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Highly Concentrated Electrolytes 

& Ionic liquids

• exciting (fundamental)  

• relevant (applied)

Goal 

Holistic framework 

• multiple length scales

• Cell  & EDL simulations

Compatibility 

• Experiments

• Atomistic Simulations

Multi-Scale Continuum Modeling of Highly Correlated Electrolytes

25/Oct/2022Continuum Electrolyte Modeling

Motivation
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Rational Thermodynamics

Thermodynamic Consistency

• 2nd axiom of TD

Rigorous Foundation

• Balancing Laws, …

Focal Quantity: Free energy 𝐹

• Constitutive Equations

Onsager Formalism

Thermodynamic Fluxes

Transport Parameters

18/Oct/2022Continuum Modeling of Ionic Liquids

Framework of Rational Thermodynamics

Outline: Rational Thermodynamics

𝐹 = ∫ ρφHdV + 𝐹int
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Overview Bulk Transport Theory

Multi-Scale Modeling of Ionic Liquids

25/Oct/2022Continuum Electrolyte Modeling

Overview Bulk Theory

Basic Continuum Assumption 

Ion size 𝑟ion
3 ≪ dV

➢ Neglect particle nature

Ion-ion correlations ℓint
3 ≪ dV

➢ Neglect ion correlations

Free energy density ρφH

𝐹H = ∫ ρφH
bulk d𝑉
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Modeling Free Energy Density

𝐹 = 𝐹bulk ρ𝛼 , 𝐷, κ, 𝑇 =∫ ρφHd𝑉

ρφH =
1

2
𝐸 𝐷 +

𝒦

2
1 − Σ𝛼𝑐𝛼𝜈𝛼

0 2 + Σ𝛼𝜌𝛼𝒞𝛼 Δ𝑇 +
𝑘B𝑇

𝑁A
𝛴𝛼𝑐𝛼ln 𝜈𝛼𝑐𝛼

Thermodynamic Derivatives Constitutive equations

Chemical Potentials μ𝛼 =
𝜕 ρφH

𝜕𝑐𝛼
, Stress Tensor σ, …

Derivation of Theory Based Electrolyte Model*

25/Oct/2022Continuum Electrolyte Modeling

Bulk Free Energy

mechanical heat capacity entropyelectrical

Viscous Liquid
ρ𝛼: Multi-component𝑇: Temperature𝐷: Polarization

𝐸
+-

ρφH

*M.Schammer, B.Horstmann, A. Latz. Journal of The Electrochemical Society 168.2 (2021): 026511.
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Constraints Reduce Description

• σ𝛼=1
𝑁 𝑀𝛼𝒩𝛼 = 0 (Center of mass)

• σ𝛼=1
𝑁 𝑐𝛼ν𝛼 = 1

Transport Equations (𝛼 ≥ 3)

𝜕𝑡𝜚 = −∇𝒥 − ∇ 𝜚v
𝜕𝑡𝑐𝛼 = −∇𝒩𝛼 − ∇ 𝑐𝛼v

Fluxes (𝛼 ≥ 3)

• 𝒩𝛼 =
𝜏α

𝐹
𝒥 − σ𝛽=3

𝑁 𝒟𝛼𝛽∇μ𝛽

• 𝒥 = −κ∇𝜙 −
𝜅

𝐹𝑧2
∇μ2 − σ𝛽=3

𝑁 κ𝜏𝛽

𝐹
∇μ𝛽

Incompressibility 

• ∇v = −σ𝛼 ν𝛼∇𝒩𝛼

• ∇vvol = 0

(vvol = σ𝛼 𝑐𝛼ν𝛼v𝛼)

Surface Forces

• ρ ሶv = ∇σ

Stress Tensor σ

Molar volumes ν𝛼(𝑝)

Forces

• ∇μ𝛼 = σ𝛽 θ𝛼𝛽∇(ln𝑐𝛽) − 𝜈𝛼𝜚∇𝛷 + 𝜈𝛼∇𝜏

25/Oct/2022Continuum Electrolyte Modeling

Electrolyte Transport: Migration, Diffusion, Convection*

Fundamental Assumptions and Transport Equations

dV

*M.Schammer, B.Horstmann, A. Latz. Journal of The Electrochemical Society 168.2 (2021): 026511.

