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Abstract— This work describes the optimization of paths and 

velocity profiles for the usage in semi-autonomous vehicles. The 

focus of the optimization lies on an energy efficient motion while 

considering the driver’s longitudinal demands. The trade-off 

between travel time and energy consumption of the vehicle can be 

directly chosen by the driver. With help of a nonlinear model 

predictive control framework the global optimum of the velocity 

optimization with nonlinear constraints based on the vehicle’s 

physical limits is found. The online path planner together with the 

online velocity planner provide the input to the underlying 

vehicle’s control modules, as a basis for automated driving. The 

effectiveness of the proposed approach is shown via hardware-in-

the-loop tests and real-world driving tests. 
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I. INTRODUCTION 

The main focus of this work consists in the optimal 
generation of reference paths and velocity profiles for semi-
autonomous vehicles, e.g. the DLR’s robotic electric vehicle 
research platform ROboMObil (ROMO) [1]. With increased 
automation of vehicles, new ways to interpret the longitudinal 
driving demands are emerging. Mostly visual, acoustic or haptic 
feedback for the driver is used to direct the driving behaviour 
towards a calculated optimal velocity setpoint [2]. We are 
particularly interested in an energy efficient motion while 
considering the driver’s longitudinal demands, i.e. his 
preference on how fast the car should be driven along the 
reference path. A similar approach to let the driver choose 
between fast and slow trajectories was presented in [3]. There 
the driver influences the overall travel time which is 
incorporated as an additional constraint in the optimization 
problem. The travel time chosen by the driver thus indirectly 
influences the energy consumption. The resulting optimization 
problem from [3] is nonlinear and globally optimal solutions 
cannot be guaranteed. In [4] a complete convex-optimization-
based method to solve speed planning problems for autonomous 
driving in both static and dynamic environments is presented, 
overcoming the problem of possibly suboptimal, i.e. only locally 
optimal solutions. However, the driver’s demand is not 
incorporated into the velocity planning as proposed in our 
previous work [5], where the trade-off between time and energy 
optimality is explored for offline planned velocity profiles. 

Fig. 1 shows a schematic of the motion planning framework 
of the ROboMObil, the prototype vehicle employed in this work. 
The planning framework is composed of two main modules: 
path planner [6] and velocity planner. The path planner receives 
environmental information in form of the left and right lane 
boundaries 𝒍  and 𝒓  and determines an energy efficient and 
comfortable path with coordinates 𝒙 and 𝒚 based on curvature 
minimization. The velocity planning determines the reference 
vehicle velocity 𝒗 along  this path, taking into account i) the 
driver’s preference on the trade-off between travel time and 
energy consumption, captured via a normalized scalar 𝜖 ∈ [0,1] 
generated by a joystick input, ii) the sequence of path 
curvature 𝜿  from the path planner, and iii) environmental 
information, such as the tyre-road friction coefficient 𝝁 and the 
slope angle of the path 𝜸.  The reference path (𝒙, 𝒚)  and the 
corresponding orientation 𝝍 and curvature 𝜿 is transmitted to 
the vehicle’s path following control (PFC) [7], which tracks the 
reference signals through manipulation of  low-level actuation 
signals in the vehicle dynamics control (VDC) [8]. The 
reference velocity 𝒗  is directly provided to the VDC. The 
motion planning framework can also be seen as an advanced 
driver assistance system, which would prevent the driver from 
requesting unfeasible or potentially dangerous motion demands. 
It can also be used in fully autonomous driving as an interface 
to query the driver’s velocity preferences which might vary over 
the journey. 

The main contribution of this work consists in the 
development of a velocity planner strategy using nonlinear 
model predictive control (NMPC) techniques, which are widely 
used e.g. in [9], that is combined with the online path planner. 
This control framework allows us to optimize multiple 
performance metrics (energy and travel time), while taking into 
account actuation and safety constraints due to limited grip 
levels between the vehicle’s tires and the road. To obtain global 
optimal solutions for the NMPC problem we investigate the 

 
Fig. 1: Motion planning framework of the ROboMObil. 
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deployment of dynamic programming solvers, which allows us 
to obtain global optimal solutions despite non-convex prediction 
models. Experimental validation demonstrates the ability of our 
approach to generate safe velocity profiles and fulfil real-time 
computational constraints. 

