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Abstract: Interdiffusion coefficients are key parameters for the solidification process of liquid alloys.
However, the determination of interdiffusion coefficients in liquid metals at high temperatures is a
challenging and extensive task, due to a variety of potential systematic errors. In recent years we
have developed an X-ray in situ shear cell method for the measurement of interdiffusion coefficients
in binary metallic melts. This technique enables the monitoring of the experiment in order to
exclude fatal errors. Utilizing X-ray contrast, the method also provides a time-resolved concentration
distribution. Such an in situ data set contains significantly more information than ex situ evaluated
experiments. Available analyzing strategies do not fully exploit this potential yet. We present
three new analyzing approaches that are able to retrieve a concentration-dependent interdiffusion
coefficient from only one in situ data set. In that way, larger concentration differences become
accessible for an experiment, which considerably decreases efforts. Using simulations, the approaches
are checked for robustness. Furthermore, the approaches are run on real in situ data from a binary (0
to 9 at% Au-content) Al–Au alloy at 1000 ◦C which results in a concentration-dependent interdiffusion
coefficient within the measured concentration range.

Keywords: interdiffusion; chemical diffusion; binary alloys; analysis; in situ; shear cell; X-ray; liquid
metals; Al–Au

1. Introduction

Diffusion coefficients are key parameters for describing solidification processes in
materials science. Especially in multi-component melts, interdiffusion (chemical diffusion)
describes the transfer of atoms and thus the formation of the microstructure during solidifi-
cation [1–3]. Predicting diffusion coefficients in metallic melts is not an easy task. There
are different approaches in order to simulate diffusion processes in melts, e.g., molecular
dynamics simulations [4–7] or mode coupling theory [8–12]. Even though the models
have improved significantly in recent years, they are not yet sufficient to predict diffusion
coefficients for a wide range of elements and with good accuracy. In order to be able to
further develop models and at the same time to meet the requirements of materials science
for precise diffusion coefficients, measurements of diffusion coefficients of high quality
are indispensable.

While self-diffusion coefficients can be determined very precisely for most atoms
with sufficient incoherent scattering cross-sections via QNS (quasielastic neutron scat-
tering) [13,14], interdiffusion coefficients are primarily determined via the change of a
concentration gradient over time [15–17]. To do this, we basically use a long cylindrical
crucible/capillary in which two liquids of different concentrations are brought into con-
tact. The diffusion then takes place over a certain period of time under constant thermal
conditions. The concentration profile at a certain time c(x, tend) is then evaluated ex situ
and a diffusion coefficient D is calculated using the known diffusion time tend. Occurring
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convection can strongly disturb these diffusion measurements since they lead to a change in
concentration that takes place several orders of magnitude faster than it would be the case
by diffusion itself. Experience has shown that convection can be reduced by using a thin
capillary diameter and stable density layering [18,19]. A homogeneous and isothermal heat
distribution and high thermal conductivity of the sample environment are also important
in order to avoid density-driven convections in the sample medium.

Most interdiffusion experiments are based either on the long capillary method
(LC) [20–22] or the shear cell method (SC) [23–25], which in various modifications rep-
resents the current state of the art. The measurement methods provide interdiffusion
coefficients with an approximate accuracy of 20–30% for LC and 5–15% for SC [26,27],
which makes it clear that interfering factors cannot be completely excluded. In order to
be able to rule out density-driven convection, selected interdiffusion measurements are
therefore carried out in space under microgravity conditions as reference [21,28].

Due to the lower susceptibility to failure, we specialized in shear cell technology
and continuously developed it further. A shear cell consists of several segments with
holes in which the sample material is located. After the samples have melted and the
target temperature has been reached, the segments can be aligned so that the holes form
a coherent capillary in which the diffusion experiment can take place. After a certain
time, the segments are shifted again and the holes and the sample contents are separated,
before the experiment is cooled down again. In that way, the concentration distribution
at the start/end and the diffusion time are precisely known. However, shearing has the
disadvantage that shear convection can occur due to the movement of the segments [29].

The solution to this problem was to combine shear cell technology with X-ray radio-
graphy in order to monitor the experiment, and exclude shear convection or bubbles in
the capillaries as sources of error [19]. Since the concentration distribution in the capil-
lary can also be measured in situ with a sufficiently high X-ray contrast of the sample,
the shear cell was optimized for an X-ray imaging purpose [23]. The result was the compact
high-temperature shear-cell furnace for in situ interdiffusion measurements [30].

