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Abstract

Keywords: Nonlinear Effects, Dynamic Stall, Leishman-Beddoes,
Leishman-Crouse, Indicial Method, TES, LES

Presently a comprehensive simulation program for the aeromechanics of he-
licopters named VAST – Versatile Aeromechanics Simulation Tool – is being
developed by the Institute of Flight Systems of DLR. This work aims to
include the indicial response model to compute the 2D airfoil lift, pitching
moment, and chord force for rotor air loads prediction in VAST. Leishman
and Crouse developed the state-space formulation for Leishman and Bed-
doe’s indicial response method. The state-space formulation accounts for the
attached and separated flow and respective circulatory and non-circulatory
loading effects. Non-linear effects produced due to the Trailing Edge Separa-
tion (TES) are accounted by modifying the Kirchhoff flow. The onset of the
Leading Edge Separation (LES) or Shock-induced separation was denoted by
a generalized criterion. However, the VAST model uses two extra states. One
to track the non-dimensional vortex travel time and another for the track di-
rection of airfoil pitching. To get the progressive transition from the vortex
lift strength accumulation and exponential decay. The results are validated
with experimental data and the Leishman-Crouse model data for stall onset,
moderate and deep dynamic stall conditions from Leishman-Crouse [LC89],
and a reasonable to a good agreement was found.
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Designation

Designations

Symbol Units Description

a m/s Sonic velocity
A m2 Area of the airfoil
A - Internal connectivity of states matrix
An - Coefficients of indicial functions
aij - Elements of the system state matrix
B - States with external input effects matrix
b m Semi-chord length
bn - Exponents of indicial functions
C - System output matrix
cij - Elements of the system output matrix
c m Airfoil chord
C(k) - Theodorsen function
CC - Chord force coefficient
CD - Pressure drag coefficient
CD0 - Zero Pressure drag coefficient
CM - Pitching moment about the 1/4th chord
CM0 - Zero lift pitching moment coefficient
CN - Normal force coefficient
CNmax - Maximum normal force coefficient
CN1 - Critical normal force coefficient
CNα - Normal force curve slope
Cp - Pressure coefficient
CPv - Vortex lift center of pressure
f, f ′, f ′′ - Separation point location
D - feed forward matrix
F N Resultant force
h m Plunging (heaving) displacement, positive

downwards
k - Reduced frequency
K0 - Aerodynamic center offset
K1 - Constant for direct effect on COP
K2 - Coefficient for shape of the moment break

Institut für Flugsystemtechnik Page vi



Designation

Symbol Units Description

K - noncirculatory force time constant
L N Section lift
M - Mach number
P Pa Pressure at a point
q - Nondimensional pitch rate = α̇c

V

R m Blade radius
S - Distance travelled in semi-chords = 2V t

c

Sn - Stall characteristics
t s Time
t m Maximum airfoil thickness
TI - Noncirculatory time constant = c

a

T - Time constant
U m/s Resultant velocity at blade
U∞ m/s Free-stream velocity
u - System inputs
V m/s Local velocity
Vn m/s Normal velocity of vortex
w0 - Gust load
xi - Vector of State variables
y - Vector of output
Xn, Yn - recurrence functions
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Designation

Greek Symbol Units Description

α rad Angle of attack (AoA)
αL=0 rad AoA for zero lift for cambered airfoil
αE rad Effective angle of attack
α1 rad Break point for f=0.7
α̇ rad/sec pitch rate
α̈ rad/sec2 angular acceleration

β - Compressibility factor =
√
1−M2

γ - Circulation
δ(t) - Dirac delta function
η - Efficiency factor
µ kg/ms Dynamic viscosity
ρ kg/m3 Density of air
τ - Time constant
ϕ - Indicial response function
Φ - Potential function
ϕ(s) - Wagner function
Ψ - Stream function
Ψ(s) - Küssner function

Subscripts - Description

(.)1/4 - Quarter chord
(.)3/4 - Three-quarter chord
(.)M - Refers to pitching moment about quarter

chord
(.)q - Refers to pitch rate
(.)α - Refers to angle of attack

Superscripts - Description

(.)C - Refers to circulatory loading
(.)I - Refers to non-circulatory (impulsive) loading
(.)P - Refers to potential (attached flow) loading
(.)f - Refers to loads with trailing edge separation
(.)v - Refers to vortex loading

Institut für Flugsystemtechnik Page viii



Designation

Abbreviation Description

AIAA American Institute of Aerospace
and Aeronautics

AoA Angle of Attack

BC Boundary Condition

CFD Computational Fluid Dynamics

COP Center of Pressure

DLR Deutsches Zentrum für Luft- und
Raumfahrt

FP Flate Plate

LE Leading Edge

LES Leading Edge Separation

LEV Leading Edge Vortex

NACA National Advisory Committee for
Aeronautics (now NASA)

NC Non-circulatory component

ODE Ordinary Differential Equation

TE Trailing Edge

TES Trailing Edge Separation

VAST Versatile Aeromechanics Simula-
tion Tool

Institut für Flugsystemtechnik Page ix



List of Figures and Tables

List of Figures

2.1 Possible sources of unsteady aerodynamic loading on a heli-
copter rotor (Ref. [Bed80]). . . . . . . . . . . . . . . . . . . . 4

2.2 Forward flight (Ref. [Lei00]) . . . . . . . . . . . . . . . . . . . 5
2.3 Schematic showing the essential flow morphology and the un-

steady airloads during the dynamic stall of an oscillating 2-D
airfoil. (Ref. [Lei00]) . . . . . . . . . . . . . . . . . . . . . . . 7

2.4 Topology of (a) light and (b) deep stall configuration. (Ref.
[MP82]) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.5 Turbulence models in CFD . . . . . . . . . . . . . . . . . . . . 9
2.6 Thin airfoil theory . . . . . . . . . . . . . . . . . . . . . . . . 10
2.7 Wagner extension of thin airfoil model with wake . . . . . . . 11
2.8 Wagner function for a step change in angle of attack (ref. [Lei00]) 12
2.9 Relative computational cost of the numerical solution of Duhamel

integral using different numerical methods. Cost is evaluated
relative to exact solutions. (Ref. [Lei00]) . . . . . . . . . . . . 14

2.10 Theodorsen model . . . . . . . . . . . . . . . . . . . . . . . . 14
2.11 Sink and Source distribution on cylinder surface . . . . . . . . 15
2.12 Bound vortex and wake effects (Ref. [The49]) . . . . . . . . . 15
2.13 Theodorsen’s function (Ref. [The49]) . . . . . . . . . . . . . . 17
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Introduction

1 Introduction

As stated by Igor Ivanovitch Sikorsky, “The idea of a vehicle that could lift
itself vertically from the ground and hover motionless in the air was prob-
ably born at the same time that man first dreamed of flying”. We have
come a long way in the development of rotary-wing aircraft. The science of
aerodynamics played a major role during the timeline of the development
of rotary-wing aircraft. This Studienarbeit work is related to implementing
and validating the Leishman-Beddoes dynamic stall model in the Versatile
Aeromechanics Simulation Tool (VAST) developed by Institut für Flugsys-
temtechnik, DLR.

1.1 Motivation

The helicopter’s main rotor understanding is essential as it is a crucial com-
ponent and responsible for the vertical lift and horizontal propulsive force
in forward flight and controls the attitude and positions of the helicopter.
Hence it is necessary to study the rotor aerodynamic performance. Dynamic
stall is an essential driver in predicting the rotor air loads performance. An
accurate prediction of rotor airfoil behavior will help in better rotor design
and optimizing flight operation. Helicopter performance is mainly restricted
due to the excessive blade stresses and control loads arising from airfoil stall
flutter on the retreating blade. This phenomenon occurs due to the interac-
tion of the transient pitching moment deviations due to the separated flow
effects of the dynamic stall and the blade torsional degree of freedom. It is
necessary to consider the dynamic effects on the stall, because generally their
magnitude influence the choice of both airfoil and their placement and the
dynamic structural characteristics of the rotor blade.

Predicting the airfoil performance under the dynamic stall requires low fi-
delity advanced engineering empirical and semi-empirical models or high
fidelity sophisticated computational fluid dynamics models (CFD). High-
fidelity CFD methods being more accurate than empirical models have the
downside of being computationally expensive; therefore, they are not the
first preference of rotor design analysts. The semi-empirical models are a
computationally efficient alternative to CFD codes; however, they need ex-
tensive validation with test results and experimental test data for static airfoil
behavior for different airfoils for a range of Mach numbers. Aerodynamic re-
searchers have developed fairly sophisticated semi-empirically based models
(e.g. Ref. [Bed76], [TP80], [Gan83], and [LB86]). These semi-empirical mod-
els perform well for unsteady effects under attached flow conditions. However,

Institut für Flugsystemtechnik Page 1



Introduction

for the dynamic stall, they heavily rely on the synthesization of wind tunnel
data from unsteady airfoil tests.

1.2 Aims and Objectives

In VAST, the aerodynamics of rotor blade airfoils can be calculated via a
table look-up method or the model proposed by Leiss with the adaptions
published by Mindt ([Min18]). In both variants, the model developed by
Leishman and Beddoes [LB86] is used to calculate the effective angle of attack
and the non-circulatory forces in unsteady conditions. What is missing for the
usage of the Leishman-Beddoes model on its own is the inclusion of nonlinear
and stall effects. The associated extension of the existing implementation
shall be done in this assignment. Furthermore, the proper functioning of the
complete model shall be proved.

1.3 Methodology

The focus of this work was to implement a Leishman-Beddoes model in VAST
to predict the aerodynamic performance under the dynamic stall condition.
Before running the dynamic stall model, the airfoil dependent model param-
eters selected from the literature were used.

