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Abstract
The influence of the pore structure characteristics in open-porous cellular materials on their macroscopic elastic beha-
viour is investigated by considering three important microstructural features viz. the relative density, the pore-size distri-
bution, and the pore-wall thickness. To this end, a microstructure-informed modelling approach is presented, where all
elements of the three-dimensional (3-d) pore structure can be controlled effectively. The results show that while density
does dictate the mechanical properties of open-porous solids, the effects of the pore-wall thickness and the pore-size
distribution are not negligible and must be considered while developing such materials, in particular those that exhibit a
poly-disperse nature and require load-bearing capabilities under finite strains.
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1. Introduction

There has been a profound interest in the mechanical properties of open-porous cellular materials, par-
ticularly because of their high strength-to-weight ratios and their ubiquitous appearance in nature, for
example, in human bones, plant stems and marine sponges as well as due to the ability to mimic this
porous structure in the synthesis of man-made materials, for example, ceramics, polymers, metal foams,
and aerogels [1–3]. These materials are lightweight, multi-functional and as a result show high demand
in numerous applications [4–9]. Nanoporous cellular materials are leading candidates for thermal insu-
lation applications due to their exceptionally low thermal conductivities [10]. However, there is often a
trade-off while maximising the mechanical stiffness of the cellular solid while maintaining a low thermal
conductivity. This is because both these properties are dependent, among others, on the solid fraction.
This presents a challenge to develop multifunctional open-porous materials for thermal superinsulation
applications. In particular, to improve the mechanical stability and properties of the materials for tar-
geted applications, an in-depth understanding of the open-porous microstructure and its influence on
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the macroscopic mechanical response is preeminent. This is reflected by an increasing research interest
in the investigations on the characteristics of pore-sizes and pore-size distributions and their subsequent
influence on the properties of open-porous cellular materials. Lutz and Zimmerman [11] reviewed the
effects of the pore shape on the Poisson ratio of porous materials. Idealised pore shapes, for example,
circular, square and triangular in two-dimensions (2-d), were used to investigate this effect. Langlois
et al. [12] studied the modifications in the permeability of solid foam due to membrane obstructions,
thus investigating the effect of pore connections. Song et al. [13] proposed an algorithm for estimating
the pore-size distribution from discrete digital images of porous networks, while Hertel et al. [14] pre-
sented the magnetic-resonance pore imaging of non-symmetric microscopic pore shapes. Furthermore,
Bakhshian and Sahimi [15] studied the effect of deformation on the morphology and flow properties of
porous media using extensive computer simulations.

From a theoretical and computational perspective, the heterogeneous and random pore shape and
structure of foams and foam cells, and their corresponding topological and geometric properties have
been computationally investigated using Voronoi tessellations [16,17]. The prediction of the elastic mod-
uli of the complex microstructure of synthetic open-cell foams was studied with finite element models
and demonstrated good accuracy [18]. The efficacy of these models was further demonstrated by incor-
porating the key geometric characteristics of real foams into the analysis. Moreover, it was shown that
the foam strength calculated based on these models compared well with experimental results despite the
different localised microstructural deformations. This led to the conclusion that the randomness of the
actual microstructure plays a secondary role in the case of mono-disperse foams [18,19]. While this may
hold true, the assumption was also applied to porous materials showing a poly-disperse nature.
However, the situation can be very different in this case, as the actual microstructure may play a rather
important role. For example, in the case of 2-d Voronoi honeycombs, it was shown that as the cell irre-
gularity increases, the effective Young’s modulus and shear modulus increase, while the bulk modulus
decreases, for a constant relative density [20]. The influence of cell irregularity under high-strain com-
pression for low relative density (solid fraction=0.08) has also been analysed by quantifying cell irregu-
larity with a regularity parameter [21].

