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Abstract

From 2018 until 2022, Airbus and DLR have been collaborating in the field of aerodynamic

data fusion in the framework of a so-called Patenschaft, a jointly funded research position

dedicated to the topic “Development of Future Aerodynamic Data Modelling Methodol-

ogy”. The goal of this cooperation was the development, improvement and industrial-

ization of methods for the modeling of high-dimensional aerodynamic data for realistic

aircraft configurations for all relevant flight conditions – a topic which is of high interest

to both partners: Airbus can significantly accelerate the transfer of new approaches into

the industrial context. For DLR, the application-oriented investigations and the research

has the potential to provide important impulses for the work on the virtual data model of

the aircraft pursued in the guiding concept “Virtual Product”. The main achievements and

outcomes of this Patenschaft are collected in this final report.
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1 Introduction

From 2018 until 2022, Airbus and DLR have been collaborating in the field of aerodynamic

data fusion in the framework of a so-called Patenschaft, a jointly funded research position

dedicated to the topic “Development of Future Aerodynamic Data Modelling Methodol-

ogy”. In particular, the goals of this cooperation were

• the investigation, definition and development of methods for the robust prediction

of aerodynamic data of full aircraft configurations across the flight envelope, for

extreme flight conditions and off-design cases;

• the development of data modeling solutions for configurations with movables, e.g.

high lift devices and spoiler deployment;

• the investigation of methods for the analysis and fusion of data from different

sources;

• the application of methods in the industrial context as well as the development of

necessary tool chains;

• the development of further alternative methods and the definition of a future inte-

grated process for data creation and delivery.

The topic is of high interest to both partners: Airbus can significantly accelerate the transfer

of new approaches into the industrial context. For DLR, the application-oriented investi-

gations and the research has the potential to provide important impulses for the work on

the virtual data model of the aircraft pursued in the guiding concept “Virtual Product”.

The main achievements and outcomes of this Patenschaft are collected in this final re-

port. Some parts of this work, as well as large sections of the following motivation and

literature overview, have been published before in [6].

1.1 Motivation and Literature Overview

During the development of an aircraft, a wealth of aerodynamic data is required for dif-

ferent flight conditions throughout the flight envelope. Quantities like the scalar-valued
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2 1 Introduction

lift coefficient or the pressure distribution at the surface are, for instance, significant for

structural and geometrical design, performance and loads evaluations and the design of

the flight control system. In the last decades, this data has been increasingly acquired

through Computational Fluid Dynamics (CFD) simulations [10]. However, due to the com-

plexity of the problem, a direct numerical simulation for industrial aircraft configurations is

not even feasible for high-performance computers in the foreseeable future. Simplifying

assumptions are made to ease the problem, but CFD simulations remain computationally

demanding. In addition, due to convergence issues especially for extreme flight conditions,

numerical data cannot be reliably provided throughout the entire flight envelope. CFD data

is therefore complemented by data from wind tunnel experiments and flight testing. Be-

cause of errors mainly introduced by the physical modeling and the discretization of the

problem on the one hand and experimental limitations on the other hand, the data from

these different sources will, however, always show some differences to deal with. The

heterogeneity in the data becomes even more complex when, instead of scalar-valued

quantities, field data has to be considered—as often required by industry: For example, for

the structural design of an aircraft, one is interested in reliably predicting the location of

aerodynamic shocks as indicated by the surface pressure distribution. While CFD provides

this quantity in each cell on the surface of the discretized aircraft, it is typically only avail-

able at comparatively few sensor locations in wind tunnel and flight tests which results in

a high discrepancy in the dimensions of computational and experimental data.

Data fusion techniques aim at combining the individual strengths of different data

sources to provide consistent and reliable data sets. For scalar-valued quantities of in-

terest, a popular data fusion strategy is the use of variable-fidelity surrogate models. A

base assumption of these models is that the different data sources have different levels

of accuracy. The simplest way to fuse such variable-fidelity data is by employing so-called

bridge functions: A surrogate model for the low-fidelity data is used to approximate the

high-fidelity data via an additive, multiplicative or hybrid correction, [26]. Another example

of data fusion with bridge function is given in [30] where data from two computer codes of

different fidelity were combined via a Kriging-based bridge function. Kriging, also known

as Gaussian process regression, is based on the assumption that the given data points

are realizations of correlated random variables. It can handle highly nonlinear responses

and features fast evaluation times which makes it a popular method in various different

fields such as design and analysis of computer experiments [39, 40], machine learning

[37] and surrogate modeling [21]. Direct extension of Gaussian process regression to the

variable-fidelity framework are known as Cokriging [21, p. 177], [31, 28, 27, 8], and Hier-
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1.1 Motivation and Literature Overview 3

archical Kriging, [25]. Both approaches have been used in the context of aerodynamic ap-

plications for variable-fidelity modeling based on different sources of computational data,

[18, 20, 21, 19, 25, 27], and for experimental and numerical data, [32]. A non-hierarchical

approach for the fusion of scalar-valued quantities based on Gaussian process regression

was recently presented in [17]: A Gaussian process model is built for every data source in-

dividually. Afterwards, these models are combined via a weighted sum based on modeling

uncertainty and expert knowledge on the model fidelity.

For the surrogate modeling of vector-valued quantities based on data of different levels

of fidelity, the variable-fidelity methodology was extended in [5, 7]. The authors considered

aerodynamic data from computer simulations of different accuracy on the same computa-

tional grid in order to construct a surrogate model for the expensive, high-fidelity computer

code. A common orthonormal basis was computed employing the dimensionality reduc-

tion technique Proper Orthogonal Decomposition (POD), [36, 4]. The scalar-valued basis

coefficients of this POD basis are then interpolated via a variable-fidelity surrogate model

like Cokriging or Hierarchical Kriging. Another data fusion approach for vector-valued

quantities was recently proposed in [38], where in a Bayesian setting, experimental and

numerical data to the same aerodynamic flow conditions and the same spatial grid were

combined via a weighted sum. A drawback of these methods is however that low- and

high-fidelity data have to be given at the same spatial grid which prevents their application

for the fusion of sparse experimental sensor data and high-dimensional numerical data.

The latter can be achieved with the so-called Gappy POD method. Gappy POD combines

POD with a least-squares problem to reconstruct not completely known data. The idea is

that within the subspace spanned by the POD modes a solution can be found which mini-

mizes the differences to reference data at a few discrete locations in a least-square sense.

The method was first developed for the reconstruction of human face images from incom-

plete data sets [16]. Later, the method was extended to fluid dynamic applications in [13],

where it was shown that it can be used to reconstruct missing data in CFD snapshots

based on a set of complete CFD snapshots for steady aerodynamic flow around an airfoil.

Modifications of the original approach have been proposed in [44] in order to enhance

its robustness and effectiveness for the reconstruction of spatio-temporal incomplete flow

field data. A comparison of Gappy POD and the statistical interpolation method Krig-

ing for the reconstruction of unsteady aerodynamic flow data was done in [24]. In [45],

the method was used for the reconstruction of unsteady flow data and, based on this

procedure, a strategy for optimal sensor placement was introduced. To avoid overfitting,

especially when dealing with real experimental data, a regularized version of Gappy POD
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4 1 Introduction

was introduced in [22]. The authors compared different regularization methods and ap-

plied their regularized Gappy POD approach to fuse CFD and experimental surface pressure

data from a steady aerodynamic flow around the flap of a transport aircraft. The resulting

surface pressure distribution matches the experimental values as close as possible while

providing dense information on the whole surface as a CFD analysis would. The approach

was further extended such that the fused aerodynamic surface data sums up to the over-

all integral coefficients as measured by the wind tunnel balance in [34]. Technically this

has been achieved by extending the regression to account for an equality constraint. One

of the limitations of the aforementioned approach stems from the assumption of linearity

within the POD model and the consecutive least-squares problem. Furthermore, the accep-

tance of such data-driven approaches is often limited by the fact that it is hard to estimate

the uncertainty in the predicted data. Recently, an alternative approach to the Gappy POD

methods was proposed in [15]. The idea is to directly map the sensor measurements to the

full field solution via a shallow neural network. In a case study with CFD data, the shallow

neural network approach was able to outperform ordinary and regularized Gappy POD. Up

to our knowledge, there is no study available in literature in which the method is tested for

real data fusion tasks using experimental and numerical data. A problem might be that for

data fusion tasks, experimental training data, i.e. pairs of sensor data and corresponding

full field solution, are in general not available.