The first phase of the work was to carry out literature research regarding
indicial aerodynamics and the aerodynamic model by Leishman and Bed-
does. The second phase of the work started with familiarization with code
development in VAST and understanding the already existing aerodynamic
models. In the third phase of the work, the inclusion of unsteady stall effects
into the existing model in the simulation tool VAST is performed. In the
fourth phase of the work, verification of the model is completed. Finally,
documenting the results.

1.4 Outline

The report starts with a brief introduction of the theoretical background
of the studienarbeit and then discusses the work done in the literature in
Chapter 2. Chapter 3 discusses the general indicial response and Leishman-
Beddoes state-space model formulation for attached flow and dynamic stall
conditions for unsteady compressible flow. Chapter 4 deals with validating
the implemented model with standard test cases. Finally, chapter 5 provides
conclusion and outlook of the work.

Institut für Flugsystemtechnik Page 2



State of the Art

2 State of the Art

As stated by I. E. Garrick, “The addition of the dimension ‘time’ to steady
aerodynamic has far-reaching effects, both practical and theoretical. There
is the practical necessity of coping with many important problems involv-
ing non-steady phenomena such as flutter, buffeting, transient flows, gust,
dynamic response in flight, maneuvers, and stability. Apart from the many
applications, theoretical non-steady aerodynamics embraces and sheds light
on the realm of steady aerodynamics and introduces new methods.”

This chapter provides an overview of the theoretical framework and research
that has been done in the unsteady aerodynamics field. It starts with a brief
overview of the unsteady aerodynamics of the helicopter rotor. Followed
by introducing the most common models that deal with unsteady effects.
Finally, an overview of the state-space model and VAST tool is given.

2.1 Unsteady Aerodynamics of the Helicopter Rotor

As stated by J.G. Leishman, the unsteady aerodynamics can be defined as,
“If the motion, or the flow around; of an airfoil or a wing in a free stream,
changes by time, so do the acting aerodynamic loads. When the changes in
the motion or flow-field structure are fast enough, the unsteady aerodynamic
effects can not be neglected”.

Rotating blades are always a challenge for aerodynamicists because of the
flow field’s highly unsteady and three-dimensional nature. Rotating blades
encounters complex flowfield structure like inflow, sweep, wake distortion,
and other disturbance, as shown in figure 2.1. the airfoil can experience
unsteady effects both in the case of attached flow and separated flow. The
degree of unsteadiness of an airfoil can be represented with the parameter
reduced frequency (k). It is obtained through dimensional analysis of resultant
force (F ) on an airfoil of chord (c), oscillating at an angular frequency (ω)
of velocity (V ), the unsteadiness can be classified using k as shown in Table
2.1.

F

ρV 2c2
= f

(
ρV c

µ
,
V

a
,
ωc

2V

)
= f(Re,M, k) (2.1)

The Reduced frequency parameter k can be represented interms of semichord
as shown in equation 2.2.
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k =
ωc

2V
(2.2)

nature of flow unsteady parameter (k)

Steady 0
Quasi-steady 0 ≤ k ≤ 0.05
Unsteady 0.05 ≤ k ≤ 0.2

Highly unsteady k ≥ 0.2

Table 2.1: Types of flow based on unsteadiness parameter k

Figure 2.1: Possible sources of unsteady aerodynamic loading on a
helicopter rotor (Ref. [Bed80]).

The lifting capability of any part of the blade depends on local angle of attack
(AoA). When the AoA exceeds the stall boundary, the flow separation oc-
curs on the airfoil’s upper surface, which abruptly changes the aerodynamic
response. The main rotor is divided into two sides during the helicopter’s
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forward flight. Namely, the advancing side (0◦ to 180◦ where the local ve-
locity of the blade is added up with the incoming flow velocity) and then
followed by the retreating side (180◦ to 360◦ where the local flow velocity
is subtracted from incoming flow velocity) as shown in figure 2.2 ([Lei00]).
The lift produced on the advancing side of the disk must be balanced by
the lift generated on the retreating side. But due to lower velocity at the
retreating side, the blade must operate at a higher angle of attack (AoA).
When this AoA required for trim does not exceed the stall angle and the fol-
low is attached, the blade performance is described by steady aerodynamics;
otherwise, it will cause a stall of an airfoil. In the case of a helicopter rotor,
blades experience unsteady forces from different sources, as shown in figure
2.1 and this causes the flow separation, which leads to the dynamic stall of
the blade.

Figure 2.2: Forward flight (Ref. [Lei00])

A prerequisite in any unsteady aerodynamic theory is the ability to model
the unsteady air loads accurately at the blade element under attached flow
conditions ([Lei00]). The most fundamental approach to modeling the un-
steady aerodynamic effects is the extension of the steady, 2D thin airfoil
theory. Thin-Airfoil theory is a base for all the classical unsteady flow theo-
ries such as Wagner([Wag24]), Theodorsen([The49]), Küssner([Küs36]), and
von Karman and Sears ([KS38]). The model must satisfy the following two
conditions to apply the thin airfoil theory, which ensures the incompressibil-
ity of the flow. First, the product of Mk << 1 ensures the low local velocity
and low amplitudes of unsteadiness. Second, any model must be written in
mathematical form for easy coupling with other models.
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2.1.1 Dynamic Stall

The dynamic stall phenomenon has long been known to be a factor that
limits helicopter performance. At the same time, in a single revolution of the
rotor, the rotor blades experience different AoA on the advancing side and
retreating side. Stall occurs on a rotor blade element in a dynamic and time-
dependent manner when AoA results from cyclic pitch input, blade flapping,
wake inflow, and separation changes continuously in the time domain and is
referred to as dynamic stall.

The general dynamic stall definition by McCroskey [MCM76] is, ”Dynamic
stall will occur on any airfoil or other lifting surface when it is subjected
to time dependent pitching, plunging or vertical translation, or the type of
non steady motion, that takes the AoA above its normal static stall angle.
Under this circumstances, the physics of flow separation and the development
of stall have shown to be fundamentally different from the stall mechanism
exhibited by the same airfoil under static condition (k=0).”

Leishman [Lei00] noted the characteristics of dynamic stall as follow (1) Dy-
namic stall is, in part, distinguished by a delay in the onset of flow separation
to a higher AoA that would occur statically. (2) The initial delay in stall
onset is advantageous as far as the performance and operational envelope is
concerned. (3) It is characterized by the shedding of concentrated vortical
disturbances from the leading edge airfoil region. (4) As long as these vortex
disturbances remain on the upper surface, it acts to enhance the lift being
produced. (5) The vortex flow pattern is not stable, and the vortex is quickly
swept over the blade’s chord by the oncoming flow. Vortex convection pro-
duces a rapid aft movement of pressure, which results in large nose-down
pitching moments on the blade section and an increase in torsional loads on
the blade.

Helicopter rotor blades experience significant fluctuations in AoA due to
variations in inflow velocity. These large fluctuations in AoA near static stall
result in delaying the onset of a stall to a much higher AoA than a static
stall ([McC81]). Dynamic stall delays the onset of the stall and delays the
reattachment of the flow after stall.

Leishman ([Lei00]) presented 5 sequential stages of the dynamic stall process
as shown in figure 2.3. During the first stage, (5 to 1) AoA increases from
the minimum value to the relative static stall value; the lift coefficient also
increases following the static trend, and flow remains attached. During the
second stage (1 to 2), the formation of re-circulations starts in the boundary
layer near the trailing edge. Lift continues to increase, and LEV also develops

Institut für Flugsystemtechnik Page 6



State of the Art

further. In stage three (2 to 3), the leading edge vortex starts to convect over
the airfoil chord; the center of pressure also moves downstream till it reaches
the trailing edge. This results in a large nose-down pitching moment called
moment break or moment stall. During this stage, lift increases further and
reaches the maximum value when the vortex reaches the airfoil’s trailing edge.
At stage four (3 to 4), the complete flow separation takes place, resulting in
an abrupt decrease in lift and a decrease in AoA. Finally, in stage five (4 to
5), a delayed flow reattachment occurs.

Figure 2.3: Schematic showing the essential flow morphology and the
unsteady airloads during the dynamic stall of an oscillating 2-D airfoil.

(Ref. [Lei00])

Mulleners and Raffel ([MR12]) presented that LEV generates small counter-
rotating vortices at the trailing edge; when this vortices move towards the
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leading edge cause the detachment of LEV from the airfoil surface, which
is known as vortex-induced separation. McCroskey ([McC81]) classified the
dynamic stall into two categories based on the extension of separation. First
a light stall, and second a deep stall. Figure 2.4 shows the physical represen-
tation for light stall and deep stall.

(a) light stall (b) deep stall

Figure 2.4: Topology of (a) light and (b) deep stall configuration.
(Ref. [MP82])

2.2 High Fidelity Aerodynamic Models

The most traditional and well-known approach to finding the aerodynamics
parameters is computational fluid dynamics models (CFD). CFD methods
are based on classical Navier-Stokes equations and are based on conservation
laws such as mass, momentum, and energy conservation. There are different
types of CFD models available based on the problem one is solving.

Many turbulence models are available to obtain closure of numerical solu-
tions; the RANS method is most commonly used in CFD to solve flow-field
variables. A more superior and computationally expensive method is Large
Eddy Simulation (LES). LES uses spatial averaging over temporal to resolve
large coherent structures in the flow field while small, turbulent structures
are modeled. The most accurate and computationally expensive method in
CFD is Direct Numerical Simulation (DNS). DNS resolves turbulence on all
scales. Large-scale turbulence is used for accounting for the forcing scales
and the Kolmogorov scale to account for turbulent energy dissipation into
heat. Figure 2.5 shows the comparison of RANS, LES, and DNS.