xσzz
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σxz

σxy

σxx

z

y

dV

σyy

σyxσyz



7© HIU | 25/Oct/2022Continuum Electrolyte Modeling

Validation Overview

Validation: Simulation of Battery Cell

Secondary Zinc Ion Battery#

Electrolyte Mixture

ChOAc / water / zinc acetate 

1D Cell Simulation* 

Electroneutral theory

Two independent species

Capacity 

Good agreement with experiment

#Z. Liu, F.  Endres, ACS Appl. Mater. Interfaces 8, 12158–12164 (2016).

*M.Schammer, B.Horstmann, A. Latz. Journal of The Electrochemical Society 168.2 (2021): 026511.
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Species mobilities 

• 𝑚𝛼 = v𝛼/𝐸

• Set up vȁsample = 0

Theory

Incompressible IL mixtures

• CM: ∇vCM= −σ𝛼 ν𝛼∇𝒩𝛼

• Volume flux: ∇vvol = 0

• 𝑡𝛼𝐸𝜅 = 𝐹𝑧𝛼𝑐𝛼(𝐸𝑚𝛼 + v)

Mobilities Τ𝑚+ 𝑚− = 𝜈−/𝜈+

Frame dependent 𝑡𝛼

25/Oct/2022Continuum Electrolyte Modeling

eNMR experiment

Validation: Experimental determination of Transference Numbers (Franziska Kilchert)

*F.Kilchert, M.Schammer, A.Latz, B.Horstmann, M.Schönhoff et al. Submitted to PCCP. (see arXiv:2209.05769v1) 
#F.Kilchert, M.Schammer, A.Latz, B.Horstmann, M.Schönhoff et al.,  J. Phys. Chem. Lett. 2022, 13, 37, 8761–8767 

v
C
M
/σ
ȁv
𝛼
ȁ

v
v
o
l /
σ
ȁv
𝛼
ȁvCM ≠ 0

→Momentum flux

vvol = 0
No volume flux
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Main Part Electrochemical Double Layer

Continuum Modeling: Non-local Interactions

25/Oct/2022Continuum Electrolyte Modeling

Main Part: Ionic Liquids Near Electrified Interfaces
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Motivation: Why is a bulk description of the EDL insufficient?

Naïve Approach: Bulk Description of the EDL

*M. Schammer, B. Horstmann, & A. Latz, Journal of The Electrochemical Society, 168(2), 026511 (2021).
#V. Hoffmann, M. Schammer, et al., Phys. Chem. Chem. Phys., 2018,20, 4760-4771.

Δ𝜑

Binary IL PYR[1,4]TFSI

Equilibrium EDL Structures

• 𝜚 = −∇2𝛷

• 0 = 𝛷 − γ+ ln 𝑐− + (1 − γ+) ln 𝑐+

Simulation results

Small 𝚫𝝋 Exponential decay

Larger 𝜟𝝋 Charge saturation (“Crowding”)

Comparison

AFM Experiment

Layered structure over several nm

→ Something is missing …

Δ𝜑𝑐+
satν+ = 1

AFM Experiment
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Multi-Scale Modeling of Ionic Liquids*,#

25/Oct/2022Continuum Electrolyte Modeling

Main Part: Ionic Liquids Near Electrified Interfaces

Length Scales 

• Ion size 𝒪(𝑟ion) ≈ nm

• Ion correlations 𝒪(ℓint) ≈ nm

➢ Hard Particles

➢ Short ranged ion correlations

+ +

impenetrable particles: hardcore interaction

*V. Hoffmann, M. Schammer, et al., Phys. Chem. Chem. Phys., 2018,20, 4760-4771.
#M.Schammer, A.Latz, B.Horstmann, J. Phys. Chem. B 2022, 126, 14, 2761–2776
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EDL: Nonlocal Molecular Interactions