1.2 Contribution of the Patenschaft

In the framework of this Patenschaft, the Gappy POD approach has been further extended

in two different ways: First, a weighted Gappy POD was formulated which works by scal-

ing the entries of the Gappy POD residual individually. By applying suitable weights, the

impact of each sensor can be controlled and thus the approach allows to include expert

knowledge on the accuracy of the individual sensor measurements. Second, a Bayesian

Gappy POD was introduced, [6]. The approach is based on the equivalence of the Gappy

POD problem of least-squares with a linear regression task for a specific choice of sample

data. By taking the regression perspective, the Gappy POD problem can be solved em-

ploying Gaussian process regression. The final data fusion result is then given in terms of

a probability distribution, which provides valuable information on the predicted modeling

accuracy. Furthermore, information on the measurement uncertainty of the experimental

data can be taken into account. The limitations of the ordinary approach are overcome by

considering nonlinear covariance functions.
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1.3 Overview of this work 5

Both extensions, as well as the constrained Gappy POD approach introduced in [34],

have been implemented into DLR’s Surrogate Modeling for AeRodata Toolbox in Python

SMARTy, [3] and are available in the latest release. The methods have been tested and

compared by means of the XRF1 test case, an Airbus provided industrial standard multi-

disciplinary research test case representing a typical configuration for a long range wide

body aircraft. The results given in this report can therefore serve as an indication of the

applicability of the data fusion approaches for real industrial problems.

Furthermore, as an alternative to the Gappy POD methods, the shallow neural network

approach proposed in [15] was investigated for data fusion tasks. A comparative study

of this method, Bayesian Gappy POD and regularized Gappy POD was made to assess the

potential of the new method.

1.3 Overview of this work

This work is structured as follows. In Chapter 2, the investigated data fusion problem

is described mathematically and the notation used throughout this report is introduced.

Chapter 3 summarizes the current state-of-the-art Gappy POD models: ordinary, regular-

ized and constrained Gappy POD. The extensions to these approaches developed within

the framework of the Patenschaft—weighted Gappy POD and Bayesian Gappy POD—are

presented in Chapter 4. In Section 4.3, Bayesian Gappy POD is investigated and com-

pared to regularized Gappy POD by means of the XRF1 test case. Chapter 5 deals with

the shallow neural network approach proposed in [15] as an alternative to the Gappy POD

methods. The approach is briefly described in Section 5.1. In Section 5.2, the method is

investigated theoretically and a comparative study with Gappy POD is given in Section 5.3.

Chapter 6 concludes this report and provides an outlook.
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DLR – IB-AS-BS-2022-111





2 Problem Setup

Assume that there is a functional dependency between a set of input parameters � 2

D � R
d and the resulting high-dimensional quantity of interest, y : D ! R

N . This func-

tional dependency is not explicitly given but can be assessed for given input parameters

�� 2 Rd using two different data sources: A primary source, which provides accurate but

incomplete information, i.e. the quantity of interest y(��) can only be observed at s � N

pairwise distinct components fj1; : : : ; jsg � f1; : : : ; Ng. In addition, a secondary data

source ~y : D ! R
N is available which describes the same quantity of interest with a lower

accuracy. Based on the incomplete information given by the primary data source, we are

aiming to reconstruct the full quantity of interest y(��) with the aid of sampled data from

the secondary data source. This setup is very general and may arise in different fields of

application. In the special application we consider in this work, the goal is to reconstruct

the pressure coefficient distribution at the surface of an aircraft on a highly resolved com-

putational mesh from sparse experimental pressure sensor data using information given by

a set of pre-computed CFD solutions. In the subsequent sections, different methods are

introduced addressing this problem. For simplicity, we will in the remainder of this work

use the common terms related to our target application, i.e. the primary data is referred

to as experimental or sensor data and the secondary data is referred to as simulation data.

Nevertheless, all methods and approaches are not restricted to this special setting and may

transfer to other applications as well.
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3 Data Fusion with Gappy POD – State of

the Art

In the following, an overview of the current state-of-the-art in data fusion, the Gappy POD

methodology, is provided based on the initial work [12] and it’s extensions [22] and [34].

Large parts of this overview have been published in our work [6].

3.1 Ordinary Gappy POD

Let f~y1 := ~y(�1); : : : ; ~yn := ~y(�n)g � R
N be a set of sampled data obtained via CFD

simulations for different input parameters P = f�1; : : : ; �ng � D and let the corresponding

outputs be stored in the snapshot matrix Y 2 RN�n,

Y := [~y1; : : : ; ~yn]: (3.1)

For simplicity of the notation and without loss of generality assume that the snapshots are

centered with respect to their mean, that is

n∑
i=1

~y i = 0: (3.2)

Performing a singular value decomposition (SVD) [23, Sec. 2.4] of the snapshot matrix

yields

Y = U�V T; (3.3)

where U = [u1; : : : ; uN ] 2 RN�N and V = [v1; : : : ; vn] 2 Rn�n are orthonormal matrices,

i.e. UTU = UUT = IN and V TV = V V T = In, and � = diag(�1; : : : ; �n) 2 R
N�n contains

the singular values �1 � : : : ;� �n � 0 in descending order. Suppose the rank of the

snapshot matrix Y is r = rank(Y ), then only the first r � n singular values are non-

zero. The corresponding r left singular vectors, which are the first r columns of the matrix

U, constitute an orthonormal basis fu1; : : : ; urg of the space spanned by the snapshots

DLR
DLR – IB-AS-BS-2022-111 9



10 3 Data Fusion with Gappy POD – State of the Art

~y1; : : : ; ~yn, the so-called POD basis, [23, Corollary 2.4.6].

A key idea of Gappy POD is to interpret a given vector t 2 R
s of experimental data,

where s < N is the number of experimental sensors, as a vector y 2 RN from which only

the components yj1 ; : : : ; yjs with j1; : : : ; js 2 f1; : : : ; Ng are known, that is

t =


t1
...

ts

 =


yj1
...

yjs

 = PTy (3.4)

for a mask matrix P := [ej1 ; : : : ; ejs ] 2 R
N�s . The components of the vector t are iden-

tified with the components of the vector y via a nearest neighbor search of the s sensor

coordinates in the highly resolved computational grid.

Assuming that the vector y can be approximated in the POD subspace, POD basis coef-

ficients â = (â1; : : : ; âr )
T 2 Rr can be found such that

y � ŷ =

r∑
j=1

âju
j = Ur â; (3.5)

where Ur = [u1; : : : ; ur ] 2 RN�r is the matrix of POD basis vectors, i.e. the first r columns

of U. The basis coefficient vector â 2 Rr which yields the smallest L2 error regarding the

observed entries of the vector y is defined by the least squares problem

â = argmin
a

∥∥PTUra � t
∥∥2
2
: (3.6)

Usually, X = PTUr 2 R
s�r has full column rank and therefore Eq. (3.6) has a unique

solution given by

â = (XTX)�1XTt: (3.7)

Substituting this basis coefficient vector â into Eq. (3.5) yields the ordinary Gappy POD

approximation of the vector y . A schematic overview of the ordinary Gappy POD method

is shown in Fig. 3.1.

3.2 Regularized Gappy POD

To avoid overfitting, especially when dealing with data from different sources, it is often

necessary to complement the least squares problem with regularization terms on the basis

coefficients â, [22, 34]. Shrinkage methods give preference to smaller basis coefficients â

DLR
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3.2 Regularized Gappy POD 11

1. Input: n CFD
snapshots y i

� = 0
�� = 2�� =

4 �

2. POD ba-
sis: r modes ui

mode 1mode 2mode 3

3. Input: ex-
perimental data

� = 6�

4. Determine
POD coefficients

a
� = argmin

4. Output: recon-
structed flow field

=

� = 6�

POD

+ LSQ

Reconstruct

Figure 3.1: Schematic overview of ordinary Gappy POD for fluid flow reconstruction based
on sparse sensor data.

by imposing a penalty on their value, cf. [29, Sec. 3]. The influence of less important POD

modes, i.e. basis vectors which correspond to small singular values, can thus be restricted

by scaling the basis vectors with their corresponding singular values

~U = [~u1; : : : ; ~ur ] := [�1u
1; : : : ; �ru

r ] (3.8)

A popular choice for the regularization of least squares problems is Ridge regression, some-

times also called Tikhonov regularization, [29, Sec. 3.4.1], [43]. It imposes a L2 penalty on

the basis coefficient vector a. The corresponding Gappy POD problem reads,

ârr = argmin
a

∥∥PT ~Ua � t
∥∥2
2
+ �kak22; (3.9)

where � 2 R+ is a parameter which controls the strength of the regularization: the larger

the value of �, the higher the amount of shrinkage towards 0. If X = PT ~Ur has full

column rank, the Gappy POD problem has a unique solution,

ârr = (XTX + �I)�1XTt: (3.10)
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12 3 Data Fusion with Gappy POD – State of the Art

As in the ordinary case, the Gappy POD approximation of the vector y is obtained by

evaluating the corresponding linear combination of POD basis modes,

ŷ =

r∑
j=1

âju
j = ~Ur ârr; (3.11)

cf. Eq. (3.5).

