic problems: [Meinlschmidt, Rehberg 2016], [Meinlschmidt, Meyer, Rehberg
2017a; Meinlschmidt, Meyer, Rehberg 2017b], [Bonifacius, Neitzel 2018], [Casas, Chrysafinos 2018],
[Hoppe, Neitzel 2020; Hoppe, Neitzel 2022a]
» Sparse optimal control of quasilinear PDEs
> parabolic case: directional sparsity via L'-, L'-L2-, and (2-L"-penalization [Hoppe, Neitzel 2022b]
> elliptic case: topic of this talk [Hoppe 2022]
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Problem formulation and main difficulties

1
min J(y,u) = =|ly — 2 + yllu =,
e (v, u) 5 1y = Yallizi) + YUl pp @)

ot -V -&(y)pVy =u, inQUTy,
o y=0, onTlp.

& ., pp—
DLR



http://www.dlr.de

dirde - Slide 3 of 15 > Sparse optimal control of a quasilinear elliptic PDE in measure spaces® > F. Hoppe > 13.07.2022

Problem formulation and main difficulties

. ] 2
ueS\n/tIDr}ﬁ)j(y' u) = z“y — Yallizi) + YUl pp @) P)
-V - Vy = u, nQuUl i
y=0, onlp.

Challenges:
1. Show existence/uniqueness of solutions to (Eq) — in which sense? — highly nonlinear
equation with right-hand side of extremly low regularity
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Problem formulation and main difficulties

. ] 2
ues\n/llorzﬁ)J(y, u) = z“y — Yallizi) + YUl pp @) P)
-V - Vy = u, nQuUl i
y=0, onlp.

Challenges:
1. Show existence/uniqueness of solutions to (Eq) — in which sense? — highly nonlinear
equation with right-hand side of extremly low regularity

2. Prove differentiability of the control-to-state mapping — differentiability of superposition
operators requires function spaces with high regularity «~ solutions of equations with
measure right-hand side tend to have low regularity



http://www.dlr.de

dirde - Slide 3 of 15 > Sparse optimal control of a quasilinear elliptic PDE in measure spaces® > F. Hoppe > 13.07.2022

Problem formulation and main difficulties

. ] 2
ues\n/llorzﬁ)J(y, u) = z“y — Yallizi) + YUl pp @) P)
-V - Vy = u, nQuUl i
y=0, onlp.

Challenges:
1. Show existence/uniqueness of solutions to (Eq) — in which sense? — highly nonlinear
equation with right-hand side of extremly low regularity
2. Prove differentiability of the control-to-state mapping — differentiability of superposition
operators requires function spaces with high regularity «~ solutions of equations with
measure right-hand side tend to have low regularity

3. (P) is nonsmooth due to appearance of the total variation norm
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Assumptions

> Q CcRY de{1,2,3}, bounded domain
'y € 09Q Neumann and I'p = 9Q \ Ty Dirichlet boundary,
QU Ty regular in the sense of Groger
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Assumptions

> Q CcRY de{1,2,3}, bounded domain
'y € 09Q Neumann and I'p = 9Q \ Ty Dirichlet boundary,
QU Ty regular in the sense of Groger

» [ has nonzero surface measure within 8Q

u

Subscript “p" ~» homogeneous Dirichlet boundary conditions on I'p
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Assumptions

> Q CcRY de{1,2,3}, bounded domain
'y € 09Q Neumann and I'p = 9Q \ Ty Dirichlet boundary,
QU Ty regular in the sense of Groger

» [ has nonzero surface measure within 99
Subscript “p" ~» homogeneous Dirichlet boundary conditions on I'p
> Mp(Q) := Cp(Q)*, equipped with total variation norm
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Assumptions

> Q CcRY de{1,2,3}, bounded domain
'y € 09Q Neumann and I'p = 9Q \ Ty Dirichlet boundary,
QU Ty regular in the sense of Groger

» 5 has nonzero surface measure within 9Q

Subscript “p" ~» homogeneous Dirichlet boundary conditions on I'p
> Mp(Q) := Cp(Q)*, equipped with total variation norm
> & R — (0, 00) continuous, bounded from below and above
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Assumptions

> Q CcRY de{1,2,3}, bounded domain
'y € 09Q Neumann and I'p = 9Q \ Ty Dirichlet boundary,
QU Ty regular in the sense of Groger