II. ONLINE PATH PLANNING 

This section provides an overview of an optimization-based  
planning algorithm  [6] that was used to generated the reference 
path for the vehicle. The reference path is represented through 
two-dimensional cubic splines consisting of 𝑛 − 1 polynomials 

𝒐𝑖(𝑞) = (𝑜𝑖,𝑥, 𝑜𝑖,𝑦) ∈ ℝ
2 describing positions 𝑥 and 𝑦 between 

𝑛  interpolation points as path representation as in [10] with 
spline parameter 𝑞 ∈ ℝ and interpolation points 𝑞𝑖 ∈ ℕ as given 
in: 

𝒐𝑖(𝑞) = 𝒂𝑖(𝑞 − 𝑞𝑖)
3 + 𝒃𝑖(𝑞 − 𝑞𝑖)

2 + 𝒄𝑖(𝑞 − 𝑞𝑖) + 𝒅𝑖  . (1) 

The interpolation points 𝒐𝑖(𝑞𝑖) can be moved on a line between 
the boundary nodes 𝒍(𝑞𝑖)  ∈ ℝ

2  and 𝒓(𝑞𝑖) ∈ ℝ
2 depending on 

the scalar scaling factor 𝛼𝑖 ∈ [0,1]  as proposed in [11] and 
depicted in Fig. 2. This linear relationship is given by 

𝒐𝑖(𝑞𝑖) = 𝒍(𝑞𝑖) + 𝛼𝑖(𝒓(𝑞𝑖) − 𝒍(𝑞𝑖)) . (2) 

Thus, the number of optimization variables per spline segment 
can be reduced from eight polynomial coefficients (refer to (1)) 
to only three. The reduced set of variables for one spline segment 
𝒐𝑖(𝑞) are the two second degree polynomial coefficients 𝒃𝑖 =
(𝑏𝑖,𝑥  𝑏𝑖,𝑦) and 𝛼𝑖 . All other spline parameters 𝒂𝑖 , 𝒄𝑖 , 𝒅𝑖  can be 

expressed depending on those three scalar variables [12]. 

The reference path is determined using the optimization 
problem (3). The cost function is chosen based on the quadratic 
path curvature 𝜅2,  similarly to other path planning works  [10], 
[11], [13]. The potentially energy saving capabilities of the 
curvature minimization result from this cost function, due to 
reduced deceleration and acceleration before and after sharp 
turns with a given maximum lateral acceleration. The equality 
constraints of the optimization problem represent equality of 
position, orientation, and curvature at the junction points and 
thus ensure a smooth transition between the spline segments. 
The inequality constraints keep the path within the road 
boundaries, described by splines 𝒍(𝑞)  and 𝒓(𝑞).  The 
optimization problem with the reduced set of spline coefficients 

𝒙𝑠 = (𝑏1,𝑥 , 𝑏1,𝑦 , 𝛼1, … , 𝑏𝑛,𝑥 , 𝑏𝑛,𝑦 , 𝛼𝑛)
𝑇
 is given as 

𝒙𝑠
∗ = argmin

𝒙𝑠

 ∫ 𝜅2(𝒙𝑠, 𝑞) d𝑞
𝑞𝑛

0

 

s.t. 𝑨𝒙𝑠 = 𝒃 
 𝑪𝒙𝑠 ≤ 𝒅 , 

 

(3) 

with 𝑨𝒙𝑠 = 𝒃 describing the equality constraints for a smooth 
transition between spline segments 𝒐𝑖  and 𝑪𝒙𝑠 ≤ 𝒅 
representing the inequality constraints given by the road 
boundaries 𝒍(𝑞) and 𝒓(𝑞), for details refer to [12]. The artificial 
spline coefficients 𝒃𝑛 are required to give the spline a defined 
boundary condition at the end. A real-time capable nonlinear 
gradient method similar to [14] is chosen as optimization 
algorithm to solve the minimization problem. 

The path planning approach described here and developed 
in [6] is especially suitable for online usage, i.e. in real-time 
while the vehicle is driving. The boundary conditions of the 
spline representing the planned path enable a smooth transition, 
e.g. the same position, orientation, and curvature, between 
consecutive path segments. With a given bound on the 
maximum iterations of the nonlinear gradient method also an 
upper bound on the computation time is given, enabling a real-
time implementation.  