3.3 Constrained Gappy POD

Constrained Gappy POD is an additional, straight-forward extension of the ordinary ap-

proach and was first introduced in [34, Sec. 2.4]. Suppose, we want the solution a of the

Gappy POD problem eq. (3.6) to match a linear constraint of the form


a = c; (3.12)

where 
 2 Rnc�r , with nc 2 N, is a linear operator and c 2 Rnc is the right hand side. This

constraint can be incorporated into the Gappy POD problem eq. (3.6) by adding highly

weighted lines to the residual term,

âc = argmin
a

∥∥∥∥∥
[
PTUr

w


]
a �

[
t

wc

]∥∥∥∥∥
2

2

; (3.13)

where the weighting parameter w � 1 controls the importance of matching the con-

straint. The regularized Gappy POD problem eq. (3.9) can be extended analogously.

Wind tunnel sensor pressure data often come along with the overall aerodynamic inte-

gral coefficients as measured with the wind tunnel main balance. These integral coeffi-

cients can be obtained by integrating the surface pressure coefficient and the skin friction

coefficient over the surface of the aircraft. In a discrete setting, this integration can be

described by a linear operator. Thus, if pressure and skin friction coefficient data is used

to compute the POD basis, a linear operator 
 can be found, which maps the POD basis

coefficients a to their corresponding integral coefficients.
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4 Gappy POD Extensions

In the Patenschaft, several extensions of the ordinary Gappy POD approach have been

developed. The two main extensions are described in the subsequent sections: In Sec-

tion 4.1, sample weights are introduced to the Gappy POD approach. A description of

the main result of the Patenschaft, the so-called Bayesian Gappy POD method, is given in

Section 4.2.

4.1 Weighted Gappy POD

A simple extension of the ordinary Gappy POD approach is the incorporation of weights

for the sensor data. Let the weights for the vector t = [t1; : : : ; ts ]
T 2 Rs of experimental

data be given by !1; : : : ; !s 2 R+. Weighting can be performed by applying the weighting

matrix

W =


!1 0

. . .

0 !s

 2 Rs�s (4.1)

to the residual term in the ordinary Gappy POD problem Eq. (3.6),

âW = argmin
a

∥∥WPTUra �Wt
∥∥2
2
; (4.2)

or the regularized Gappy POD problem Eq. (3.9),

ârr, W = argmin
a

∥∥WPT ~Ua �Wt
∥∥2
2
+ �kak22: (4.3)

Note that if the same weighting factor ! 2 R+ is used for all sensors, i.e. W = !I, the

weighted Gappy POD problem Eq. (4.2) has the same solution as the ordinary Gappy POD

problem Eq. (3.6),

âW = argmin
a

∥∥WPTUra �Wt
∥∥2
2
= argmin

a
!2

∥∥PTUra � t
∥∥2
2
= â: (4.4)

DLR
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14 4 Gappy POD Extensions

In case of regularized Gappy POD, using the same weighting factor ! 2 R+ for all sensors

acts like a parameter which controls the impact of the residual term compared to the

additional term. The regularized Gappy POD problem with weighting matrix W = !I

and regularization parameter � is equivalent to the regularized Gappy POD problem with

regularization parameter �
!2 without weights.

By giving higher weight to individual sensors, their influence is increased. Contrary, the

influence of sensors can be weakened by setting a low weighting factor. The introduction

of weights is therefor an easy way to incorporate expert knowledge on the accuracy of

the individual sensor responses. For example if it is expected that the response of pressure

sensors at the leading edge of an airfoil are less accurate then at other locations, one can

account for this by choosing the weights accordingly.

4.2 Bayesian Gappy POD

The Bayesian Gappy POD extension was first introduced in our work [6]. This introduction

is in large parts taken from the initial work. Small modifications have been made in order

to make the notation in this work consistent.

The Gappy POD problem Eq. (3.6) can be interpreted as a linear regression problem with

sample data

f(xi ; ti) j i = 1; : : : ; sg; (4.5)

where xi := (X)i = (PTUr )i = (Ur )ji 2 R
r denotes the i -th row of the matrix X = PTUr

or, in other words, the ji -th row of the matrix of POD modes Ur and ti = (t)i is the

corresponding sensor response. In this setting, we aim at evaluating the regression model

f for all rows of the matrix of POD modes (Ur )i ; i = 1; : : : ; N, to obtain the Gappy POD

solution,

ŷ = f (Ur ) = (f ((Ur )i))i=1;:::;N : (4.6)

In case of ordinary and regularized Gappy POD, the standard linear regression model,

f (x) = xTw; (4.7)

with weight vector w 2 Rr is considered. In this work, we take a Bayesian perspective on

the linear regression problem Eq. (4.5) which allows us to derive probability distributions

for the data fusion result. While in the ordinary Gappy POD formulation, only point esti-

mates are provided as data fusion result, this new perspective allows to provide valuable

DLR
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4.2 Bayesian Gappy POD 15

information about the estimated accuracy of the prediction.

In order to give a better insight into our method, we will first review some basics of

linear regression from a statistical point of view based on [37, Sec. 2]. This leads us to the

concept of Gaussian Process Regression which will then be used to solve the regression

problem Eq. (4.5) in our Bayesian Gappy POD extension.

Suppose we are given a training data set f(xi ; ti) j i = 1; : : : ; sg with input variables

xi 2 R
r and corresponding outputs ti = t(xi); i = 1; : : : ; s. Our goal is to model the

relationship between inputs and outputs. The linear regression model with Gaussian noise

reads,

f (x) = �(x)Tw; t(x) = f (x) + "; (4.8)

with a fixed set of basis functions �(x) = (�1(x); : : : �m(x))
T, corresponding weight vec-

tor w 2 Rm, and additive independent, identically distributed Gaussian noise " with zero

mean and stationary variance �2 > 0. The likelihood function, i.e. the probability density

of the observations given the weights, is given by

p(t j X;w) =

s∏
i=1

p(ti j xi ; w)

=
1√

(2��2)s
exp

(
�

1

2�2
kt ��Twk22

)
;

(4.9)

where t = (t(x1); : : : ; t(xs))
T = (t1; : : : ; ts)

T is the vector of observed outputs and

� = [�(x1); : : : ; �(xs)] =


�1(x1) : : : �1(xs)

...
. . .

...

�m(x1) : : : �m(xs)

 2 Rm�s (4.10)

is the matrix of function values of the basis functions �(x) evaluated at the sample points

x1; : : : ; xs .

Instead of determining a specific weight vector w , we express our beliefs about the

probability distribution of the weight vector w before seeing the data in terms of a prior

distribution p(w). Based on this prior distribution and the likelihood function, we can now

derive the posterior distribution of w , that is the probability distribution of w after seeing
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16 4 Gappy POD Extensions

the data by making use of Bayes’ Theorem, cf. [37, Sec. A.1],

posterior =
likelihood � prior

marginal likelihood
; (4.11)

p(w j X; t) =
p(t j X;w) � p(w)

p(t j X)
; (4.12)

where the marginal likelihood,

p(t j X) =

∫
p(t j X;w)p(w) dw; (4.13)

is a normalizing constant independent of the weight vector w .