» [ has nonzero surface measure within 8Q

u

Subscript “p" ~» homogeneous Dirichlet boundary conditions on I'p
> Mp(Q) := Cp(Q)*, equipped with total variation norm
> & R — (0, 00) continuous, bounded from below and above
> o Q — R measurable, essentially bounded, and uniformly coercive
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Q cRY d e {1,2,3}, bounded domain
'y € 09Q Neumann and I'p = 9Q \ Ty Dirichlet boundary,
QU Ty regular in the sense of Groger

I'p has nonzero surface measure within 8Q

u

Subscript “p" ~» homogeneous Dirichlet boundary conditions on I'p
Mp(Q) == Cp(Q)*, equipped with total variation norm
& R — (0, 00) continuous, bounded from below and above
0. Q — R9*? measurable, essentially bounded, and uniformly coercive
Elliptic regularity for —V - p"V: There is some @ > d such that

~V o'V WY — wiy
is a topological isomorphism
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Q cRY d e {1,2,3}, bounded domain
'y € 09Q Neumann and I'p = 9Q \ Ty Dirichlet boundary,
QU Ty regular in the sense of Groger

I'p has nonzero surface measure within 8Q

u

Subscript “p" ~» homogeneous Dirichlet boundary conditions on I'p
Mp(Q) == Cp(Q)*, equipped with total variation norm
& R — (0, 00) continuous, bounded from below and above
0. Q — R9*? measurable, essentially bounded, and uniformly coercive
Elliptic regularity for —V - p"V: There is some @ > d such that
~V o'V WY Wt

is a topological isomorphism

» no restriction in space dimension d = 2: [Groger 1989]
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Assumptions

>
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Q cRY d e {1,2,3}, bounded domain
'y € 09Q Neumann and I'p = 9Q \ Ty Dirichlet boundary,
QU Ty regular in the sense of Groger

I'p has nonzero surface measure within 8Q

u

Subscript “p" ~» homogeneous Dirichlet boundary conditions on I'p
Mp(Q) == Cp(Q)*, equipped with total variation norm
& R — (0, 00) continuous, bounded from below and above
0. Q — R9*? measurable, essentially bounded, and uniformly coercive
Elliptic regularity for —V - p"V: There is some @ > d such that
~V o'V WY Wt

is a topological isomorphism

» no restriction in space dimension d = 2: [Groger 1989]

» examples in space dimension d = 3: [Disser, Kaiser, Rehberg 2015],...
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Outline

1. Overview and problem setting
2. Analysis of the state equation
3. First-order optimality conditions

4. Second-order optimality conditions
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Solutions of the state equation (1/2)

We call y a solution to (Eq) if
yewl?(Q), st / £(y)poVy Ve dx = /_ pdu, Vo e CP(Q).
Q Q
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Solutions of the state equation (1/2)

We call y a solution to (Eq) if
yewl?(Q), st / £(y)poVy Ve dx = /_ pdu, Vo e CP(Q).
Q Q

> Define = R — R, s+ [;£(t) dt
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Solutions of the state equation (1/2)

We call y a solution to (Eq) if
yewl?(Q), st / £(y)poVy Ve dx = / pdu, Vo e CP(Q).
Q Q

> Define = R — R, s+ [;£(t) dt

» =~ defines a bijection W;'Q(Q) — W;'Q(Q) and continuous maps W;’Q(Q) — W;’p(Q)
foreach g € (1,00), p € (1,9).
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Solutions of the state equation (1/2)

We call y a solution to (Eq) if
yewl?(Q), st / £(y)pVyVe dx = / o du, Yo e C(Q).
Q Q

> Define = R — R, s+ [;£(t) dt

> =" defines a bijection W %(Q) — W/ %(Q) and continuous maps W, %(Q) — W P(Q)
foreachq € (1,), p € (1,9).

» Kirchhoff transform: y WE,"T(Q) is solution to (Eq) if and only if
w=7=(y) € W,;’(_’l(Q) satisfies

w e WA‘Q(Q) s.t. / pVwV e dx = (u, ¢) oy Yo € C3(Q).
Q

w9 W,

D
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Solutions of the state equation (2/2)
> By assumption: —V - o’ V: W%(Q) — W, "9(Q) isomorphism for each g € [2, 3].
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Solutions of the state equation (2/2)

» By assumption: —V - o’ V: W} %(Q) — W, "9(Q) isomorphism for each g € [2, ].
> Take adjoints [Meyer, Panizzi, Schiela 2011], [Stampacchia 1965]:

(~V - p9) " Wy () » W)
well-defined for each g € [¢, 2].
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Solutions of the state equation (2/2)
» By assumption: —V - o’ V: W} %(Q) — W, "9(Q) isomorphism for each g € [2, ].
> Take adjoints [Meyer, Panizzi, Schiela 2011], [Stampacchia 1965]:
(~V - p9) " Wy () » W)
well-defined for each g € [@', 2].
> hence: (—=V - pV)™": Mp(Q) — W1 9(Q) well-defined and weak-x-to-strong continuous

foreachq e [@',d).
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Solutions of the state equation (2/2)
» By assumption: —V - o’ V: W} %(Q) — W, "9(Q) isomorphism for each g € [2, ].
> Take adjoints [Meyer, Panizzi, Schiela 2011], [Stampacchia 1965]:
(~V - p9) " Wy () » W)
well-defined for each g € [@', 2].
> hence: (—=V - pV)™": Mp(Q) — W1 9(Q) well-defined and weak-x-to-strong continuous

foreachq e [@',d).

# j, = >
DLR



http://www.dlr.de

dirde - Slide 6 of 15 > Sparse optimal control of a quasilinear elliptic PDE in measure spaces® > F. Hoppe > 13.07.2022

Solutions of the state equation (2/2)

» By assumption: —V - o’ V: W} %(Q) — W, "9(Q) isomorphism for each g € [2, ].
> Take adjoints [Meyer, Panizzi, Schiela 2011], [Stampacchia 1965]:

(=V-pV) 7 W, Q) = WpY(Q)

well-defined for each g € [@', 2].
> hence: (—=V - pV)™": Mp(Q) — W1 9(Q) well-defined and weak-x-to-strong continuous

foreachq e [@',d).

Control-to-state map:
S:=="0o(=V-pV)": Mp(Q) = W)I(Q)
well-defined and weak-x-to-strong continuous for each g € [¢/, d;:)
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Solutions of the state equation (2/2)

» By assumption: —V - o’ V: W} %(Q) — W, "9(Q) isomorphism for each g € [2, ].
> Take adjoints [Meyer, Panizzi, Schiela 2011], [Stampacchia 1965]:

(=V-pV) 7 W, Q) = WpY(Q)

well-defined for each g € [@', 2].
> hence: (—=V - pV)™": Mp(Q) — W1 9(Q) well-defined and weak-x-to-strong continuous

foreachq e [@',d).

Control-to-state map:
S:=="0o(=V-pV)": Mp(Q) = W)I(Q)
well-defined and weak-x-to-strong continuous for each g € [¢/, d;:)

# o -



http://www.dlr.de

dirde - Slide 6 of 15 > Sparse optimal control of a quasilinear elliptic PDE in measure spaces® > F. Hoppe > 13.07.2022

Solutions of the state equation (2/2)

» By assumption: —V - o’ V: W} %(Q) — W, "9(Q) isomorphism for each g € [2, ].
> Take adjoints [Meyer, Panizzi, Schiela 2011], [Stampacchia 1965]:

(=V-pV) 7 W, Q) = WpY(Q)

well-defined for each g € [@', 2].
> hence: (—=V - pV)™": Mp(Q) — Wg'q(Q) well-defined and weak-%-to-strong continuous

foreachq e [@',d).

Control-to-state map:
S:=="0o(=V-pV)": Mp(Q) = W)I(Q)
well-defined and weak-x-to-strong continuous for each g € [¢/, d;:)

Corollary (Well-posedness of (P), [Hoppe 20221)
If v > 0, (P) admits at least one global solution.
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1. Overview and problem setting
2. Analysis of the state equation
3. First-order optimality conditions

4. Second-order optimality conditions
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First-order differentiability of S

> Problem: application of the implicit function theorem requires to show invertibility of

V- £(y)pV e —V -£(y) o pVy
with y of low regularity on spaces of low regularity...
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First-order differentiability of S

> Problem: application of the implicit function theorem requires to show invertibility of
—V - &(y)pVe =V -£'(y) o pVy
with y of low regularity on spaces of low regularity...

> Idea: exploit structure S==""10 (—=V - pV)~' due to Kirchhoff transform
[Recall: =(s) = [, £(t) dt, conditions on ¢ ensure linear growth of =]
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First-order differentiability of S

> Problem: application of the implicit function theorem requires to show invertibility of
—V-&y)pVe —V-€(y) » pVy
with y of low regularity on spaces of low regularity...