2.3 Low Fidelity Aerodynamics Models

2.3.1 Thin Airfoil Theory

Mirnal Kaushik [Mir19] states that, “Thin airfoil theory is a straightforward
hypothesis of airfoils that relates angle of attack to lift for an incompressible
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Figure 2.5: Turbulence models in CFD

and inviscid flow past an airfoil. This theory idealizes the flow past an air-
foil as two-dimensional stream around a thin airfoil which can be envisioned
as tending to an airfoil of zero thickness and infinite wingspan.” Govern-
ing equations and boundary conditions (No penetration BC) for thin airfoil
theory are as follows:

∇2Φ = 0 (2.3)

∇2Ψ = 0 (2.4)

∇2(Φ + iΨ) = 0 (2.5)

Vn = 0, W (x, 0) = 0

Where (2.3) is the condition for potential function, (2.4) is the condition for
streamline function and (2.5) is the condition for potential flows. Vn = 0 is
the condition for velocity component and W (x, 0) = 0 shows the circulation
at different location along the chord.

The integral form of the vortex strength in thin airfoil theory is as shown in
the equation 2.6, and the solution for the strength of the vorticities from the
integral equation obtain by Fourier analysis is as shown in the equation 2.7.
One can find the coefficient of lift and moment using the equations 2.8 and
2.9 respectively.

1

2π

∫ π

0

γ(x′)dx′
(x− x′)

= U∞sin

(
α− dzc

dx

)
(2.6)
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γ(ϕ) = 2U∞

(
A0

1 + cos(ϕ)

sin(ϕ)
+

∞∑
n=1

Ansin(nϕ)

)
(2.7)

Where A0 = α− 1

π

∫ π

0

dz

dx
dϕ0 An =

2

π

∫ π

0

dz

dx
cos(nϕ0)dϕ0

Cl =
2
∫ c

0
γ(x)dx

U∞c
= 2π

(
A0 +

A1

2

)
= 2π(α− αL=0) (2.8)

Cmc/4
= Cmac =

π

4
(A2 + A1) (2.9)

Where αL=0 = α− A0 −
1

2
A1

Figure 2.6: Thin airfoil theory

2.3.2 Indicial Response: Wagner Model

Unsteady aerodynamics extends the thin airfoil theory to include the wake
from the sudden impulsive start of the airfoil. Wagner first studied the
starting wake effect and obtained the solution to the impulsively started flat
plate problem ([Wag24]). He showed that delay in circulation growth for
an accelerating wing at angle of attack below steady-state stall and wing’s
starting vortex induces a downwash on the wing, which reduces the local
angle of attack. This effect diminishes as the starting vortex moves away
from the wing and leads to an asymptotic rise in wing lift with time.

Wagner considered a horizontal line of a continuous distribution of vorticity
points shed from the trailing edge, ending with the starting vortex, and the
flat plate is also horizontal, as shown in Fig. 2.7. At the same time, the free
stream is inclined by a small angle α. The vortices are ejected at the ith time
instance and then travel at the free stream airspeed, such that ∆x = U∆t.
Their strength does not change as they travel downstream. Finally, The
vorticity distribution becomes continuous as ∆x −→ 0.
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Wagner’s mathematical model expression for a lift on a thin airfoil undergoing
a sudden change in AoA is as shown in equation 2.10. The first term is an
apparent mass term, and the second term is the steady-state lift coefficient,
with Wagner’s function representing the effect of the wake. Unfortunately,
the lack of a convenient and readily-usable expression for the Wagner function
has resulted in the formulation of a variety of simplifying approximations
that can be used in place of the exact form, such as R. T. Jones ([Jon40])
approximation.

Plot of Wagner’s function vs semi-chord distance travelled is as shown in
figure 2.8. The lift jumps to half the steady-state value in the first instance,
increasing asymptotically towards the steady-state value.

Cl =
πc

2u
δ(t)︸ ︷︷ ︸

infinte pulse due to added mass ignored

+ 2παΦ(s)︸ ︷︷ ︸
steady state lift with wagner’s function

(2.10)

Φ(s) = 1.0− 0.165e−0.0455s − 0.335e−0.3s

s =
V c

2t

(2.11)

Figure 2.7: Wagner extension of thin airfoil model with wake

2.3.3 Duhamel Superposition

Mazelski Ref. [Maz51] and [MD52] appear to have been one of the first re-
searchers to use exponential approximation to the indicial response for com-
pressible flow. A similar approach has been adopted by Dowell Ref. [Dow80]
to obtain the approximation for the indicial response for incompressible flow
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Figure 2.8: Wagner function for a step change in angle of attack (ref.
[Lei00])

using Theodorsen’s Ref. [The49] result and for compressible flow by using the
Wagner’s Ref. [Wag24] result with frequency response data from Williams
Ref. [Wil80].

As shown by Jones Ref. [Jon40], the approximate aerodynamic transfer
function equation 2.11 for the Wagner function contains two poles. Therefore,
by increasing the number of poles, a more approximate indicial response
function can be obtained, as shown by Venkatesan ([VF86]). However, more
poles require more states and are computationally costly.

A general form of the aerodynamic indicial response function is as follows:

ϕ(S) = 1.0− A1 exp (−b1S)− A2 exp (−b2S) (2.12)

Where time is generalized as S = 2V t/c, which corresponds to the relative
distance traveled in terms of semi-chord.

Cf is the unsteady force coefficient acting on the airfoil and it is smooth,
nonlinear function of AoA. The main underlying principle in the indicial re-
sponse function is that flow can be linearized concerning the forcing function.
If ∂Cf/∂α is the linear time-invariant response, it does not depend on α and
depends on the time after the step input is applied. Then for any arbitrary
inputs in α, the value of Cf can then be expressed in terms of the Duhamel
superposition integral as shown in equation 2.13.

Cf (t) =
dCf

dα
α(0)Φf (t)︸ ︷︷ ︸

short time transient

+
dCf

dα

∫ t

0

dα

dt
(σ)ϕf (t− σ)dσ︸ ︷︷ ︸

Duhamel integral

(2.13)
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Duhamel integral produces an aerodynamic quantity that contains all of the
prior time-history information of what has happened to the aerodynamic
response since the initial time. Cf value for the steady flow is as shown
in equation 2.14 and for the time-varying value of the lift coefficient, Cl(t)
can be expressed as a function of angle of attack, α(t), in terms of Duhamel
integral as

Cl(t) = Clα

[
α(t0)ϕ(S) +

∫ s

s0

dα

dt
(σ)ϕ(S − σ)dσ

]
= Clααe(t) (2.14)

Where αe(S) = α(S0)ϕ(S) +
∞∑
i=1

dα

ds
(σi)ϕ(S − σi)∆σi

Solving equation 2.14 is not affordable in rotor calculation but there are
options available to solve it efficiently. Duhamel integral in equation 2.14
can be written numerically as shown in equation 2.16.

αe(S) = α(S)−X(S)− Y (S). (2.15)

Where X(S) = A1

∫ S

S0

dα

dS
(σ)e−b1(S−σ)dσ

Y (S) = A2

∫ S

S0

dα

dS
(σ)e−b2(S−σ)dσ

Integral inX(S) and Y (S) terms for time S+∆S can be solved by considering
different numerical algorithms. Figure 2.9 shows the relative computational
cost for different numerical schemes with their order of error. Equation 2.16
shows X(S) and Y (S) are written interms of one-step recursive formulas that
will be denoted by Algorithm D-1:

X(S) = X(S −∆S)e−b1∆S + A1∆αS

Y (S) = Y (S −∆S)e−b2∆S + A2∆αS

(2.16)

1− e−b1∆S

b1
≈ ∆S (2.17)

The error in this alogrithm arises from approximation as shown in equa-
tion 2.17 and this results in relative error in integral equation which is as
follow:
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Figure 2.9: Relative computational cost of the numerical solution of
Duhamel integral using different numerical methods. Cost is evaluated

relative to exact solutions. (Ref. [Lei00])

ϵ = 2− b1∆S

1− e−b1∆S − b2∆S
1−e−b2∆S

(2.18)

2.3.4 Theodorsen Model

In 1949 Theodorsen ([The49]) came up with a more generalized harmonic un-
steady flow around a flat plate by combining translation, plunging (heaving)
and pitching motion. He divided the output lift into non-circulatory lift (due
to translation, pitching, and plunging motion or added mass) and circulatory
lift (due to circulation), as shown in block diagram in Fig. 2.10

ḧ, α̈, α̇ Non circulatory

Quasi-steadyḣ, α̇, α C(k)

+ Total lift

Figure 2.10: Theodorsen model

To obtain the lift’s non-circulatory part, Theodorsen consider a streamline
cylinder surface transformed it to a flat plat through conformal mapping
as shown in figure 2.12 and he considered source singularities on the up-
per surface and sink singularities on the lower surface as shown in figure
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2.11. However, the non-circulatory solution does not satisfy the Kutta con-
dition. Theodorsen accomplished this by using the bound vortices inside the
cylinder and the wake of counter-rotating vortices continually moving away,
as shown in figure 2.12. Theodorsen’s total lift is sum of circulatory lift
and non-circulatory lift as shown in equation 2.20. Figure 2.13a and 2.13b
shows change in theodorsen’s function with respect to the reduced frequency
(k).