Finally, predictions for the output f� := f (x�) for a new input variable x� 2 R
r can be

made by evaluating the predictive distribution,

p(f� j x�; X; t) =

∫
p(f� j x�; w)p(w j X; t) dw: (4.14)

One can show that for different choices of prior distributions p(w), the maximum of the

predictive distribution equals the prediction of well-known regression techniques such as

ordinary linear regression, Ridge regression and LASSO, cf. [35, Tab. 7.1, p. 226]. However,

the Bayesian point of view enables to go a step further: As we consider the weight vector

as a statistical quantity, the output f is a statistical quantity as well. Thus, instead of

providing a regression model which is a point estimate of the probability distribution for the

input-output mapping f (x), we can provide the entire distribution of probable regression

models.

Except for some special choices of prior distributions p(w), there is no explicit expression

for the predictive distribution in Eq. (4.14). One of those special choices, which allows for

an analytical expression of the predictive distribution, is the assumption of a Gaussian prior,

p(w) � N (0;�w ): (4.15)

Applying some calculus one can show that in this case the posterior distribution of the

weight vector w and, consequently, the predictive distribution of f� are also Gaussian with

E[f�] = �T��w�
(
�T�w�+ �2I

)�1
t; (4.16)

Var[f�] = �T��w�� � �T��w�
(
�T�w�+ �2I

)�1
�T�w�� (4.17)
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4.2 Bayesian Gappy POD 17

where �� := �(x�), [37, p. 17]. Defining the function

k(x; x 0) = �(x)T�w�(x
0); (4.18)

we can rewrite these expressions in terms of the function k ,

E[f�] = k(x�)
(
K + �2I

)�1
t; (4.19)

Var[f�] = k(x�; x�)� k(x�)
T
(
K + �2I

)�1
k(x�); (4.20)

where k(x�) := (k(x�; xi))i=1;:::;s 2 R
s and K :=

(
k(xi ; xj)

)
i ;j=1;:::;s

2 Rs�s . It is easy to

show that f (x) defines a zero-mean Gaussian process whose covariance Cov[f (x); f (x 0)]

for any two inputs x; x 0 2 Rr is given by k(x; x 0),

f (x) � GP(0; k(x; x 0)): (4.21)

Because of this property, the function k(x; x 0) is also called covariance function, [37, p. 12].

In the above setting, a set of basis functions �(x) has been chosen and assumptions

on the prior distribution of the weight vector w have been made, which implicitly define

the covariance of the Gaussian process f (x). The key idea of Gaussian Process Regression,

also known as Kriging, is to bypass this concept by defining a positive definite covariance

function for f (x) explicitly, [9, p. 160]. In turn, this implicitly defines a (potentially infinite)

set of basis functions �(x) due to Mercer’s theorem, [35, p. 483]. Of course, the choice of

the covariance function has a large impact on the predictions. It is typically chosen such

that it reflects the property that the outputs f (x) and f (x 0) of input variables x and x 0 that

are close or similar to each other are more strongly correlated than the outputs of more

distinct input variables, [9, Sec. 6.4.2]. A widely used class of covariance functions is given

by

k(x; x 0) = �0 � exp
(
��1kx � x 0k2

)
+ �2x

Tx 0; (4.22)

cf. Eq. (6.63) in [9, Sec. 6.4, p. 307], with hyperparameters �0; �1; �2. Instead of defining

the hyperparameters in advance, they are usually determined from the data by maximizing

the log marginal likelihood function,

ln p(t j X) = �
1

2
tT(K + �2I)�1t �

1

2
ln det(K + �2I)�

s

2
ln 2�: (4.23)

For a detailed discussion of covariance functions for GPRs and different methods for hy-

perparameter estimation, the reader is referred to Sec. 4 and Sec. 5.4 of the textbook [37].
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18 4 Gappy POD Extensions

Remark. In some cases, the noise variance �2 of the observations can be estimated e.g.

from expert knowledge or derived from information about the accuracy of the physical

sensors used. Otherwise it can be determined with the hyperparameters of the covariance

kernel during the marginal likelihood optimization.

The derivation of Gaussian Process Regression from linear regression with a special

choice of prior information motivates our Bayesian regression extension for Gappy POD:

We propose to solve the Gappy POD problem Eq. (4.5) by employing GPRs. A kernel func-

tion k(x; x 0) is chosen from the class Eq. (4.22) such that the log marginal likelihood func-

tion Eq.(4.23) is maximized. Afterwards, a predictive distribution for all rows of the matrix

of POD modes, (Ur )i ; i = 1; : : : ; N, is obtained by evaluating Eq. (4.19) and Eq. (4.20).1

Note that the final data fusion result will in general not lie in the POD subspace, as is

the case for ordinary or regularized Gappy POD. Consequently, no vector of POD basis

coefficients can be found.

The new Bayesian Gappy POD extension, as well as the established approach have been

implemented in DLR’s python-based Surrogate Modeling for AeRodata Toolbox SMARTy, [3].

4.3 Application to a Transport Aircraft Test Case

Large parts of this section are taken from our work [6].

4.3.1 Case study description

The test case configuration considered here is an industrial-relevant aircraft configuration

known as XRF1. The XRF1 is an Airbus provided industrial standard multi-disciplinary re-

search test case representing a typical configuration for a long range wide body aircraft. It

is used by Airbus to engage with external partners on development and demonstration of

relevant capabilities and technologies. For the computational data, a highly resolved CAD

model of the XRF1 is considered as half configuration. The corresponding surface grid con-

sists of N = 388; 918 grid points. High-fidelity RANS-CFD simulations were carried out with

the DLR flow solver TAU, [41] using the SST turbulence model. Structural deformation are

accounted for by coupling the CFD analysis to a computational structural mechanics (CSM)

investigation which relies on a finite element model of the wind tunnel aircraft structure.

In this way, a total number of n = 100 pressure coefficient (cp) distributions on the surface

of the aircraft were computed for different Mach numbers M 2 [0:5; 0:96] and angles of

1In this setting each entry of the Gappy POD solution (ŷ)i ; i = 1; : : : ; N is a random variable.
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4.3 Application to a Transport Aircraft Test Case 19

(a) CFD data base (b) Pressure tap locations

Figure 4.1: Data-points which are sampled during the numerical analysis as well as the
location of pressure taps on the upper wing surface

attack � 2 [�11�; 14�] and are considered as CFD snapshots during the following investi-

gations. The sampling points are displayed in Figure 4.1a. The Reynolds number was fixed

to Re = 25 � 106. Wind tunnel tests for the XRF1 configuration were carried out in the

European Transonic Windtunnel (ETW). The surface pressure coefficient was obtained at

314 pressure taps distributed over 26 section cuts along the wing with locations shown

in Figure 4.1b for a number of 196 different combinations of Mach number and angle of

attack.

The sampled parameter combinations cover a wide range of aerodynamic phenomena

including fully attached flow, severe trailing edge separation, strong shock waves on the

upper and lower wing surface as well as shock induced separation. Based on the spe-

cific configuration at hand and observed aerodynamic characteristics, the Mach number

vs. angle of attack diagram has been divided in different regions as shown in Figure 4.2.

In particular these are the design range, the linear region and the nonlinear region. Note

that the XRF1 is an aircraft concept provided from Airbus for the means of demonstra-

tion of relevant capabilities and technologies and displayed regions should be regarded as

a generic classification of flow phenomena based on common aerodynamic knowledge.

Moving from the design region towards the edge of the envelope it is expected that the

prediction accuracy of numerical simulation tools decreases [1]. Hence, discrepancies be-
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20 4 Gappy POD Extensions

Figure 4.2: XRF1 envelope zones, kindly provided by Airbus.

tween numerical and experimental results are likely to grow. This should directly result in

enlarged credible intervals for fused pressure distributions at more challenging conditions.

4.3.2 Results

Different points within the envelope are chosen to provide an insight into the data fu-

sion capabilities and are discussed next. Especially within the nonlinear region, towards

the edge of the envelope, information provided by CFD snapshots is sparse and likely

also inaccurate due to various simulation challenges including turbulence modeling. For

all presented cases, data fusion was employed using regularized Gappy POD with Ridge

regression, cf. 3.2, and the new Bayesian Gappy POD approach with Gaussian Process Re-

gression as introduced in Sec. 4.2. In the latter case, the kernel function was chosen from

the class Eq. (4.22), where the hyperparameters �0; �1; �2 were determined by maximizing

the marginal likelihood function Eq. (4.23). Two different studies were carried out:

1. At first, the noise variance �2 of the sensor data is assumed to be unknown and

estimated along with the kernel hyperparameters in the maximum likelihood opti-

mization.