Such 2D Voronoi-based models of open-porous materials have shown to be insensitive to differences
in the random generation of seed points [22]. This check becomes very important for the applicability of
such models to describe the behaviour of real materials. Li et al. [23] demonstrated the effects of varying
the cell shape and cross-sectional area on the elastic properties of 3-d open-cell foams revealing impor-
tant insights and considerations for computationally modelling the open-porous microstructure. The
validity of such computational models is then generally proven by comparing their results with experi-
mental data. However, there are two major challenges to experimentally investigate purely the influence
of the pore-structure and pore-size distribution. First, it is very difficult to tune only the pore-size distri-
bution experimentally while synthesising an open-porous material, keeping all other parameters con-
stant. Hence, a theoretical or computational approach is more suitable. Second, most micro-mechanical
models [24–26] developed to predict the material properties are based on an idealised pore-shape (2-d or
3-d), whereas in reality, the pore shape is random.

In this paper, these challenges are addressed by utilising a theoretical approach to study the effect of
the pore space on the mechanical response of the macroscopic material. To achieve this goal, the identi-
fication of key microstructural quantities that play a significant role is important. These are, the relative
density of the solid, the pore-size distribution (particularly important for poly-disperse foam-like materi-
als), and the pore-wall thickness [25]. By targeting these three factors, an attempt to qualitatively as well
as quantitatively answer whether pore-sizes and shapes really have an influence on the mechanical prop-
erties of cellular solids is made. This is an extension to our previous work in which the influence of the
mean pore-size and the broadness of the pore-size distribution on the macroscopic mechanical response
was analysed by proposing a generalised micromechanical constitutive model [25].

2. Computational modelling

Our modelling approach uses the concept of a representative volume element (RVE) which is chosen to
be representative of the microstructure of the material. Then, simulating the RVE by defining periodic
boundary conditions results in simulating the bulk behaviour of the material. The concept of RVE is
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generally applied in multiscale simulations, wherever the information from the microstructural deforma-
tion in the material’s network becomes necessary [27,28] as is the case in our study. For poly-disperse
open-porous materials, it is expected based on our previous results [25] that the material heterogeneity
due to the variation in the pore-sizes must have an influence on the material properties. Hence, the spec-
ified multiscale modelling approach is opted. It is imperative to choose the correct RVE size in order to
avoid the size effects which may arise if the chosen RVE is not sufficiently large. Different methods [29–
33] to determine the RVE size, for example, experimental, statistical or numerical depending upon the
application can be implemented. In our study, the RVE size could not be estimated from experimental
data as not one particular material is being investigated in this study. Thus, based on our previous work
[34], a sufficiently large RVE encompassing the given pore-size distribution is chosen. This becomes par-
ticularly important for poly-disperse network structures. More information on the choice of RVE size is
provided below.

The process of reconstructing the 3-d open-porous network is described as follows and is also
sketched in Figure 1. First, a fully periodic random dense packing of poly-disperse spheres is created
with the pore-size distribution as an input, where the poly-disperse spheres represent the pores varying
in sizes. The important parameters necessary here are the pore-size distribution and the total number of
pores (spheres in this case). Generation of such random sphere packs has been widely used to under-
stand the microstructure of porous solids and their bulk properties [15,34–36]. The dense sphere-
packing can be created using various sequential or rearrangement models based on different generation
algorithms [36,37]. Baranau et al. [38] and Chandrasekaran et al. [34] have compared four different
sphere-packing algorithms viz., force-biased algorithm [39], Lubachevsky-Stillinger [37] algorithm (LS),
Lubachevsky-Stillinger algorithm with gradual densification (LSGB), and Lubachevsky-Stillinger algo-
rithm with equilibrium between compressions (LSEBC), where the latter compared them for modelling
the pore-size distributions of k-carrageenan aerogels, and concluded that although all algorithms were
verified and showed good agreement with experiment data, the LS algorithm was computationally 10
times faster in comparison to LSEBC. Hence, the LS algorithm has been used in our work. Baranau
et al. [38,40] have provided important insights regarding the use and parameter sensitivity of the event
driven simulation-based Lubachevsky-Stillinger algorithm [37] by introducing a method to calculate the
pore-size entropy. While the generated sphere packs adhere to the necessary pore-size distributions, this
step alone is not sufficient to describe the open-porous microstructure of the material. Hence, we intro-
duce the Voronoi tessellation onto the generated sphere packs. A Voronoi tessellation [41] can be
described as partitioning of space into a number of distinct regions based on the corresponding points
included in that space. The partitioning is done such that each region Ri referred to as a Voronoi cell,
represents the subset of the domain which is closer to the corresponding seed Si than to any other seed
Sj. In mathematical terms, a point x is a part of a Voronoi cell i with nucleus ri iff:

jjx� rijj2\ jjx� rjjj2 8j 6¼ i: ð1Þ

Figure 1. Schematic illustration of the process of generating a 3-d representative volume element (RVE) based on any given pore-
size distribution: (a) Generating a sphere packed simulation box, (b) constructing Laguerre-Voronoi Tessellation on the spheres,
(c) removing spheres leaving an open-porous network.
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There are different methods of generating these Voronoi geometries based on location and generation
of the seed points, thus resulting in different overall Voronoi structures. For example, in the case of ran-
dom arrangement of seed points without relaxation, the Voronoi geometry generated often has pointed
and sharp cells, while relaxation leads to a rather mono-disperse Voronoi geometry. To generate poly-
disperse Voronoi structures, the Laguerre-Voronoi tessellation is suitable [42]. Although the Laguerre-
Voronoi tessellation uses a similar concept for partitioning of 2-d or 3-d space, the desired cell size is
specified additionally along with the cell coordinates. Thus, the initial cell can be represented by a circle
(in 2-d) or a sphere (in 3-d) with the centre coordinates and the radius as the cell size. Mathematically, a
point x is a part of a Laguerre Voronoi cell i with nucleus ri iff:

jjx� rijj2 � Ri
2\ jjx� rjjj2 � Rj

2 8j 6¼ i, ð2Þ

where Ri represents the size of the ith cell. Alsayednoor and Harrison [43] evaluated the performance of
using different types of Voronoi tessellations for microstructure generation in 2-d. Although attempts
have been made to study the structure-property relationships with a simple Voronoi geometry [44], a
Laguerre-Voronoi approach seems more successful and suitable [34,43]. In our work, the sphere packing
was generated from the pore-size distribution using the random close packing of poly-disperse spheres
(RCPPS) algorithm (see Figure 1(a)). This served as the input for generating the Laguerre-Voronoi tes-
sellation as shown in Figure 1(b). Subsequently, the closed pore space represented by the sphere pack is
converted to an open-porous skeletal network as shown in Figure 1(c). The Laguerre-Voronoi geometry
can generate a relatively realistic fully isotropic RVE representing poly-disperse porous microstructures
[43]. These RVEs consist of polyhedral cells with their edges representing the pore-walls of the cellular
solid. However, it can be observed that the new cell volumes are larger than the initial sphere pack
volumes. Thus, to ensure an exact congruence of the input pore-size distribution with the volume distri-
bution of the Voronoi cells, the initial sphere packing is scaled accordingly. Finally, this Laguerre-
Voronoi geometry is translated in the x, y and z directions and cut into a cube shaped RVE maintaining
its periodicity. Moreover, the choice of the RVE size becomes important. In our case, this depended on
two factors. First, how accurately the pore-size distribution can be approximated with the sphere-pack
and second, the convergence of the macroscopic material response. Hence, in our case, the RVE size
closely relates to the number of spheres in the sphere-pack generated for a given pore-size distribution.
After carefully evaluating RVEs with sizes of 50, 100, 200, 500 and 3000 spheres, it was realised that the
approximation of pore sizes and the resulting mechanical behaviour coalesced for RVEs sized 500
spheres and above. Thus, a sphere-pack of 500 spheres was chosen for all simulations.