Figure 2.11: Sink and Source distribution on cylinder surface

Figure 2.12: Bound vortex and wake effects (Ref. [The49])

L′ = L′
NC + L′

C (2.19)
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L′ =πρb2(U∞α̇ + ḧ− α̈ab)︸ ︷︷ ︸
non-circulatory

+

ρU2πb

[
ḣ+ Uα + b

(
1

2
− a

)
α̇

]
C(k)︸ ︷︷ ︸

circulatory

(2.20)

M ′
c/2 =πρb2

[
baḧ+ Ub

(
1

1
− a

)
α̇− b2

(
1

8
+ a2

)
α̈

]
︸ ︷︷ ︸

non-circulatory

+

2πρUb2
(
a+

1

2

)[
ḣ+ Uα + b

(
1

2
− a

)
α̇

]
C(k)︸ ︷︷ ︸

circulatory

(2.21)

where C(k) =

∫∞
1

ξ∗√
ξ∗2−1

e−ikξ∗dξ∗∫∞
1

√
ξ∗+1
ξ∗−1

e−ikξ∗dξ∗

Where L′ is total lift, M ′
c/2 is total moment, h is plunging (heaving) displace-

ment, positive downwards, α is AoA, a is the ratio of hinge distace w.r.t mid
chord, b semi-chord, α̇ is pitch rate around the hinge, ḣ is plunging velocity
and U∞ is free-stream velocity.

2.3.5 Küssner Model

The rotor wake produces a highly nonuniform induced velocity field across
the plane of the rotor disk. The blade element encounters this nonuniform
vertical upwash/downwash as it rotates in this field. Hence it is crucial to
distinguish appropriately the effects on the airloads arising from AoA changes
from blade motion. Küssner ([Küs36]) studied the lift response on a thin air-
foil entering a sharp-edged vertical gust and correctly solved by Von Karman
and Sears ([KS38]). As shown in figure 2.14 (a) quasi-steady AoA changes
progressively as the airfoil penetrates the gust front. The resulting variation
in lift coefficient can be written as in equation 2.22. Küsnner function is as
shown in equation 2.23 with real and imaginary parts. The approximate form
of the küssner function was given by exponential approximation by Sears and
Sparks ([Sea41]) as shown in equation 2.24 and algebraic approximations by
Bislinghoff ([BAH13]) as shown in equation 2.25.
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(a) Real and imaginary parts

(b) Real and imaginary parts change with k

Figure 2.13: Theodorsen’s function (Ref. [The49])

Cl(t) = 2π
(w0

Y

)
Ψ(s) (2.22)

Ψ(s) =
2

π

∫ ∞

0

[Fg(k)−Gg(k)] sin(ks)sin(k)dk

k

s > 0

(2.23)

Ψ(s) ∼= 1− 0.5e−0.13s − 0.5e−s (2.24)
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Ψ(s) ∼=
s2 + s

s2 + 2.82s+ 0.8
(2.25)

(a) Boundary conditions for an airfoil penetrating
into a sharp-edged vertical gust

(b) Küssner’s function for the penetration of a
sharp-edged vertical gust

Figure 2.14: Küssner’s function (Ref. [Küs36])

2.4 State-Space Model

Here the state describes the internal behavior of that system and is simply the
information required at a given instant in time to allow the determination
of the outputs from the system given future input. Variables that form a
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state describe the internal mechanics of the system, and they are called state
variables; for example, following Ziemer Ref. [ZTF84] a general nth order
differential system with m inputs and p outputs may be represented by n
first-order differential equations.

Simple differential equations can represent dynamic systems because they
have properties about how a system is changing at any given time as a
function of its current state. The state-space model helps define stability for
linear systems with the help of the state and its derivative; if energy dissipates
over time, then the system is stable, and if energy dissipates faster, then the
system is more stable. If the energy is growing unboundedly, then the system
is unstable.

ẋ︸︷︷︸
derivatives

= f(x, u)︸ ︷︷ ︸
states and external inputs︸ ︷︷ ︸

defines how a system changes

(2.26)

State-space representation repackages the higher order differential equations
to first order ODE. The repackaging of the higher order equations to first
order equations helps in understanding how the change of state related to
its current state and how external input affects it, as shown in equation ??
and 2.26. The state-space model has been used in building many control
techniques such as Kalman filter control, LQR control, robust control, and
model predictive control, to name a few. Derivative of the system states can
be found by linear combinations of the current states plus linear combinations
of external inputs. This formulation helps avoid the entire dynamic of the
system and only focuses on state relations.

state equation =⇒ ẋ(t) = Ax(t) +Bu(t)

output equation =⇒ y(t) = Cx(t) +Du(t)
(2.27)

2.5 VAST

VAST (Versatile Aeromechanics Simulation Tool) is a new multi-physics sim-
ulation environment for the highly complex field of helicopter comprehensive
analysis. Researchers developed it from the German Aerospace Research
Center (DLR) - Institute of Flight Systems Technology in the frame of the
DLR Project Victoria. VAST uses a general state-space approach for the
physics model and a multi-body approach for structural mechanics. The im-
plemented models for aerodynamics include unsteady aerodynamics based
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on a semi-empirical analytical model for the blade sectional airloads and a
vortex-lattice model for the computation of the rotor wake (Ref. [Hof+20]).
The principal idea is coupled system of models that are expressed as a state-
space model as shown in figure 2.17 (a) and figure 2.15 shows the main
component of VAST with typical workflow from left to right.

VAST simulation framework can be divided into four parts as shown in figure
2.16. The first one is initialization module, which handles the configuration
of the model to simulate. Followed by the core, it performs the non-linear
time simulation (Ref. 2.16). The system analysis helps in the analysis of trim
or eigenanalysis. Overall, the process control module essentially executes a
list of tasks for the calculation.

Figure 2.15: Main component of VAST (Ref. [Hof+20])

Figure 2.16: VAST simulation frame (Ref. [Hof+20])
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(a) Generic State-Space Model (b) The VAST solver

Figure 2.17: The VAST (Ref. [Hof+20])
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3 Model Implementation

This chapter will provide an overview of the model implementation adopted
in this work. It starts with a brief overview of indicial response function for-
mulation, followed by the description of the state-space model for attached
flow and dynamic stall effects. Finally, the modification adopted from Leish-
man and Beddoes for the reattachment of flow.

3.1 General Indicial Response

In reality, helicopter blades encounter arbitrary motion, and hence we need to
find the aerodynamic response for it. Indicial aerodynamic response(s) helps
find unsteady aerodynamic forces and pitching moments in the time domain
in response to arbitrary AoA and/or inflow velocity using the Duhamel su-
perposition. Wagner’s model, as discussed in 2.3.2 is an indicial response
function.

An indicial response function is the response to the disturbance applied in-
stantaneously at instant time zero and held constant after that. Examples
are an airfoil experiencing a sudden change in AoA and/or airfoil entering
the sharp edge gust. There are two challenges of this method. The first is to
find the approximate indicial response function for compressible flow. The
second is to design an efficient numerical method that provides accuracy and
is computationally efficient in performing the superposition process.

Leishman and Beddoes [LB86] adopted two different approaches to obtain
the total indicial response solution: one to solve for the initial loading, which
is impulsive and decays rapidly with time, and another for the circulatory
loading, which builds up quickly in the first few chord length travels and tend
asymptotically to the appropriate steady-state value. The continuity between
initial impulsive loading and succeeding circulatory loading is preserved using
linear superposition.

3.1.1 State-Space Equation from Indicial Response

Unsteady aerodynamic response in differential equations or state-space can
be directly appended with the structural dynamic equations governing the
airfoil or blade motion. This explicit state-space formulation enables stability
analysis for rotor blades based on eigenvalue analysis.

In the VAST model case, the inputs u to the system are the AoA and pitch
rate, and the outputs y are the required lift force, chord force, and pitching
moment. State-space formulation describing the unsteady aerodynamics can
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be obtained by applying the Laplace transform to the indicial response func-
tion from equation 2.12. A general form of the aerodynamic state-equation
is as follows:

L[h(t)] =
(A1b1 + A2b2)(

2V
c
)p+ (b1b2)(

2V
c
)2

p2 + (b1 + b2)(
2V
c
)p+ (b1b2)(

2V
c
)2

(3.1)

Input
Laplace transfer
function L[h(t)] output

Figure 3.1: Flowchart for indicial response to state space model[
ẋ1

ẋ2

]
=

(
2V

c

)[
−b1 0
0 −b2

] [
x1

x2

]
+

[
1
1

]
α(t) (3.2)

CN(t) = Clα

(
2V

c

)[
A1b1 A2b2

] [x1

x2

]
(3.3)

These equations are in the form of equation ?? and this case, matrix D is
equal to zero. Hence we need to find the correct indicial response function
to get the state-space form.

Tran Ref. [TP80] was the first to adopt the state-space form to describe the
unsteady aerodynamic response of a 2D airfoil. However, Tran got reason-
able success, but air load quantitative prediction capability can be improved
further. For general application to a variety of airfoil sections, a model
must meet the following conditions; the First one is well-proven classical
unsteady aerodynamic methods for attached flows and can be used to esti-
mate the dynamic stall characteristics from the static stall characteristics,
and it must also include the modeling of key factors leading edge separation
(LES) and trailing edge separation (TES) together with leading-edge vortex
shedding.

3.2 Leishmann-Crouse State-Space Attached FlowModel

Leishman and Crouse adopted “Airfoil Unsteady Aerodynamic Behaviour
and Dynamic Stall, using the Indicial Method” Ref. [LB86] by Leishman
and Beddoes for the development of the state-space model for the unsteady
dynamic stall. Leishman and Crouse presented the state-space formulation
for attached flow in Ref. [LC89] and dynamic stall in Ref [Lei89]. The
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VAST model is developed based on state-space formulation from Leishman
and Crouse, with the model modifications adopted from the Leishman and
Beddoes [LB86].

The VAST model is divided into four subsystems as shown in Figure 3.2:
unsteady attached flow, trailing edge flow separation, leading-edge flow sepa-
ration, and vortex shedding. However, we do not have a model to capture the
complex viscous effects; hence it is avoided by using empirically derived time
constant from unsteady, 2D oscillating, or plunging wind tunnel experiments.
Therefore, only 2D effects on an airfoil cross-section are considered.