An in situ interdiffusion experiment provides considerably more data than an ex
situ experiment, as it contains a time-dependency of the concentration distribution c(x, t).
The evaluation method we have used so far, in this work called Common Erf-function
Model, is a robust solution for an initial edge concentration function propagating with
time. This method regards the data set as a multitude of ex situ measurements between
the temporal start and endpoint of the measurement. Aside from that, it results in just one
interdiffusion coefficient and only applies to small concentration differences in which the
diffusion coefficient is not concentration dependent. At this point it should be mentioned
that other analyzing methods have already been published, e.g., Boltzmann–Matano and
Sauer–Freise Method [31,32]. However, these methods are originally designed for ex situ
experiments, i.e., they are not specialized in time-resolved data sets. In addition, results
show that these methods rely on a difference in the order of magnitude in the diffusion
coefficient in order to deliver sufficiently good results. Such a large difference in the
diffusion coefficient is seldom given in liquids, which is why the methods are primarily
applied to solid–solid or solid–liquid diffusion experiments [33–35].

Within this work, we present novel evaluation methods to determine a concentration-
dependent diffusion coefficient D(c) from just one in situ SC measurement data set c(x, t).
To do so, we first run the evaluation algorithms on noise-free simulated data sets to
regain input parameters. In order to make a statement about robustness, we also use
different degrees of synthetic noise on the simulated data sets. As a final demonstration of
performance, the data set of an in situ Al–Au interdiffusion SC measurement is evaluated
and compared with reference measurements from the same system. The Al–Au system was
chosen because it has an excellent X-ray contrast and the results complement measurements
of Al-based alloys that have been carried out in recent years [5,15,36–39].
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2. Materials and Methods
2.1. Simulation of Experiment-like Data Sets

In order to reproduce a data set, that is as identical as possible with the SC based
experiments that we usually analyze [36], we choose comparable dimensions of resolu-
tion (50 µm/px) and range of the data points (500 px). The simulation starts with an
edge function

c(x, t0) =

{
c1 for 0 < x ≤ 250
c2 for 250 < x < 500

(1)

and evolves over time with different predefined sets of concentration dependent diffusion
coefficients (Figure 1a). The simulation applies an finite differences approach, which in
our case means that for a small time step (respective to the processes of millimeter scale
we want to observe) of δt = 10−3 s the changes in the concentration profile are calculated
from one profile at time t1 to the next at t2, following Fick’s 2nd Law (indeed, Fick’s
2nd Law is only valid for a constant D that is not position or concentration dependent.
However, for later times and the used models the microscopic differences in concentration
are sufficiently small to be neglected. Only close to the starting conditions (step function)
this assumption is inaccurate. For a more accurate calculation see Chen et al. [40]).

c(x, t2)− c(x, t1) = D(c) · ∆2c(x, t1)

∆x2 · δt . (2)
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Figure 1. (a) Three concentration dependent diffusion coefficients D(c) used as input for the simulation of the concentration
profiles: 1st steadily increasing, 2nd with a local maximum, and 3rd completely random distribution. The order of
magnitude was chosen to match other binary melts. (b–d) Comparison of results for the analysis of the noise-free simulated
data-sets. Local Erf-fit and Numerical Fick’s Law Approach are run on ∆x = 5 px and ∆t = 5 s.
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The diffusion simulation is run until tend = 700 s. This is reasonable, as the simulation
is only valid for profiles of infinite size. At 700 s the diffusion length is still smaller than
the total range of the profile so the concentration at the boundary pixels does not change.

The time resolution of the data set we use for further analyzing is selected to be 1 s,
so only every 1000th profile of the simulation is taken. The time resolution then matches
the frame rate we have in our experiments. Further noise is added by a Gaussian noise
operation. The simulation as described is realized in MATLAB. The simulated concentration
profiles for different time steps are visualized in Figure 2.
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Figure 2. Interdiffusion simulation of a concentration profile starting from a step function of maxi-
mum concentration difference (0 and 100 at% of specimen B in A) propagating with time. The diffu-
sion coefficient D(c) ranges from 6 to 10 [×10−9 m2/s] (referred to 1st D(c) of Figure 1).