> Idea: exploit structure S==""10 (—=V - pV)~' due to Kirchhoff transform
[Recall: =(s) = [, £(t) dt, conditions on ¢ ensure linear growth of =]

> Discuss d|fferent|ab|||ty of the nonlinear superposition operator =~ between [P-spaces
(b < oo!)
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First-order differentiability of S

> Problem: application of the implicit function theorem requires to show invertibility of
—V-&y)pVe —V-€(y) » pVy
with y of low regularity on spaces of low regularity...

> Idea: exploit structure S==""10 (—=V - pV)~' due to Kirchhoff transform
[Recall: =(s) = [, £(t) dt, conditions on ¢ ensure linear growth of =]

> Discuss d|fferent|ab|||ty of the nonlinear superposition operator =~ between [P-spaces
(b < oo!)

> Result: S is continuously Fréchet differentiable as map

Mp(Q) — L'(Q), re [1 , L)

# o -
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First-order necessary optimality conditions

Similar arguments as for the semilinear case [Casas, Kunisch 2014] yield

Theorem (FONS, [Hoppe 2022])
Lletd e MD(_) be a local solution of (P) with respect to the W, 19(Q)-topology for some

qe(1, ) Then, there exists a so-called adjoint state p € W ( Q) such that

-V 5()7)pV)7 =u, on QUTy, ~V - 0o'VD=£7) (7 - ya) on Q,
y=0, onlp, p =0, onlp,
_ _ _ =« ifa#0,
Moo + [ pda=0 and 1ll,m { ) el

# 7 ¥
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First-order necessary optimality conditions

Similar arguments as for the semilinear case [Casas, Kunisch 2014] yield

Theorem (FONS, [Hoppe 2022])
Lletd e MD(_) be a local solution of (P) with respect to the W, 19(Q)-topology for some

) Then, there exists a so-called adjoint state p € W 9(Q) such that

qe (1,
-V é(y)pV)'/ =u, on QUTy, ~V - 0o'VD=£7) (7 - ya) on Q,
y=0, on Ip, p=0, on p,
_ _ = ifa#0,
Moo + [ pda=0 and 1Blleym {S Tl

> “Sparsity” of : if U # 0 it holds
supp(tt) C {x € @ p(x) = —v}, and supp(

07) C{xeQpx)=+v}
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First-order necessary optimality conditions

Similar arguments as for the semilinear case [Casas, Kunisch 2014] yield

Theorem (FONS, [Hoppe 2022])
Lletd e MD(_) be a local solution of (P) with respect to the W, 19(Q)-topology for some

qe(1, ) Then, there exists a so-called adjoint state p € W ( Q) such that

-V 5()7)pV)7 =u, on QUTy, ~V - 0o'VD=£7) (7 - ya) on Q,
y=0, onlp, p =0, onlp,
_ _ _ =« ifa#0,
Moo + [ pda=0 and 1ll,m { ) el

> “Sparsity” of : if U # 0 it holds
supp(t) C {x € @ p(x) = —y}, and supp(Z”) C {x € Q p(x) = +v}.

» Surprisingly: no derivative of £ required..., cf., e.g., [Clason, Nhu, Rosch 2022]

7 [/ i R
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Outline

1. Overview and problem setting
2. Analysis of the state equation
3. First-order optimality conditions

4. Second-order optimality conditions
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Second-order differentiability of S

> Idea: exploit Kirchhoff transform and discuss second-order differentiablity of =~
between [P-spaces (p < col)
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Second-order differentiability of S

> Idea: exploit Kirchhoff transform and discuss second-order differentiablity of =~
between [P-spaces (p < col)

> Additional assumption: Let £ be continuously differentiable and suppose that there are
a,b € Rsuch that |¢/(s)| < a + b|s|, forall s € R.

& ., pp—
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Second-order differentiability of S

> Idea: exploit Kirchhoff transform and discuss second-order differentiablity of =~
between [P-spaces (p < col)

> Additional assumption: Let £ be continuously differentiable and suppose that there are
a,b € Rsuch that |¢/(s)| < a + b|s|, forall s € R.

> Sis twice continuously Fréchet differentiable as map

Mp(Q) — L'(Q), re {1 , 2(dd_2)>

# j & ™
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Second-order differentiability of S

> Idea: exploit Kirchhoff transform and discuss second-order differentiablity of =~
between [P-spaces (p < col)

> Additional assumption: Let £ be continuously differentiable and suppose that there are
a,b € Rsuch that |¢/(s)| < a + b|s|, forall s € R.

> Sis twice continuously Fréchet differentiable as map

Mp(Q) — L'(Q), re {1 , 2(dd_2)>

» Consequence:
second-order analysis of (P) requires restriction to space dimension d = 2
(however: no second derivative of £ needed...)