III. ONLINE VELOCITY PLANNING USING NMPC 

This section describes the mathematical formulation of the 
NMPC-based velocity planning as further development of our 
work in [5]. We investigate an optimization problem based on 
two concurrent, yet rival performance metrics in the cost 
function: on the one hand the journey time 𝐽𝑇 and on the other 
hand the energy consumption 𝐽𝐸. 

A. Mathematical Problem Formulation 

Regarding only minimum journey time, a concept for 
generating reference speed profiles based on ordinary physical 
considerations was proposed in [15]. While, for the sake of 
clarity, neglecting here some of its aspects like lateral road 
inclination, we adopt the foundations of this concept as a basis 
and extend it by energy saving considerations and optimization 
for finding a suitable trade-off. The vehicle’s longitudinal 
dynamics in time-domain with the corresponding acceleration 
𝑎long is considered as  

𝑚�̇� = 𝑚𝑢 − 𝐹roll − 𝐹down − 𝐹air = 𝑚𝑎long , (4) 

where 𝑚 is the vehicle mass, 𝑣 the longitudinal velocity, and 𝑢 
the acceleration part provided by the powertrain. Other 
contributing terms are the rolling resistance 𝐹roll, the downhill 
force 𝐹down , and the air drag 𝐹air . Since the path description 
from section II as well as environmental information are 
described in path-domain also the velocity planning is described 
with respect to the arc length 𝑠 hereafter. 

The longitudinal motion of the vehicle is constrained by 
upper and lower limits of the achievable acceleration share by 
the drivetrain and the acting driving resistance, described as 
𝑢min(𝑠) ≤ 𝑢(𝑠) ≤ 𝑢max(𝑠). Those limits also can be set lower 
than the physical limitation to satisfy comfort requirements. 
Combining the well-known friction circle and its relationship 

 
Fig. 2: Path representation with the sampling points of the spline 𝐨(𝑞) placed 

with the scalar parameter 𝛼𝑖 between the left and right path boundaries 𝒍(𝑞𝑖) 
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between lateral and longitudinal acceleration as well as the road 
friction coefficient 𝜇  and the slope angle 𝛾  with the lateral 
acceleration given as 𝑎lat(𝑠) = 𝜅(𝑠) ⋅ 𝑣(𝑠)

2  results in the 
following velocity-dependent constraint: 

(𝜅(𝑠) ⋅ 𝑣(𝑠)2)2 ≤ (𝜇(𝑠)𝑔cos(𝛾(𝑠)))
2

− 𝑢(𝑠)2 . (5) 

Additionally, further restrictions on the velocity due to traffic 
rules and comfort related criteria are given as 𝑣min(𝑠) ≤ 𝑣(𝑠) ≤
𝑣max(𝑠)  with the minimum velocity 𝑣min  and the maximum 
velocity 𝑣max. Especially important for the online usage of the 
velocity planning approach is the possibility to define suitable 
boundary conditions for the start and end values of the velocity 
profile. The initial speed is set to 𝑣(0) = 𝑣start and the desired 
final speed 𝑣(𝑠f) at arc length 𝑠f is defined to be in the interval 

𝑣(𝑠f) ∈ [𝑣f,min, 𝑣f,max].  For a smooth transition between 

consecutive planned velocity profiles the initial speed 𝑣start of 
the current planning is set to the interpolated velocity at the 
corresponding location (arc length) of the actual reference path 
(i.e. the predecessor).  Refer to [6] for further details. 

The overall travel time will be a first summand of the total 
cost function (see (9) below) and is given as 

𝐽T = ∫ 1 d𝑡
𝑡f

0

= ∫
1

𝑣
d𝑠

𝑠f

0

 (6) 

with the final time of the velocity profile 𝑡f and the overall arc 
length 𝑠(𝑡f) = 𝑠f. The energy consumption as the second part of 
the total cost function is calculated from 