Free Energy Functional

Free Energy Functional

𝐹H
int = Σ𝛼,𝛽∬d𝑦d𝑥 ℱ𝛼𝛽 𝑥 − 𝑦 𝑐𝛼 𝑥 𝑐𝛽 𝑦

Transport

• μ𝛼 =
𝜕ρφH

bulk

𝜕𝑐𝛼
+

δ𝐹int

δ𝑐𝛼

•
δ𝐹int

δ𝑐𝛼
= σ𝛽 ∫ d𝑦 ℱ𝛼𝛽 𝑥 − 𝑦 𝑐𝛽 𝑦

Equilibrium Equation (∇μ = 0)

• 0 = 𝛷 − γ+ ln 𝑐− + 1 − γ+ ln 𝑐+ − ∫ d𝑥 ℱ+− 𝑥 − 𝑦 ϱ 𝑥

𝐹H = ∫ ρφH
bulk d𝑉 + 𝐹H

int
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EDL: Model for interaction potential

Free Energy Functional

Interaction Potential

• ℱ𝛼𝛽(ℓint, 𝒱
0)= 𝒱0 ⋅ 𝒮(ℓint)

Two novel parameters (at least)

• Correlation length ℓint

• Interaction strength 𝒱0

Shape function 𝒮(ℓint)

Model for hard particles

Experiment ℓint ≈ σ

Gauss shape 𝒮 ℓint = exp(− Τ𝑥 ℓint(σ)
2)

-1             1
Distance from particle center  𝑥/σ

Particle of 

radius σ

ℱ

Repulsion

Attraction

AFM Experiment 

(σ ≈ 0.7 nm)

ℓint

𝒱0

𝒮 Shape   

function

0
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Gauss Model for Hardcore Particles 

EDL Theory of Ionic Liquids

Overscreening

Layered long-range ordering with decay and saturation

1
.0

0
 n

m

1
.6

7
 n

m

2
.4

3
 n

m

3
.2

0
 n

m

AFM Experiment 

(σ ≈ 0.7 nm)
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Different Screening Profiles

• Room temperature (𝑘B𝑇 ≈ 250 meV)

𝓥𝟎 ≪ 𝑹𝑻

• Exponential Decay

𝓥𝟎 ≈ 𝑹𝑻

• Damped charge oscillations

𝓥𝟎 > 𝑹𝑻

Oscillations 

• Bulk nano-structuring

• Phase Separation

Parametrization ???

Influence of Interaction Energy

25/Oct/2022Continuum Electrolyte Modeling

EDL Theory of Ionic Liquids
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Small potentials  𝛷 ≪ Τ𝑅𝑇 𝐹

Short-ranged ℱ𝛼𝛽

• 𝐹H
int ≈ Σ𝑛=0Σ𝛼𝛽𝛤𝛼𝛽

2𝑛∫ dy 𝑐𝛼 ∇
2𝑛𝑐𝛽

First two perturbation modes

• 𝛤+−
0 = 𝒱0/𝐸th

• 𝛤+−
2 = 2𝒱0𝐸el/π𝐸th

2

Three competing energy scales

• 𝐸th = 𝑘B𝑇

• 𝐸el = Τ𝑒𝑧+
2 4𝜋𝜀0𝜀R𝑎

• 𝐸int = 𝒱0(𝜀R, 𝑇)

First order stationary state

• 0 = 𝛷 + Ƹ𝜀R ⋅ ϱ

• ϱ = −∇2𝛷

Dielectric operator

• Ƹ𝜀R 𝛤+−
2n ȁ𝑛=0,1 = 1 −

𝒱0

𝐸th
−

2𝒱0𝐸el

π𝐸th
2 ⋅ ∇2

→ BSK Theory*

Can be solved analytically

• ϱ ∝ exp −𝑘𝑥 = exp −𝑘ℝ𝑥 ⋅ cos(𝑘ℂ𝑥)

Wave number 𝑘 𝐸th, 𝐸el, 𝒱
0

• Determines EDL structure

25/Oct/2022Continuum Electrolyte Modeling

Parameterization: Asymptotic Analysis

Gradient Expansion of Interaction Functional

*Bazant, M., Storey, B., Kornyshev, A. Physical review letters 106.4 (2011): 046102.
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Analysis of Screening Phases