Forcing (input)

Unsteady attached
flow module

Nonlinear trailling-
edge separa-
tion module

Leading-edge flow
separation module

Vortex shed-
ding module

Output of airloads

Time
constant
modifi-
cation

Time
constant
modifi-
cation

Figure 3.2: Flowchart for Leishmann-Beddoes Unsteady Airfoil Behaviour
and Dynamic Stall

3.2.1 Unsteady Attached Flow Behavior

A prerequisite in any unsteady aerodynamic theory is accurately representing
the unsteady aerodynamic response under attached flow conditions. Beddoes
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Ref. [Bed82] considered a non-circulatory lift component due to impulsive
loading from the added mass term, which decays exponentially with dis-
tance traveled. The Circulatory lift component, which develops as distance
traveled by airfoil and asymptotically attains a value of steady-state and it
corresponds to the bound vortex lift as shown in 3.3.

(a) Normal force response (b) Moment response

Figure 3.3: VAST total inidicial response for step change in the AoA at
∆α = 2◦ and M=0.3

According to Leishman and Beddoes, the analytical indicial response func-
tion is only available for the incompressible flow. However, for subsonic
compressible flow, there is no convenient analytic equivalent. Because sub-
sonic flow is hyperbolic and incompressible flow is elliptic in nature. With
the help of Piston theory, we can find the initial loading on the airfoil after
step input which results in the compression wave on the upper surface of the
airfoil and expansion wave on the lower surface of the airfoil. By taking a
pressure difference on a single airfoil element and then integrating the exact
chordwise pressure, we can get an analytical solution for the normal force
and pitching moment component.

In subsonic flow, decomposition of the total loading in circulatory and non-
circulatory parts is just for idealization because it is convenient for handling
the problem. The approximate form of the normal force and pitching moment
coefficient for circulatory and non-circulatory loading for subsonic compress-
ible flow are as follow:

CNα(S) =

[
4

M
ϕI
α(S) +

2π

β
ϕC
α (S)

]
(3.4)

CMα(S) =

[
−1

M
ϕI
αM(S)− 2π

β
ϕC
α (S) [xac(M)− 0.25]

]
α (3.5)
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CNq(S) =

[
−1

M
ϕI
q(S)−

π

β
ϕC
q (S)

]
q (3.6)

CMq(S) =

[
−7

12M
ϕI
qM(S) +

−π

8β
ϕC
qM(S)

]
q (3.7)

CNα(S) represents normal force coefficient due to step change in AoA, CMα(S)
represents pitching moment coefficient due to step change in AoA, CNq(S)
represents normal force coefficient due to step change in pitching rate, CMq(S)
represents pitching moment coefficient due to step change in pitching rate, M
is the local mach number, ϕI

α non-circulatory indicial response function for
the step change in AoA, ϕC

α circulatory indicial response function for the step
change in AoA, ϕI

αM non-circulatory indicial response function for the step
change in AoA and pitch rate, ϕI

q non-circulatory indicial response function
for the step change in pitch rate, ϕC

q circulatory indicial response function for
the step change in pitch rate, and ϕC

αM circulatory indicial response function
for the step change in AoA and pitch rate.

Coefficients of ϕc(S) have been selected based on experimental and theoret-
ical analysis where exponential functions are scaled by β2, and it has been
documented by Beddoes [Bed82].

The total normal force coefficient for attached flow as shown in equation 3.18
and respective circulatory and non circulatory indicial response functions
with corresponding state space form are as follow

ϕC
α (S) = 1.0− A1 exp (−b1β

2S)− A2 exp (−b2β
2S)

[
ẋ1

ẋ2

]
=

(
2V

C

)
β2

[
−b1 0
0 −b2

] [
x1

x2

]
+

[
1
1

]
α3/4(t) (3.8)

CC
N(t) =

2π

β

(
2V

c

)
β2
[
A1b1 A2b2

] [x1

x2

]
(3.9)

ϕI
α(S) = exp

(
−S

Tα

)
(3.10)

Kα(M) =

[
1

(1−M) + πβM2 (A1b1 + A2b2)

]
(3.11)
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ẋ3 = α(t)− 1

KαTI

x3 (3.12)

CI
Nα =

4

M
ẋ3 (3.13)

ϕI
q(S) = exp

(
−S

Tq

)
(3.14)

Kq(M) =

[
1

(1−M) + 2πβM2 (A1b1 + A2b2)

]
(3.15)

ẋ4 = q(t)− 1

KqTI

x4 (3.16)

CI
Nq =

1

M
ẋ4 (3.17)

CP
N(t) = CC

N(t) + CI
Nα(t) + CI

Nq(t) (3.18)

A1 = 0.3, A2 = 0.7, b1 = 0.14, b2 = 0.53

The circulatory and non-circulatory indicial response functions with a corre-
sponding state-space form for the pitching moment are as follow:

ϕI
αM(S) = A3 exp

−S

b3TαM

+ A4 exp
−S

b4TαM

KαM(M) =

[
A3b4 + A4b3
b3b4(1−M)

] (3.19)

[
ẋ5

ẋ6

]
=

[
a55 0
0 a66

] [
x5

x6

]
+

[
1
1

]
α(t)

CI
Mα(t) =

−1

M

[
A3a55 A4a66

] [x5

x6

]
− 1

M
α(t)

(3.20)

where a55 = − 1

(b3KαMTI)
a66 = − 1

(b4KαMTI)

Institut für Flugsystemtechnik Page 27



Model implementation

ϕC
qM(S) = 1− exp (−b5β

2S)

ϕI
qM(S) = exp

−S

TqM

ϕI
qM(t) = exp

−t

KqMTI

KqM(M) =

[
7

15(1−M) + 3πβM2b5

]
(3.21)

ẋ7 = q(t)− b5β
2

(
2V

c

)
x7 = q(t) + a77x7

ẋ8 = q(t)−
(

1

KqMTI

)
x8 = q(t) + a88x8

(3.22)

CC
Mq(t) = − π

8β
b5β

2

(
2V

c

)
x7

CI
Mq(t) = − 7

12M
ẋ8

(3.23)

CP
M(t) = CC

Mq(t) + CI
Mα(t) + CI

Mq(t) (3.24)

A3 = 1.5, A4 = 0.5, b3 = 0.25, b4 = 0.1, b5 = 0.5

Coefficients of ϕαM(S) have been selected based on comparing the response
with the exact linear theory results of Lomax Ref. [Lom+52] and with Bis-
plinghoff Ref. [BAH13].

Leishman obtained the non-circulatory time constantKα(M), Kq(M), KαM(M)
and KqM(M) in Ref. [Lei88]. The exact linear theory results of Lomax Ref.
[Lom+52] can be used to estimate the time constants by matching the gra-
dient of the total response for S=0 where TI = c/a. [Lom+52].

The overall unsteady aerodynamic response can be shown in figure 3.4. It
can be readily shown that by grouping the state equations previously derived,
they can be represented in the general form by Leishman [LC89].

a11 = −
(
2V

c

)
β2b1; a22 = −

(
2V

c

)
β2b2; a33 = − 1

KαTI

; a44 = − 1

KqTI

;
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AoA, pitch
rate and Mach
number (input)

State space form
of unsteady at-

tached flow module

unsteady
normal force lift
and pitching
moment
(output)

Figure 3.4: Flowchart unsteady attached flow

c11 = −2π

β

(
2V

c

)
β2A1b1x1; c12 = −2π

β

(
2V

c

)
β2A2b2x2; c13 = − 4

M

(
1

KαTI

)
;

c14 = − 1

M

(
1

KqTI

)
; c25 = − 1

M

(
A3

b3KαmTI

)
; c26 = − 1

M

(
A4

b4KαmTI

)
;

c27 = − π

16

(
2V

c
β

)
; c28 = − 7

12M

(
1

KqmTI

)
;



ẋ1

ẋ2

ẋ3

ẋ4

ẋ5

ẋ6

ẋ7

ẋ8


=



a11 0 0 0 0 0 0 0
0 a22 0 0 0 0 0 0
0 0 a33 0 0 0 0 0
0 0 0 a44 0 0 0 0
0 0 0 0 a55 0 0 0
0 0 0 0 0 a66 0 0
0 0 0 0 0 0 a77 0
0 0 0 0 0 0 0 a88





x1

x2

x3

x4

x5

x6

x7

x8


+



1 0.5
1 0.5
1 0
0 1
1 0
1 0
0 1
0 1


{
α
q

}

{
CN

CM

}
=

[
c11 c12 c13 c14 0 0 0 0
c21 c22 0 0 c25 c26 c27 c28

]


x1

x2

x3

x4

x5

x6

x7

x8


+

[
4/M 1/M
−1/M −7/12M

]{
α
q

}
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3.3 Leishmann-Crouse State-Space Dynamic Stall Model

3.3.1 Extension to the Non-linear Regime

The earlier section established a state-space governing equation for attached
flow (linearized) airfoil behavior. In this section, we will be focusing on the
formulation of the state-space model for the non-linear airfoil behavior and
dynamic stall.

The airfoil non-linear aerodynamics behavior in the Mach number range of
interest is due to viscous effects and viscous-inviscid interactions. Therefore,
a generalized aerodynamic model for non-linear behavior must allow for the
progressive effects of trailing edge separation (TES) and abrupt effects of
leading-edge separation (LES) or shock-induced separation.