# g o -
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Second-order necessary optimality conditions
Similar arguments as for the semilinear case [Casas, Kunisch 2014] yield

Theorem (SNCs for d = 2, [Hoppe 2022])

Assume that T € Mp(Q) is a local solution to (P) w.r.t. the W, 19(Q)-topology for some
q € (1,2). Then, it holds

F'(@)v? = /Q { £0) V — Yq )} 72 dx>0, y=S5(d), z,=S(d)v

£(7)
for all
v € Gy i={v € Mp(Q): F(@)V + |l (@ V) = 0}
= (v e Mo(®) [ B dvs + 715l = O}
where v = v, + vs with vy = g, d|t| and g, := L'(Q, dla))

# 7 ¥
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Second-order sufficient optimality conditions
> Exended cone of critical directions

G = {v e Mp(Q): F(@)V +9/(T.v) < Tllzull7 gy}

# ? % o
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Second-order sufficient optimality conditions
> Exended cone of critical directions

G = {ve Mp(Q): F(@)v + /' (0.v) < Tl2/72 )}
» Adaptation of arguments for the semilinear case [Casas, Kunisch 2014] yields

# ? 7 o
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Second-order sufficient optimality conditions
> Exended cone of critical directions
G = {v € Mo(Q): F(@)v +/(8.) < Tllzcl ey}
» Adaptation of arguments for the semilinear case [Casas, Kunisch 2014] yields

Theorem (SSCs in d = 2, [Hoppe 2022])

Let U € Mp(R) satisfy the first-order necessary optimality conditions and
¢

Flul > klz kg —Weq ueB,” (@) (1)

with some T, p, k > 0 and g € [max(q’, 3), 2). Moreover, let yq € L5(Q) withs > (g~ — 3)~".
Then, there are €, > 0 such that

) ~ = 5 —1.q9 _
) 23@) + 5 lzw-alfe  VueBS D). 2)

In particular, u is a strict Wy 1'(’(Q)—/oca/ solution to (P).
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Second-order sufficient optimality conditions
> Exended cone of critical directions
G = {v € Mo(Q): F(@)v +/(8.) < Tllzcl ey}
» Adaptation of arguments for the semilinear case [Casas, Kunisch 2014] yields

Theorem (SSCs in d = 2, [Hoppe 2022])

Let U € Mp(R) satisfy the first-order necessary optimality conditions and

-1,

Flul > klz kg —Weq ueB,” (@) (1)

with some T, p, k > 0 and g € [max(q’, 3), 2). Moreover, let yq € L5(Q) withs > (g~ — 3)~".
Then, there are €, > 0 such that

) ~ = 5 —1.q9 _
) 23@) + 5 lzw-alfe  VueBS D). 2)

In particular, u is a strict Wy 1'(’(Q)—/ocal solution to (P).

!> “exotic” condition (1) due to lack of continuity of F” w.r.t. u
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An "almost sufficient” second-order condition

» Idea: which conclusion can be drawn from coercivity of F” at & only (="classical” SSC)?
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An "almost sufficient” second-order condition

» Idea: which conclusion can be drawn from coercivity of F” at & only (="classical” SSC)?

> Exploit structure of S (Kirchhoff transform) and adapt arguments from semilinear
problems [Casas, Kunisch 2014] [Casas, Mateos 2020]
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An "almost sufficient” second-order condition

» Idea: which conclusion can be drawn from coercivity of F” at & only (="classical” SSC)?

> Exploit structure of S (Kirchhoff transform) and adapt arguments from semilinear
problems [Casas, Kunisch 2014] [Casas, Mateos 2020]

Theorem (“Almost sufficient” second-order condition in d = 2, [Hoppe 2022])

Let yy € L=(Q) hold and let G € Mp(Q) satisfy the first-order necessary conditions with
yeL=(Q). If

F'@)V > klzllze — We,
holds with some T,k > 0, then there are €, > 0 such that

R S _ )
J(u) = J(T) + E“ZufU”fZ(Q) Yu € Mp(Q) s.t. [[S(u) = Vllix(e) <e.

E DLR



http://www.dlr.de

dirde - Slide 12 of 15 > Sparse optimal control of a quasilinear elliptic PDE in measure spaces* > F. Hoppe > 13.07.2022

An "almost sufficient” second-order condition

» Idea: which conclusion can be drawn from coercivity of F” at & only (="classical” SSC)?