2.2. Analyzing Models
2.2.1. Common Erf-Function Model

This approach is state of the art for ex situ diffusion experiments with concentration-
independent D and is taken from Crank’s ‘The Mathematics of Diffusion’ [41]. The expres-
sion for an initial edge distribution of concentration c1 and c2 over time, is directly derived
from Fick’s Law for the assumptions of a one-dimensional concentration gradient and a
diffusion profile of infinite length (so edge effects are not taken into account):

c(t, x) =
c1 + c2

2
+

c2 − c1

2
erf
(

x− x0√
4Dt

)
(3)

with x0 being the center of the distribution. For the fitting procedure, c1 and c2 are
constants, x0 and Dt are fitting parameters. From a linear behavior of Dt(t) we can extract
one (average) diffusion coefficient D for the concentration range between c1 and c2. This
approach is therefore only valid for a concentration difference, where D is concentration
independent. In order to cover a large concentration range of D(c) many experiments need
to be done.

2.2.2. Left/Right Erf-Function Model

Assuming that D does not change with concentration, it would be sufficient for the
Erf-function Model to only fit one half of the concentration distribution, since in this case
the distribution is mirror-symmetrical. However, if D changes with concentration, one-half
of the distribution would be more elongated due to faster diffusion or more compressed
due to slower diffusion compared to the other half. The effect of a concentration-dependent
D(c) can be visualized by fitting the halves of the concentration distribution separately
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from each other. The distribution is split into halves at the previously determined x0
position. The fitting is done with the same function as before (Equation (3)) but for the left
side from 0 to x0 and the right side from x0 to 500 (px). The parameters c1, c2 are again
constant and x0 and Dt are fitting parameters. By that we obtain two diffusion coefficients
from only one measurement.

2.2.3. Local Erf-Function Approach

If we pursue this idea, the next step is to fit an error function only locally. How large
locally is, is defined by an algorithm coefficient ∆x. A larger ∆x will decrease the sensitivity
of the fit but will also improve its noise robustness. The local fitting is done with the same
function as for the Erf-function Model (Equation (3)) but for a data-range x± ∆x at a given
time t. From that we obtain an output data set of Dt(c, t), from which we can determine a
concentration-dependent D(c). The resolution of the concentration dependence of D(c) of
course will scale with the accuracy of the values. The higher the resolution, the higher the
error because we do less averaging.

Identifying the robustness of the models and applicability regarding noise is one of
the aims of this work.

2.2.4. Numerical Fick’s Law Approach

The last model, which will provide the highest grade of resolution of the concentration
dependency, is a numerical solution of Fick’s 2nd Law

dc(x, t)
dt

= D(c) · d2c(x, t)
dx2 . (4)

From the simulation of an in situ measurement, we obtain a data set c(x, t). Numeri-
cally we can therefore calculate the first derivative in time dc(x,t)

dt and second derivative in

space d2c(x,t)
dx2 . For this calculation a first-order polynomial is fitted in the time dimension

and a second-order polynomial in the space dimension to any data point c(x, t). As in
the Local Erf-function Approach, there are algorithm coefficients ∆t and ∆x defining the
fitting regime. From the polynomial coefficients the local derivatives are calculated. In that
way we obtain several values for D(c) for the whole concentration range, that are used to
calculate an average and standard deviation.

However experience from signal processing leads to the expectation, that noise multi-
plies heavily when calculating derivatives from a data set.

2.3. In Situ Shear-Cell Experiment

The experiments were performed using in situ SC technique as described in [30].
An extended version of the SC furnace has been used, with a larger capillary length of
26 mm, which increases the potential interdiffusion length and by that the total time for
an experiment (up to δt = 800 s). This is a beneficial enhancement of the prior furnace,
as we can access a longer time period to observe the diffusion process while excluding
potential systematic errors at the beginning or end of a measurement. At the beginning,
shear convection rolls from the shearing process at δt = 0 can occur. These lead to a faster
local mixing, to deformations of the original step function and therefore to systematic
errors in the analysis. The prior presented analyzing approaches are more sensitive to
local disturbances of the concentration profile. The further the profile propagates in time,
the more these deformations smooth out. Additionally, at the end of a measurement
δt > 800 s there come edge effects of the capillary into play, which thwart the diffusion
process. That is why it is reasonable to access an analyzing regime of 200 s< δt <600 s in
order to avoid systematic errors.