3.3.2 Stall Onset

The onset of LES occurs when the leading edge encounters the critical pres-
sure and associated pressure gradient. Evans and Mort [EM59] came up with
the equivalent criteria with the help of static airfoil data to capture the on-
set of stall. Beddoes [Bed78] evaluated Evans and Mort’s criteria under both
steady and unsteady conditions. As per Beddoes, Evans and Mort’s criteria
have performed well in capturing the onset of the stall by considering local
leading-edge velocity as the primary factor. Later Beddoes [Bed83] used the
same criteria to extend the model for higher Mach number to capture the
onset of shock-induced stall. In application, pressure (P) is related to the
CN , and hence we can use the critical value of CN at the onset of the stall,
which can be found from static airfoil test data. From the analysis of airfoil
static test data for various Mach numbers critical value of CN(static) = CN1

a stalled boundary can be defined as shown in figure 3.5 for the NACA0012
airfoil.

From dynamic tests Leishman found that, there is a phase lag of the airfoil
peak pressures under nominally attached flow conditions for the instanta-
neous normal lift force. In the case of unsteady flow, aerodynamic responses
experience lag due to temporal effects. The pressure distribution and coeffi-
cient of lift are achieved at a higher AoA than intended. Which will result
in an overall delay in the dynamic stall. Hence, a first-order lag may be
applied to CN(t) to produce a substitute value C ′

N(t) with the presumption
that whatever properties apply to P (t) must also apply to C ′

N(t). From tests
over the relevant Mach number range, it is found that pressure phase lag
is nominally linear within the interested Mach number range and increases
with an increase in Mach number. The first-order lag with Mach number
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Figure 3.5: Critical normal force separation onset boundary or stall
boundary for the NACA-0012 airfoil (Ref. [LB86])

dependent time constant Tp can be applied to static relation for normal force
coefficient in attached flow condition CP

N which gives a coefficient of normal
lift C ′

N . State-space form to obtain the C ′
N(t) is represented as follows

ẋ9 = −x9

Tp

+
CP

N(t)

Tp

C ′
N(t) = x9

(3.25)

Where the input to the equation 3.25 is the total unsteady lift under at-
tached flow condition CP

N(t) and the time constant for leading edge pressure
response Tp. The time constant Tp is a function of Mach number and can
be determined empirically from unsteady airfoil data. The value of Tp is
largely independent of airfoil shape. Once C ′

N(t) exceeds CN1 the onset of
leading edge/shock induced separation under dynamic conditions will be ini-
tiated and when C ′

N(t) < CN1 flow reattaches to airfoil under dynamic flow
condition.

3.3.3 Trailing Edge Separation

As an airfoil undergoes a stall, a trailing edge flow separation occurs, and
the separation point progresses toward the leading edge. The airfoil losses
the circulation associated with it, and the aerodynamic response of airfoil
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shows non-linearities in force and moment behavior. Hence capturing the
TES and its effect on aerodynamic response becomes crucial. Wilby [Wil84]
findings show that trailing edge separation may play a vital role in the onset
of dynamic stall. Wilby also shows that the moderate pitch rate can sup-
press trailing edge separation. However, studies have shown that this will
leads to abrupt leading-edge separation or shock-induced flow separation if
the supercritical flow is allowed to develop. Even when the primary source
of separation is at the airfoil leading edge or a shock wave, it promotes the
trailing edge separation through the thickening of the boundary layer.
Kirchhoff presented a theory for separated flow regions on 2D bodies and it
was reviewed by Wood in [Woo11]. A specific case is a flow separation on
a 2D plate as shown in figure 3.6. The normal force coefficient is given by
equation 3.26. Where 2π shows the normal force curve slope for incompress-
ible flow, f is the trailing edge flow separation point, and α is AoA. We can
extend this form to get a normal force coefficient for compressible flow as
shown in equation 3.27 by replacing the force curve slope 2π with force curve
slope CNα(M) or (2π/β) at appropriate Mach number which can be obtained
through static airfoil data.

Figure 3.6: Kirchoff flow idealisation

CN = 2π

(
1 +

√
f

2

)2

α (3.26)

CN = CNα(M)

(
1 +

√
f

2

)2

α (3.27)

An empirical relationship between effective separation point f and AoA α can
be obtained by using the static airfoil data as shown in the equation.
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Figure 3.7: Modelling of trailing edge separation point

f =

{
1− 0.3 exp {(α− α1)/S1}, if α < α1

0.04 + 0.66 exp {(α1 − α)/S2}, if α > α1

(3.28)

The coefficients S1 and S2 define the stall characteristics, while α1 defines
the break point corresponds to f = 0.7. For most airfoil section static stall
occurs normally at separation point f ≈ 0.7. S1, S2 and α1 are determined
empirically for each airfoil and vary with Mach number as shown in Table
4.5. Figure 3.7 shows the variation of f with AoA for equation 3.28.

Kirchhoff’s theory does not provide a generalized formulation for the pitching
moment. However, the center of pressure can be found from static airfoil data
by the ratio of CM/CN . Furthermore, the variation can be plotted versus the
separation point, and by using the least square method, a relation between
COP and f can be obtained.

CM

CN

= [K0 +K1(1− f) +K2sin(πf
m)] (3.29)

WhereK0, K1, K2 andm can be adjusted for different airfoil andK0 = (0.25 -
Xac) is the aerodynamic center offset from the 1/4− chord. The constant K1

directly affects the center of pressure due to the growth of the separated flow
region, and the constant K2 helps describe the shape of the moment break
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stall. Normally m = 2, and it is independent of the type of airfoil. Kirchhoff
also gives a generalized expression for chord force for the separated flow.
However, in reality, there exists a viscous boundary layer hence chord force
will not be completely realized as in the case of potential flow. Therefore, a
factor η is used to account for the viscous effect, and η = 100% in the case
of potential flow, and for unsteady separated flow from static airfoil data, it
has been found that η = 97%.

CC = ηCNαα
2
√

f (3.30)

As in the case of temporal effects on airfoil pressure distribution, the bound-
ary layer is also time-dependent. Scruggs Ref. [SNS74] presented a finite
difference scheme to integrate boundary layer equations, which were coupled
to an unsteady potential flow analysis for a steadily pitching airfoil. Leish-
man and Beddoes [LB86] presented a simple open-loop procedure to show
the time-dependent variation of trailing edge separation point f . Unsteady
leading-edge pressure for a quasi-steady case can be found with the help of
effective AoA (αf ). The additional effects of the unsteady boundary layer
response may be represented by applying a first-order lag to the value of f ′

to produce the final value for the unsteady trailing edge separation point
f ′′.

αf (t) =
C ′

N(t)

CNα(M)
(3.31)

f ′ =

{
1− 0.3 exp {(αf (t)− α1)/S1}, if αf (t) < α1

0.04 + 0.66 exp {(α1 − αf (t))/S2}, if αf (t) > α1

(3.32)

The state space form for the f ′′ can be represented as follow:

ẋ10 = −x10

Tf

+
f ′(t)

Tf

f ′′(t) = x10

(3.33)

The state equation for separation point movement on the airfoil is requires
modification of the time constant parameter depending on the physical phe-
nomenon on the airfoil. According to Leishman and Beddoes, the separation
point moves faster towards the leading edge during the vortex shedding. On
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the other hand, if flow reattachment occurs during the presence of the vor-
tex, then it moves slowly towards the leading edge. So, each time depending
on the physical process time constant parameter (Tf ) needs to be changed.
Therefore, the VAST model adopts the following modifications for time con-
stant for separation point movement suggested by Leishman and Beddoes
[LB86].

The first one is during the vortex shedding process, the pressure changes
occurring are sufficient to accelerate the forward progression of any trail-
ing edge separation, which may be accomplished by halving the instanta-
neous effective time constant, Tf ; in addition, the vortex should not cross
the trailing edge. Second, if the direction of pitching motion is changed dur-
ing the vortex travel, the separation point moves faster towards the leading
edge. It can be accomplished by halving the instantaneous effective time
constant, Tf . Finally, during the vortex presence the establishment of flow
reattachment is delayed considerably until the vortex reaches downstream
(τv > 2 ∗ Tvl). For example, flow reattachment during the onset of stall can
be accomplished by considering the instantaneous effective time constant four
times, Tf = 4 ∗ Tf .

The normal force, pitching moment and chord force coefficient for unsteady
flow with trailing edge separation point f ′′ is given by equation 3.34, 3.35
and 3.36 respectively.

Cf
N(t) = CNα(M)

(
1 +

√
f ′′

2

)2

αE(t) (3.34)

Cf
M(t) = [K0 +K1(1− f ′′) +K2sin(π(f

′′)m)]CC
N + CM0 (3.35)

Cf
C = ηCNαα

2
E

√
f ′′ (3.36)

After the onset of gross separation, the Kirchhoff modification to the chord
force becomes invalid, and an alternative equation with an additional fac-
tor is considered by Leishman and Beddoes [LB86], as shown in equation
3.37.

CC(t) = ηcCNα sinαE(t)αE(t)
√

fΦ (3.37)

Φ = fDf (C
′
N−CN1)
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During the attached flow chord force is calculated from equation 3.36 and
during the stall onset equation 3.37. The factor Φ ensures the continuity
between the chord force during attached and separated flow. Note that αE

should be in rad only in the sin function. Apart from that, it should be in
degree.

CD = CN sin(α)− CC cos(α) + CD0 (3.38)

Separation point with lagged response (f ′′) is also called dynamic separation
point. Dynamic separation point can be used to calculate normal force co-
efficient, pitching moment coefficient and chord force coefficient as shown in
equation 3.34, 3.35, and 3.36 respectively.