> Exploit structure of S (Kirchhoff transform) and adapt arguments from semilinear
problems [Casas, Kunisch 2014] [Casas, Mateos 2020]

Theorem (“Almost sufficient” second-order condition in d = 2, [Hoppe 2022])

Let yy € L=(Q) hold and let G € Mp(Q) satisfy the first-order necessary conditions with
yeL=(Q). If

F'@)V > klzllze — We,
holds with some T,k > 0, then there are €, > 0 such that

& e 0 — _
J(u) = J(T) + E“ZufU”fZ(Q) Yu € Mp(Q) s.t. [[S(u) = Vllix(e) <e.

> Similarity to the notion of “strong local minimum™ [Bayen, Bonnans, Silva 2014], but in the
present setting actually weaker than “classical” minimum (=“weak local minimum”)
because S(u) € L*(Q) is not guaranteed for all u € Mp(Q)

# r? T
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How to remove the restriction to space dimension d = 2? (1/2)

> Idea: enforce differentiability of S by restriction to a smaller space [Casas, Kunisch 2014]

# ? 7 o
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How to remove the restriction to space dimension d = 2? (1/2)

> Idea: enforce differentiability of S by restriction to a smaller space [Casas, Kunisch 2014]
» Introduce the Banach space

MF(Q) = {u e Mp(Q): (-V-pV) 'uel>Q)},
equipped with the norm [|ull vz = Ilkllae, + 1(=V - oV) " |1

DLR f
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How to remove the restriction to space dimension d = 2? (1/2)

> Idea: enforce differentiability of S by restriction to a smaller space [Casas, Kunisch 2014]
» Introduce the Banach space
MF(Q) = {u e Mp(Q): (-V-pV) 'uel>Q)},
equipped with the norm [|uflagy = [lklla + (=Y - 0V) " 1l
» Consider the restricted problem

DLR f
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How to remove the restriction to space dimension d = 2? (1/2)

> Idea: enforce differentiability of S by restriction to a smaller space [Casas, Kunisch 2014]
» Introduce the Banach space
MF(Q) = {u e Mp(Q): (-V-pV) 'uel>Q)},
equipped with the norm [|uflagy = [lklla + (=Y - 0V) " 1l
» Consider the restricted problem

1
min  J(y,u) = =||ly — 2 o+ llu 5
M (@) (v, u) 2||y Yallzi) + YUl pmp@)

s.t.  (Eq).

i DLR



http://www.dlr.de

dirde - Slide 13 of 15 > Sparse optimal control of a quasilinear elliptic PDE in measure spaces* > F. Hoppe > 13.07.2022

How to remove the restriction to space dimension d = 2? (1/2)

> Idea: enforce differentiability of S by restriction to a smaller space [Casas, Kunisch 2014]
» Introduce the Banach space
MF(Q) = {u e Mp(Q): (-V-pV) 'uel>Q)},
equipped with the norm [|uflagy = [lklla + (=Y - 0V) " 1l
» Consider the restricted problem

1
min  J(y,u) = =|ly — 2 + yllu =
e (v, u) 2||y Yallzi) + YUl pmp@)

s.t.  (Eq).

» Drawback: well-posedness of (P*°) is not clear, in general
(under additional assumptions: v if y; € L*°(£2), adapt ideas from [Pieper, Vexler 2013], [Casas,
Kunisch 2014])

# o -
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How to remove the restriction to space dimension d = 2? (2/2)

» FONSs: if solutions to (P>) exist, FONs as for (P) need to be satisfied
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How to remove the restriction to space dimension d = 2? (2/2)

> FONSs: if solutions to (P*) exist, FONs as for (P) need to be satisfied
» The “almost sufficient” second-order condition for (P) is a true SSC for (P*°):

# j 7 3
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How to remove the restriction to space dimension d = 2? (2/2)

> FONSs: if solutions to (P*) exist, FONs as for (P) need to be satisfied
» The “almost sufficient” second-order condition for (P) is a true SSC for (P*°):

Theorem (SSCs for (P*°), [Hoppe 2022])

Let yy € L>(Q) hold, and suppose that ¢ is continuously differentiable. If t € M (Q)
satisfies the first-order optimality conditions and

FI@W > klzlbe,  WeGnMER),
with some T, k > 0, then there are €, > 0 such that
o By 0 °o(Q) , -
Ju) 23@) + 5lzu-allfey,  VueBTV@).

In particular, U is a strict local solution to (P) w.r.t. the M (Q)-topology.
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Thank you for your attention!

Fabian Hoppe — fabian.hoppe@dlr.de
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