The concentrations of the two parts of the interdiffusion couple were chosen to be 0
and 9 at% Au in Al at 1000 ◦C (hereinafter the form 0/9 at% Au–Al is used to describe
the concentration step of an interdiffusion experiment). The choice weighs the width of
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the concentration range against excessively high melting temperatures. As we do not
have an initial D(c) as for the simulated data to compare, we also measured data sets for
smaller concentration differences (0/3, 3/6, and 6/9 at% Au–Al) as reference. They were
alloyed from high-grade pure elements (Au wire, 2.0 mm, 99.9985% by Alfa Aesar; Al
shot, 4–8 mm, 99.999% by Alfa Aesar) in an arc melter under purified Argon atmosphere.
For X-ray imaging we use a micro-focus X-ray source (XT9160-TED, Viscom AG, Hannover,
Germany) which was operated at 150 kV and 250 µA and a (2 mm) CdTe detector with a
100 µm pixel size (XC-Thor series, Direct Conversion AB, Danderyd, Sweden). The effective
pixel size for the experiment was ∼50 µm.

3. Results
3.1. Noiseless Simulated In Situ Data

In order to model different concentration-dependent diffusion coefficients, we chose
three different D(c) as input coefficients for the simulation (Figure 1a), to show the ro-
bustness and sensitivity of the four analyzing approaches. The diffusion coefficients are
selected in an order of magnitude (5 to 10× 10−9 m2/s) which corresponds to most metallic
melts [15,36–38].

The 1st D(c) is a diffusion coefficient exemplary for a steadily increasing/decreasing
concentration dependence, which is for example observed in liquid Al–Ag [38]. The 2nd
D(c) has a local maximum at ≈60 at%, which was found for example in simulations
of Al–Ni melts [11]. The 2nd D(c) is exemplary for a diffusion coefficient with a local
minimum/maximum at a certain concentration. The 3rd D(c) one is a random distribution,
that we use to show the sensitivity of the analyzing approaches and will only be presented
in the evaluation of the noiseless data set.

The 1st D(c) shows a steady increase in the diffusion coefficient. All models are able
to recover the input coefficients or at least a local average of them. For all approaches
using an Erf-fit, a systematic error arises within the center concentration range, where the
fitting results appear a little larger than the input coefficients. The Numerical Fick’s Law
Approach shows the best recovery of the input coefficients for zero noise conditions as can
be seen in Figure 1b.

For the 2nd D(c) with a local maximum, there is a more severe systematic error for the
analyzing approaches using an Erf-fit. Diffusion coefficients at center concentrations seem
to be underrepresented compared to those at the sides. In this case, the recovered diffusion
coefficients are much lower than the input D(c). The Numerical Fick’s Law Approach
recovers the input coefficients very well as shown in Figure 1c.

For the random-like 3rd D(c) distribution of the input coefficient (Figure 1d), the whole
and left/right Erf-fit do not have any informative value, except some kind of total average.
The local Erf-fit approach shows at least a low sensitivity at the sides but with a large
systematic error. As for the previous D(c), the Erf-fit show the highest systematic error
within the center concentration range.

Still, the Numerical Fick’s Law Approach shows a high sensitivity at any concentra-
tion and reproduces the random-like input coefficient quite well, even though for some
coefficients, a small offset is visible.

3.2. Robustness against Noise

In this section, we investigate the robustness of the Local Erf-Fit Model and the
Numerical Fick’s Law Approach against noise. In order to improve noise stability of
the fits the algorithm coefficients are set to ∆x = 25 px and ∆t = 25 s, which showed
the best compromise between sensitivity and noise susceptibility during testing cycles.
Indeed, the quantification of best compromise between sensitivity and noise susceptibility
is a challenging task. On basis of the noise-free concentration profiles of 2nd D(c) we
determined a maximum ∆x and ∆t for the Numerical Fick’s Law Approach that only lead
to 1% difference to the input 2nd D(c). In that way we covered “best” sensitivity for our
system. For other systems these values can have a different optimum. That is why we
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suggest running the algorithm on different ∆x and ∆t in order to clarify their impact on
the results.