𝐽E = ∫
𝑚𝑢

�̃�(𝑢, 𝑣)
d𝑠

𝑠f

0

 , (7) 

with 

�̃�(𝑢, 𝑣) = {

𝜂(𝑢, 𝑣) ∀ 𝑢 ≥ 0
1

𝜂(𝑢, 𝑣)
∀ 𝑢 < 0

 (8) 

where 𝜂 ∈ [0,1] is the combined motor and battery efficiency 
depending on the desired acceleration 𝑢 and the vehicle speed 𝑣. 
The case distinction in �̃�  for 𝑢 < 0  considers the reversed 
energy flow from the motors to the battery while braking. Note 
that the former quadratic acceleration term used in [5] to prevent 
chattering problems caused by the dynamic programming solver 
is abandoned. Instead the true physical energy balance in terms 
of the battery state of charge is considered in (7). Here, it is 
assumed that solely the electric motor is utilized for braking, no 
dissipative (friction) brake. In addition, for the sake of simplicity 
we assume a static control allocation (i.e. equal motor torques) 
between ROboMObil’s four individual in-wheel motors. If a 
single electric motor is used in the drive train the energy cost 
function (7) can be applied directly without further assumptions. 

 The cost function portions (6) and (7) as well as the dynamic 
model equation (4) are discretized using a forward Euler 
approximation and a constant acceleration between arc length 
nodes is assumed. The resulting cost function can be formulated 
as follows: 

 𝐽 = 𝜖
1

𝐽T̅
𝐽T + (1 − 𝜖)

1

𝐽E̅
𝐽E (9) 

and the discrete cost function results as 

𝐽 ≈∑𝜖
1

𝐽T̅

1

𝑣𝑙
Δs + (1 − 𝜖)

1

𝐽E̅

𝑚𝑢𝑙
�̃�𝑙(𝑢𝑙 , 𝑣𝑙)

Δs
⏟                      

𝑔𝑙(𝑢𝑙,𝑣𝑙)

𝑁

𝑙=0

 
(10) 

with the nominalization factors 𝐽T̅ and 𝐽E̅ and the cost function 
term 𝑔𝑙(𝑢𝑙 , 𝑣𝑙) representing the driver defined trade-off: 

 

𝑔𝑙(𝑢𝑙 , 𝑣𝑙) = ϵ
1

𝐽T̅

1

𝑣𝑙
Δs + (1 − 𝜖)

1

𝐽E̅

𝑚𝑢𝑙
�̃�𝑙(𝑢𝑙 , 𝑣𝑙)

Δs . (11) 

The discretized longitudinal vehicle dynamics model is given as 

𝑣𝑙+1 = 𝑣𝑙 +
Δ𝑠

𝑚𝑣𝑙
(𝑚𝑢𝑙 − 𝐹roll,𝑙 − 𝐹down,𝑙 − 𝐹air,𝑙) 

= 𝑓(𝑢𝑙, 𝑣𝑙) 

(12) 

where 𝑣𝑙 = 𝑣(𝑠𝑙) represents the discretised variable at node 𝑙 of 
the overall 𝑁 + 1 discrete arc length nodes with a spacing of Δ𝑠. 
Thereby, 𝑓(𝑢𝑙 , 𝑣𝑙) describes the state space difference equation. 
The problem formulation is based on a single state variable 𝑣 
and only one input variable 𝑢. This reduced number of states and 
inputs is beneficial for real-time implementation. 

B. NMPC Formulation 

Minimizing the discrete cost function (10) with a given 

discrete dynamic model described by (12) over a moving 

horizon is well suited to be formulated as NMPC. The 

optimization problem considered in the NMPC is 

min
𝑢𝑙|𝑘

(∑𝑔𝑙|𝑘(𝑢𝑙|𝑘 , 𝑣𝑙|𝑘)

𝑁−1

𝑙=0

) + 𝑔𝑁|𝑘(𝑣𝑁|𝑘 ) (13) 

with 𝑔𝑁|𝑘 later defined in (16) and the prediction model 

𝑣𝑙+1|𝑘 = 𝑓(𝑢𝑙|𝑘 , 𝑣𝑙|𝑘) (14) 

and the nonlinear constraints  

𝑢min,𝑙|𝑘 ≤ 𝑢𝑙|𝑘 ≤ 𝑢max,𝑙|𝑘  , 

 𝑣min,𝑙|𝑘 ≤ 𝑣𝑙|𝑘 ≤ 𝑣max,𝑙|𝑘 , 

(|𝜅𝑙|𝑘|𝑣𝑙|𝑘
2 )

2
≤ (𝜇𝑙|𝑘𝑔cos(𝛾𝑙|𝑘))