2. In a second study, the noise variance �2 is determined a priori from the manufac-

turer’s specifications on the accuracy of the pressure sensors used in the wind tunnel

experiment. Other sources of uncertainty are neglected.
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4.3 Application to a Transport Aircraft Test Case 21

Note that in both cases, we assume the noise variance �2 to be stationary meaning that

the measurements from all pressure taps are corrupted by the same type of noise.

In addition to the data fusion results, a surrogate model was constructed solely based

on the same CFD data set by interpolating the POD basis coefficients—a widespread data-

driven surrogate modeling technique introduced by [33]. For the interpolation of the basis

coefficients, thin plate spline (TPS) interpolation, [11], was considered. For comparison,

the CFD-based surrogate model was evaluated at the flow conditions of interest.

For a quantitative assessment of the agreement with the wind tunnel sensor measure-

ments, the results ŷ of every investigated method were evaluated by means of the root

mean squared error,

RMSE(ŷ) :=

√
1

s
kPTŷ � tk2

2
: (4.24)

The Bayesian Gappy POD approach introduced in Sec. 4.2, yields a predictive distribution

instead of a point estimate that is given by the other methods considered in this study. In

every surface grid point, the data fusion result is a Gaussian distributed random variable

with a certain mean and variance. In the following, we account for this distribution by

always showing the predicted mean together with its standard deviation, i.e. the square

root of the variance, or giving 95% credible intervals.2 The other investigated methodolo-

gies (POD+TPS and Gappy POD based on Ridge regression) only provide point estimates for

comparison. Note that parts of the first study were also included in our previous work, [6].

However, the results shown here slightly differ from those presented in [6] by the fact that

in this paper, we applied the scaling of the POD basis vectors, as introduced for regularized

Gappy POD in eq. (3.8), to both Gappy POD methods which further improved the results.

Results with estimated noise variance

The first analyzed flow condition is M = 0:50; � = �1:97� which is within the linear

region. The mean and the standard deviation of the surface pressure distribution obtained

from the Gappy POD approach using GPR is shown in 4.3a and 4.3b, respectively, while a

comparison between different methods in a section cut at � = 0:55 (indicated by a solid

black line in the surface plots) is displayed in 4.3c.

A suction peak is observed on the leading edge of the wing slightly shifted towards

the lower side of the wing due to the negative angle of attack. The rest of the wing

exhibits are smooth pressure distribution as expected at subsonic flow conditions. When

comparing the prediction accuracy for the selected section cut, no differences are observed

295% credible intervals correspond to the mean plus/minus 1:96 times standard deviation.
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22 4 Gappy POD Extensions

(a) Mean (b) Standard deviation

(c) Pressure coefficient distribution at selected cut.

Figure 4.3: Pressure coefficient approximation for M = 0:50; � = �1:97� via Gappy POD
combined with Ridge regression and GPR in comparison to POD plus TPS inter-
polation at a wing section cut where wind tunnel sensor data is available. The
solid black line indicates the cut location.

between both gappy POD methods (Ridge regression and GPR) whereas the purely CFD-

based POD + TPS methodology slightly over-predicts the pressure levels on the lower wing

surface. The 3D view of the standard deviation in Figure 4.3b shows that it is the smallest

in areas of very uniform flow (e.g. some regions at the fuselage) or in areas where many

wind tunnel sensors are located. In areas of non-uniform flow and only a few available

measurements (e.g. behind the engine or close to the wing tip) an increase of the standard

deviation is observed. This corresponds to a less smooth pressure distribution as displayed

in Figure 4.3a. Additional results in the transonic regime are shown in Figure 4.4.
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(a) M = 0:82; � = �6:50
� (b) M = 0:86; � = �2:98

�

(c) M = 0:86; � = 3:98
� (d) M = 0:86; � = 6:49

�

(e) M = 0:92; � = 0:02
� (f) M = 0:92; � = 7:01

�

Figure 4.4: Pressure coefficient approximation via Gappy POD combined with Ridge regres-
sion and GPR in comparison to POD plus TPS interpolation at the selected wing
section cut.
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For a quantitative comparison of the results, the root mean squared error Eq. (4.24) for

all investigated test cases and methods is given in Table 4.1.

Mach � [�]
RMSE(ŷ) � 102

POD + TPS Gappy POD (Ridge) Gappy POD (GPR)
0:50 �1:97 10:2 3:2 2:1

0:82 �6:50 25:0 7:2 0:1

0:86 �2:98 10:1 5:8 2:5

0:86 3:98 8:7 5:6 5:0

0:86 6:49 26:4 9:0 5:3

0:92 0:02 9:1 5:2 3:3

0:92 7:01 20:0 8:1 7:2

Table 4.1: Root mean squared error of the pressure coefficient approximation for POD +
TPS interpolation, Gappy POD with GPR and Gappy POD with Ridge regression.

Figure 4.4a shows the data for the case M = 0:82; � = �6:50�, which is well within

the negative nonlinear region. As in the first case a rather smooth pressure distribution

is observed, with the Gappy POD with GPR accurately reproducing the wind tunnel data.

While the Gappy POD with Ridge regression approach is able to reproduce the overall

trend it fails to exactly match the cp level on the lower surface. The result of the simple

POD + TPS interpolation is far off the wind tunnel test result. This can be attributed to the

underlying CFD data where the closest data point features a leading edge separation on

the lower surface. In comparison to the section cut plot of the first analyzed parameter

combination, Figure 4.3c, a completely different behavior of the 95% credible bounds

are observed. While in the first investigated case the predictive variance is dominated by

the noise variance, it is strongly driven by the process variance of the GPR model in the

second case. Here, the hyperparameter optimization of the covariance function yields a

comparatively small noise variance. As a result, the credible intervals are very narrow at

the pressure tap locations and get significantly larger apart from the data. While Gappy

POD with GPR predicts a smooth mean, the corresponding root mean squared error with

respect to the wind tunnel data is one order of magnitude smaller than for all other test

cases presented in detail in this study. This shows that the method was able to obtain a

very good match with the given data.

These two cases demonstrate that the optimization of the hyperparameters is a challeng-

ing task and crucial for resulting variances. The loss function Eq. (4.23) is often multimodal

and thus has multiple local maxima, cf. [37, Sec. 5.4]. For example, by looking only at

the data, it is often not clear if the fluctuation in the data originates either from the true
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relationship of input and output or from noise. More data or information about the uncer-

tainty associated with the data may help to improve the hyperparameter tuning. A detailed

discussion is however beyond the scope of this work. Because of this different behavior,

additional surface plots of the mean and standard deviation are given in Figure 4.5.

(a) Mean (b) Standard deviation

Figure 4.5: Mean and standard deviation of pressure coefficient distribution for M =

0:82; � = �6:50� as estimated with Bayesian Gappy POD.

As indicated by the section cut plot in Figure 4.4a, the surface plot of the standard

deviation in Figure 4.5b shows the characteristic increase of the standard deviation in

between the pressure taps leading to greenish streaks especially on the wing. On section

cuts where many pressure taps are located, these streaks are interrupted by dark blue lines

indicating that the standard deviation in this regions is estimated to be small. In addition,

a larger increase of the standard deviation in areas of non-uniform flow and stronger

recompression (e.g. on the vertical tail plane and forward fuselage) is observed. This can

be interpreted that the uncertainty in the model prediction in these regions is estimated to

be high. This is partly in line with our expectations on the corresponding uncertainty in the

data fusion result as from an aerodynamic point of view it is indeed difficult to estimate

accruing flow phenomena in these regions.

Another case in the negative nonlinear region is presented in 4.4b. Note that, due

to the negative angle of attack, a shock wave is present on the lower side of the wing.

The CFD-based POD + TPS surrogate model shows a good match of the upper surface

pressure distribution, while significant differences to the wind tunnel sensor data can be

observed for the lower wing surface. Especially the shock position is too close to the

leading edge. Both Gappy POD approaches match the cp levels of the wind tunnel sensor

data including a good representation of both (upper and lower surface) shocks in terms of

strength and location. The result obtained with Gappy POD with Ridge regression shows

some unphysical oscillations especially for the pressure distribution on the lower surface.
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In comparison, a more smooth trend and a better match with the wind tunnel data can

be observed for Gappy POD with GPR. This impression is also in line with the overall root

mean squared error being less than half as large as for Gappy POD with Ridge regression.