The approaches using the whole Erf-fit and Left/Right Erf-fit are not further investi-
gated regarding noise, as they show a high robustness up to 40% of noise. The systematic
error for these two models turns out to be stable even for high noise.

3.2.1. Noise on Local Erf-Fit

The Local Erf-fit Approach shows a high robustness against noise (Figure 3). Interest-
ingly the previously observed systematic error seems not to be noise dependent. For both
input models of D(c), the center of the concentration distribution stays stable, even for
high noise conditions of 20%. However, for high noise disturbance > 10% the results close
to the side concentrations c1 and c2 involve an offset to the input coefficients. Remarkable
is that even for high noise conditions the calculated coefficients do not scatter randomly.
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Figure 3. Effect of noise on the Local Erf-fit analyzing approach. Error bars exceed the chosen scale of the graph. They have
not been plotted in favor of a clearer layout. The inaccuracy due to the fluctuations in the results of the algorithm is around
5–10%, increasing with noise. However, the systematic error of the evaluation method is greater at least for the 2nd D(c).
The algorithm coefficient is chosen to be ∆x = 25 px.

3.2.2. Noise on Numerical Fick’s Law Approach

The results in Figure 4 show, that the Numerical Fick’s Law Approach shows a high
susceptibility to noise. If the statistical noise is larger than 1.0% in the simulated data set,
the results from the analyzing approach are scattering too much to make qualitatively
correct statements about them. The error of results (even though not plotted in the graph)
is heavily increasing with noise as well. The errorbars for the scattering data points lie
outside the chosen scale of the plots.

The center of the concentration distribution at ≈50 at% and the sides close to c1 and
c2, show a significantly higher susceptibility to noise compared to the concentration ranges
in between.

The high sensitivity of the model becomes its weakness for noisy conditions. This can
directly be related to the calculation of local derivatives, that are highly sensitive to noise.

3.3. Performance on Experimental Data Sets of Al–Au System

Figure 5 shows the experimentally determined concentration profiles after background
correction procedures. Compared to the simulated concentration profiles of Figure 2, we
have a statistic noise of∼2.0%. Aside from that, there are slight deformations of the profiles,
either due to shear convection in the early period of the experiment or over-correction



Metals 2021, 11, 1772 8 of 12

during the post-processing of the data. For the analysis we use a δt of 200 to 600 s, where
these deformations already have dissolved.
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Figure 4. Effect of noise on the Numerical Fick’s Law Approach. Error bars exceed the chosen scale of the graph. They have
not been plotted in favor of a clearer layout. The inaccuracy due to the fluctuations in the results of the algorithm is around
5–40%, increasing with noise. The error is also larger for center concentrations around 50 at%. Algorithm coefficients are
chosen to be ∆x = 25 px and ∆t = 25 s.
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Figure 5. Al–Au concentration profile propagating with time measured using X-ray radiography at
1000 ◦C. The statistic noise of the data set is ∼2.0%.

Figure 6 shows the results of the different analyzing approaches on the Al–Au SC
data sets. The whole/half results show good agreement with the reference measurement.
The left/right arms of the half Erf-fit approach also show a decrease of the diffusion
coefficient with increasing Au-content in the Al-melt.

The next step further in resolving the concentration dependence of the diffusion
coefficient is the local Erf-fit approach. Close to the boundary concentrations (0 and 9
at% Au-content) the diffusion coefficients start to scatter heavily, which is why they were
excluded here. This effect had already been observed for the simulated data (Figure 3).
The reason for that can be found in the poor fitting potential on the flat shoulders of the
concentration profile. Close to the center concentration (4.5 at %Au-content) the results
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follow the reference measurement very well. The error of the local Erf-fit approach diffusion
coefficients lies between 5 and 10%.

The highest resolution in concentration dependence can be obtained by the Numerical
Fick’s Law Approach. The weakness of this approach is the center concentration regime (left
out in Figure 6), as d2c/dx2 is close to zero here. We already observed this in the simulated
data (Figure 4), where the center concentration diffusion coefficients begin to scatter with
higher noise ratios. Interestingly the Numerical Fick’s Law Approach is more stable
towards the end concentrations than the local Erf-fit approach. Although the calculated
error bars from the analysis are very large (∼40%), the average diffusion coefficients
of adjacent concentrations do not scatter much, which still gives a good estimation for
the actual diffusion coefficient within this concentration regime. The course at the low
concentrations ∼2.5 at% Au-content even suggests a local maximum, but this observation
is very vague because of the small increase and the large error.