2

− 𝑢𝑙|𝑘
2  , 

𝑣0|𝑘 = 𝑣start|𝑘  , 

(15) 

where the 𝑙|𝑘 subindex indicates the predicted value of a given 

variable at the arc length node 𝑙 in time instant 𝑘 ∈ ℕ+. Note 

that index 𝑙  refers to a short and fixed arc length step size 

according to the discretization in section III.A and index 𝑘 

refers to a coarser grid with variable arc length step size but a 

fixed time step resulting from the motion planning being 

updated and replanned periodically. Hereby, we assume in 

accordance to [5] that 

• future information about the curvature 𝜅𝑙|𝑘 , friction 

coefficient 𝜇𝑙|𝑘,  and terrain slope angle 𝛾𝑙|𝑘  are 

available to the velocity planner, e.g. provided by the 

path planner, friction estimator [16], and digital map, 

• the local minimum and maximum velocities along the 

path 𝑣min,𝑙|𝑘 , 𝑣max,𝑙|𝑘  are available, e.g. based on 

digital maps, legal velocity limits or driver 

preferences, 

• the initial speed 𝑣start,𝑘 of the current planning is set 

to the interpolated velocity at that point of the path of 

the previous planning result and 



• the terminal cost 𝑔𝑁|𝑘(𝑣𝑁|𝑘 ) encodes a preference for 

the desired velocity range at the end of the prediction 

horizon. It is defined as: 

𝑔𝑁(𝑣) = {
0 if 𝑣 ∈ [𝑣f,min, 𝑣f,max]

∞ otherwise                  
 . (16) 

The implementation of the velocity planner follows a receding 

horizon strategy, i.e., at each time step 𝑘 of the motion planning 

framework the optimal sequence 𝑣𝑙|𝑘  minimizing 𝐽  in (10) is 

computed and then the complete resulting velocity profile is 

provided as a demand input to the VDC, see Fig. 1. 

C. Dynamic Programming 

The NMPC formulation of the velocity planning problem, 
makes it well suitable to be solved by dynamic programming 
(DP) [17]. An important advantage of DP lies in its capability to 
handle nonlinear nonconvex cost-functions and constraints, 
while guaranteeing global optimal solutions of the individual 
optimization. On the other hand, high computational costs are a 
disadvantage of this approach. The dynamic optimization 
problem is solved backwards with the help of the following 
recursive equation starting from the end state 𝑣𝑁|𝑘 and the index 

𝑙 = 𝑁 − 1,… ,0 

𝐽𝑁(𝑣𝑁|𝑘) = 𝑔𝑁(𝑣𝑁|𝑘) 

𝐽𝑙(𝑣𝑙|𝑘) = min
s.t.  (15) 

{𝑔𝑙(𝑢𝑙|𝑘, 𝑣𝑙|𝑘)

+ 𝐽𝑙+1 (𝑓(𝑢𝑙|𝑘 , 𝑣𝑙|𝑘))} 

(17) 

for all 𝑣𝑙|𝑘 ∈ 𝒱  and 𝑢𝑙|𝑘 ∈ 𝒰, where 𝐽𝑙(𝑣𝑙|𝑘) is the cost-to-go 

function [17] and 𝒱 is the space of discretized states and 𝒰 is 
the space of discretized inputs defined in (15). Computing the 
cost-to-go function 𝐽𝑙 yields the optimal acceleration 𝑢𝑘

∗(𝑣𝑘) as 
the argument minimizing (17). The optimal velocity 𝑣𝑘

∗  is 
obtained by the longitudinal vehicle dynamics model (12).
 The computational effort for solving the problem with 
dynamic programming strongly depends on the number of states 
and the number of nodes along the considered path that is 
optimized. For an efficient solving of the optimization problem 
a suitable size reduction is possibly required. The state space as 
well as the input space are innately constrained to their feasible 
values according to (15). Apart from that, computation time 
roughly depends linearly on the density of the state and input 
grid. Therefore, the grids can be chosen as dense as possible 
while keeping the computation time below the threshold 
discussed later in section IV.B. 

IV. EXPERIMENTAL RESULTS 

This section describes the experimental validation by means 
of Hardware-in-the-Loop (HIL) simulations and real-world test 
drives with the ROboMObil for the combined online path 
planning and NMPC velocity planning approach. The focus of 
the experiments is on the tradeoff between energy savings and 
driving time, as well as on the online motion planning. 