However, using the dynamic separation point f ′′ a satisfactory lift response
during the flow reattachment can be obtained, but pitching moment behav-
ior is not acceptable. Because during the flow, reattachment is occasional
premature, but localized leading-edge reattachment occurs under some con-
ditions and defers from cycle to cycle. Local leading-edge reattachment may
have been due to disturbance in flow fields from interaction effects. For flow
reattachment Leishman and Beddoes modeled the pitching moment using
the flow separation point from quasi-static flow condition, fqs by considering
a moment f-parameter, fm with time constant half of the Tf .

State equation for the moment modified separation parameter fm can be
represented as shown in equation 3.39. fqs, found using equation 3.28.

ẋ12 = −2x12

Tf

+
2fqs(t)

Tf

fM(t) = x12

(3.39)

When rate of change of effective incidence is negative, the break angle α1 is
offset by δα1.

δα1 = (1− f)0.25∆α1 (3.40)

where ∆α1 is a function of the airfoil and Mach number (Table 4.5). Figure
3.8 shows the variation of f-parameter for deep stall condition with α =
10◦ + 10◦Sin(ωt); k = 0.1 and M = 0.3.

3.3.4 Modeling of Dynamic Stall

Unlike trailing edge separation, where the airfoil losses the lift, the leading
edge separation caused by vortical disturbances accumulated at the leading
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Figure 3.8: Variation of f-parameter for moderate stall condition

edge of the airfoil creates a positive lift before detachment and convecting
downstream. These disturbances are small vortices with a negative pressure
gradient, increasing the lift on the airfoil. The general case of dynamic stall
involves the formation of a vortex at the leading edge of the airfoil; as trailing
edge separation progresses, vorticity is shed locally at the separation points
and is continuously convected downstream in the shear layer, which results in
the pressure gradient being small. Leishman and Beddoes [LB86] formulated
a simple but physically acceptable model for the dynamic stall by considering
vortex lift contribution Cv

N(t) as excess circulation until a critical condition
that C ′

N(t) exceeds CN1 is reached. The following state-space equation can
represent the circulation produced by a vortex.

ẋ11 = −x11

Tv

+
Ċv

Tv

Cv
N(t) = x11

(3.41)

Cv =

{
CC

N [1− (1 +
√

f ′′)2/4] for τv ≤ 2Tvl

0 for τv ≤ 2Tvl

(3.42)

State 12 requires the derivative of vortex lift (Ċv) as state input. After
inserting the 3.9 into equation 3.42 and differentiating with respect to the
time we get quation 3.43.

Ċv = T1 − (T1 ∗ T2 + T4 ∗ T3) (3.43)
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T1 = K1A1b1ẋ1 +K1A2b2ẋ2

T2 =
(1 + f ′′ + 2

√
f ′′)

4

T3 = ˙x10 +
˙x10√
x10

T4 = K1A1b1x1 +K1A2b2x2

K1 =
2π

β

(
2V

c

)
β2

A1 = 0.3 A2 = 0.7

b1 = 0.14 b2 = 0.53

When the critical condition is reached, the vortex accumulated at the leading
edge of the airfoil starts to convect over the airfoil chord. A new state 13
was formulated to calculate the non-dimensional time τv to track the passage
of the vortex over the airfoil chord and τv = 0 when the vortex detaches
from the leading edge during the onset of stall. It is found that the vortex
travels with approximately half of the free stream velocity over the chord
of the airfoil Ref. [LB86]. During the vortex convection, the lift continues
to accumulate through equation 3.41 till it reaches the trailing edge of the
airfoil. Once the vortex swept downstream τv > 2 ∗ Tvl and τv becomes zero
until next vortex sheds. The moment produced by the vortex while traveling
over the chord is given by the equation 3.44.

Cv
M(t) = −CPv ∗ Cv

N (3.44)

CPv(t) = 0.25 ∗
[
1− cos

(
πτv
Tvl

)]
(3.45)

ẋ13 =
2V

c
τv(t) = x13

(3.46)

Another additional state is considered to track the direction of pitching mo-
ment. When the direction of airfoil changes during the vortex travel the
separation point moves much faster towards the airfoil leading edge and for
this reason we can use the x14.

x14 = α̇ (3.47)
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4 Model Validation and Discussion

This section studies the validity of the unsteady dynamic stall model im-
plemented in the VAST. It contains the validation of stall onset, moderate
dynamic stall flow, and deep dynamic stall flow.

The unsteady dynamic stall module is evaluated using FORTRAN 90 and
implemented in the VAST source code developed by the Institute of Flight
System, DLR. The integration of the state equation is performed using the
VAST inbuilt solver for solving the coupled ODE, which is based on global
fourth-order Runge-Kutta for non-stiff ODEs.

The Unsteady dynamic stall model in VAST is validated against the exper-
imental test, the Leishman-Crouse, and the Leishman-Beddoes state-space
model data, from [McC+82], [Lei89], and [LB86] respectively for a NACA-
0012 airfoil as shown in Figure. 4.1 under stall onset, moderate dynamic
stall, and deep dynamic stall conditions.

The selected data set is for harmonic pitch oscillation at various mean angles
of attack with a constant oscillation amplitude of 10◦ at a reduced frequency
(k) of 0.1, and a Mach number of 0.3 set constant for all test cases. All
the experimental data presented are ensemble averages of some 25 pitch
cycles.

Figure 4.1: NACA-0012 Profile
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Parameters Leishman-Beddoes Leishman-Crouse

Mach Number, M 0.30 0.30
CLα 0.108 0.113
α1 15.25 14.0
∆α1 2.1 -
S1 3.0 2.75
S2 2.3 1.4
K0 0.0025 0.0175
K1 -0.135 -0.12
K2 0.04 0.04
CD0 0.0085 -
Df 8.0 -
CN1 1.45 1.31
Tp 1.7 1.7
Tf 3.0 3.0
Tv 6.0 6.0
Tvl 7.0 7.5

Table 4.1: Airfoil coefficients used for unsteady aerodynamic modelling
(Ref. [LB86] and [Lei89]).

4.1 Validation of Stall Onset

A NACA-0012 airfoil under harmonic pitch oscillation with amplitude of 10◦

and reduced frequency k = 0.1 and Mach number M = 0.3 is considered
for stall onset validation. Out of all likely cases of dynamic stall, the onset
condition is the most difficult to model because the angle of attack is just
sufficient to break the stall boundary condition. Test results from the VAST
model are compared with reference data from [Lei89] Fig. 8.

4.1.1 Simulation Configuration

Simulation setup and parameters required in the VAST are as shown in
Table 4.2. Airfoil coefficients for state-space model are taken from Table 4.1
for Leishman-Crouse model.

The unsteady dynamic stall state-space model is wholly based on the airfoil
coefficients (static airfoil characteristic parameters table 4.5). Therefore, the
selection of correct parameters is crucial. Leishman and Beddoes provided
an airfoil coefficient table used for unsteady modeling for NACA-0012 for
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the range of flight operation envelope. However, Leishman and Beddoes
published their findings [LB86] back in 1986. After that, Leishman and
Crouse published a state-space representation for unsteady dynamic stall
condition Ref. [Lei89]. They adopted different values for the same parameter
at the same Mach number as shown in Table 4.1 but only provided data for
a single Mach number.

Since, for this test case, the data from Leishman and Crouse are used as a
reference for this constant Mach number, we will opt for the airfoil coefficient
from Leishman and Crouse over the Leishman and Beddoes table 4.5).

Airfoil section = NACA 0012
Blade chord c = 0.0767 m
Amplitude = 0.174532925 rad
Amplitude offset = 0.087266463 rad
Period = 0.023623545 sec/cycle
Number of cycles = 25 revolutions
Mach Number = 0.3
Reduced frequency = 0.075

Table 4.2: Stall Onset flow configuration

4.1.2 Correlation with Experimental Data and Leishman-Crouse
Model

Figure 4.2 shows the normal force, drag force, pitching moment, and chord
force coefficient response for a stall onset condition from the VAST model
compared with the experimental data and the Leishman-Crouse model re-
sponse.

The VAST model shows a pretty good correlation with the reference data
overall. as shown in Figure 4.2a. The difference in the lift and the lagged lift
during the airfoils up and down-stroke, respectively, for the VAST model, is
approximately the same as the experimental data, but the Leishman-Crouse
model shows large deviations. Specifically, the VAST model correctly pre-
dicts the leading-edge stall onset, as shown in figure 4.2a. However, the VAST
and Leishman-Crouse models show a lower lift than experimental data dur-
ing the airfoil down-stroke. Furthermore, the VAST and Leishman-Crouse
models show flow reattachment at around AoA of 6.5◦ and 7.5◦ respectively,
and the experimental data shows flow reattachment at around AoA of 5.7◦.
In addition, the VAST model shows continuous behavior during the flow
reattachment.
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(a) Normal force coefficient (b) Moment coefficient

(c) Chord force coefficient (d) Drag coefficient

Figure 4.2: Stall onset α = 5◦ + 10◦ sinωt; k = 0.1 and M = 0.3
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Figure 4.2b shows the pitching moment coefficient plot. The VAST model
qualitatively captures the trend of experiment data and the Leishman-Crouse
model response. Specifically, the VAST model captures the small rounded
moment break at stall angle. It shows that a small amount of trailing edge
flow separation occurs before the onset of the stall. The VAST model shows
a better correlation than Leishman-Crouse’s model with experimental data
after a moment’s break. The dynamic flow separation point f is used during
the upstroke of the airfoil and a modified separation point fm based on fqs is
used for the flow reattachment. However, the VAST model does not realize
the full pitching moment during the up-stroke of the airfoil.

Figure 4.2c shows the chord force coefficient plot. We do not have experimen-
tal and Leishman-Crouse model data for chord force validation. Leishman
and Crouse also did not discuss the model modification in Ref. [Lei89] for
chord force coefficient during the stall onset. However, we can say that the
trend of chord force is captured well because chord force is related to the
normal force and drag force coefficient, but there might be differences in
magnitude.