EDL: Phase Space Analysis 

Competing energy scales

ϱ ∝ exp −𝑘ℝ𝑥 ⋅ cos(𝑘ℂ𝑥)

𝑘 𝐸th, 𝐸el, 𝒱
0

Three Screening Phases

• Exponential damping

• Damped oscillations

• Oscillations

Phase Boundaries

• 𝒱±
0 = 𝐸th + 4𝐸el/π ± 2𝐸el(2𝐸el/π + 2𝐸th)/π

k
/ 
 -
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Integral Description

ϱ = −∇2𝛷
0 = 𝛷 − γ+ ln 𝑐− + γ− ln 𝑐+ − ∫ d𝑥ℱ 𝑥, 𝑦 ϱ 𝑥

Gradient description (first order)

ϱ = −∇2𝛷
0 = 𝛷 + Ƹ𝜀R(𝐸th, 𝐸el, 𝒱

0, ∇2) ⋅ ϱ

Comparison

Variance of peak number

• σ2 =
σ𝑖 ϱ𝑖

peak
⋅ 𝑥𝑖

peak 2

σ𝑗 ϱ𝑗
peak

25/Oct/2022Continuum Electrolyte Modeling

Comparison: Two EDL Descriptions

Comparison: Numerical validation of the gradient description 

𝓥+
𝟎𝓥−

𝟎
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DFT

Determines force fields for MD

MD

Determines 𝑔 𝑟 for LST

LST ℎ 𝑟 = 𝑔 𝑟 − 1

Total correlation function determines c 2 𝑟

Ornstein-Zernike relation

• ℎ 𝑟 = c 2 𝑟 + ρb∫ d𝑟′c 2 𝑟, 𝑟′ ⋅ ℎ(𝑟′)

Direct  pair correlation function

Determines 𝐹int

• c𝛼𝛽
2
𝑟, 𝑟′ = −

1

𝐸th

δ2 𝐹int

δ𝑐𝛽(𝑥)δ𝑐𝛼(𝑦)
= −

ℱ𝛼𝛽 𝑟−𝑟′

𝐸th

A Roadmap from DFT to Non-equilibrium Thermodynamics  

25/Oct/2022Continuum Electrolyte Modeling

How can we combine different scales / methods?

DFT

MD

LST

RT
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EDL Structure 

Neutral Solvent

Salt in IL

Solvation  ρφH = ρφH
bulk + ρφH

solv

• Modified statistics 𝑁0
free = 𝑁0 − σ𝛼=±

෨λ𝛼λ𝛼
m𝑁𝛼

• Binding Energy (novel parameter)  𝐸solv

ρφH
solv = 𝑅𝑇 Σ±λ𝛼

m𝑐𝛼 ቁቀ෨λ𝛼[ ෨𝐸solv + ln ෨λ𝛼] + 1 − ෨λ𝛼 ln[1 − ෨λ𝛼]

Solvent Coordination number (variable)

• ෨λ𝛼(𝑐±, 𝛷) ∈ [0; 1]

25/Oct/2022Continuum Electrolyte Modeling

IL + solvent mixtures

Ternary Electrolytes (Constantin Schwetlick)

+
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Neutral Solvent (water)

Solvent pushed out of EDL

“Dilute limit“

• EDL perturbation

Salt Additive# (AgTFSI)

Theory

Critical Bulk Concentration

• 𝑐AgTFSI
critical ≈ 0.04 M

• Perturbation of EDL

Agreement with experiment#

25/Oct/2022Continuum Electrolyte Modeling

Motivation: Influence of Minor Additive on EDL Structure

EDL Structure of Ternary IL Mixture

Screening by Ag-ions

Depletion of Pyr+

TFSI-anions

#F. Endres, M. Schammer, et al., Phys. Chem. Chem. Phys., 2018,20, 4760-4771.