Within the framework of multiscale modelling, it is desired to simulate the RVE, representing the
microstructure, in a way that the macroscopic material properties can be determined. Thus, the finite ele-
ment methods have been used as a tool here to simulate the bulk properties of the materials. The edges
of the pores (cells) in the RVE representing pore-walls are modelled as beam elements (B31—linear beam
element in Abaqus) with a circular cross-section. Modelling the cell walls based on the beam theory is
well known in the cellular materials community [24,45–47]. These edges correspond to the pore-walls,
and the diameter to their thickness. This cross-section was randomly chosen and the use of different
cross-sections can be adopted without introducing complexity in the models. The RVEs are then simu-
lated in Abaqus under uniaxial compressive loading. The open-porous cellular network with low relative
density allows the use of structural beam elements instead of continuum elements [43]. The use of peri-
odic boundary conditions helps to obtain a homogenised macroscopic mechanical response, as it con-
strains the degrees of freedom of the periodic boundary nodes, thus preserving stress continuity across
the boundary [28]. The process of applying such periodic boundary conditions for an RVE has been
described by Wu et al. [48]. This concept of constraining the periodic boundary nodes and applying the
loads on dummy nodes has been implemented. Geometric nonlinearity was activated in the finite ele-
ment model.

To realise the aim of investigating the influence of the three parameters, viz. the relative density, the
pore-size distribution, and the pore-wall thickness, two use-cases were defined with the intention of
investigating purely the effect of the pore-wall thickness and the relative density on the macroscopic
material properties. It was previously shown that the variation in the mean of the pore-size distributions
shows a rather significant influence on the mechanical properties as compared to the variation in the
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standard deviation [25]. Hence, for this study, we considered five mean pore-width values and three
standard deviations corresponding to different ranges of the pore-size distributions. This resulted in a
total of 15 different distributions for each use-case (see Figure 2 and Table 1). In this work, normal dis-
tribution functions were chosen to describe the variation in the pore sizes. The mean corresponds to the
median value of the chosen function, thus providing information of the peak pore-width of the pore-size
distribution. Here, the pore-width represents the width of the cell. The standard deviation corresponds
to the dispersion in the range of the pore-size distribution. For example, the pore-size distribution, for
any given mean, with a range of 20–120 shows a very broad standard deviation compared to the one
having a narrow range of mean 65. For example, for a mean pore-width of 60, the distribution with a
range of 20–120 will have a broader dispersion than in the case of one with 55–65, as illustrated in
Figure 2. These values were determined depending on the intended applicability of the computational
approach. As an example, we consider three standard deviation values for the distributions to include
both conventional foam-like materials [49] which do not show intensive pore-size variations, as well as
nanoporous materials like aerogels which boast a large pore-size variation, for example, from 2nm to
100 nm [47].

In the first use-case, the pore-wall thickness was fully controlled and maintained at 3, 5 and 7, while
for a given pore-wall thickness, the effect of varying the mean pore-width and the standard deviation on
the elastic behaviour was analysed. Here, no control was maintained over changes to the relative density.
Thus, considering five mean values, three standard deviations resulting in different ranges of the pore-
size distributions and three parameter values, we simulated 45 material responses for this case. On the
other hand, in the second use-case, the relative density was controlled but not the pore-wall thickness.
The relative density was maintained at 8%, 10% and 15% for the three different standard deviations
and five different means, resulting again in a total of 45 simulations. The limitation of these two use-

Figure 2. Pore size distributions considered for each use case. There are fifteen total distributions, comprising of five median
values and three standard deviations.

Table 1. Simulation parameters for the use-cases 1 and 2. Consistent units have been used throughout.

Use-case 1 Use-case 2

Parameter of interest Pore-wall thickness Relative density
Parameter values 3, 5, 7 0.08, 0.1, 0.15
Median values of pore-size distributions 50, 60, 70, 80, 90
Range of pore-size distributions 20-120, mean 68, mean 65
No. of simulations 45
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cases was that at any given instance, one parameter remained uncontrolled. To overcome this issue, a
third use-case was defined, wherein all the three parameters, viz., the pore-size distribution, the pore-wall
thickness as well as the relative density were controlled. All data were generated in triplicate to ensure
accuracy and eliminate process bias. In this paper, only averaged data are plotted as the statistical varia-
tions in the data were insignificant (\0.01%). Also, consistent units were used, such that the results can
be replicated for pore sizes in different scales. Here, one must note that while replicating these results for
pore sizes in different scales, care has to be taken concerning the relevance of surface effects. This has
not been accounted for in the presented model.