Figure 4.2d shows the drag coefficient plot, and it shows the strong correla-
tion with the trends of the experimental and Leishman-Crouse models. The
deviation in the range 11◦ to −1◦ of AoA during the down-stroke of the airfoil
may be due to the chord force coefficient. Leishman-Crouse Table 4.1 does
not provide any value for drag divergence, which is essential in chord force
modification suggested by Leishman and Beddoes. However, presently Df

value is taken from Leishman-Beddoes.

4.2 Validation of Moderate Dynamic Stall

A NACA-0012 airfoil under harmonic pitch oscillation with amplitude of
10◦, offset of 10◦, reduced frequency k = 0.1 and Mach number M = 0.3
is considered for moderately strong dynamic stall validation. Under these
conditions, leading-edge vortex shedding is initiated, and the characteristic
lift overshoot and strong nose-down pitching moment behavior are exhibited.
Test results from the VAST model are compared with reference data from
[Lei89] Fig. 9.

4.2.1 Simulation Configuration

Simulation setup and parameters required in the VAST are as shown in
Table 4.3. Airfoil coefficients for state-space model are taken from Table 4.1
for Leishman-Crouse model.
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Airfoil section = NACA 0012
Blade chord c = 0.0767 m
Amplitude = 0.174532925 rad
Amplitude Offset = 0.174532925 rad
Period = 0.023623545 sec/cycle
Number of cycles = 25 revolutions
Mach number = 0.3
Reduced frequency = 0.1

Table 4.3: Moderate dynamic stall configuration

4.2.2 Correlation with Experimental Data and Leishman-Crouse
Model

Figure 4.3 shows the normal force, pitching moment, chord force, and drag
force response for a moderately strong dynamic stall condition from the
VAST model compared with the experimental data and the Leishman-Crouse
model (Ref. [Lei89] Fig. 9). The VAST model provides qualitative results
for moderate dynamic stall by capturing the normal force coefficients approx-
imately close to experimental and Leishman-Crouse data. In addition, the
VAST and the Leishman-Crouse model show the flow reattachment around
5◦ of AoA, and experimental data shows flow reattachment at 4◦, which is
captured quite nicely by both models considering the complexity involved in
flow reattachment modeling.

Figure 4.3b shows the pitching moment coefficient plot. The VAST model ex-
cellently captures the qualitative trend of experimental data and the Leishman-
Crouse model response. In addition, The VASTmodel also shows an excellent
rounded moment break at the onset of the dynamic stall; this suggests the
presence of trailing edge flow separation before the stall moment break. The
Center of pressure variation in the attached flow region is modeled using the
dynamic separation point f . The further details regarding the f , fqs, and fm
are given in the section 3.3.3. However, the VAST model over-predicts the
pitching moment during the stall break and under-predict during the flow
reattachment. Further changes can be made to include the fm parameter
earlier than the stall break to obtain more appropriate coefficients like the
experimental data and the Leishman-Crouse model.

Figure 4.3d shows the drag coefficient plot. Again VAST model shows an
excellent correlation with the experimental data and the Leishman-Crouse
model. The deviations in the drag plots are attributed to the absence of
a correct model for chord force modification. The main drag source in a
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(a) Normal force coefficient (b) Moment coefficient

(c) Chord force coefficient (d) Drag coefficient

Figure 4.3: Moderately strong dynamic stall α = 10◦ + 10◦ sinωt; k = 0.1
and M = 0.3
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(a) Moderate dynamic stall vortex mo-
ment

(b) Moderate dynamic stall vortex lift

Figure 4.4: Moderate dynamic stall vortex shedding

separated flow comes from small and large eddies in a separated flow.

4.3 Validation of Deep Dynamic Stall

A NACA-0012 airfoil under harmonic pitch oscillation with amplitude of
10◦, offset of 15◦, reduced frequency k = 0.1 and Mach number M = 0.3 is
considered for deep dynamic stall validation. Under a deep dynamic stall,
the airfoil undergoes strong multiple leading-edge vortex sheddings with a
significant increase in normal force, pitching moment, and drag. Test results
from the VAST model are compared with reference data from [Lei89] Fig.
10.

4.3.1 Simulation Configuration

Simulation setup and parameters required in the VAST are as shown in
Table 4.4. Airfoil coefficients for state-space model are taken from Table 4.1
for Leishman-Crouse model.

4.3.2 Correlation with Experimental Data and Leishman-Crouse
Model

Figure 4.5 shows the normal force, drag force, pitching moment, and chord
force response for a deep dynamic stall condition from the VAST model com-
pared with Ref. [Lei89] Fig. 10. The VAST model follows closely the trend
of experimental data and Leishman-Crouse model as shown in Figure 4.5a.
However, the VAST model falls short 0.3 of normal force coefficient compared
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(a) Normal force coefficient (b) Moment coefficient

(c) Chord force coefficient (d) Drag coefficient

Figure 4.5: Deep dynamic stall α = 15◦ + 10◦ sinωt; k = 0.1 and M = 0.3
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Airfoil section = NACA 0012
Blade chord c = 0.0767 m
Amplitude = 0.174532925 rad
Amplitude offset = 0.261799388 rad
Period = 0.023623545 sec/cycle
Number of cycles = 25 revolutions
Mach number = 0.3
Reduced frequency (k) = 0.1

Table 4.4: Deep dynamic stall configuration

to the experimental data when the critical conditions for the leading edge
occur. The difference can be attributed to the vortex travel time adopted in
the VAST. The rate at which vortex convection occurs is considered half of
the free stream velocity in the VAST (Ref. [LB86]). Leishman and Crouse
did not mention any specific value they considered in the model.

Figure 4.5b shows the pitching moment coefficient plot. The VAST model
captures the qualitative trend during moment break but it lacks in capturing
the values of experimental data and the Leishman-Crouse model. The dif-
ference in values of VAST model and experimental data mainly occurs after
moment break and before down-stroke of the airfoil and this can be improved
by re-evaluating the model for wake effects on pitching airfoil.

Figure 4.5d shows the drag coefficient plot. The VAST model captures the
trend of the experimental and Leishman-Crouse data, but it does not realize
full drag coefficient during the moment break. The second peak in experimen-
tal and Leishman-Crouse model is result of secondary vortex which requires
a additional state to implement and it is not Incorporated in VAST model
due to computational time.
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Mach Number, M 0.30 0.40 0.50 0.60 0.70 0.75 0.80

CLα 0.108 0.113 0.117 0.127 0.154 0.175 0.216
α1 15.25 12.5 10.5 8.5 5.6 3.5 0.7
∆α1 2.1 2.0 1.45 1.0 0.8 0.2 0.1
S1 3.0 3.25 3.5 4.0 4.5 3.5 0.70
S2 2.3 1.6 1.2 0.7 0.5 0.8 0.18
K0 0.0025 0.006 0.02 0.038 0.030 0.001 -0.01
K1 -0.135 -0.135 -0.125 -0.12 -0.09 -0.13 0.02
K2 0.04 0.05 0.04 0.04 0.15 -0.02 -0.01
CD0 0.0085 0.008 0.0077 0.0078 0.0078 0.0079 0.0114
Df 8.0 7.75 6.2 6.0 5.9 5.5 4.0
CN1 1.45 1.2 1.05 0.92 0.68 0.5 0.18
Tp 1.7 1.8 2.0 2.5 3.0 3.3 4.3
Tf 3.0 2.5 2.2 2.0 2.0 2.0 2.0
Tv 6.0 6.0 6.0 6.0 6.0 6.0 4.0
Tvl 7.0 9.0 9.0 9.0 9.0 9.0 9.0

Table 4.5: Airfoil coefficients used for unsteady aerodynamic modelling
(Ref. [LB86]).
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5 Conclusion and Outlook

Rotor aeroelasticity and performance analyses require versatile and relatively
simple methods for evaluating the unsteady aerodynamics behavior of the
blade sections. Therefore, the presented work developed a module to find
the aerodynamic performance of a 2D airfoil section under non-linear and
dynamic stall flow conditions. The output of this model is utilized by the
VAST tool for rotor air loads analysis.

the VAST model is developed based on the state-space formulation given by
Leishman and Crouse for the indicial method model presented by Leishman
and Beddoes. In addition to the 12 states given by Leishman-Crouse in Ref.
[Lei89], the VAST model utilizes two extra states. One state account for the
non-dimensional vortex time travel constant over the airfoil chord, and the
second one is to check for the change in the direction of the airfoil. Overall,
the VAST model utilizes 14 states for the formulation used in the present
work.

The attached flow model with indicial response function for the circulatory
and non-circulatory components is implemented. Non-linear effects produced
due to the Trailing Edge Separation (TES) are accounted by Kirchoff flow
modification. A generalized stall boundary denoted the onset of the Leading
Edge Separation (LES) or Shock-induced separation.

The VAST model is validated for stall onset and moderate and deep dynamic
stall flow conditions, covering major dynamic stall ranges. The normal force
coefficient show a qualitative trend almost similar to the experimental data
and the Leishman-Crouse model for all the three test cases during the entire
range of AoA. But it fails to realizes the full normal force coefficient during
the stall break. The pitching moment coefficient shows a qualitative trend
with experimental data and the Leishman-Crouse model. It captures the
moment break at stall but lacks in capturing the qualitative magnitude of
CM .

Most of the differences between the model and the test data are apparent
during the reattachment phase. However, in this regime, because of distur-
bances in the flow field, early and localized leading-edge reattachment takes
place from cycle to cycle, and it is challenging to capture them.

Pitching moment formulation and implementation can be improved further
by the implementation of modified separation point fm for the reattachment
of flow as suggested by Lieshman and Beddoes [LB86].
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