Figure 4.4c shows a case at a positive angle of attack of � = 3:98� and M = 0:86. Both

Gappy POD approaches accurately reproduce the characteristics of the pressure distribution

as measured in the wind tunnel test, including a supersonic plateau and a strong shock on

the upper surface. The cp plateau downstream of the shock, indicating a shock induced

separation, is matched as well. The POD + TPS interpolation however fails to accurately

reproduce the shock. Further increasing the angle of attack to � = 6:49� (4.4d) and

hence extrapolating beyond the range of available CFD data, both applied Gappy POD

approaches fail to match the shock. In contrast to the POD + TPS extrapolation, the cp level

after the shock is however matched. The 95% credible interval is increased, showing the

increased uncertainty of this data fusion result. Although there is a large discrepancy in the

prediction of the plateau in front of the shock, the comparatively small root mean squared

error for this test case indicates that the wind tunnel measurements in other regions of

the wing are better approximated by the Gappy POD methods. The final two data points

demonstrate the capability of the presented data fusion method towards the edge of the

flight envelope, close to the dive Mach number. In 4.4e the data for M = 0:92; � = 0:02� is

presented. A number of different aerodynamic features (leading edge suction peak, shocks

on upper and lower surface) are accurately matched. However, the resulting pressure

distribution is not smooth everywhere and the uncertainty bounds are increased. With a

smaller root mean squared error as for the last two test cases, both Gappy POD method

however show a remarkable good match with the wind tunnel data. In Figure 4.4f both

Gappy POD methods accurately predict the strength and position of the shock. While

Gappy POD with GPR shows a slightly smoother trend as the state-of-the-art approach, the

flow behavior at the trailing edge is better captured by Gappy POD with Ridge regression.

The discrepancy between the purely CFD-based POD + TPS interpolation result and the

Gappy POD methods are underlined by a large difference in the root mean squared error

for all investigated cases. Compared to the established Gappy POD with Ridge regression,

the results obtained by Gappy POD with GPR show a smaller root mean squared error

in all cases. In addition to the cases presented above, the root mean squared error was

evaluated for all available 196 data sets from the wind tunnel experiment. In Figure 4.6,

the average root mean squared error for the predictions of the investigated methods is

displayed divided by the different regions of the envelope.

As can be seen from the bar plot, the Gappy POD approaches outperform the simple
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design range linear region nonlinear region overall
0:00

0:05

0:10

0:15

RM
SE

POD + TPS interpolation Gappy POD (Ridge) Gappy POD (GPR)

Figure 4.6: Average root mean squared error with respect to the 314 wind tunnel pressure
probes for Gappy POD with Ridge regression, Gappy POD with GPR and POD
with TPS interpolation for 196 wind tunnel data sets in the different domains
of the envelope.

POD + TPS interpolation in all regions of the envelope. While the differences between

the two Gappy POD approaches in the design range and linear region appear to be small,

Gappy POD with GPR yields a significant improvement in the nonlinear region where the

average root mean squared error is less than half as large as for Gappy POD with Ridge

regression. Averaged over all 196 wind tunnel test cases, the root mean squared error of

Gappy POD with GPR gives a root mean squared error which is about 47% smaller than

the root mean squared error of the established Gappy POD with Ridge regression.

Results for known noise variance

In the second part of this case study, we are aiming at investigating the effect of providing

information on the measurement uncertainty. Two sources of measurement error have

been considered for this test case: The error due to the precision of the sensors, mounted

at the wind tunnel model, and the error due to leakage at the pressure inlet holes and

tubes. For simplicity, both errors are assumed to be Gaussian distributed and additive.

Furthermore, it is assumed that the wind tunnel measurements were not distorted by

any other source of error, i.e. errors due to the positioning of the sensors, the general

experimental setup, the model discretization and other possible sources, are neglected in

this study. We decided on this simplification since the purpose of this work lies more in an

quantitative investigation of the effect of using this kind of information and not in a most
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exact description of all existing uncertainties.

The same 7 test cases as in the previous section are investigated in detail in the following.

For all of these cases, Table 4.2 shows the assumed noise variance due to sensor precision

and leakage effects and the one estimated from the hyperparameter optimization.

M � [�]
noise variance �2 � 103

assumed estimated
0:50 �1:97 6:82 0:66

0:82 �6:50 4:68 0:02

0:86 �2:98 4:54 1:35

0:86 3:98 4:54 3:44

0:86 6:49 4:54 4:33

0:92 0:02 4:37 1:91

0:92 7:01 4:37 6:32

Table 4.2: Estimated and assumed values of noise variance.

As in the previous section, the first analyzed flow condition from the linear region is

M = 0:50; � = �1:97�. Figure 4.7a and 4.7b show the mean and standard deviation of

the estimated surface pressure coefficient distribution obtained when the noise variance

is provided to the Gappy POD with GPR model. A direct comparison of the results of the

Bayesian Gappy POD approach with known and estimated noise variance for the selected

section cut is given in Figure 4.7c.

While the standard deviation decreases in large regions of the aircraft’s surface in Fig-

ure 4.7b in comparison to 4.3b, it increases slightly at the wing. This is also observed in

the section cut plot in Figure 4.7c: The mean of the result of both methods is only visibly

distinguishable in few small regions of the airfoil while the 95% credible bounds for Gappy

POD with estimated noise variance are in most regions smaller than the bounds for Gappy

POD with assumed noise variance.

Results for the same six test cases from the transonic flow regime are shown in Fig-

ure 4.8.

For a Mach number of M = 0:82 and an angle of attack of � = �6:5�, the estimated

noise variance is two orders of magnitude smaller than the assumed one, cf. Tab. 4.2. As

a result, Gappy POD with assumed noise variance gives a significantly different prediction

than Gappy POD with estimated noise variance: While both methods predict a very similar

mean and give a good approximation of the observed wind tunnel data in Figure 4.8a, the

credible bounds of Gappy POD with assumed noise variance do not show the remarkable

narrowing at the sample locations. For all other investigated cases, the estimated noise
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(a) Mean (b) Standard deviation

(c) Pressure coefficient distribution at selected cut.

Figure 4.7: Pressure coefficient approximation for M = 0:50; � = �1:97� via Gappy POD
combined with Ridge regression and GPR in comparison to POD plus TPS inter-
polation at the marked section cut.

variance is in the same order of magnitude as the assumed one, which results in similar

predictions for (M; �) = (0:86;�2:98�) in Fig. 4.8b, (M; �) = (0:86; 3:98�) in Fig. 4.8c,

(M; �) = (0:92; 0:02�) in Fig. 4.8e and (M; �) = (0:92; 7:01�) in Fig. 4.8f. Although the

estimated and assumed variance for M = 0:86 and � = 6:49� are very close, the corre-

sponding predictions in Fig. 4.8d show significant differences, indicating that a different

local minimum was found during the hyperparameter optimization.
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(a) M = 0:82; � = �6:50
� (b) M = 0:86; � = �2:98

�

(c) M = 0:86; � = 3:98
� (d) M = 0:86; � = 6:49

�

(e) M = 0:92; � = 0:02
� (f) M = 0:92; � = 7:01

�

Figure 4.8: Pressure coefficient approximation via Bayesian Gappy POD with estimated and
given noise variance at the selected wing section cut.
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5 Shallow neural networks for fluid flow

reconstruction

In [15], an approach for fluid flow reconstruction was presented using a shallow neural

network. Since we investigated this approach in the scope of this Patenschaft, it is shortly

revised in the following. For more details, the reader is referred to the original work.

5.1 Setup

5.1.1 Architecture

A two hidden layer, fully-connected MLP is used to describe the mapping between the

sensor data t 2 Rs and the corresponding full surface solution ŷ 2 RN . The numbers of

neurons of the two hidden layers, n1 and n2, are chosen such that it increases from layer

to layer, s � n1 � n2 � N. The last hidden layer is connected to the output layer via a

linear activation function,

ŷ = �z2 + b; (5.1)

with weights � 2 RN�n2 , bias b 2 RN and where z2 2 Rn2 denotes the output of hidden

layer 2. In this setting, the columns of the weighting matrix � and the bias b define an

affine subspace in which the network output is contained:

V = fy j y = �z + b; z 2 Rn2g � RN : (5.2)

Figure 5.1 illustrates the architecture of the network.