A. Description of the HIL Test Framework 

To evaluate the real-time capabilities of the total online motion 

planning in a first step the HIL test bench of the ROboMObil 

[18] is used. For this purpose, the virtual design and test 

environment contains detailed multi-physics dynamics models 

based on the object-oriented modeling language Modelica. 

These realistic models perform real-time vehicle simulations 

that cover not only the multibody vehicle dynamics, but also the 

electro-mechanical actuators, the tires and all of ROboMObil’s 

peripheral devices and sensors. An overview of the HIL setup 

is given in Fig. 3. The motion planning described in this paper 

is executed on the dSPACE AutoBox completed by PFC [7] 

and VDC modules. The abovementioned total model of the 

ROboMObil is simulated on a dSPACE SCALEXIO system 

and is shaded in blue in Fig. 3. The human machine interface to 

provide the driver’s input is directly used in the ROboMObil, 

given that the ROboMObil hardware is part of the HIL test 

bench. 

The total HIL setup provides a realistic testing environment 

which reduces the development effort by facilitating the 

preparation of our algorithms already on the real-time hardware 

later used in the test drives. 

B. Analysis of Online and Real-Time Capability 

The aim is to have the path and velocity planning both 
running on the vehicle (“online”) while it is following the 
currently planned motion, as introduced in section I. Therefore, 
the implementation of DP as a Matlab function [19] is adapted 
to run in real-time on the ROboMObil’s rapid control 
prototyping hardware (AutoBox, cf. Fig. 3). That means the 
Matlab code was thinned out to fit the specific problem 
formulation of section  III.C and rewritten to be suitable for code 
generation using the Matlab Coder and the %#codegen 
directive. 

The assessment of a meaningful computation time threshold 
of the DP algorithm in [5] depending on the problem size and 
discretization resolution of the state space still holds true. This 
threshold is also constrained by the vision-based environment 
perception of the ROboMObil [20], providing information for 
potential path updates, e.g. due to obstacles. A faster update rate 
than the approximate 0.1 s or 10 Hz sample rate of the 
environmental perception would not bring any advantage, since 
no new information would be available during faster 
intermediate motion planning updates. Table 1 shows the 
turnaround (execution) times 𝑇  for the motion planning 
framework obtained with the HIL setup, while varying the arc 

 
Fig. 3: Overview of ROboMObil’s HIL setup with the motion planning running 

on the AutoBox. The components represented virtually by the real-time vehicle 

simulation on the SCALEXIO are shaded in blue. 
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length step sizes Δ𝑠 and resulting from a fixed horizon of 100 m 
also varying the number of arc length steps 𝑁  accordingly. 
Thereby, 𝑁𝑢 = 25 steps in the input grid and 𝑁𝑥 = 35 steps in 
the state grid are used. 

Table 1: Turnaround times of the real-time hardware AutoBox for different arc 

length discretization Δ𝑠 with a horizon of 100 m and 𝑁𝑢 = 25 steps in the input 

grid and 𝑁𝑥 = 35 steps in the state grid of the DP formulation. 

Arc Length 

Step Size 𝚫𝒔 

Number of Arc 

Length Steps 𝑵 

Turnaround 

Time 𝑻 
Valid 

0.1 m 1000 359 ms Yes 

0.2 m 500 225 ms Yes 

0.5 m 200 148 ms Yes 

1 m 100 122 ms Yes 

2 m 50 109 ms No 

On the one hand, a large arc length step size Δ𝑠 is beneficial for 
a short computation time. On the other hand, a too coarse grid 
can violate the assumptions made in the model discretization of 
section III.A, such as a constant acceleration within one step.  
Since a short update time of the motion planning is preferred, an 
arc length step size of 1 m is chosen, which corresponds to a 
turnaround time of approximate 0.12 s still in a reasonable range 
of the above-mentioned threshold. 

C. Path and Velocity Planning Profiles 

In this section we show simulation results of the online 
motion planning using the previously described methods. A test 
path defined by a center line marked in blue and the dashed black 
boundaries, is shown on an aerial image in Fig. 4. The online 
path planning module from section II optimizes the path, 
resulting in the green line. The optimized path has an 
approximately 30 % lower curvature cost function (cf. (3)) 
compared to the original blue center line. This leads to a higher 
driving comfort due to reduced lateral accelerations and enables 
an energy reduction for fast velocity profiles as shown in [6]. 