𝑐sat

𝑐sat
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Incorporate Solvation

PyrTFSI with water

Simulation λ𝛼
m = 8

“Free” solvent

• pushed out of EDL

Solvent

• Near Electrode: No solvation

• Near Bulk: Ions pull solvent into EDL

Influence of Binding Energy

• EDL perturbation

• More solvent pulled into EDL

25/Oct/2022Continuum Electrolyte Modeling

Solvation 

EDL Structure of Ternary IL Mixture: Solvation (Constantin Schwetlick)

𝐸solv = 4𝐸th

𝐸solv = 2𝐸th
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Comparison with MD

Outlook: Influence of Solvation EDL Structure (Constantin Schwetlick)

V<0large neg. voltage
V>0

MD Simulation#

• Water in LiTFSI / OTF

• Influence of interface potential

Continuum Simulation

Assumption

• Water in LiTFSI

• strong Li-H20 binding 

• no TFSI-H20 binding

#Vatamanu, J. and Borodin, O. J. Phys. Chem. Lett. 

2017, 8, 4362−4367



24© HIU | 25/Oct/2022Continuum Electrolyte Modeling

Comparison with LiCl in water: Differential Capacity

Outlook: Influence of Solvation EDL Structure (Constantin Schwetlick)

Guerrero-García, G. et al. J. Chem. Theory Comput. 2013, 9, 1−7

0.1 M
0.5 M

0.1 M

0.5 M
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Comparison with KCl in water: Double Layer Thickness

Outlook: Influence of Solvation EDL Structure (Constantin Schwetlick)

Nakayama, Y. and Andelman, D. J. Chem. Phys. 2015, 142, 044706

𝑐KCl /  M
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Conclusions: Holistic Multi Scale Framework

25/Oct/2022

DFT → MD → non-equilibrium thermodynamics → phase-field theory

Rigorous methodology 

• Bulk Transport

• EDL structure formation

• Outlook: Solvation

Experiments and Validation

• Battery Dynamics 

• Transport Parameters

• AFM

Continuum Electrolyte Modeling

Summary: Continuum Modelling of Ionic Liquids
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THANKS FOR 
LISTENING.

Continuum Modeling of Ionic Liquids

This project has received funding from

the European Union's Horizon 2020

research and innovation programme

under grant agreement No 814464
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Free Energy Functional

𝐹H
int = ∬d𝑦d𝑥 ℱ𝛼𝛽 𝑥 − 𝑦 𝑐𝛼 𝑥 𝑐𝛽 𝑦

Interaction Potential

ℱ𝛼𝛽= 𝒱0 ⋅ 𝒮𝛼𝛽(ℓint)

Limit ℓint → 0

• Delta Distribution

• 𝒮𝛼𝛽 𝑥 − 𝑦 = 𝜒𝛼𝛽
coarse ⋅ δ(ȁ𝑥 − 𝑦ȁ)

Local free energy

ρφH
coarse = 𝒱0𝜒𝛼𝛽

coarse𝑐𝛼 𝑐𝛽

Example

Flory Huggins ρφH
Flory

= 𝑅𝑇𝜒𝛼𝛽
Flory

𝑐𝛼ν𝛼𝑐𝛽ν𝛽

Coarse Graining: A Recipe for Atomistic Parametrization? 

25/Oct/2022Continuum Electrolyte Modeling

How can we combine different scales / methods?

+ +
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Define one species as solvent (𝑐0), this can form solvation shells around the other species.

• We modify the statistics to reflect solvation. Two contributions are included:

• Reduction of free solvent molecules by 𝑐0
𝑏𝑜𝑢𝑛𝑑 = σ𝛼≥1 𝜆𝛼𝑐𝛼

• Exchanges in the solvent shell of each ion-species 

• 𝜆𝛼 is a local variable in the range 0, 𝜆𝛼
𝑚

A distinguishable macrostate is defined by 𝑐0, 𝑐𝛼 , 𝜆𝛼

Add binding energy of the form σ𝛼≥1𝐸𝛼𝜆𝛼𝑐𝛼 to the free energy

Solvation Model

25/Oct/2022Continuum Electrolyte Modeling

Solvation Model: Assumptions
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Hard Particles

Dominant Interaction 

• 𝒱0 ≫ 𝐸th, 𝐸el

Phase separation

Pure Ion Layers

Nanostructured bulk

• Layers ≈ ion size

→ “Particles”

25/Oct/2022Continuum Electrolyte Modeling

Validation of Analytical Approach

Does the Integral Description Reproduce Particle Nature?