5.1.2 Training issue

In contrast to Gappy POD methods, pairs of input and output data are needed for model

training, i.e. the full surface solution must be available for the sensor data used for training.
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Output layerHidden layer 2Hidden layer 1Input layer

Figure 5.1: Architecture of the shallow neural network

Note that this is in general not the case when dealing with wind tunnel sensor data. To

overcome this problem, the following training configurations are possible:

1. Sensor and CFD data: A set of sensor measurements is used as input data for train-

ing. As corresponding outputs, the corresponding full surface solution is computed

for the same flow conditions using CFD simulation.

2. CFD data only: The training of the model is restricted to CFD data only. While the

full solution serves as output, the information at the nearest neighbors of the sensor

locations in the CFD mesh is used for input.

3. Sensor and PSP data: Pairs of sensor measurements and their corresponding pres-

sure sensitive paint (PSP) result at a discrete mesh are used for training. CFD data is

not considered.

Each of the three configurations has certain advantages and drawbacks. Option 1 seems

to be the most intuitive way to overcome the training issue. However, by taking the CFD

data as output for sensor data input, it is assumed that the CFD data is the absolute truth

for the observed wind tunnel data. The neural network therefore learns to find the CFD

result based on wind tunnel measurements which is in general undesirable.

Only relying on CFD data for training is a more consistent setting and is very similar to

the Gappy POD methods. On the other hand, option 2 has the clear drawback that, the
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5.2 Theoretical investigation of the method 33

final model was not trained on the data which it will be later used on.

Using sensor data together with PSP data for training, option 3, has the advantage that

both kinds of data are obtained from the same wind tunnel experiment. Thus, the data

should show a good consistency. The final model output can be viewed as surrogate for

the PSP data based on sensor inputs. Note that this is completely different from what

Gappy POD methods are aiming for.

Because of the similarities with the Gappy POD methods in terms of the setup, we

decided on investigating option 2 in the Patenschaft.

5.2 Theoretical investigation of the method

As stated above and mentioned in [15], the output of the neural network lies in an affine

subspace V defined by the weights and the bias of the linear activation function connecting

the last hidden and the output layer, cf. eq. (5.2). Without loss of generality, assume the

training output vectors ~y i ; i = 1; : : : ; n to be centered, i.e.

n∑
i=1

~y i = 0: (5.3)

Because of this assumption, the last activation function can be simplified by setting the

bias to zero, b = 0, which turns the affine subspace into a linear subspace. The Eckart-

Young Theorem, [23, Theorem 2.4.8], gives an optimality condition for the solution space

given the training data: The linear subspace of dimension n2 < N which best approximates

the given training data with respect to the 2-norm, is spanned by the first n2 left singular

vectors of the training matrix Y = [~y1; : : : ; ~yn] 2 RN�n. The following lemma is a direct

consequence:

Lemma 5.1. Let Y = fy i j i = 1; : : : ; ng � R
N be a set of centered training snapshots.

Let a neural network with the above architecture be trained on the training snapshot

set Y and let the corresponding solution space of dimension n2 be V. Furthermore, let

U = spanfu1; : : : ; un2g be the n2-dimensional POD subspace of the space span(Y) spanned

by the snapshots. Let the orthonormal projections onto V and U be given by PV and PU ,

respectively. Then,

kY � PUY k2 � kY � PVY k2; (5.4)

where Y = [y1; : : : ; yn] 2 RN�n is the snapshot matrix.
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34 5 Shallow neural networks for fluid flow reconstruction

Proof. Due to the Eckart-Young Theorem, [23, Theorem 2.4.8], the linear subspace of

dimension n2 with the smallest projection error for Y with respect to the 2-norm is given

by the POD subspace.

With other words: The linear subspace of fixed dimension n2 < n which captures most

information and thus best approximates the training snapshots Y is given by the POD

subspace U . Although we can not expect the solution space of the neural network to

better approximate the training snapshots, it is very relevant how the approximation in

the solution space is obtained: Let t 2 Rs be a vector of observations with corresponding

“true” output y 2 RN , that is

t =


t1
...

ts

 =


yj1
...

yjs

 = PTy (5.5)

for a mask matrix P := [ej1 ; : : : ; ejs ] 2 R
N�s . Ordinary Gappy POD finds a solution in

the POD subspace by computing a least-squares fit of t in the space PTU spanned by

the columns of PTU = [PTu1; : : : ; PTun2 ]. This least-squares solution is obviously highly

dependent on the rows j1; : : : ; js of the POD matrix U selected by the mask matrix P .

Thus, the final approximation of the output y is in general not the optimal solution in

the solution space. The idea of introducing the neural network approach in [15] was to

overcome this problem and directly invoke the inputs when creating the solution space.

The major difference to our data fusion setup is that a proper training data set with wind

tunnel sensor measurements as inputs and corresponding full high-dimensional output is

not given.

5.3 Application to an airfoil test case

The test case used to assess the shallow neural network for fluid flow reconstruction is

the RAE2822 airfoil, [14], shown in Fig. 5.2. CFD and wind tunnel data were provided by

Figure 5.2: The RAE2822 airfoil
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5.3 Application to an airfoil test case 35

Airbus within the RWC.01 data base. The Airbus RWC.01 data base gathers aerodynamic

experimental data acquired in 2016 using the pilot facility of the European Transonic Wind

Tunnel (pETW) for a series of 2D airfoil sections. In particular, the reference RAE2822 sec-

tion geometry equipped with thicker trailing edge was tested to cross-check results with

legacy data and extends the range of operating conditions. For different combinations of

Reynolds number, Mach number and angle of attack, the pressure coefficient was mea-

sured with 36 pressure taps located at the surface of the airfoil. The computational grid

consists of 531 surface grid points. A total number of 11466 RANS-CFD simulations for

different combinations of the three parameters are available – all of them were gener-

ated unsing the DLR flow solver TAU, [41] with the SST turbulence model. The design of

experiment is displayed in Figure 5.3.

Figure 5.3: Parameter combinations for which wind tunnel data (purple) and CFD data
(orange) is available.

A fraction of 70% of the CFD data base was used for the training of the shallow neural

network, 20% for validation and 10% for testing. While the full CFD surface solution

serves as output, the information at the grid points which are closest to the 36 wind

tunnel sensor locations is used as input.

The neural network was set up using the PyTorch, [42]. The size of the second hidden

layer was chosen to be n2 = 268, as this corresponds to the dimension of a POD subspace

with a relative information content of 99:99%. For determining the number of neurons

for the first hidden layer, the learning rate and the activation function, a study was carried
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36 5 Shallow neural networks for fluid flow reconstruction

out using the hyperparameter optimization framework Optuna, [2], with 500 samples

generated with the TPESampler. A list of the optimized and fixed hyperparameters is given

in Table 5.1.

Parameter Value
Size of input layer s 36

Size of first hidden layer n1 185
Size of second hidden layer n2 268

Size of output layer N 531
Learning rate 0.00248

Activation function ReLU

Table 5.1: Hyperparameters of the shallow neural network and their corresponding values

The model was trained for 5000 epochs with batch sizes of 64 training samples and

12 validation samples using the mean squared error to the full surface solution. For com-

parison with Gappy POD models, a POD subspace of dimension n2 = 268 was computed

based on the training and validation data set.

5.3.1 Prediction of CFD data

In a first step, the shallow neural network model, as well as Gappy POD using Ridge

regression and Bayesian Gappy POD with GPR have been assessed on the testing data set,

i.e. on CFD data which was not included in the training and validation of the models.

For all three models, the CFD information at the closest grid points of the 36 wind tunnel

sensor locations has served as input. Figure 5.4 shows the results of the neural network for

six selected flow conditions in comparison to the target CFD solution. For all investigated

data points, an almost perfect match with the target CFD solution is obtained.

For a quantitative comparison of the shallow neural network result with the two Gappy

POD methods, the averaged mean squared error on the testing data set with respect to

the target CFD solution is visualized in Figure 5.5.

As one can see from the bar plot, the average mean squared error of the shallow neural

network prediction is one order of magnitude smaller than for the two Gappy POD meth-

ods. Overall, the shallow neural network generalizes very good on the testing data set and

clearly outperforms the Gappy POD methods in reconstructing CFD data.
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5.3 Application to an airfoil test case 37

(a) Re = 2:7� 106;M = 0:1; � = �0:2� (b) Re = 6:5� 106;M = 0:72; � = �2:3�

(c) Re = 9:6� 106;M = 0:71; � = 5:4� (d) Re = 1:2� 107;M = 0:2; � = 5:0�

(e) Re = 1:44� 107;M = 0:3; � = �2:2� (f) Re = 1:7� 107;M = 0:745; � = �2:9�

Figure 5.4: Results
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Figure 5.5: Average mean squared error with respect to the target CFD solution for the
Shallow Neural Network, Gappy POD with Ridge regression and Gappy POD
with GPR evaluated at the testing data set.