The optimized path with its curvature profile as a function of 
the arc length serves as input for the subsequent velocity 
planning module described in section III. First, the stepwise 
results of the NMPC based velocity planning yielding the overall 
velocity 𝑣𝑙|𝑘  is presented in Fig. 5. The individual optimal 

solutions 𝑣𝑙|1, 𝑣𝑙|2  etc. determined by the DP algorithm 

sectionally compose the resulting velocity profile 𝑣𝑙|𝑘, acting as 

the input to the VDC, shown with a dashed black line. The parts 
of the velocity profile contributing to the overall velocity in each 
time step 𝑘 are marked bold. In each replanning step only the 
first part of the NMPC solution is applied. As expected, the 

prediction in each step (cf. (14)) varies from the overall velocity 
for arc lengths further ahead. 

Second, to show the impact of the trade-off parameter 𝜖 , 
various resulting velocity profiles for the same test path are 
compared while the trade-off parameter is varied in the interval 
𝜖 ∈ [0,1]. Fig. 6 shows the resulting family of velocity profiles. 
The lower and upper bounds of the velocity are marked in gray 
and the same start velocity of 𝑣start = 5 m/s for all profiles is 
chosen. As it can be seen, all velocity constraints of the problem 
are satisfied. Fig. 7 depicts the corresponding accelerations and 
their upper and lower limits for the trade-off parameter 𝜖 = 0.1 
in the upper plot and 𝜖 = 1 in the lower plot, showing that the 
acceleration constraints of the problem, marked as black lines, 
are satisfied. For energy saving motion (𝜖 = 0.1) long phases 
with zero acceleration from the traction motors are preferred and 
only the driving resistances are acting, whereas for short travel 
time (𝜖 = 1)  the acceleration limits determine the resulting 
motion. 

The combined path and velocity information along the test 
path in each replanning step is passed to the PFC and VDC as 
demand. 

D. Energy Consumption 

 The energy consumption as the main evaluation criterion is 
considered during real-world tests. The test drives of the 
ROboMObil in this section compare offline planned velocity 
profiles with profiles planned using the NMPC approach and 

 
Fig. 4: Aerial image of the motion planning test drive with the ROboMObil 

where the overlayed blue line marks the center line of the path with its 

boundaries depicted as dashed black lines and the optimized path as green line. 

 
Fig. 5: Stepwise velocity profiles generated by the NMPC based velocity 

planning. The effective overall velocity profile 𝑣𝑙|𝑘, is sectionally composed of 

the successive optimal solutions 𝑣𝑙|1 , 𝑣𝑙|2  etc. at each time step 𝑘 . In each 

replanning step only the first part of the NMPC solution is applied. Display in 

this figure is limited to the first three solutions 𝑘 = 1…3. 
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Fig. 6: Velocity profiles for a varying trade-off parameter 𝜖  within the 

constrained state-space generated by the velocity planning framework for the 
test path shown in Fig. 4. 
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investigate the benefit of the path optimization. An impression 
of the test drive can be seen in the video [21]. Note that the 
implementation of the NMPC based DP function fulfills the 
requirements for code generation as described in section IV.B, 
but shows discrepancies after compilation on the target system. 
Therefore, and to reflect here precisely the conditions of the 
experiments: The method for sequential online velocity 
planning described in section III was used to determine a 
velocity profile prior the test drive rather than online. The energy 
consumption and drive time for multiple planned motions are 
compared hereafter, refer to Table 2 for an overview. The 
middle of the track, i.e. no path optimization, acts as reference 
path. The optimized paths are approximately 3 m longer than the 
reference path, since less curvature results in higher curve radii. 

Table 2: Overview of the energy consumption and driving times of real-world 
test drives on the test track depicted in Fig. 4 for different trade-off factors and 

different setups of path and velocity optimization. 

Setup Trade-

Off 𝝐 
Energy Drive Time 

Path Opt. Velocity Opt. 