C
h
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Fluxes depend on reference frame

• vψ = σ𝛼=1
N ψαvα

• 𝒩𝛼
ψ
= 𝑐𝛼 v𝛼 − vψ

Onsager Matrix

Transport Parameters

Transference Numbers

Specific current contribution

• 𝒥𝛼
ψ
= 𝒩𝛼

ψ
/𝐹 ǁ𝑧𝛼

ψ

• 𝑡𝛼
ψ
= ൗ𝒥𝛼

ψ
𝒥ψ = 𝒩𝛼

ψ
/𝒥ψ𝐹𝑧𝛼

Reduced set of independent parameters

Flux constraint 

• σ𝛼=1
𝑁 ψ𝛼𝒩𝛼

ψ
/𝑐𝛼 = 0

Charge continuity

• 𝐹 σ𝛼=2
𝑁 𝒩𝛼

ψ
ǁ𝑧𝛼
ψ
= 𝒥ψ

Transference Numbers

• σ𝛼=2
𝑁 𝑡𝛼

ψ
= 1

• N-2 independent parameters 𝑡3
ψ
, … , 𝑡𝑁

ψ

25/Oct/2022Continuum Electrolyte Modeling

Transference Numbers: Reference Frame*,#

Transport Parameters

*F.Kilchert, M.Schammer, A.Latz, B.Horstmann, M.Schönhoff et al. Submitted to PCCP. Available on arxiv
#F.Kilchert, M.Schammer, A.Latz, B.Horstmann, M.Schönhoff et al.,  J. Phys. Chem. Lett. 2022, 13, 37, 8761–8767 
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Transport Effects*

Validation: Simulation of Battery Cell

Potential drop towards cathode

• Potential drop towards cathode

• Migration to Anode

→ Competes with diffusion

Enhanced Discharge Dynamics

*M.Schammer, B.Horstmann, A. Latz. Journal of The Electrochemical Society 168.2 (2021): 026511.
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Transference Numbers: Reference Species

Validation: Simulation of Battery Cell

*M.Schammer, B.Horstmann, A. Latz. Journal of The Electrochemical Society 168.2 (2021): 026511.

Constraints reduce parameters

Flux constraint 

• σ𝛼=1
𝑁 𝑀𝛼𝒩𝛼 = 0

Charge continuity

• σ𝛼=2
𝑁 𝒩𝛼𝐹 ǁ𝑧𝛼 = 𝒥

Transference Numbers

• Follow from Onsager Matrix

• σ𝛼=2
𝑁 𝑡𝛼 = 1

• N-2 independent parameters 𝑡3, … , 𝑡𝑁

Influence of reference species 𝛼 = 1

• Sign and Magnitude
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Near Electrode

• Large potentials Φ ≫ 𝑅𝑇/𝐹

• Charge saturation: Box profile

𝐿EDL = 2𝑎3 Δ𝜙 𝛾+ 𝜀0𝜀r/ 𝑒𝑧+
2

Bulk Region

• Small potentials Φ ≪ 𝑅𝑇/𝐹

• Exponential decay

Φ = Δ𝜙 ⋅ 𝑒−𝑥/𝐿D

• Debye-length 𝐿D(𝑎, 𝜖r, 𝑇, 𝛾𝛼)

25/Oct/2022Continuum Electrolyte Modeling

Parametrization: Asymptotic Analysis of EDL Structure

Analysis of Electrochemical Double Layer (EDL)

Δ𝜙

Δ𝜙
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Numeric results vs. Analytic prediction

25/Oct/2022Continuum Electrolyte Modeling

Validation of Analytic Approach

EDL: Phase Space Analysis 
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