5.3.2 Prediction of wind tunnel data

Next, we go a step further and use the same neural network for the flow reconstruction

based on wind tunnel sensor data. Note, that due to the training issue discussed in Sec-

tion 5.1.2, the experimental data was not part of the training data set and thus, the neural

network has never seen this kind of data before. The results for six selected wind tunnel

samples ranging from low to high Reynolds numbers are displayed in Figure 5.6.

For the first investigated case of Re = 8:93�105;M = 0:19 and � = 7:79� in Figure 5.6a,

the shallow neural network prediction shows an unphysical trend with strong fluctuations

at the upper surface of the airfoil. On the lower side, the neural network predicts the

correct trend but lacks in accurately describing the wind tunnel sensor data. In comparison,

a good match with the wind tunnel data is obtained with Gappy POD combined with Ridge

regression. Small wiggels occur in between some sensors, especially at the leading edge.

Bayesian Gappy POD shows a very smooth trend and accurately matches all wind tunnel

sensors.

The shallow neural network shows improved performance for the second investigated

test case of Re = 2:69 � 106;M = 0:72; � = �1:63� in Figure 5.6b. It gives the right

trend with minor discrepancies to the wind tunnel measurements. A smoother trend with

a better fit through the wind tunnel data is obtained with both Gappy POD methods.

In Figure 5.6c, for Re = 2:90� 106;M = 0:20; � = �0:54�, the neural network predic-

tion again shows strong unphysical fluctuations at the front part of the wing and was not

able to match the wind tunnel data accurately. The two Gappy POD methods accurately
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5.3 Application to an airfoil test case 39

(a) Re = 8:93� 105;M = 0:19; � = 7:79� (b) Re = 2:69� 106;M = 0:72; � = �1:63�

(c) Re = 2:90� 106;M = 0:20; � = �0:54� (d) Re = 6:51� 106;M = 0:72; � = 1:25�

(e) Re = 9:70� 106;M = 0:39; � = 1:98� (f) Re = 1:35� 107;M = 0:60; � = 5:02�

Figure 5.6: Results
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40 5 Shallow neural networks for fluid flow reconstruction

describe the measurement data whilst having a smooth physical trend.

For Re = 6:51�106;M = 0:72; � = 1:25� in Fig. 5.6d, all three methods give the correct

trend of the flow. The strength and the location of the occurring shock wave is accurately

captured by the methods while the shallow neural network predicts the sharpest pressure

drop. However, it fails to predict the pressure plateau in front of the shock as indicated by

the measurement data, which is well described by both Gappy POD methods.

All three methods accurately match the wind tunnel sensor data for Re = 9:70 �

106;M = 0:39; � = 1:98� in Figure 5.6e with the neural network giving small discrep-

ancies at the upper surface of the airfoil.

For the last investigated case in Figure 5.6f of Re = 1:35 � 107;M = 0:60; � = 5:02�,

the shallow neural network gives the right overall trend with unphysical wiggles and larger

discrepancies to the wind tunnel sensor data at the front part of the profile. In comparison,

a smooth trend and a good agreement with the wind tunnel data is obtained with both

Gappy POD methods.

These qualitative observations are also in line with the quantitative comparison of the

three methods: The mean squared error of the three different methods with respect to the

36 sensor measurements averaged for all available 7719 wind tunnel data sets is displayed

in Figure 5.7.

SNN Gappy POD (Ridge) Gappy POD (GPR)
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Figure 5.7: Average mean squared error of the three methods with respect to the 36 wind
tunnel sensors for the Shallow Neural Network, Gappy POD with Ridge regres-
sion and Gappy POD with GPR evaluated for all available wind tunnel data sets.

As indicated by the bar plot, the average mean squared error of the shallow neural

network prediction is 1:76 � 10�2 and thus one order of magnitude larger than the one

for Gappy POD with Ridge regression of 3:74� 10�3. By far the best agreement with the
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5.3 Application to an airfoil test case 41

wind tunnel measurements is obtained with Bayesian Gappy POD with GPR which gives

an average mean squared error of 3:01 � 10�5, which is again two orders of magnitude

lower than the one of Gappy POD with Ridge regression.

In summary, for the test case at hand, the shallow neural network trained on CFD data

is not able to compete with the two Gappy POD methods for the reconstruction of flow

fields based on wind tunnel data.
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6 Conclusion and Outlook

In this report, the most important results of the DLR-Airbus Patenschaft on “Develop-

ment of Future Aerodynamic Data Modelling Methodology” from 2018 until 2022 have

been presented. After a short introduction to ordinary, regularized and constrained Gappy

POD, new extensions have been derived: Weighted Gappy POD allows to define individual

weighting factors for the sensor measurements and is therefore a way to incorporate ex-

pert knowledge in data fusion. Bayesian Gappy POD is a natural generalization of Gappy

POD as it includes ordinary and regularized Gappy POD as special cases. Moreover, more

advanced regression techniques can be considered for the solution of the Gappy POD

problem, which makes Bayesian Gappy POD more flexible than the ordinary approach and

the problem of linearity can be overcome. Using Bayesian regression techniques, the data

fusion result is given in terms of a probability distribution. Mean and standard deviation

as well as samples drawn from the probability distribution provide valuable information

on the data fusion result. The method was assessed by means of the industrial-relevant

XRF1 test case. In comparison to regularized Gappy POD, a better agreement with the

wind tunnel measurements can be obtained which is underlined by a root mean squared

error which is 47% smaller than for the state-of-the-art approach. The results serve as an

indication for the applicability of the method in the industrial design process. All discussed

variants of Gappy POD were made available in SMARTy’s latest release.

In the current approach, we take a Bayesian perspective on the regression problem of

Gappy POD which allows to include information on the variance of the sensor measure-

ments. Future work is needed towards a fully probabilistic approach which also enables

to take information on the uncertainty associated with the CFD data into account. Fur-

thermore, the incorporation of constraints for Bayesian Gappy POD might be a valuable

extension – since constrained Gappy POD uses the linearity of the ordinary Gappy POD ap-

proach, it cannot be directly transferred to Bayesian Gappy POD. Intelligent sensor place-

ment and techniques for the detection of outliers can help further improving the results.

As an alternative to the Gappy POD methods, a shallow neural network approach pro-

posed in [15] was investigated analytically and evaluated on a 2D airfoil test case. The

shallow neural network was able to outperform regularized and Bayesian Gappy POD
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when trained and evaluated on CFD data only. However, it showed weak performance in

the fusion of numerical and experimental data. A central problem of this approach can

be seen in the training issue: While in data fusion, we are aiming to assess the shallow

neural network on wind tunnel sensor data, we in general do not have proper wind tunnel

training data. The neural network has perfectly learned how to map sparse CFD-based

pseudo sensor data onto the corresponding full solution, but has never seen wind tunnel

data before it enters the offline phase. Further research could investigate whether results

improve if pressure sensitive paint data is included in the training data set. Another idea

would be to use the shallow neural network as dimensionality reduction technique in a

“Gappy SNN” approach: After the training of the network based on CFD data, its solu-

tion space takes the role of the POD subspace in the Gappy POD approach. This has the

advantage that the solution space of the neural network is not only learned from the CFD

data, as is the case for POD. Because (pseudo) sensor information serve as input to the

network, the solution space is created such that the observability of the full solution from

the sensor measurements is taken into account which may be beneficial. An investigation

of this approach has to be also postponed to future work.

Having a look at the goals initially set for this Patenschaft, almost everything has been

achieved: tools for the fusion of numerical and experimental data have been developed

and their applicability for industrial-grade problems has been demonstrated. The methods

have been shown to be able to provide reliable data across the whole flight envelope, for

extreme flight conditions and off-design cases. Modifications and alternative approaches

have been analyzed. Mainly due to time constraints and prioritization of both partners,

tools for the aerodynamic modeling of aircraft configurations with movables were not

discussed within this Patenschaft and therefore need to be investigated in the future.
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