3. Results and discussion

This section elucidates the results obtained from analysing the effect of different parameters of the pore-
size distributions on the macroscopic mechanical properties. First, the microstructural deformation of
the RVE can be visualised. The RVE in the reference configuration as well as in the deformed one for
one of the simulations is shown in Figure 3. Here, the RVE was subjected to uniaxial compression of
10%. The results of the first use-case are illustrated in the Figure 4. In the first use-case, the pore-wall
thickness was varied from 3 to 7 units and the mean pore-width was varied from 50 to 90 units.
Figure 4(a)–(f) represent results for RVEs with pore sizes having ranges between mean 65 and mean
68, respectively, while Figure 4(g)–(i) shows results for RVEs having pore sizes ranging from 20 to 120
units. For all the different pore-wall thicknesses, it can be observed that, for any given pore-space, the
lower the mean pore-size, the stiffer was the mechanical response. This was observed in each sub-plot
and it echoes the results from our previously published micromechanical constitutive model [25].

An important point to note here is that narrower pore-size distributions, such as in Figure 4(a)–(f)
show enhanced stiffening with lowering of the mean pore-widths compared to the ones shown in
Figure 4(g)–(i) which have a wider pore space. Previously, it was established that conventional foams,
characterised by small variations in the pore-sizes, do not show pore-size dependency. However, our
simulations suggest a pore-size dependency even for variations in the pore-sizes of 65 units considering
purely the effect of the pore-wall thickness on the stress-strain response. Here, one must not conflict
between cell irregularity and cell-size distribution. The properties show negligible sensitivity with
changes to the former but that is not the case with the latter. Note that while the pore-wall thickness
was kept constant, the relative density was not controlled in this use case. Thus, for a given pore-wall
thickness, with increasing mean pore-width, the solid fraction decreased. For the pore-wall thickness of
3 units, while the mean pore-width increased from 50 to 90 units, the solid fraction decreased from
4.6% to 1.4% for the pore-size distribution range of mean6 5 and mean6 8 and the solid fraction
decreased from 3.9% to 1.3% for the wider pore-size distribution with a range of 20 to 120 units.
Similarly, in case of the pore-wall thickness of 5 units, while the mean pore-width increased from 50 to
90 units, a decrease in the solid fraction from 12.87% to 3.9% for the pore-size distribution range of
mean6 5 and mean6 8 was observed and the solid fraction decreased from 10.81% to 3.75% for the

Figure 3. Illustration of the cube-shaped representative volume element (RVE). (a) RVE in the reference state and (b) RVE under
uniaxial compression.
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wider pore-size distribution with a range of 20 to 120 units. And finally, for the pore-wall thickness of 7
units, with a similar increase in the mean pore-width, the solid fraction decreased from 25.23% to 7.7%
for the pore-size distribution range of mean6 5 and mean6 8 and from 21.2% to 7.3% for the wider
pore-size distribution with a range of 20 to 120 units. Thus, with the varying solid fraction it was not
possible to confidently conclude that the pore-wall thickness solely influences the mechanical response.

In the second use-case, as portrayed in Figure 5, the macroscopic mechanical response was studied
subject to changes in the solid fraction. The scheme of Figure 5(a)–(i) is similar to that in 4 (a)-(i).
However, in Figure 4, the pore-wall thickness was varied between 3 and 7 units, whereas in Figure 5,
the solid fraction was varied between 8% and 15%. It can be seen, that for a constant solid fraction, the
variations in the mean pore-sizes and the pore-size distributions do not show significant effect on the
stress-strain response. However, it must be carefully analysed, that in order to maintain the solid frac-
tion and pore-size distribution, the pore-wall thickness varied. Thus, in Figure 5, there was no control
over the pore-wall thickness. Here, for a given solid fraction, with increasing mean pore-width, the
pore-wall thickness increased. For example, for maintaining the solid fraction of 8%, the thickness
increased from 4 to 7 units while increasing the mean pore-width from 50 to 90 units. Similarly, the
thickness increased from 4.5 to 8 units while maintaining the solid fraction at 10% for increase in the
mean pore-size. And in case of maintaining the solid fraction at 15%, the thickness increased from 5 to
10 units for a similar increase in the mean pore-size. Thus, even in this case, based on the presented
results one cannot claim that the relative density has a sole influence on the macroscopic stress–strain
response. From the above-mentioned two use cases, it can be realised that there is an interplay between