In combination, the three approaches allow an estimation of the concentration de-
pendence of the diffusion coefficient for a large concentration range. From only one
measurement we can assume that the diffusion coefficient follows a black dotted line
which represents an average of the obtained results from the analyzing algorithms with an
accuracy of ∼15%.
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Figure 6. Diffusion coefficients from different analyzing approaches performing on a 0/9 at% Au-
content in Al experimental data set at 1000 ◦C. The error bars of the Numerical Fick’s Law Approach
are of the same size, but not all were plotted in favor of a clearer layout. Reference measurements
were done for smaller concentration gradients 0/3-3/6-6/9 at% Au-content in Al. The black dotted
line represents an approximated concentration dependence for the diffusion coefficient in Al–Au
from all the results of the analyzing algorithms.

If we compare the results of the Al–Au system with other Al–Ni/Cu/Ag results from
the last years, we have the following to remark: Since the other systems were measured
at lower temperatures between 700 and 900 ◦C, they can not be compared in absolute
values. However, the concentration dependence can be evaluated. The diffusion coefficient
changes little for the Al–Ni system with concentration, while the diffusion coefficient within
the Al-Cu/Ag/Au group decreases with a larger minority concentration. The decrease
even seems to be stronger depending on the nuclear size or weight of the atoms, see
Al–Au (at 1000 ◦C; 0 to 9 at% Au: 12 to 8 ×10−9 m2/s) and decreases further for Al–Ag
(710 ◦C: 2 to 20 at% Ag: 8 to 4 ×10−9 m2/s) [38] and Al–Cu (700 ◦C: 2 to 20 at% Cu:
5 to 3 ×10−9 m2/s) [15]. Interestingly, the interdiffusion for small amounts of minority
atoms seems to be faster the heavier/larger they are. In order to be able to make more
precise statements about these observations, comparative measurements of the systems
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at the same temperature would be useful. In addition, a measurement of self-diffusion
coefficients is suggested to see if the mobility of both elements increases equally or if one
of the two specimens is more likely to be affected by concentration changes.

4. Conclusions

The starting point of this work was to find new analyzing techniques specialized in
in situ SC interdiffusion data, that yield a concentration-dependent diffusion coefficient
from only one measurement. Making use of the time-resolved information will unlock new
experimental strategies, e.g., performing measurements on larger concentration differences
that until now had to be performed in smaller concentration steps. By that the experimental
effort is directly decreased.

We present three new analyzing techniques, namely Left/Right Erf-function Model,
Local Erf-function Approach, and the Numerical Fick’s Law Approach. We use these
approaches on simulated experiment-like data to find the strengths and weaknesses of the
approaches before testing them on real measurement data.

The Left/Right Erf-function Model is robust against noise and comes with the smallest
error. However, it only covers a small concentration range and is inaccurate when the dif-
fusion coefficient changes strongly within the boundary concentrations of the experiment.
The Local Erf-function Approach covers the whole concentration range of the experiment,
but is weak close to the boundary concentrations. The weakness increases with noise
ratio. Still, it is less noise susceptible than the Numerical Fick’s law approach, but comes
with a larger error than the Left/Right Erf-function Model. It is also inaccurate if the
diffusion coefficient has a local minimum/maximum within the boundary concentrations.
The last approach, the numerical solution of Fick’s Law, works better at boundary concen-
trations but is weak at the center concentrations. It has the largest noise susceptibility and
comes with the largest error but delivers the most accurate reconstruction of the diffusion
coefficient for almost ideal noiseless data-sets (noise < 1.5%).

The approaches were also used to analyze real in situ SC data from an Al-0/9 at%
Au experiment. The X-ray absorption contrast is very good for this alloy system and
the statistic noise is ∼2.0%. All approaches were applied to the data with a focus on the
strengths of each approach. As a result we estimated a concentration-dependent diffusion
coefficient over the whole concentration range with an approximated error of ∼15%. This
is a proof of concept, which can be applied even to higher concentration differences. Key
criteria for application are a good contrast and a low noise ratio of <2.0%.
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