- offline 1 149.5 kJ 37.1 s 

- offline 0.1 74.6 kJ 47.1 s 

- offline 0 67.1 kJ 76.5 s 

offline offline 1 141.6 kJ 33.6 s 

offline offline 0.1 72.9 kJ 41.3 s 

offline offline 0 68.7 kJ 77.4 s 

online NMPC 1 129.2 kJ 33.0 s 

online NMPC 0.1 69.1 kJ 42.5 s 

online NMPC 0 66.0 kJ 77.5 s 

 First, it can be seen that the velocity planning and the trade-
off factor 𝜖 chosen by the driver have the most impact on the 
resulting energy consumption and drive times, as expected. The 
energy saving effect of the path optimization shows when 

comparing the reference path and the optimized paths for 𝜖 = 1, 
where the assumption that a reduced curvature leads to reduced 
deceleration and acceleration before and after sharp turns holds 
true. This results in up to 13 % in energy savings while also 
reducing the drive time up to 11 % between the reference and 
the online optimized path. Due to reduced lateral acceleration 
also a higher driving comfort can be achieved. The shorter drive 
time is the outcome of higher velocities due to minimized 
curvature. In contrast to the time-optimal profile, the path 
optimization has no benefit for the velocity profile with 𝜖 = 0 
where a constant slow velocity is used. 

 Second, the DP-based velocity planning results in significant 
energy savings while maintaining reasonable driving times for 
all motion planning setups investigated in the experiments by 
choosing a low trade-off factor of 𝜖 = 0.1. The effect is similar 
for all setups and shows a 46 % energy reduction in exchange 
for a 29 % longer driving time for the online planning setup. 
Focusing the optimization only on the energy cost function with 
𝜖 = 0  yields a further decreased energy consumption with a 
49 % reduction compared to the reference but an impractical 
increase of the drive time of 135 %. 

 Last, the results of the online and offline planning are 
investigated. Comparing the time and energy optimal test drives 
of the offline and online planned motions, it seems counter 
intuitive that the online planning achieves a slightly shorter drive 
time for 𝜖 = 1 and a lower energy consumption for 𝜖 = 0. Since 
the curvature of the path is the basis for the velocity planning, in 
Fig. 8 we compare the offline (blue line) and online (orange line) 
planned curvature and corresponding velocity profiles for 𝜖 = 1 
to understand the above-mentioned effect. The most noticeable 
difference between the two motion profiles can be seen in the 
beginning of the path where the online planning yields a lower 
curvature compared to the offline planning. Other than that, the 
curvature and velocity profiles are nearly identical. The reason 
for the higher curvature peak from the offline planning could be 
tensions in the spline describing the path from not ideal 
boundary conditions at the beginning of the path. The online 
planning on the other hand benefits from its continues planning 
where the boundary conditions are given by the previous 
planned path segment, resulting in a smoother motion. 
Furthermore, the in (3) described optimization problem in the 
path planning framework is solved with a nonlinear gradient 
decent, not leading to global optimal solutions. The lower 
curvature of the online planning allows for a continuous high 
velocity at the beginning of the path and therefore the shorter 

 
Fig. 7: Longitudinal and lateral acceleration profiles for a trade-off parameter 

𝜖 = 0.1 in the upper plot and 𝜖 = 1 in the lower plot within the acceleration 

constrains generated by the velocity planning framework for the test path 
shown in Fig. 4. 
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Fig. 8: Comparison of the curvature and the corresponding velocity profile for 

the offline and online planned motion for 𝜖 = 1. 
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overall drive time. The planned path itself in the 𝑥 and 𝑦 plane 
is nearly identical for the offline and online path optimization. 

 In summary, the online motion planning achieves similar 
results to the offline planning on the investigated test track, 
whereby a relatively long horizon of the online planning 
of 100 m in comparison to the overall track length of 230 m is 
beneficial. 

V. CONCLUSION AND FUTURE WORK 

We proposed a nonlinear model predictive control 
framework for online velocity planning of semi-autonomous 
vehicles.  This framework allows trade-offs between time 
optimal and energy optimal velocity profiles. This trade-off can 
be chosen by the driver by means of a corresponding user-
defined parameter. The online velocity planning is integrated in 
the online motion planning framework of the ROboMObil along 
with the online path planning. The motion planning is able to 
take environmental conditions (possibly changing along the 
way) into account by incorporating them into the optimization 
constraints. Furthermore, the implementation of the motion 
planning algorithms on the rapid control prototyping system of 
the ROboMObil and their experimental validation was shown. 

Future work will include the combination with 
environmental perception information for a reactive path 
planning and the coupling with reinforcement learning based 
path following control [22]. Moreover, solvers for the velocity 
planning with less computational effort compared to dynamic 
programming will be investigated. 
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