Figure 4. Effect of varying the mean pore-width on the macroscopic stress-strain response for open-porous material for a given
pore-wall thickness. Range of pore sizes: mean 65 units: pore-wall thickness (a) 3 units, (b) 5 units, (c) 7 units; range of pore sizes:
mean 68 units: pore-wall thickness (d) 3 units, (e) 5 units, (f) 7 units; range of pore sizes: 20–120 units: pore-wall thickness (g) 3
units, (h) 5 units, and (i) 7 units. Consistent units are used throughout in all simulations.
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the density and pore-wall thickness while dictating the bulk mechanical behaviour. To present a solu-
tion to this challenge, a third use-case was defined. Here, the solid fraction as well as the pore-wall
thickness were controlled, that is, kept constant, and the pore-size distribution was varied with respect
to their mean pore-width.

The results of the final use-case are illustrated in Figure 6. Here, the pore-wall thickness was defined
at 3 units and the solid fraction was maintained at 2.5%. It can be observed again, that the lower the
mean pore-width, the stiffer was the mechanical response. This also echoes the results from the first use-
case, albeit the amplification in the stiffness was smaller when the solid fraction was parallely controlled.
This stiffening can be observed even for the illustrated case, where by lowering the mean of the pore-size
distribution from 70 units to just 60 units, while keeping all other quantities the same, a 6.7% increase in
the stiffness of stress-strain curve was observed under finite strains. Such stiffening would be pronounced
when the difference in the mean pore-widths becomes larger. Surely, the stiffening effect is much less
pronounced in the linear elastic region. However, this may not be the case if the difference in the mean
pore-sizes is considerable, for example, 60 and 150 units where one would expect a pronounced stiffening
even in the linear elastic region. This must be investigated further. With the computational approach
used in this analysis, it was difficult to control both the solid fraction as well as the pore-wall thickness.
Hence, the mean pore-width of 60 and 70 units were considered for this first study. From the results
obtained, it can be inferred that the usage of the relation E}rm, where E is the Young’s modulus of the
macroscopic porous material, r is the density, and m is a power-scaling exponent, may remain valid.
This is because it concerns the linear elastic region, where Figure 6 shows that the pore-structure is less

Figure 5. Effect of varying the mean pore-width on the macroscopic stress-strain response for open-porous material for a given
solid fraction (relative density). Range of pore sizes: mean 65 units: solid fraction (a) 0.08, (b) 0.1, (c) 0.15; range of pore sizes: mean
68 units: solid fraction (d) 0.08, (e) 0.1, (f) 0.15; range of pore sizes: 20–120 units: solid fraction (g) 0.08, (h) 0.1, (i) 0.15. Consistent
units are used throughout in all simulations.
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influential. However, beyond this region, density no longer remains the critical factor controlling the
mechanical properties. This becomes particularly important for flexible porous materials which posses a
respectable recovery upon unloading after compression. Developing theoretical models by only focusing
on the density may not help realise the complete picture in case of poly-disperse open-porous cellular
materials.

4. Conclusion

In conclusion, the relative density, the pore-wall thickness and also the pore-size distribution together
dictate the mechanical properties of open-porous cellular materials. The proposed computational
method validates the previously published analysis on the effect of the mean pore-size and the broad-
ness of the pore-size distribution on the macroscopic mechanical response considering micromechanical
constitutive models. As can be inferred from the results, although the relative density plays a more
important role in the linear elastic region, the effect of the pore-size distribution and pore-wall thickness
cannot be neglected, especially while simulating a poly-disperse microstructure. Thus, the pore-sizes and
their role in dictating the mechanical properties of open-porous cellular materials and the necessity for
them to be accounted for while synthesising such materials for relevant mechanical load-bearing appli-
cations become less insignificant. Further investigations are necessary to support the first results from
this study.
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